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Abstract Models with commutative orthogonal block structure, COBS, have orthog-
onal block structure, OBS, and their least square estimators for estimable vectors are,
as it will be shown, best linear unbiased estimator, BLUE. Commutative Jordan alge-
bras will be used to study the algebraic structure of the models and to define special
types of models for which explicit expressions for the estimation of variance compo-
nents are obtained. Once normality is assumed, inference using pivot variables is quite
straightforward. To illustrate this class of models we will present unbalanced examples
before considering families of models. When the models in a family correspond to the
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338 F. Carvalho et al.

treatments of a base design, the family is structured. It will be shown how, under quite
general conditions, the action of the factors in the base design on estimable vectors,
can be studied.

Keywords Commutative orthogonal block structure - Commutative Jordan
algebras - Estimation - Mixed linear models

1 Introduction

Models with orthogonal block structure, OBS, introduced by Nelder (1965a,b) con-
tinue to play an important part in the theory of randomized block designs, see Califiski
and Kageyama (2000, 2003).

The family ¥ of variance-covariance matrices of those models is constituted by the

m°
r=1Sert.
j=1

where the ¥/, ..., ¥, are unknown non negative constants, and the QF, ..., Q. are
known mutually orthogonal orthogonal projection matrices, such that

m°
2.05=1n
j=1

When the matrices Q7, ..., Q. commute with the orthogonal projection matrix T’
on the space spanned by the mean vector of the model, it has commutative orthogonal
block structure, COBS, and the least square estimators of estimable vectors are best
linear unbiased estimator, BLUE, see ZmyS§lony (1980).l

In carrying out the estimation for models with COBS, we use commutative Jordan
algebras of symmetric matrices, CJAS, in expressing the algebraic structure of those
models. Namely, see Fonseca et al. (2003), the uniformly minimum variance unbiased
estimator, UMVUE, for variance components, in normal models with balanced cross
nesting, can be represented as linear combinations of mean squares.

For instance, in a random effects model in Khuri et al. (1998), in which a first factor
crosses with a second one that nests a third one, the estimation of variance components
for the second factor is a linear combination of four mean squares. Two of these mean
squares have positive coefficients and the two others have negative coefficients. Thus
we cannot use the usual F test for testing the nullity of their variance components, and
we may have to use a generalized F test, see Michalski and ZmyS§lony (1996).

In this work after considering single models we will study structured families. A
first example of such families is that of multiregression designs, see Mexia (1987).
Then for each treatment of a base design we have a linear regression on the same

! First appeared in 1978 as a preprint (num. 159) of the Polish Academy of Science, Institute of Mathematics.
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Inference for types and structured families 339

variables. The matrices of values of controlled variables and the variance of the error
are assumed to be the same for the different regressions. The inference for this family
of regressions is centered on the vectors of coefficients or, more generally, on estimable
vectors, leading to interesting results, see Moreira et al. (2005a,b), Moreira and Mexia
(2007) and Moreira (2008).

In the structured families we will consider, regressions are replaced by COBS but
the inference will still be centered on estimable vectors. Both the common structure
of the models in the family and the structure of the base design will play their part in
the analysis of structured families of COBS.

In the next section we will cover the basic framework of this work. Next we consider
inference for single COBS and, then, the joint analysis of structured families. Finally
we make some concluding remarks.

Throughout the paper we will consider a two factor model to illustrate our results.
To avoid confusion the references to that model will be separated from the main text.
This illustration will easily demonstrate the advantage of the technique presented for
computational use.

2 Algebras and models

CJAS are linear spaces constituted by symmetric matrices that commute and contain
the square of their matrices. These structures where introduced by Jordan et al. (1934)
in a new approach to Quantum Mechanics. Later on they were used by Seely (1970a, b,
1971), Seely and Zyskind (1971), that named them as quadratic spaces, and used them
to perform linear statistical inference. This approach had many interesting develop-
ments, see e. g. Zmyslony and Drygas (1992), VanLeeuwen et al. (1998, 1999), and
Fonseca et al. (2006, 2007, 2008). This paper follows this trend.

Every CJAS, 7, has an unique basis constituted by mutually orthogonal orthogonal
projection matrices, see Seely (1971) and Seely and Zyskind (1971). This basis will
be the principal basis of <7, pb(<7). Due to the existence of the principal basis of <7,
we can see that every CJAS, <7, contains the product of its matrices and that every
orthogonal projection matrix belonging to .2 is the sum of matrices in pb(</). The
rank of the orthogonal projection matrix being the sum of the ranks of these matrices
of the pb(27), so if the orthogonal projection matrix has rank one it has to belong to
the principal basis. For instance if %J n € &, with J,, = lnl,j and 1,, denoting the
vector with all n components equal to 1, we take Q1 = %J » and say that <7 is regular.

Given the principal basis of &7, 2 = {Q1,...,0Qn} = pb(&) and W € o,
we have W = 37 4;Q; = > ;. a;Q;, with € = {j : a; # 0}. The Moore—
Penrose inverse of W is given by W1 = 2jew aj_l Qjand WW' = 2 jer Q). with
WW the orthogonal projection matrix on the range space of W, R(W). So, <7 will
contain the orthogonal projection matrix on the range spaces of its matrices and their
Moore—Penrose inverses.

Moreover it will contain invertible matrices, if and only if, Z'}Ll Q; =1, and,
then W € o7 is regular, when and only when 4" = {1, ..., m}. We will say that such
CJAS are complete.
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340 F. Carvalho et al.

