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A family of discrete nonautonomous SIRVS models with general incidence is obtained from a continuous family of models by
applying Mickens nonstandard discretization method. Conditions for the permanence and extinction of the disease and the stability
of disease-free solutions are determined. Concerning extinction and persistence, the consistency of those discrete models with the
corresponding continuous model is discussed: if the time step is sufficiently small, when we have extinction (permanence) for the
continuous model, we also have extinction (permanence) for the corresponding discrete model. Some numerical simulations are

carried out to compare the different possible discretizations of our continuous model using real data.

1. Introduction

Most of the epidemiological models in the literature are
continuous models. In spite of this, recently, there has been a
growing interest in discrete-time models [1-7]. In this work,
we will use Mickens nonstandard difference (NSFD) scheme
to achieve a discretization of a family of continuous epi-
demiological models with vaccination and general incidence
function considered in [8]. We have multiple objectives:
firstly, we want to obtain conditions for extinction and per-
manence of the disease for the discrete family; next, having
a continuous and a corresponding discrete family of models,
we wish to discuss the problem of consistency of the discrete
models with the corresponding continuous ones; finally,
we intend to present some simulation results.

The dynamical consistency of a numerical scheme with
the associated continuous system is not a precise definition.
By the expression “dynamical consistency,” it is meant that
the numerical solutions replicate some of the properties of the
continuous systems solutions.

We will consider the dynamical consistency regarding the
permanence and extinction of the disease: whenever there is
extinction (permanence) of the disease for the continuous-
time model, the same holds for the discrete-time one. Several
papers [9-15] discuss the dynamical consistency with respect

to some particular properties of discrete epidemiological
models obtained from continuous models by some NSFD
scheme [16]. We note that while the papers cited above
consider autonomous models, in the present work we discuss
dynamical consistency for a nonautonomous model. To the
best of our knowledge, this is the first work where the
consistency of a discretized epidemiological model with
the original continuous model is discussed in the nonau-
tonomous context.

We remark that, even in the very particular case of
autonomous models with mass action incidence and assum-
ing that there is no disease related death, it follows from
results in [17] that, when &, > 1, the continuous autonomous
model has one or two endemic equilibrium points coexisting
with the disease-free equilibrium. The existence and stability
of the equilibriums are governed by %, and three additional
thresholds: #,, #,, and #,,. These thresholds determine
the qualitative behaviour of the system. This very particular
situation shows that, even in the autonomous context, the
qualitative behaviour can be difficult to determine.

One of the motivations for our work was that the
difficulties increase considerably when we deal with a general
nonautonomous situation. Thus, we decided to discuss an
aspect of consistency that, nevertheless, is very important
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from the point of view of biomathematics: can we obtain
consistency between continuous and discrete-time models
from the point of view of persistence and extinction of the
disease?

Regarding our simulation results, we considered two
different types of computational experiments. Our first set of
simulation results are designed to compare different possible
discretizations of our continuous models. After this discus-
sion, we apply our model to a real situation, considering data
from the incidence of measles in France in the period 2012-
2016. To the possible extent, this data is used to estimate our
model parameters and the computational results obtained are
compared with real data.

The law of mass action states that the rate of change in
the disease incidence is directly proportional to the product
of the number of susceptible and infective individuals and
was the paradigm in the classic models in epidemiology.
This is why classical models usually consider a bilinear
incidence rate 3SI, where S and I denote, respectively, the
number of susceptible and infective individuals, to model
the disease transmission. In spite of this, it is sometimes
important to consider other forms of incidence functions.
Another usual assumption is the time independence of the
parameters model parameters: in fact, the majority of the
epidemiological models in the literature are given by a system
of autonomous differential or difference equations. Neverthe-
less, the assumption that the parameters are independent of
time is not very realistic in many situations and it is useful
to consider nonautonomous models that, for instance, allow
the discussion of environmental and demographic effects that
change with time [18, 19]. In this work the family of models
considered is nonautonomous and the incidence rates are
taken from a large class of functions.

Our model generalizes one obtained by Mickens nonstan-
dard finite difference method from the continuous model [8]
(see Section 2). In [20], a discrete nonautonomous epidemic
model with vaccination and mass action incidence was
obtained by Mickens method. We emphasize that, in the
particular mass action case, our model is not exactly similar
to the model in [20], although Mickens rules were considered
in both. We briefly compare computationally these two
slightly different models in Section 5.

The model we will consider is the following:

Sn+1 - Sn = An - ﬁn(P (Sn+1’ In) - ([’ln + pn) Sn+1
+ r]nVn+1
In+1 - In = ﬁngo (Sn+1’In) + o,y (Vn+1’ In)

- ([’ln o, t yn) In+1

@

Rn+1 - Rn = YHIH+1 - /’lan+1

Vn+1 - Vn = PnSn+l - (‘un + ’/ln) Vn+1 — oV (Vn+l’ In) >

n € N, where the classes S, I, R, and V correspond, respec-
tively, to susceptible, infective, recovered, and vaccinated
individuals and the parameter functions have the following
meanings: A, denotes the inflow of newborns in the sus-
ceptible class; the function f8,¢ is the incidence (into the
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infective class) from the susceptible individuals; the function
0,y is the incidence (into the infective class) from the vac-
cinated individuals; y,, are the natural deaths; p, represents
the susceptibles vaccination; 7, represents the immunity loss
and consequence influx in the susceptible class; «,, are the
deaths occurring in the infective class; y,, is the recovery. We
will assume that (A ), (¢,.), (p,)> (1,.), (,.), (B,,), (0,,), and (y,,)
are bounded and nonnegative sequences and that there are
positive constants wy,, wy, Wy, k,, and k,, such that

(HI) the functions ¢ : R?> > R and Yo R?> — R are
nonnegative and differentiable in (R )% and the func-
tions Ry 3 x — 0,¢(x,0) and R} > x — 0,y(x,0)
are nondecreasing and Lipschitz, with Lipschitz con-
stants krp and ku,,

(H2) we have ¢(x,0) = y(x,0) = ¢(0, y) = y(0, y) = 0 for
allx, y € Ry,

(H3) lim supnﬁ+m]_[z::”(1/(1 +p)) <1,
n+w

(H4) i)im inf,, oo Xt Ap>0andliminf, Y, " " p.>

(H5) functions R* 3 y +— ¢(x, y)/y and R* 5 y = y(x,
y)/y are nonincreasing.

In this work, we prove, when our conditions prescribe
extinction (permanence) for the continuous model we also
have extinction (permanence) for the corresponding discrete
model as long as the time step is smaller than some constant
(that depends on some model parameters and on the thresh-
old condition). We also consider a family of examples of the
periodic system of period 1 such that the continuous and the
discrete-time system with time step 4 = 1/L is not consistent,
highlighting the importance of knowing that for time steps
smaller than some explicit value we have consistency.

2. Discretization of the Continuous Model

We start with a nonautonomous SIRVS model that is slightly
less general than the one considered in [8] and generalizes the
one in [21]. Namely, we consider the model:

S=At)-BBeS)I-(u(t)+p)S+n1®)V

I'=[BOe®) +a®)yV)—put)-at)-y®]1 o
2
R=y®I-u®R

Vi=p®)S-(ut) +n®)V-a@®y V)L

We assume that the functions A, u, p,#, , 5, 0, and y
belong to the class C' (R} ) and are nonnegative and bounded.
We also require that

(Cl) the functions ¢ : R - Rand y : R — R are non-
negative, nondecreasing, differentiable, and Lipschitz
with Lipschitz constants k,, and k,, respectively;

(C2) ¢(0) = y(0) = 0;
(C3) there is w > 0 such that lim inf,_,, J;Hw p(s)ds > 0.
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In order to obtain threshold conditions for model (2), it was
considered in [8] the following auxiliary system:

X =AO)-[u®)+p®]x+n)y 5
3
Y =p®)x-[u@®)+n®)]y.

And for each solution (x* (¢), ¥*(¢)) of (3) with positive initial
conditions, it was shown that the numbers

t+A
R =liminf [ f©9 (" )+ 0@y (" )

t

—p(s) ()~ y(s)ds,
)

t+A

R¢ (A) =lim sup J BEe(" () +a @y (" ()

t

—u(s)—a(s)—y(s)ds

are independent of the particular solution.

Using the above numbers, the following results are con-
tained in results obtained in [8].

Theorem 1 (Theorem 1 of [8]). Assume that conditions (Cl),
(C2), and (C3) hold. Then, if there is a constant A > 0 such
that RS(A) > 0, then the infectives I are permanent in system

(2).

Theorem 2 (Theorem 2 of [8]). Assume that conditions (Cl),
(C2), and (C3) hold. Then if there is a constant A > 0 such
that RE(A) < 0, then the infectives I go to extinction in system

(2).

In the literature, several models were discretized using
Mickens NSFD schemes [22-35]. Next, we will apply Micken’s
nonstandard method to obtain a discrete version of system
(2).

Let ¢ : R; — R be a positive continuous function such
that

lim ¢ () = 0. )

Given h € R*, we lett = nh, with n € N, and identify S'(t)
with
S(nh + h) - S (nh)
¢ (h)
After deciding a nonlocal representation for the incidence
function and that terms that do not correspond to an

interaction will be considered in the n + 1 time, the first
equation in (2) becomes

(6)

S((n+1)h) - S(nh) = ¢ () [A (nh)
~ Bh) @ (S ((n+ 1) W) I ()
— (u(nh) + p (nh)) S (n + 1) )

+n(nh)V (nh+ h)] .

7)

Writing S,, = S(nh), I, = I(nh),V,, = V(nh), A, = ¢(h)A(nh),
B, = ¢(h)B(nh), u, = ¢(h)u(nh), p, = ¢(h)p(nh), and n,, =
¢(h)n(nh), we have

Sn+1 - Sn = An - ﬁngo (Sn+1) In - ("ln + pn) Sn+1

+ nnVnH .

(8)

Proceeding similarly for the other equations, we obtain the
following discrete model:

Spet = Su = Ny = B (Sper) L = (t + Pu) St
+ Vi
Ly =L, = B9 (Suet) I + 0, (Vi) I,
= (tn + 0+ ) L
Ryr1 = Ry = Yulysr = Ry

Vn+1 - Vn = pnsn+1 - ("ln + nn) Vn+1 — oV (Vn+1) In’

)

n € N,. We will consider a model that contains this one
to obtain some of our results. Namely, based on model (9),
in Sections 3 and 4 we will study model (1) that has a more
general form for the incidence function.

Now, we need to make some definitions. We say that

(i) the infectives (I,)) are permanent if for any solution
S,»L,R,,V,) of (1) with initial conditions S,, I,
Ry, V, > 0 there are constants 0 < m < M such that

m < ligl’ggf I, <limsupl, < M; (10)

n—o00

(ii) the infectives (I,) go to extinction if for any solution
S,»L,R,,V,) of (1) with initial conditions S,, I,
Ry, V, = 0 we have lim,_, I, = 0.

n—oo'n

Similar definitions can be made for the other compartments.
For instance, if there exist constants 0 < m < M such that for
any solution (S, I, R,,, V,,) of (1) with initial conditions S, I,
Ry, V, > 0 we have

m < lim inf S, <lim sup S, < M a1)

n—o00

we say that the susceptibles are permanent.

3. Permanence and Extinction in
the Discrete Model

In this section, we will extend the results obtained for the
model with the usual mass action incidence in [20] to our
generalized family of models. Namely, suitable thresholds are
defined and conditions for persistence and extinction of the
disease are obtained. As a corollary of our results, we consider
the periodic case where we have a unique number that
establishes the boundary between the regions of permanence
and extinction. Although the proofs of our results are inspired
in [20], some difficulties must be dealt with. In particular, it
was necessary to understand the right conditions to impose



to the incidence functions in order to overcome the technical
difficulties.

To lighten the reading, the proofs of our results are
presented in the appendix.

3.1. Auxiliary Results. Consider the auxiliary system,
An T N1 + Xy
L+t + Py

y — ann+1 +yn
" L4,

Xny1 =

(12)

Note that the auxiliary system describes the behaviour of the
system in the absence of infection. If (A,), (4,), (p,), (1),
(e,), (@), (0,), and (fB,) are constant sequences, then the
linear system (12) becomes autonomous and corresponds to
the linearization of the equations for (S,) and (V,,) in the
classical (autonomous) SIRVS model.

In order to proceed we need to recall some notions. A
solution (u,) of some system of difference equations u,,,; =
fo(u,) is said to be attractive if for all n, € Nand alle > 0
there is o(n,) > 0 and T(e, ny,u,) € N such that if (i) is
a solution with [lu, — uyll < o(n,) then |lu, — u,| < &, for all
n = ny+T (g, ny, uy). Additionally, if some solution is attractive
and we can take T to be only dependent on ¢, we say that it is
uniformly attractive.