Afamily # = {M,, ..., M, } of symmetric matrices is commutative if its matrices
commute. Now .7 is commutative if and only if its matrices are diagonalized by the
same orthogonal matrix P, see Schott (1997). We will then have .#Z C 7 (P), with
¥ (P) the family of matrices diagonalized by P. Since ¥ (P) isa CJAS, ./ is contained
in a CJAS, if and only if, it is commutative. Given the interception of CJAS being a
CJAS, so if . is commutative, there will be a minimum CJAS, .o/ (.#), that contains
A . We will say that this CJAS is generated by .#. Namely, if the matrices of 2 are
mutually orthogonal orthogonal projection matrices, we will have 2 = pb (27 (2)).

Since the matrices in .# commute, the linear space .2 (.#) constituted by all linear
combinations of the matrix products M f ..M, for all choices of non negative
integers pi, ..., Pw, 1S commutative and contains the square of its matrices, so it will
be a CJAS. Moreover, .Z(.#) is contained in any CJAS that contains .o/ (.#') and we
have

L(M) = A (M).

Thus, if W is a symmetric matrix that commutes with the matrices of ., it will
commute with those of .&7 (.#') and so with those in the principal basis 2 of . (#).
Inversely, if W commutes with the matrices in 2, it will commute with those in <7 (.#)
and so with those in .Z .

We have established

Lemma 1 A symmetric matrix commutes with the matrices in ./ if and only if it
commutes with the matrices in 2 = pb (' (M)).

Given the known matrices X;,i =0, ..., w, the mixed model
w
y=> XiBi. )
—
with By fixed and the B, ..., By, random, independent, with null mean vectors and
variance-covariance matrices O’izl ¢ =1,...,w,where ¢;,i = 1,..., w, are the
number of components of 8;,7 = 1,..., w, will have mean vector and variance-
covariance matrix
{ u = XoBo
_ w 2 ’
V=>_10M,
where M; = X; X l.T, i =1,..., w. Thus the family of the variance-covariance matri-
ces will be
w
YV = {ZaizMi; 0’i2 >0, = lw}
i=1
When the matrices M, ..., M, are linearly independent, Z}‘;l alzl.M ;=
z;”zl crzziM,- implies o*lzi = azzi, i=1,...,w, and the variance components iden-
tify V.
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Inference for types and structured families 341

We point out the possibility of having singular variance-covariance matrix.
If the column vectors of X are linearly independent, we have

Bo =X 1,

with X = (X[ X0) ™' X, and T = X, (X Xo) ™' X{, so
P
Bo oY

will be the least squares estimator, LSE, of B¢, see e.g. Kariya and Kurata (2004).

v
For instance, if we have a fixed effect factor with a levels that crosses with a random
effects factor with b levels, we have

2
y= XiBi
i=0

with
Xo=1,®1,
Xl :1a ®1b
Xo=1,1,

where ® denotes the Kronecker matrix product and B¢ [B1; B2] the vector of effects
for the levels of the first factor [effects for the levels of the second factor; interactions
between levels of the two factors]. While B¢ will be fixed, 1 and B, will have null
mean vectors and variance-covariance matrices 0121 » and 0221 n, With n = ab. When
03 =0, V will be singular.

A

Following Nelder (1965a,b) and Mejza (1992), we say that the mixed model has
OBS, when V can be written as

e
V=> 05
j=1

where the Q7F, ..., @, . are known mutually orthogonal orthogonal projection matri-

ces such that ZT; Q% = I,,. This means that the matrices in 7" have simultaneous
spectral decomposition.

The yj‘.’, j =1,...,m°, will be non negative and, when they are positive, V will
be positive definite.

We now establish

@ Springer



342 F. Carvalho et al.

Proposition 1 The mixed model

w
Y= XiBi
i=0

with Bg fixed and the By, ..., B independent with null mean vectors and variance-
covariance matrices crl.zl ¢ i =1,..., w, has OBS when and only when the matrices
My, ..., M, commute and

R([Xi---X,]) =R"

Proof Let us assume that the matrices My, ..., M,, commute and that

R(X) X)) =R
Then the My, ..., My, will generate a CJAS, &/ (.#'). With {Q°, ey Qzlo} =
pb (o (M), we will have M; = Z"-’o b Q5.1 =1,....,w,as wellas V =
S oM = Z] 1 77Q5, where y = > 1[71 07 j = 1,...,m°. Moreover
A LA
R", and so </ (.#) contains the invertible matrix 1" ; M; and so Z;’-;] 0;=1

which establishes the thesis.
Inversely let us assume the model to be OBS so that, whatever 012, R 01%, we have

w m°

2 oo
D oM =2 v 05,
i=1 j=1

where the Q7, ..., Q. are mutually orthogonal orthogonal projection matrices such
that Z;’il Q% = I,. Then 2° = {05, ..., Qp.} will be the principal basis of a
CJAS, «7°. Then the M1, ..., M, will belong to .&7° and so they commute which
completes the proof. O

During the proof of Proposition 1 we showed that if the matrices My, ..., My,
commute we have

mo
M;=>b,05% i=1...w,
j=1

where the Q7F, ..., Q; . are mutually orthogonal orthogonal projection matrices, and
that

mO
V= Z v Q5
j=1
with

Zb,j o, j=1,...,m°
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When R ([ X1 -+ Xy |) =R", the Q5. ..., @5, constitute the principal basis of
a complete CJAS.
We point out that since matrices M;, i = 1, ..., w, are positive semi-definite, we

havebij zO,j:1,...,m°,i:l,...,w,andsoyl.‘?jZO,j:l,...,mo.When

O’iz > 0,i =1,...,w, we have y]?’ >0,j =1,...,m° and V will be positive
definite.
We may take
B° = [b} ;]

LJ

and so, with

2

2% oj
vo=| | =[]

2

yn(;(’ UU)
we have
.
y° = B° o’
When the matrices My, ..., M, are linearly independent, the row vectors of B°,

which are the column vectors of B®' , are linearly independent, and
0,2 — Loyo’

where L° is a left inverse of B° . When m°® > w = rank (B°) there are more left

. T . . T
inverses of B° , one of them being the Moore—Penrose inverse, (B° ) .