The following theorem furnishes some simple properties
of system (12).

Lemma 3 (lemma 2.2 of [20]). Assume that conditions (H3)
and (H4) hold. Then

(i) all solutions (x,, y,) of system (12) with initial condi-
tion x, > 0 and y, > 0 are nonnegative for all n € Ny;

(ii) each fixed solution (x,,y,) of (12) is bounded and
globally uniformly attractive for all n € N;

(iii) if (x,,, ¥,,) is a solution of (12) and (X,,, ¥,,) is a solution

of the system
x :An+rlnyn+l+xn+fn
! L+u, +p, 1)
¥ — pnxn+1 + Yn + In
T e,

with (X, ¥,) = (%, ¥,) then there is a constant L > 0,
only depending on u,, satisfying

sup {|2n_xnl+|)~)n_yn|} SLSHNP (Ifn|+|gn|)) (14)
neN,

neN,

(iv) there exist constants m, M > 0 such that, for each
solution (x,, y,) of (12), we have

m < lim inf x, < lim sup x,, < M,
1n—00 1—00
(15)
m < llﬁgglfyn < lim sup y, < M;

n—00
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(v) when system (12) is w-periodic, it has a unique positive
w-periodic solution which is globally uniformly attrac-
tive.

We have the following lemma.

Lemma 4. Assume that condition (H5) holds. Then we have
the following:

(i) all solutions (S,,1,,R,,V,) of (1) with nonnegative
initial conditions are nonnegative for all n € Ny;
(ii) all solutions (S,,1,, R,,V,) of (1) with positive initial
conditions are positive for all n € N;
(iii) there is a constant M > 0 such that, if (S,,1,,R,,V,,)
is a solution of (1) with nonnegative initial conditions,

then
lim sup S, +I,+R,+V, < M. (16)
n—+0o
Proof. See the appendix. O

For each A and each particular solution &' = (x;, y,,) of
(12) with x; > 0 and y; > 0 we define the numbers

RE(E°, M)
i inf 17 L B2 (51,0) + 0029 (11,0) 7
" en L+ e + o +
Zp (€7,1)
n+A (18)

- lim su 1—[ 1+ B0 (XZ+1’ 0) + 030,y ()’1:+1> 0)
P L+ py + o + 9 ’

n—00 k=n

where 0; f denotes the partial derivative of f with respect to
the i-th variable. Contrarily to what one could expect, the next
lemma shows that the numbers above do not depend on the
particular solution &, = (x,, ¥,) of (12) with x,(0) > 0 and
v,(0) > 0.

Lemma 5. Assume that (H1), (H3), and (H4) hold. If (&), =

((x1)5> () and (&), = ((x,), (,),.) are two solutions of
(12) with x (0) > 0 and y!(0) > 0,i = 1,2, then

Fp (&,4) = R (85,1),
Zp &N = Zp (651

Proof. See the Appendix. O

(19)

By Lemma 5 we can drop the dependence of the partic-
ular solution and simply write %g(k) and #7,(A) instead of
%eD(f*, A) an RH(EY, M), respectively.

3.2. Extinction and Permanence. We have the following result
about the extinction of the disease.

Theorem 6 (extinction of the disease). Assume that condi-
tions (HI) to (H5) hold. Then
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(a) if there is a constant A > 0 such that R7(A) < 1, then
the infectives (1,,) go to extinction;

(b) any solution (x,,0,0,y,), where (x,,,y,) is a par-
ticular solution of system (12), is globally uniformly
attractive.

Proof. See the Appendix. O

We have the following result about the permanence of the
disease.

Theorem 7 (permanence of the disease). Assume that condi-
tions (HI) to (H5) hold. If there is a constant A > 0 such that
9?2(/\) > 1 then the infectives (I,,) are permanent in system (1).

Proof. See the Appendix. O

We consider now the particular periodic case: assume
that all parameters of system (1) are periodic with period
w € N. By (v) in Lemma 3, there is an w-periodic disease-
free solution of (12), £&* = (x,, ¥, ),en- Thus, in the periodic
setting, (17) and (18) become both equal to

R (€)

FTL+ B0y (x7,1,0) + 0.0,y (91,1, 0) (20)
1+ [/lk + “k + yk '

k=0
Therefore, we obtain the corollary.

Corollary 8 (periodic case). Assume that all coefficients are
w-periodic in (1) and that conditions (H1) to (H5) hold. Then

(a) iﬂ%ggr(E*) < 1 then the infectives (I,,) go to extinction;

(b) the disease-free solution (x,,0,0,y.), where (x,,
Vi )nen is an disease-free w-periodic solution of (12), is
globally attractive;

(c) y’%‘;r(f*) > 1, then the infectives (I,,) are permanent.

Proof. See the Appendix. O

4. Consistency

In this section, under the additional assumption that the
parameter functions A, y, 1, and p are constant, we will get
a result stating that when our integral conditions prescribe
extinction (persistence) for the continuous-time model, then
the discrete-time conditions prescribe extinction (persis-
tence) for the corresponding discrete-time models, as long
as the time step is less than some constant. Throughout this
section, we assume that the parameter functions A, y, 7, and
p are constant functions and ¢(h) will be the function used
in the discretization of the derivative.

We consider the continuous-time model (2) and, for a
given time step h, the corresponding discrete-time model,

that is, the discrete-time model with parameters ﬁ,’: =
$WB(I), of! = $(ma(kh), Ay = $A, yf = ¢, pl: =
$(h)p, i = $(hn, o = $)a(kh), and y; = $(h)y(kh).

For a given time step & > 0, the expressions %% (1) and
Z5(A) in (17) and (18) become, in our context,

A h * h *
T+ Bio (x) + o (15,0)
kn Lrp oy

>

A1, (A, h) = lim inf
(21)

n+d

R (A h) =limsup | |

n—o00 k=n

1+ ﬁlilgo (x;+1) + UZW (yljﬂ)
1+ yZ + (xi’ + y]i’

>

where (x;,y;) is the solution of the (in our context
autonomous) system (12).
We have the following result.