\Y
For instance, for the two factor model we’ve considered above we have

a0
B° = ,
11

which is an invertible matrix and

2

[ yP =aof +of
Y, =03

This model has OBS, since the matrices

M1=Ja®1b
My,=1,%1,
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commute. Putting

1
Ka =Ia - _Ja,
a
we now have
M| =aQ7
M>=Q7+03

with

[QT:(%Ja®Ib
Q;=Ka®1b

A

A model with OBS has COBS, if the orthogonal projection matrix, T, on the space
£2 = R(Xo), spanned by p, commutes with the QF, ..., Q..
We now may establish the following proposition.

Proposition 2 The model has COBS if and only if the matrices My, ..., M, and T
commute and R ([X1 - Xy ]) = R".

Proof If matrices M, ..., My, andT commuteand R ([ X; --- X, |) = R", accord-
ing to Proposition 1, the model will have OBS and, due to Lemma 1, T commutes
with @7, ..., @5 . and so the models has COBS.

Now, if the model has COBS, it has OBS, so, again according to Proposition 1,

matrices M, ..., M,, commute and R ([X1 - Xy ]) = R", which completes the
proof. O
Let o be the CJAS generated by the My, ..., M, and T, assuming that these

matrices commute. Since I, € &/ (#) C <, o/ will be complete, containing T,
r°=1,-T,0]%,...,0Q,, and the products TQ? and T‘“Q;, j=1,...,m° Those
of these product matrices that are non null will be mutually orthogonal orthogonal pro-
jection matrices so they will constitute the principal basis of a CJAS, .&7°°, containing
$yeesQpos My, ..., M, andT.
We now establish the equivalence

Proposition 3 o7 = o7°°.

Proof Since My, ...,M,,, T € &/°°, we have o C o/°°. Inversely, the matrices in
pb(47°°) belong to o7, s0 &/°° C of . O

@ Springer



Inference for types and structured families 345

When, with a given c,

w
THM,- =cl,

i=1

we will have %J n € o/ and & is regular.

\Y
In the two factor model that we considered before,

1
T=1,® Zlb’
so we get the

HQI:TQ°=$Ja®§Jb [Q3=TCQ‘1’=%Ja®Kb
0,=TQ5=K.® }Js 0:=TQ5=K,®K,

with K = I, — 4J 5, since
T =1,®K).

Now, for this model,

1 1 1
TM]Mzza_Ja®_Jb=Ja®_Jbv
a b b

so .o/° will be regular. Moreover, since «/° C .o/, we also will have %J n € o7 and &
is also regular.
A

As in this example we may order the matrices in pb(</) tohave Q1, ..., Q. [Q;+1,
..., O] as the non null matrices TQ;’. [T"Q;],j =1,...,m°.
Let z° > 0 be the number of matrices Q; such that

TQ; =Q3, j=1...,m°
We may then put

Q;=TQ;=05 j=1..2
j=TQS 405, j=2+1l...z.

0 =T \on J=ttl.m
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346
So,
0;=0;. ji=1...,z2°
05=0;+Qjirz, Jj=2"+1....2
Q(]J‘=Qj+Z*Z°’ j=z+1,...,m°

and T = Z;’:l Qj.
Since My, ..., M, € o/ we will have

m
Mi:Zbi,ij7 i=1,...,w

j=1

and so

m
V=>v0;
j=1

with y; = > b jo?, j = 1,..., m. Putting

B=[b;]|= [3(1) : B(Z)}

Y1 Yz+1 s
y(H=| : ;o y@Q) =
Yz Ym

where B (1) has z columns, we get

y) =B 6%, =12

When the matrices My, ..., M, are linearly independent, so are the row vectors
of B.
Now,
z° z m°
V= ZV;Q? + z viQj+ z vi Qj
j=1 Jj=z°+1 j=z+1
z° b4 m°
= Z V](')Qj + Z 7/; (Q/ + Qj+z—z°) + Z V]9Qj+z—z°
j=1 j=zo+1 j=z+1

m
=> 70,
j=1
with
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Inference for types and structured families 347

Vj:V;, j=1,...,2°
Yi=VYjtz—ze =v;, J=2"+1,....2
)’j+z—z°=7/;, j=z+1,....m°
Thus the rows of B with indexes j and j +z —2z°, j = z°+1, ..., z are identical
and
y (1) o
Yy = =Cy°,
y(2)
with
I. O 0
C — 0 I, 0
0 I, O
0 0 I,

When z° = 0[m = 2z — z°] the first [last] row and column of sub-matrices must
be deleted.

v
Namely, in the two factor model, we have z° = 0 and m = 2z — z°,

’

[V1=y3=yf’=a612+022

Mm=v=y5 =03

andC =1, ® I, as well as B(1) = B(2) = B°.

The y1, ..., ¥z, Y241, - - - » Vm Will be the canonical variance components.

As we shall see, we only have unbiased estimators for the y,1, ..., ¥, unless we
introduce additional assumptions.

When the row vectors of B(2), which are the columns vectors of B(2) T, are linearly
independent, we have, with L a left inverse of B(2) T,

o’ =Ly(2)
as well as
y(1) =B(1) Ly (2)

and we also have unbiased estimators for the usual variance components, see e.g.
Fonseca et al. (2003) and Carvalho et al. (2008). These estimators will depend on
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which left inverse is chosen. We now discuss that choice starting by establishing the
following lemma.

11 1
Lemma 2 [f W is a positive semi-definite matrix, we have W = W2W?2, with W2 a
positive semi-definite matrix and

Jewer| < [wi['|

]cTc” .