Theorem 9. For system (2), assume that A(t) = A, u(t) = p,
n(t) = n, and p(t) = p for allt > 0 and that the functions
a(t), y(t), B(t), and o(t) are differentiable, nonnegative, and
bounded and have bounded derivative. Assume also that
conditions (C1) to (C3) hold and let

W RE(A)
e SUPs>o |fl (t)l A+ 1)
, (22)
W - R: (1)
" sup [f (O] A+ D)
where
A(u+n) )
) =B (—
JO=FOg u(p+n+p)
pA ) (23)
t —— | —u—alt
ol W(#(uﬂﬁp) ol
-y ().
Then,
(a) Zu@g[(x) < 0, then RL(IA/h), k) < 1 for all h €]0,
(b) if RE(A) > 0, then R%(IA/h], h) > 1 for all for all h €
]0’ hfnax['

Proof. Observe that (x,,, ¥,) = (a,b), n € N and (x(¢), y(t)) =
(a,b), t € R, where

{ Alp+n) pA
”””‘([ﬂ(ww)r[y(y+n+p>])’ -

are, respectively, solutions of system (12) and system (3). Thus,

t+A

e =timsup [ BO9@ 0Oy B

t

—[u(s) +a(s) +y(s)]ds,

(4]

n+|A/h]

= lim sup H

n—o00 k=n

1+ Bl (a) +oly (b)
1+;4£‘+oc£‘+y£ '




By contradiction, assume that
REA) <0, (26)

and that there is a sequence (h,,),,cn such that h,, — 0 as
m — +00 and

A
(L]
h,,
fLA/A ] (27)

1+ By <P(a)+0k 1//(b)

1+[4k +(xh +yk

= lim sup
n—-00 k:n

1)

for all m e N. By (27), we conclude that, for each m € N,
there are sequences (h,,,),,en and (n,,, ),y such that b, — 0

as m — +00, 1, , — +00 asr — +00 and

et LA Py, |
[T (1+Bre@+ary®))
k=n,,,
(28)
PparH A Py ]
h h, = h,
> (1-h,,) H (1+yk"“ +og" 4y, )
k=n,,,
By (28), we have
RED Y
h h h h h
Z (ﬁkmq’ (@) + oy (b) —w" - - Vkm)
k:nmr
’ (29)
N (Bnm,,,)t,hm — A, Ak, T Cn,,,,,,)t,hm)
h,, ’
where
n+|L/h] i ,
A,pn=-h+h H (1 + By (a) + akw(b))
k=n
(30)
n+|L/h] i ,
~h Y (Bio@ +oiy®),
k=n
n+|L/h) o
B,in=-h+h H (1 + g + o +yk)
k=n
(31)
n+|L/h)
-h Z (Mk+“k+)/k)
n+|L/h]
Coin=h 1—[ (1 + y,]z + ocZ + y,f) (32)
k=n
and, multiplying both sides by h,,,, we get
Psr H A M|
$(hy) Y h[B(kh,) @ (@) +0(kh,)y (b)
(33)

— (khy,) — & (khy,) =y (khy,)] > By,

- An A, T Cnm’r,/\,hm‘

m,r>/ o m
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We also have

W

(A/h,,) { A J . .
<hy ) Py [(B*p (@) + oy ®)]" [¢ ()]
k=2
(34)
LA/h,, ] { A J ; .
<hy, Y hy (B¢ (@) + "y ®))] [¢ ()]
k=0
= by [1+ (B9 (@) + 0"y (B) ¢ ()]
Noting that, by (5), we have
im[1+ (89 (@) + 0"y (1) § (h,,)]
—ﬂ%i@
(35)

1/¢ (h,,)

_ B 9@y

B (a) + a"y (b) )1/¢<hm) ] ¢(h,y) A /Ry, ]

and that a convergent sequence is bounded; by (34) there is
C, > 0 such that

|Anm,,,)\,hm' < Chy,. (36)

Similarly, we have

B, il

£

J) [+ o+ 9] [ ()]

A
< h,,
k
(37)
LA/hy,] { A J . .
< Ry 1) [+ 0y [ ()]
k=0 k
= [L+ (" + 0+ ) g ()]
Using (5) again, we get
i[5 (6 o) ()]
(38)
< e(y“+a“+y“)h'
There is C, > 0 such that
nm,r’A’hm' < C2hm' (39)
Finally, we have
Nyt AR, |
h h h
ot =t T[] (Lt + g7 +3)
k=n,,, (40)

= h,, (1 + 3¢ (h,,) max {u", a”, )/”})Wh”‘JJrl )
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According to (5), we obtain

. u u _u\[AMh, ]+
Jim (1 +3¢ (h,,) max {u", a", y"})

= lim [(1
m—+00

(41)
3 max {u*, o, y*} 1/¢(h,,) 1P Pa) (A By 1+1)
)
_ dmaxiutaty A
There is C; > 0 such that
(Cooi| < Cil (42)
Thus,
B, an, = An, n, = Cn A,
<|An |+ [Baam |+ |Coi,| @3

<(C, +C, +Cy) by

forallm > M. Since the right hand side of (43) is independent
of n,, ., we conclude that

B, ah, = An, am, = Cnpih, — 0 (44)

as m — +00, uniformly in r.
On the other hand, we note that the C' function f: R} —
R given by

FO=BMe@+o@®y®)-u)-a@) -y (45

is Riemann-integrable on any bounded interval I ¢ R;.
We have that

Nyt LAy, |
> hf (kh,)
K=t (46)
([ oo 20
is a Riemann sum of
Py P+ A
[ pee@rov®
nm,‘rhm (47)
—[p () +a(s) +y(s)]ds
with respect to the partition
{nm’rhm, by + By sy B
(48)

+ L%J Ry 1 hy, /\}

m

of size h,, of the interval [n A]. Note that

myr> Mnr +

e ([ ) (oo [ )

and s,, — 0 as m — +00, uniformly in r.
Since f is C' with bounded derivative, for any h > 0 we
have

If (x) - f (x+h)| < Ch, (50)

where C = sup,.,| f'(£)|. We conclude that

o+ Ay i F A
S B f (k) + 5,y - J £(s)ds
_ [
k_”m,r (51)
2| A 2
< Ch;, {h—J +Ch, <CA+1)h,,
thus
Myt L/l/hmJ nm)rhm+l
S hof (khy) < J F()ds— sy,
k:nm,r ”m,rhm (52)
+C(A+1)h,,
and therefore
Myt A/, ]
Y ¢(h,) b, f (kh,,)
k=n,,,
’ (53)

Ty Pyt A
<¢(hm)“ F(8)ds+CO+Dh,|.

My iy

By (53) we conclude that, given § > 0, there is r,,, € N such
that, forall v > r,,,

Py + LA ]

h, h,f (kh,,
¢ (hy,) kZ f (kh,,) -

<¢(h,) [REAN)+6+C(A+1)h,].

Finally, recalling that Z£(A) < 0, by assumption, by the
arbitrariness of § > 0 and the fact that 4,, — 0 asm — +00,
we obtain for sufficiently large m € N,

oy HLA P, |

mrm

0<e(h,) )

k=n,

My

h,f (kh,,) <0, (55)

which is a contradiction. We obtain (a).
A similar argument allows us to prove (b). In fact,
assuming by contradiction that

Re(A) >0, (56)



and that there is a sequence (h,,),,cy such that i, — 0 as
m — +00 and

%({%W

ARy gl ()+a (b) &7
a
= lim inf k q) k W <1,
oo 1+ ptk + (xk + yk
it is possible to conclude that
DY
¢(hw) Y hu(B(kh,) ¢ (@ +0(kh,)y ®)
k=, ,
(58)
U (khm) o (khm) -y (khm)) < Bnm,,,)t,hm

- A”m,r’/\>hm + Cnm,r’/\’hm’

where A, 5, . B, n,and C, ,, are given, respec-

tively, by (30) (31) and (42) and st111 satisty (36), (39), and
(42). Consequently, given § > 0, thereis r,, € N such that, for
alr>r,,

P+ LA Ry, ]

> h,f(kh,)

k=, .

¢ (h)
(59)

Ty P+ A
>¢(hm)“ F(8)ds—8+CA+1)hy,

My P

Recalling that Z5(1) > 0, by assumption and since & > 0 is
arbitrary, we obtaln for sufficiently large m € N,

n

0> ¢(h,)

+A/h,, ]

> flkh,) >0, (60)

k:”m,rm

Myrm

which is a contradiction. We obtain (b) and the theorem
follows. O

Next, for each L € N, we give an example of a periodic
system of period 1 such that the continuous and the discrete-
time system with time step & = 1/L are not consistent;
namely, we will have persistence for the continuous-time
model and extinction for the discrete-time model with time
step h = 1/L.

Example 10. Let L € N. Consider in system (2) that ¢(x) =
y(x) = x, that, with the exception of o and f3, all parameters
are constant, that A = y, and that

o (t) = B(t) =d[1+csin’® (2rLt) (1 + cos (271))] . (61)
We obtain a periodic system of period 1.

In this context, (x,,, ¥,) = (a,b), n € N, and (x(¢), y(t)) =
(a,b), t € R, where

p+n P )

(a) )=< > (62)
p+rn+p p+n+p
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are, respectively, solutions of system (12) and system (3). It is
now possible to compute the number %%(1). In fact, noting
that x* () + y*(t) = 1, we get

1
RE(1) = L B(s)x* () +0a(s)y" (s)—p—a—yds

= Jl d [1 +csin® 27Lt) (1 + cos (Zm‘))] ds (63)
0

—yocyd<1+>;/tocy
We can also compute R p(1,1/L). Namely, we have
1 1+d/L
Ao(17)=

If we let d be sufficiently small so that d < (u + a + y)L,
or in other words, d < (¢ + « + y) and ¢ be sufficiently large
so thatc > (2/d)(pu + y + a — d), we obtain

RE) > 1 =

_1+y+(x+y' (64)

1+d(1+c¢/2) 51
Il+pu+aty

. (65)
%D(I,Z)<1=>

1+d/L

— < L.
l+pu+ta+y

So we conclude that we do not have consistency for time step
1/L.

Let L = 6 and consider the continuous model with the
following parameters 4 = A = 025,y = 0.3, « = 0.05,
n =005 p = 2/3,d = 0.6, and ¢ = 1.5. In Figure 1, we
plot function 8 (or similarly o) and the component I(¢) of
the solution of system (2) given by the solver of Mathematica®
(that we take to represent the solution of the continuous-time
model) and the solution of the discrete-time model (9) with
time step 1/6. As can be seen, the infectives are persistent
in the continuous-time model but go to extinction in the
discrete-time model. We have inconsistency in this case.

Note that, changing 5(¢) and o(t) slightly, we can con-
struct an example of a periodic system with period 1 where
the infectives in the continuous-time model go to extinction
but, in the discrete-time model with time step & = 1/L, the
infectives are persistent.

Furthermore, we emphasize that this lack of consistency
is not a result of the discretization method used but simply a
result of the fact that the time steps lead to a situation where
the points n2/L where the functions 3 and o are evaluated (in
order to obtain the discrete-time parameters) correspond to
minimums of 8 and o.

5. Simulation

Our objective in this section is twofold. On the one hand, we
want to consider different incidence functions ¢, correspond-
ing to different discretizations of our continuous model, and
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FIGURE 1: Left: function f3; right: inconsistency (time step=1/6).

0.8 0.8

. B ——

0.8 -

30 40 50 20
—— Mick-Zhang —— Mick-Zhang
— RK — RK
—— Mickens —— Mickens

30 40 50 10 20 30 40 50

—— Mick-Zhang
— R-K
—— Mickens

FIGURE 2: SI; ¢(h) = h + 0.2 step-size: 4, 1, 0.5.

compare the several discrete models obtained. We do this in
the first subsection. On the other hand, we want to use our
model to describe a real situation. We do this in the second
subsection where we consider data from the incidence of
measles in France in the period 2012-2016.

5.1. Simulation with Several NSFD Schemes. In this subsec-
tion we do some simulation to illustrate our results. To
begin, we compare our model (1) with mass action incidence
(@(S,I) = SI and y(V,I) = VI) with Zhang’s model [20]. We
use the following set of parameters: ¢(h) = h+0.2h% A = 0.5,
u(t) = y(t) = 6(t) = 0.3, a(t) = 0.05, = 0.05, p = 2/3 and

/3(t)=a(t):b<1+o.3cos<%’)>. (66)

Setting b = 0.3 we obtain £:(4) = —0.6 < 0 and thus we
conclude that we have extinction for the continuous model.
Taking time steps equal to 4, 1, and 0.5, we get Z},(0,4) =
R50,4) = 1, RL(3,1) = 0.644 < 1, and Rp(7,0.5) =
0.601 < 1 and we conclude that we have extinction for time
steps 1 and 0.5. For these parameters, we have consistency
in the sense of Theorem 9 as long as the time step is less

than 0.05. Clearly, there is numerical evidence that there is
consistency even for higher time steps. Figure 2 illustrates this
situation.