Proof When B is a k x k positive semi-definitive matrix, where ||A| represents the
euclidean matrix norm, we have W = PTD (r1 o rk) P where P is an orthogonal
matrixand D (ry ... ry ) is adiagonal matrix whose principal elements, ry, . . ., ry, are

non negative eigenvalues of B. Thus W = WiW?:with W2 = PTD (”1% . ’"k% ) P.

Now HMMT || = ||MTMH so, since the euclidean norm is a matrix norm, see
Schott (1997), we have

HCWCTH - HCW%W%CTH - ”W%CTCW%

=|w!

el [w*

and the thesis is established. O

The single value decomposition of B(2) " gives, see Schott (1997),
B =P [ﬂ 0.

with P and Q orthogonal matrices, A diagonal invertible matrix and O the null matrix.
If L is a left inverse of B(2) " we have

L=Q"[a'U]P,
where U may be any m x (m — z — w) matrix, while
+ il
L = (B(z)T) =T[4 "0]P.
Now ¥ (2) has the variance-covariance matrix
V=D (gﬁ 2y_,%)
g1 " Tgm )

with g; =rank(Q;), j=z+1,...,m,s0

=25 2

and we get the upper bound
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Inference for types and structured families 349

2 mooy?

(2 5 ) e,

Jj=z+1 8j
where
A2 Al
T T
LL=r [UTA—l UTU]P
Since

o] < [ee]

we established the following theorem.

Theorem 1 The Moore—Penrose inverse minimizes the upper bound for the euclidean
norm of the variance-covariance matrix of the unbiased estimator*> = Ly (2), where

L is a left inverse of B(2) .

Thus we will choose L = L in order to obtain unbiased estimators for o2. In
this case y(2) and o2 determine each other. These are the relevant parameters for
the random effects part of the model given by the orthogonal projection of y on the
orthogonal complement £2-- of £2, since the corresponding mean vector will be null
and, with T¢ = I,, — T, we have the variance-covariance matrix

w m
TVT =) o/TMT = ) 7,0,
i=1 j=z+1

We thus say that the random effects part segregates itself as a sub-model and that we
have a segregated COBS, S-COBS. The existence of segregation allows us to estimate
all canonical and usual variance components.

\Y
In the two factor model, we have w = z = 2 and m = 4 as well as

a 0
B(1)=B(2)=|:] 1i|,

since
M, =aQ+a0Q3
My=01+0+ 03+ Q4
Thus, in this case we have a S-COBS. A
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350 F. Carvalho et al.

Another special case of interest is when z° = 0, and so

Q;,=TQ", ji=1,...,z
Qj+Z=TCQja j:17~~-»z

SO

[Q7=QJ+QJ+Z’ j:1,~--,Z

o _

Vi =VYi=Vito j=1....z

then y (1) will be a sub-vector of y (2) and its components are estimated simultaneously
with the components of y (2).

In this case we have the pairs (Q i 0 jﬂ) of matrices and the pairs (yj, yj+z) of
canonical variance components, j = 1, ..., z. This pairing is of course partial unless
m = 2z, but we will call these COBS as paired, P-COBS. As stated above the condition
for having a P-COBS is that z° = 0 and we can define them more precisely saying
that P-COBS are COBS for which z° = 0. This means that there is no R (Qj’) strictly

contained in £2 = R (Xo).

\Y
In the two factor model we have been considering, we have z = 2, z° = 0 as well
as

=01+
05=02+04
and, as we saw,
{ 7/10 =Y1=V3
Y2 =V2=V4

so that model is simultaneously S-COBS and P-COBS.
A

When there is pairing, B(1) is a sub-matrix of B(2), so the row vector of B are
linearly independent when and only when the row vectors of B(2) are linearly inde-
pendent. Thus, if matrices My, ..., M, are linearly independent, the column vectors
of B(2)T will be linearly independent, and

o= (B0") y.

while y (1) will be a sub-vector of ¥ (2) enabling us to estimate the canonical variance
components.
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Thus the linear independence of matrices M1, ..., M, and pairing implies segre-
gation.

3 Inference

In this section we will consider inference for COBS. Moreover, assuming the normality,
we will show how we test hypotheses using pivot variables.

3.1 Estimation

Lets assume the mixed model
w
y=> X
—

to have COBS and use the same notations as before.
With A; a matrix whose row vectors constitute an orthonormal basis for R(Q ;),
j=1,...,m, we can take

nj=Ajp j=1....m
n=Ajy j=1....m

as well as the sums of squares §; = ||ﬁj|2, j=1...,m. S0 Q; = A;.rAj, j =

1,...,m, and

)

[In =270, ="_1A]A,
T = Zj’:l Q)= Zj':l A/TAJ'

thus

[}’ =2 A,TA/'}’ =21 A;'rﬁj
m=20 A,TAJ'/‘ =201 A,T"j ’

sincen; =0, j=z+1,...,m.
The expression

m
y=2 Aji,
j=1

corresponds to the canonical form of the model which will have mean vector and
variance-covariance matrix
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w=>27 AJT"J'
V=270

The n:, j = 1,...,m, will have mean vectors n;, j = 1,...,m, variance-
J J
covariance matrices

T .
AjVAjzyjIgj, j=1,...,m,
where g; =rank(A;), j = 1,..., m, and cross-covariance matrices
T . .
A]VA] :()gjxgj/v .]75.]/7

where 0, is the r x s null matrix.

Since the matrices T and V commute, the LSE of estimable vectors will be BLUE,
see Zmyslony (1980). We know that ¥ = Gpu is estimable if and only if G = U X,
see Mexia (1990). Therefore,

z Z
W =UXB=Up=U> Aln;=> Unj.
j=1 j=1

whereU; =U A}—, j =1, ..., z. Thus, the estimable vectors are generalized linear

combinations of the n;, j =1, ..., z, which are the canonical estimable vectors and
we get the estimators

Z
W =>"U7;.
j=1

When the CJAS 7 is regular, the row vectors of A, j = 2,..., m, will be con-
trast vectors having null sums of components. Then the components of the canonical
estimable vectors n;, j =2, ..., m, will be contrasts on the components of .

Moreover, the LSE of ¥ will be ¥* = GB*, see Mexia (1990), with

B = (’fgz’i’o)T Xoy.
Since, see again Mexia (1990),
T =X, (XJXO)+X§
we get
z z
U =UXB*=UTy=U (D AJA;|y=D U, =W,
j=1 j=1

so ¥ will be BLUE.
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Moreover, sincen; =0, j =z +1,..., m, we have the unbiased estimators
- S )
Yi=— Jj=z+1,....m,
8j
with g; = rank(Q;), j = z+ 1,...,m, which will be the components of the

unbiased estimator ¥ (2) of ¥ (2). If the model is a S-COBS we also have the unbiased
estimators

2 =(B2") 702

7y =BT (B 7

of 62 and y (1). Moreover, if the model is P-COBS, y (1) is a sub-vector of ¥ (2), so
the corresponding sub-vectors ¥ (1) of ¥ (2) will be an unbiased estimator of y (1),
and

~ ~ ~ T
y=[y"T 7@T]
will be an unbiased estimator of y, and, if the row vectors of B are linearly independent,
i
~2 — ( BT) i‘/’

will be an unbiased estimator of o'2.

\Y
In the two factors model we have been considering, we have z = 2 and m = 4 and,
with L, the matrix obtained deleting the first row equal to \Lﬁ 1, of ar x r orthogonal

matrix, we have

A :%I@
=L,

5 H-

T
lb [A3 f a ®Lb

A, Ay=L,Q®Ly

L
® 71
Thus, if
G=UXo=UU.®1p),
we have an estimable vector,

¥ =Uin +Uszna,
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where U ; = UA;.r,j = 1,2, and

1 1
n=Ap= (ﬁlz—lz— ® ﬁlg) (Bo ® 1p) = Vabp.e,

with B o the mean of the components of B and

1
=Ap=(L,® —1] 1) = VbL,Bo.
n2 21 ( ®JB b)(ﬁo® ») = VbL4Bo

Now the sums of the elements in any row of L, is null, so the components
2.1 - - - N2.a—1 of N2, will be contrasts on the components of 8.
It may be interesting to point out that

ﬂO = la,BO,o + LILuﬁO’

where 1,80, is the orthogonal projection of 8¢ on R(1,) and LILa Bois the orthogonal
projection of B¢ on the orthogonal complement R(1,)" of R(1,).
For 11 and 1> we have the estimators

[ﬁl = \/EEO,Q
’772 = ﬁLaEO’

with
1 ab
ﬁo,o = E Z ye
=1
and Bo the vector with components
1 ib
Poi =4 Z ye, i=1,....,a.
{=(i—1)b+1

We also have

[ S3 = Asyll*, gz3=b—1
Sy = ||Aayll*, ga=(a—1)(b—1)

thus getting, since this model is P-COBS, with z = 2 and m = 4,

~ =~ &
{7/1—7/3—83
~_~_&‘
2=Y4= 4
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Moreover, using the fact that the model is also S-COBS and B(2) " is invertible,

we also get
{52 _ 3TV
a
y
0y = V4

3.2 Normality

When normality is assumed we can use pivot variables to obtain confidence regions
and, through duality, test hypotheses. We now point out that, if W /0 has a known
distribution the quantiles of that distribution may be used to obtain, two-sided or one-
sided confidence intervals for 8. These confidence intervals can then be used to test
hypotheses on 6. As pivot variables of this type we have

- the J which have chi-square distribution with g ; j degrees of freedom, xg ,j =

z+1 mn;
- theﬂj,j//%;j,j/=z+1,...,m,where

S/ YA
——, L j=z+1, ... m,
g] S’

T =
has central F distributions with g ; and g ;- degrees of freedom, F'(-|g;, g J/) J,j =

z+1,..., m. Moreover, when g;» > 2 the mean value of .%; ; is , SO wWe

8!
g = 2 )/ /
have the unbiased estimator

()-225,
141 8y

These pivot variables are related to the random effects part of the model.

v
For the two factor model that we have been considering, the pivot variables would
be,

_ 5 Sa.
73 and va’
- 93,4/% with

(a-DB-1S;

S O

Since y4 = 022, usmg =4 , We can carry out inference for 02
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Moreover
2
3 o
y_ = a_lz + 1’
V4 03

thus % = 1 when and only when 012 = 0. So to test

Hy : 012 =0
we have only to test
0. V3
Hy : — =1.
0 Ya

When z° < j < z, we have y; =y, ;, thus taking

v = Wi,
v =Wn,
we have the pivot variable

G @ )T (WWT) (@ W)
r Sjtz—z0

F

with central F distribution with » = rank(W) and g;, .o degrees of freedom,
F('lrv gj+Z*Z°)-

So, with f;. jiezosl—p the (1 — p) — th quantile of that distribution, we have the
1 — p level confidence ellipsoid

@) (WWT) (@ —B) <y T
T 8j+z—-z°

for ¥, see Scheffé (1959). We may now test, through duality, hypothesis such as

HyWy) ¥ =W,.

Of course we may take W = I ¢, but there are other cases of interest.

v
For the two factor model the hypothesis

Hp(0) :m2 =0
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of absence of effects for the fixed factor is highly relevant.
A

When the model is P-COBS, we can consider this type of pivot variables for all
pairs (j,j+2),j=1,...,z.
We now point out that
n;,= [Ogjxg1 g, ...ogjxgm]z, j=z+1,...,m,
where
~ ~T1T
Z=[n5 7l

and that, when normality is assumed, Z is itself normal with density

where n°® = >0 g;.