Changing b to 0.9 we obtain Z¢(4) = 3.4 > 0 and thus we
conclude that we have persistence Taking time steps equal to
2,1,and 0.5, Wegetz% (1,2) =3.201 > 1, 9?%(3 1)=59>
1, and (%ZD(Z 0.5) = 10.2 > 1 and we conclude that we have
persistence for all these time steps. Figure 3 illustrates this
situation. Figures 2 and 3 suggest that numerically our model
is slightly better than Zhang’s model, at least for large time
steps.

Next, we compare our model with the discretized model
obtained by Euler method and the output of the Mathematica
solver ODE (that uses a Runge-Kutta method). Considering
b = 0.3, we get extinction for the continuous-time model, as
we already saw. Taking time steps equal to 2, 1, and 0.5, we
can see in Figure 4 that for all methods considered and all
time steps we have extinction, although the behaviour of our
model shadows better the behaviour given by Mathematica’s
solver, at least for these time steps.

Changing b to 0.9 we already saw that we get persistence
for the continuous model. Figure 5 illustrates this situation.



10 Discrete Dynamics in Nature and Society
0.8 1
0.6
0.4
0.2 0.2+r 0.2+
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
—— Mick-Zhang —— Mick-Zhang —— Mick-Zhang
— RK — R-K — R-K
~— Mickens —— Mickens —— Mickens

FIGURE 3: SI; ¢(h) = h + 0.21% step-size: 2, 1, 0.5.
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FIGURE 5: SI; ¢(h) = h

Next, we change our incidence function and consider
¢(S,I) = SI/(1 + 0.7I), maintaining the set of parameters.
Letting b = 0.3 we have extinction for the continuous model
and letting b = 0.9 we have persistence for the continuous-
time model. Note that the thresholds %%, &%, %%, and b,
are similar to the mass action case. Figures 6 and 7 illustrate
this situation.

Doing corresponding simulations and comparisons for
our model with ¢(h) = (1-e™"?")/(0.002) instead of ¢(h) =
h + 0.2h%, we can draw the same conclusions regarding

30 40 50 10 20 30 40 50

—— Euler
— R-K
—— Mickens

+ 0.21%; step-size: 2, 1, 0.5.

extinction/persistence, relation to Zhangs model and the
model obtained by Euler method.

5.2. Simulation with Real Data. In this subsection, we present
some simulation regarding measles. This disease is endemic
in some countries such as France. In that country, with the
measles outbreak in 2011, a vaccination policy that lowered
the number of reported cases was introduced. We will
focus on measles in France, between 2012 and 2016. For
a study concerning the period before 2012, see [36]. For
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FIGURE 7: SI/(1 + 0.71); ¢(h) =

our parameters estimation, we gathered information from
several websites. We considered standard incidence functions
W(Vrﬁl’ In) = Vn+11n/Pn and (P(Sn+1’ In) = Sn+11n/Pn’ where
P, is the total population. Inspired in the time series for the
infectives (https://ecdc.europa.eu), we considered o,, = 0.03
and 3, given by

L ((n+ D)7 L
3.8+ 10sin <T> if [12J <5

otherwise.

Bu = (67)

2.7,

The remaining parameters were considered time indepen-
dent and were inspired in data contained in the web-
sites http://www.worldbank.org, https://data.oecd.org, and
http://www.geoba.se. Namely, we took the mortality rate y,, =
0.0007, the newborns A,, = 50000, the disease induced
mortality &, = 0.000375, the immunity loss #,, = 0.001, the
vaccination rate p, = 0.001, and the recovery rate y, = 0.957.
We used the initial conditions S, = 7.20428 x 10°, I, = 106,
V, = 5.84372 x 107, and R, = 1.81918 x 10*. In Figure 8, we
plot the real data for the infectives and the output given by
our model.

Can be seen, in a general way, that our model behaves
in the same manner as the real data. It seems that if the
vaccination policy in France continues to be very strict, it may
decrease the number of cases.

b+ 0.21%; step-size: 2, 1, 0.5.

200
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50f

—— Real Data
—— Simulation

FIGURE 8: Measles (2012-2016), simulation.

6. Conclusions

We considered a discretization procedure, based on Mick-
ens NSFD scheme, to get a discrete-time model from a
continuous time with vaccination and incidence given by
a general function. For a family of models containing the
previous discrete-time model, we achieved results on the
persistence and the extinction of the disease (Theorems 6 and
7). They contain the results of Zhang [20] as a particular case.
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Our threshold conditions depend on the parameters of the
model and of the incidence function derivative, with respect
to the infectives, computed on some disease-free solution.
This agrees with the continuous counterparts of these results
(8].

We also considered the problem of establishing the
consistency of the continuous-time model and the discrete-
time model for small time steps, in the sense that if the time
step is small enough when we have persistence (extinction)
for the continuous-time model we also have persistence
(extinction) for the discrete-time model (at least for situations
where Theorems 1 and 2 allow us to conclude that we
have persistence or extinction). Assuming the differentiabil-
ity of parameters, our result on this direction, Theorem 9,
furnishes an interval [0,a], where a depends only on the
parameters of the model and their derivatives, where there is
consistency.

We present an example of a periodic system of period 1
where the continuous and the discrete-time system with time
step h = 1/L are not consistent. Namely, for that time step,
we will have persistence for the continuous-time model and
extinction for the discrete-time model. These examples show
the importance of knowing that for time steps smaller than
some explicit value we have consistency, a type of result like
the one in Theorem 9.

Finally, we carried out some simulations to illustrate our
results. As one might expect our simulations furnish evidence
that we may have consistency in intervals whose lengths are
several times bigger than the length of the given interval in
Theorem 9. Additionally, we used our model to describe a real
situation, namely, the case of measles incidence in France in
the period 2012-2016, and compared our results with the real-
time series for the infectives. We found in general that the
predictive behaviour of our model is very similar to the real
data.

We remark that this work is far from giving a complete
answer to the problem of consistency between our discrete
and continuous-time models. Moreover, in addition to a
further discussion of the qualitative behaviour of the con-
tinuous and discrete systems, in future work it would be
very interesting to discuss the convergence of the methods

nn(Vn+An+Sn)+(An+Sn)(1+‘un+ak I)
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and to carry out some numerical analysis in our general
nonautonomous setting.

Appendix

Proof of the Results in Section 3

We begin this section by noting a simple consequence of our
assumptions that will be used several times throughout the
proofs: it follows from (H3) that there are constants K > 0
and 6 €]0, 1[ such that

n-1 1

[

k=m 1+ Pk
for m,n € N sufficiently large. Additionally, using (H1), (H2),
and (H5), we have

< Ko™, (A1)

9(xy) _9(xy)-9x0 _¢xy) -0
y y=0 y-0

< 0,9 (x,0) = |3, (x,0) — 0, (0, 0)| (A2)
< kyx
and thus
¢ (x, ) < kyxy. (A.3)
Similarly
v (x,y) <k,xp. (A.4)

We will now proceed with the proof of the results in
Section 3.

Proof of Lemma 4. Let S, > 0,1, > 0,R, > 0,and V,, > 0. By
(1), (A.3), and (A.4), we obtain

Vn + PnSn+1
L+p,+1,+ ankwl,,

(A5)

n+l =

and thus

mv (A.6)

n+1

Therefore, we conclude that S,,; > 0and V,,; > 0. By the
second and third equations in (1) we obtain

I

I > —ns
¥l L+ y, + o, + 9,
(A7)
Rn+1 — Yn11n+1 + Rn
+

and we conclude that I, ,; > 0 and R,,; > 0. The previous
inequalities allow us to conclude by induction that S, > 0,

- (1 + U, + /Snkq,In) (1 + U, + 1, + ankq,ln) + P, (1 + U, + ankv,ln)'

I,>0,R,>0,and V, > 0 for all n € N. In the same way, we
can conclude that, if §; > 0, I, > 0, R, > 0 and V|, > 0, then
S,20.1,20,R, > 0and V, > 0 for all n € N. This proves (i)
and (ii) in Lemma 4.

By (1), we have

N, < An Ny (A.8)

S e, 14w, '
where N, = S, +1,+R,+V,, is the total population. By Lemma
2 in [21] we obtain the result. ]
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Proof of Lemma 5. To show that %%,(£*, 1) is independent of
the selection of £* = (x;, y,), a fixed solution of (12), it is
important to note that according to (ii) in Lemma 3, for any
€ > 0 and any solution & = (x,, y,,) of system (12) with initial
value x, > 0, y, > 0, there exists an N € N" such that, for
k > N, we have |x; — x;| < eand |y, — y;| < &. Hence,

*

X —e<x S xp €

X (A9)

Yk
By (H1), we have

E< Y Sy e

|az‘P (xk> 0) - aZ(P (xlt> 0)| < k(p |xk - x;:l < ktps’
i} . (A.10)
0,y (71, 0) = %,y (¥4, 0)] < ky Iy = el < kye.
So,
0, (x> 0) = ke < 0,9 (x4, 0) < 9pp (3, 0) + ke,
oy (5,0) — kye <0y (34,0) (A1D)
< az‘/’ ()’}:’ O) + k\;/s'
Combining the previous computations, we get
1+ B0, (x¢,1,0) + 00y (95,15 0) — Lie
1+ M +op + Vi

< 1+ B10,9 (X415 0) + 040, ¥ (Y441, 0)

(A.12)

14 B (1000) + 000 (71, 0) + Ty
h 1+ M +op + Vi ’

where I, = Bik, + oik,,.
Let

oo LT P02 (x411>0) + 000 (¥41-0) (A13)
k 1+ 122 + (29X + Vi ’ '

Using (HI) and (iv) in Lemma 3, it is easy to see that

u u
1+2p%,M + 20"k, M ., (A14)

e <
k L+ut+ol +9}

for sufficiently large k € N, and that

L <ﬂ%wﬁ%wﬁc, (A.15)

L:1+y+oc+ Sled oy
ke T %+ Vi tw oty

So, for sufficiently large ,

n+i Z € n+i
H(rk+ +) <[ [ (r+Ce)

k=n 1+ Mk + OCk + yk k=n
(A.16)

n+A

= Hrk + ®8
k=n

13
where
A+l A+1
®S:< )rAC£+...+( )rC)‘g’1
A ! (A17)
+ C)L+1£/\+1
Analogously
n+A - n+d
L
H (rk - +s> 2 Hrk -0,. (A.18)
k=n 1+ M + 0+ Vi k=n
By (A.12), we obtain
n+A .
-0, + lilrlljélof kHrk <R (E5A)
(A.19)
n+d
<O, + lim)rinf Hrk.
k=n
Thus,
|25, (E7.1) - 25, 6] < @, (A.20)

and, by the arbitrariness of €, we obtain %g({, A) = %g(f *
A). Replacing lim inf by lim sup in the preceding argument,
we reach a similar conclusion for #}%(E*,1). The result
follows. O

Proof of Theorem 6. First note that the original system (1) can
be rewritten as follows:

1
Spp=——(A,+S, - S, 1
n+1 1+Mn+Pn( n n ﬁn(P( n+l n)
+’7nVn+1)
1
In+1 (ﬁn(P (Sn+1’ In)

:1+yn+an+yn (A1)

+ Unll’ (Vn+1’ In) + In)

n+l = nin+l n
R 1+M(y1 +R,)
n
1
ntl = m (pnsn+l - an (Vn+1’In) + VVI) >
n n
n=0,1,....

Firstly, we will establish (a). Since Z5(1) < 1, we can
choose g, > 0, ¢ €]0, 1] and a sufficiently large integer N; € N
such that

ﬁ 1+ 10,9 (X415 0) + 010y (Y1, 0) + (ﬁukq; + Uukq/) €

i L+ g + o + (A.22)

<eg

foralln > N;.
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For any solution (S,, I,,, R, V,,) of (A.21) with initial con-
ditions S, > 0, I, > 0, R, > 0 and V;; > 0, we have

An + ’/ann+1 + Sn
1+ Hn + P

ann+1 + Vn
el S T
L, +1,

n+1 <

(A.23)

By the comparison principle, we obtain S, < x,, and V,, <
y, for all n € N, where (x,, y,) is the solution of (12) with
initial condition (x,, ¥,) = (Sy, V). According to Lemma 3,
the solution (x;,, y,.) is globally uniformly attractive and thus,
for the aforementioned ¢, > 0, there exists an N, € N such
that

|xn - x:| < &

yn =yl < & (A.24)
Vn = N,
From this, it may be concluded that
S, < x,, + &,
V, <y, +¢ (A.25)
Vn 2 N,.
By the second equation of (1) we get
Ly = m (Bu (Spe1 1)
+ 0, (Vaers 1) + 1)
_ 1 < PRACHRD (A.26)
Ltp, +a, +y, " I,
+ an—w (V"I:’ ) + 1) I,
By (H5), we have
2] <0y (5,000)
(A.27)
P tn) (Vn;l, L) <Y (Viy1,0).