It is easy to see that S,41, ..., S, constitute a sufficient statistic for the family of
densities of Z. Moreover there are no linear constraints either on the S;41, ..., S, or
on the yzlll, s VYm 1 thus for that family of densities to be full rank exponential its
parameter space, see Lehmann and Casella (2003), has to contain a m — z dimensional
rectangle, which, since

y(2) =B2)'o?
and R (B (2)T) has dimension w, occurs if and only if
w=m — Zv
this is when B(2) " is invertible.
Then S;41, ..., S, will constitute a complete and sufficient statistic and, accor-
dingly with the Blackwell-Lehman—Scheffé, the estimators we determined for

variance-covariance, either usual or canonical, are UMVUE in the class of estima-
tors obtained from Z, we will say that they are UMVUE(Z). Namely we will have

&=B0") "7
¥ =BT (BOT) ' 7@
when w = m — z the matrices

WiZMiTc, i:l,...,w
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constitute a basis for the CJAS .7 with principal basis

0 ={Q:11.....Onm}.

since
m
W,‘ = Z bi,ij, i = 1,...,w.
Jj=z+1
Inversely, if the W;,i = 1, ..., w, constitute a basis for &/ we will have

w=dim () =m—z.
We can now establish the following proposition.

Proposition 4 The S;11, ..., Sy, constitute a complete and sufficient statistic for the
family of densities of Z if and only if W = (W1, ..., Wy} is a basis for </¢. Then
¥(2), 6% and ¥ (1) will be UMVUE(Z).

Previously when considering S-COBS we considered for 2 estimators
&=Ly,

where L is a left inverse of B(2)T. Now B(2)—r may have more that one left inverse
so that we may have more than one of these estimators for 2. When normality is
assumed, given the estimators

G:=Liy(?2), (=1,2,
we will have, whatever y (2),
pr (5% = 5%) =1
as well as, with V (&“%), the variance-covariance matrix of E%, L=1,2,
% (&'%) —v (&'5) .
Now
% (&f) —LVFQ)L]. =12

and V (¥ (2)), the variance-covariance matrix of ¥ (2), is diagonal with principal ele-
2

vi o . . .
ments Zg—’_, Jj =z+1, ..., m. Thus these variance-covariance matrices do not depend
J
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onnormality and so V (7) = V (¢'3) even when there is no normality. This reasoning

extends to the case of P-COBS and to the estimators

where now L° is a left inverse of BT . Thus in both cases we may choose, for instance,
the Moore—Penrose inverses.

4 Unbalanced models
We will now show, with common examples, the use of the previously presented results

and so the advantage of their use, specially when computational application may be
considered.

4.1 Only partially balanced nesting
We start with a simple two factors model with nesting. The first factor will have a

levels and fixed effects. The i-th level of the first factor will nest 7 ; levels of the second
factor, j =1, ..., a. There will be

a
n=2.r;
Jj=1
observations and the model may be written as

y = XoBo + X181,

where

Xo=D(1,...1,)
X, =1, '

As before Bg will be fixed and B; will have null mean vector and variance-
covariance matrix o21,. Then w = 1, Q5 =1,and

’

[ T=Q1=D(%J,1 iJ)
0,=D (K, ..K,)

withK, =1, — rl,-Jri’ i=1,...,a,clearly M| = I, and T commute, so the model
has COBS. Moreover z° = 0, so the model is P-COBS. Since the r1, ..., r, may be
whatever, the model is unbalanced.
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Let us now consider a design with w levels unbalanced on the last. Given the positive

integers ay, . .., ay—1, let us put

byp=1
bi=T_jan. i=1... w—1

and, with
r, =cpby—1, h=1,...,ngp,
take
Xo=D (1, ... 1, )
IX,-:I,,i@)lbwi, i=1...,w
where

{nl =>0

np = Qy+1-iMi—1, L =2,...,w

The total number of observations willbe n = >, | ry.
So we will have the orthogonal projection matrices on the

2 =R(Xy), €£=0,...,w,

given by
- 1y iy

PO_D ry r]”.rn() Tng

Pi=1, @5 —Jp,  i=1..w—1

P,=1,
so that

P[Ph = Pth = Pg, L <h

and

M;=XX =b, P, i=1,...,w.

If we consider the model
w
y=> X,
i=0
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with B¢ fixed and Bi,...B, independent with null mean vectors and variance-

covariance matrices UI-ZI,,I., i=1,...,w, wehave
T =Py.
Now taking
0] =P,
Q?ZPI'—PZ'_], i=2,...,w7

we have mutually orthogonal orthogonal projection matrices whose sum is equal to
1,,, therefore the principal basis of a complete CJAS.
We also can see that

Ml = bw,1Q(1)
M> =0y 207+ by—203

’

My=03++0Q;

so the transition matrix B° will be invertible.
Moreover it is easy to see that we will have

01=T=Py

0>=P;— Py

Q=0 =P, 1 —P; o, i=3,...,w+1
as well as

i Ml = bw—lQl + bw—lQ2
My =by 201+ by—202+by203

M,=01+00+ -+ 0uti

which enables us to write
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fixed effects factor

1st random effects factor

2nd random effects factor

3rd random effects factor

Fig. 1 Design with step nesting
As stated before, it is easy to see that the model is P-COBS, since z° = 0.

4.2 Model with step nesting

The second unbalanced model has step nesting. We keep the first factor with a levels
and fixed effects and replace the second one by a factors with random effects that nest.
But, instead of balanced nesting, we consider step nesting. Then the r; observations
we have for the first level of the first factor will correspond to distinct levels of the
first random effects factor, each nesting a single level of the remaining random effect
factors. The r, observations for the second level of the fixed effects factor will corre-
spond to the same level of the first random effects factor and to distinct levels of the
second random effects factors and so on. This branching is presented for a = 3 in Fig.
1, withr; =4, r, =2 and r3 = 3.
The i-th random effects factor will have

i
c,-:Zrh—i—a—i, i=1,...,a
h=1

levels and the model may be written as

a
y=> X,
i=0

with
and
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where

Xie=1,,, (€=Zi
Xio=1,, 0>i

‘We now have the
Qi=D(Qi1...Qia), i=1,...,2a,
with

Qi,( = Qi+a,€ =0r[><r[, Z ;él, l= 1,...,a
1 .

Qii=:Jr. i=1,...,a

Qi+a,i:Kr,-a izl,...,a

where K, =1, — +J,,i=1,...,a,and

i a
Mi=XX] =2 (Qe+Qua)+ D reQu i=1..a,

=1 =i+1

SO

In this model w = z = a, m = 2a and B(2) is invertible. We thus have an unbiased
S-COBS and, when normality is assumed, the estimators for variance components,
either usual or canonical, will be UMVUE(Z).

4.3 Model with cross-nesting

The third model has cross-nesting with three factors. The first two are in the first
model, while the third one has random effects, ¢ levels and crosses with the first one.
The model may be written as

3
y=> X,
i=0
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with By fixed and B, B> and B3 independent, with null mean vectors and variance-
covariance matrix 0121 75 0'221 ¢ and 0'321 cne, Where n® = 27: 1 7j- The model matrices
will be

Xo=D(1,...1,)®1,

Xi=1,,®1,
X=D(1,...1,)®I.
Xs=1,-®1,

while the mutually orthogonal orthogonal projection matrices will be

Q;=D(Qj1...0j.)® 1], ji=1,...,a
Qj+a=D(Qj+a,l ~~Qj+a,a)®%-’c’ ]‘:1,---7“
Qj+2a=D(Qj,1...Qj,a)®KC, j:l,...,a’

Qj+3a=D(Qj+a,1~--Qj+a,a)®KC7 j=1...,a
where the sub-matrices are the
1 .
Qj,jzﬁ-’rj, j=1,...,a
Qj+a,j:Kr_]" j=1,...,a,

Qj,Z = Qj+a,€ :Orgxrg’ ] 7’é 14

withK,, =1, — L7, j=1..a

=
J
We now have

T = Z?:1 Q;

M, = 025“:1 Qj

My=35_ 110+ 315170
M; = Zja:l Qj

Clearly the model is COBS with z = a and
cl] ic1l 0T o"
B = T 0T rT07
I U U

No column of B(1) is equal to any column of B(2) so the model is not P-COBS,
but the row vectors of B(2) are linearly independent. Then this model is a S-COBS
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which is not P-COBS. Moreover it is unbalanced, with w = 3, z = a and m = 4a, so
that w < m — z since we must have a > 1.

4.4 Nesting into sub-models

The fourth model also has a first fixed effects factors with a levels for which we take
ri, ..., rq observations that will constitute the sub-models

w
yi=1:Bo,j +Zdi,jﬁi,ja Jj=1....a
i=1

where the By, ; are fixed and the B ;, ..., B, j are independent with null mean vectors
and variance-covariance matrices 0121 riseees ouz}I rio j =1,...,a. We assume all
these B; j,i =1,...,w, j =1,...,a, to be independent, so the yy, ..., y, will be
independent with mean vectors 1,, 80,1, . . . , 1, B0, and variance-covariance matrices
vilr,...,v;1,, with

Zw S jor =

i=1

Then
Y1 w
y=|:|= inﬂi,

Ya i=0
where B, with components Bo 1, . .., Bo.q4.1s fixed and the B1, . . ., B, are independent
with null mean vectors and variance-covariance matrices 0121 P oazl n- Thus y will
have mean vector XoB¢ with Xog = D (lr1 N ) and variance-covariance matrix

a
_ o o
V=2 105
j=1
with
o o .
Q?:D( j,l"'Qj,a)’ ]:l,...,d,

where

Q;j=1,,, j=1,....a
Q5 =0rxr,  JFJ

J
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and so we get

)

{Qj =0T =D (Qj1---Qja)
Qjta=05T¢ =D (Qjta1 - Qj+aa)

with
Qjj=0Qj+aj =0ryxrys J#J
1 .
Q=79 j=1,...,a,
Qj+a,j=Kr/-a j=1,...,a,
1 .
WhereKrj =Irj — EJ,.J,,] = 1’ .”,a,thus

Q;ZQJ'—{—QJ'_M, j=1,...,a
y?=)/j=yj+a’ j=1,...,[l'

Therefore we have “perfect” pairing given that
B(1) =B(2) = B°,

since z = a, m = 2a and
a a 2a
Mi="07,05=>0,(Q+Qjra) =D bijQj, i=1...w
j=1 j=1 j=1

with
bi,jzbi,j—i-a:b?j’ i=1,...,w, j=1,...,a.

We now have the block-wise diagonal mutually orthogonal orthogonal projection
matrices

HQjZD(Qj,l...Qj,a), j:l,...,a
Qjta=D(Qjta1 - Qjtau), J=1,....a
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. 1 L.
with @ ;= =Jrj, Qj+aj = Krjs @jie = Qjta = Orpsrs £ # joj =1, a
It is easy to see that

T = Z?:] Qj
2
M, = Zjazl Q;.
2
V= Zja:l Usz
Since T commutes with the Q1, ..., Q»,, the model is COBS with

B(1)=B2)=1]

so that it is P-COBS. Moreover, since the rq, ..., r, may differ, the model is not
balanced.

5 Structured families

The mixed models with COBS

YO =D XiBi), t=1,....1,

i=0

where vectors B (£), £ = 1, ..., Carefixedandthe B; (¢),i = 1,..., w,£=1,...,¢,
are random, independent with null mean vectors and variance-covariance matrices
01.21 ¢» i = 1,..., w, are isomorphic. These models will have the same matrices T
and M;,i = 1,..., w, so they will correspond to the same CJAS, .. With

Qi =AjA; j=1....m,

the matrices in pb(,@_f ), the isomorphic models will have mean vectors w(¢) =
XoBo(), ¢ =1, ..., ¢ and the canonical estimable vectors

O =Ap@), t=1,....0,j=1,...,z

Moreover all or none of the models in a family of isomorphic models are P-COBS.
If this happens we have z° = 0 for all the models in the family.

Forthen;(¢), ¢ =1,...,¢, j=1,...,z we have the unbiased estimators

A0=Ay©, t=1,....¢, j=1,...z
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Let us take

7,(1) n;(1) ;
~ . . ~ 2
nj = . > 77] = N 5 Sj+Z—Z° = Z ||nj+z—z°(£)|| s
;@ 7@ =1
j=z+1,...,z

Since the y(£), £ =1, ..., ?, are independent, n j will be normal with mean vec-

tor n; and variance-covariance matrix ;I 7 independent of S, .o, which is the

product by y; = yj4,—.o of a central chi-square with lg j+z—zo degrees of freedom,
Vj Xig , ] =2°+1,...,z. We could use pivot variables, in the same way as
j+z—z°

before, to carry outinference onthe y;, j = z+1,...,m,oronthen;,j =1,...,z,
but we are more interested in structured families. In these families, the models are
isomorphic and correspond to the treatments of a base design. The main objective will
be to study the action of the factors in the base design as linear combinations ¢ ' 1 (0,

¢=1,...,¢0f components of canonical estimable vectors, j = 1, ..., z. This study
is specially interesting when the base design has an orthogonal structure. Then there
is an orthogonal partition

R = B o,

d >
1

T‘FB}{&\

where H denotes the orthogonal direct sum of subspaces, and, if ;° is the mean vector
for the base model, the relevant hypotheses for that model, are

Ho’d:uoewdzaj‘, d=1,...,d.

Let the row vectors of G4 constitute an orthonormal basis for wg, d = 1, ..., d.
Given a normal vector z with mean vector u° and variance-covariance matrix Aly
independent from S°, which is the product by A of a central chi-square with g° degrees
of freedom, A x go, the statistics

_ & lIGazl?

== , d=1,....d,
84 Se

Fq

have F distributions with g5 = dim(wy) and g° degrees of freedom and non-centrality
parameters

S

)

I
b= [Gap|* d=1.....

F(-|gg, &°, 84), which are null when and only when the corresponding hypothesis
Hog.d=1,...,d, hold.
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To apply these results to structured families we consider the

¢ ¢nj()
zj(c) = : s uSe) = : s j=z+1,...,z
¢, c'n;0)
and test the hypotheses

Hoja(e):p§e) ewa, j=2°+1,....z, d=1,....d

using the statistics

= 2
lgiv, .o ||Gazi(c) _
Fjale) = 21T i©| L j=z2+1,....z2, d=1,....d.
84 Sj+z—z°
For instance, if in the base design we have u factors, with a1, ..., a, levels, that

cross we will have ¢ = [T, a; treatments. We now have to test the hypothesis of
absence of effects or of interactions for the factor or factors of the base design. Given

¢ <u={1,...,u},

Hy (%) will be the hypothesis of absence of effects or of interactions for the factor or
factors with indexes in €. Then, see Fonseca et al. (2003), we have

i@(%):ﬁl,{},, jec.j=1..u

G;(%) = La,. jet. j=1,....u

and
gj(®) =1, jeét. j=1,...,u
gi(@)=a; -1, je¥ j=1,...,u

\Y

If the model in the family were the two factor models we have been considering
we could consider hypothesis on

o« (1)
mi=1|
IBO,O(Z)
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this is on the vector of mean values for the components of Bo(1), ..., Bo(£), or on
T
¢ LaBo(1) (Lgc) Bo(D)
(o) = : = :
TLaBo(®) Te) Bo(@
¢ Lgpo (La c) Bo(f)

It is interesting to point out that, whatever ¢, the sum of components of L(Ic
is null. Thus the components of u5(c) will be contrasts on the components of the

Bo(D), ..., Bo(0).
A

The previous discussion shows clearly the interplay of two different structures:

— that of the models in the family;
— that of the base design

in the joint analysis of structured families of models.

6 Final remarks

The use of CJAS in the study of COBS led to:

1. the definition of statistics 'ﬁj, j=1,...,zand S;, j = z+ 1,...,m, which
are relevant in estimating the canonical estimable vectors, n;, j =1, ...,z and
the canonical variance components y;, j = z + 1, ..., m. These statistics play,

once normality is assumed, an important part in defining pivot variables and, thus,
carrying out inference;

2. special types of models, S-COBS and P-COBS for which we get additional results
on the estimation of variance components, both usual and canonical. Moreover for
P-COBS we also have enhanced use of pivot variables in testing hypotheses on
estimable vectors.

Besides isolated models, structured families were considered. It is interesting to
point out that the treatments in the base model can correspond to different sets of
experimental conditions. Then the joint analysis of the models in the family enables
the study of the action of those experimental conditions.

All these developments were illustrated using a two factor model that was consid-
ered throughout our discussion.

The four cases presented in Sect. 4, clearly shows the wide range of possible applica-
tions. Furthermore, the example that was used along most part of the paper, improves
the assessment of this approach, giving explicit formulae useful for computational
purposes.

As an example, for instance, we could consider an experiment with grapevines
planted in rows. The first factor would be the distance between grapevines and the
second the clones. We recall that grapevines having vegetative reproduction can be
grouped into castes, having a mythical ancestor. Grapevine castes are divided into a
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large number of clones whose ancestors are known. The clones to be considered would
belong to some well know caste.
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