n

By (HI), x — 0,9(x,0) and x +— 0,¥(x,0) are non-
decreasing and also Lipschitz, so, using (A.25) we obtain

0,9 (sn+1’ 0) - 0,9 (x;w 0)

<0, (X1 +£0:0) = 0,9 (x,,,150) (A.28)
= [0, (41 + €,0) = 029 (x,,,1, 0)| < kg
and thus
020 (Ss150) < 029 (41, 0) + k8. (A.29)
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Analogously

0,V (Ve1,0) S O (941, 0) + k. (A.30)

Therefore, by (A.22), (A.26), (A.27), (A.29),and (A.30) we
have

I

n+l

- B (az‘l’ (XZH’ 0) + k¢£0) +0, (621// (¥ 0) + kwso) +

N

1
1,(A31)
1+p, +o,+7y,

<el,

for alln > N,. We conclude that I,, < sm*NzIN2 —0asm —
00. This completes the proof of (a).
Next, to establish (b), let us consider two arbitrary solu-

tions of the original system (Sfll), I,(ll), Vrfl), R;l)) and (Sff), I,(f),
v R?) and ) a constant such that R%(A) < 1. Let 1, = IV -
17(12) and p, = RS) - Rff). By (9), we have

Punr — Pu = (RY, —RP) - (RY, - RY)
=Tn (17(1?1 - Ir(i)1) ~ Un (Rfll-l-)l - Riz2+)1)

= Yulnt1 = BuPn+1-

(A.32)

Because R;j(A) < 1, we conclude that 1, — 0 asn — +00 and
therefore, given ¢ > 0, there is N € N sufficiently large such
that, forn > N,

Prir ¥ HaPrit = Valpir ¥ Po < EF Py (A.33)
Thus, since y,, > 0, we get
€ Pn
Pre1 < 7 T + T+p (A.34)
and proceeding by induction
el nol fnelg
pn+1<(Vlr:[01+um>po+sr;0<kl__[1+uk>. (A.35)
By (H3) and (A.1), we conclude that
lim sup p, = 0. (A.36)

Thus, p, = RS) - RSLZ) — 0asn — +00. Similar computations
show that Sfll) - Sff) — 0and V,SI) - V,EZ) — 0. This proves (b)
and the result follows. O

Proof of Theorem 7. Since 5(A) > 1, there are &, &, > 0 such
that

e 1+ ﬁkazﬁl’ (xZ-H’ 0) + UkaZW (ylj+1’ 0) —u
k=n 1+[/lk+06k+yk

lim inf
n—+00

(A.37)

>1+e,

forall u € [0, &].
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We claim that there is & > 0 such that

lim sup I, > ¢

n—oo

(A.38)

for every solution with positive initial conditions of system
(D).

We proceed by contradiction. Assume that (A.38) does
not hold. Then, for each ¢, there is N, € N and a solution
(S,» I, R,,V,) with positive initial conditions such that I,

& for all n > N,. By (iii) in Lemma 4, we can assume that S
V, < M for all n > N;. By (A.3) we have

¢ (Sn+l’ In) = k¢Sn+lIn
and likewise, by (A.4), we get

ll/ (Vn+1’ n)
By (1), (A.39), and (A.40), we have

< kyMe, (A.39)

k, V.11, <

v ' n+l (A40)

< ky Me,.

An + ﬂnVn-f-l + Sn - ﬁuk(pMsl
L+, + Py
Spe1 +V, — 0"k, Me
Vn+1 > Pn n+1 n v 1.
L+t + 11

Sn+1 =

(A.41)

foralln > N;.
Given g > 0, consider the auxiliary system

An TN Yner + Xy = ﬁukgaMsl
L+ p, + py
PuXnsr + Yo — aukstl
L+p, +1,

n+l =

(A.42)

Yn+1 =

For any n, € N and x,, y, € R", let (x,, ¥,) be the solution
of (12) with initial condition (X V) = (%05 ¥p) and let
(Eno,yno) = (xy, ¥o) be the solution of (A.42) with the same
initial condition. By (iii) in Lemma 3 we obtain

sup {lxn xn| + l?n - yn|}
neN,
(A.43)
<LM (B'k, + 0"k, )&
and thus we can take ¢, > 0 small enough such that
— _ €
sup {[%, = x| + 7, = yull < 5 (A.44)
neN,

On the other hand, by (ii) in Lemma 3, there is N, > N,
sufficiently large such that

&
— ¥l < > (A.45)

|x - X,

for all n = N,. Therefore,

%, = 23| + 7, = vl < €0 (A.46)

foralln > N,.
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Noting that (A.41) can be written as

S

n+1
_ TP (U4 t) (14 4 P 1) (A + S, - BMEe1)
(4 ) (L4 + ) (1 phy + Py +17,)
N (Vn - U”Mkv,sl) (L+u, + p,)
(L4 ) (L4 + p) (14 phy + Py +17,)

(A.47)

V,

n+l
Pu(A,+S, = BMkye,) + (V, - 0“Mk,e,) (1 + p, + p,)
(14 ) (L4t + p+17,)

>

and, using (A.42) and (A.46), we conclude that

— *
Sann>xn_50,

(A.48)
Vn Bynzy: — &

foralln > N,. Thus, since S, < x,, and V, < y, foralln e N,
we have
|Sn - x;l < 80)
i (A.49)
|Vn - yn | < 80’
for alln > N,. By (H1), we have, for all n > N,,
|az‘P (Sk+1’ 0) -0 (XZH’ 0)| S k(p |5k+1 - x;+1|
(A.50)
< ky&
and thus
aZ(P (x;ﬂ’ 0) - k(p‘SO < aZ(P (Sk+l’ 0)
. (A.51)
< aZ(P (xk+1’ 0) + k(p80'
Reasoning similarly we obtain, for all n > N,
0, (¥141,0) — k v€0 S O Y (Vies150)
. (A.52)
<Y (i1 0) + Ky o
By (H1) and (H2), we conclude that
¢ (Sn+1> n) ¢ (Sn+1’ ) + aZ(P (Sn+1’ Sn) (In - 0)
(A.53)

= Z(P (Sn+1’ sn) In’

for some ¢, € [0,¢],and all n >
0,9,

N,. Thus, by continuity of

P (Sur1> 1)
+ = aZ(P (Sn+1’8n)
n (A.54)

20,0 (S,41,0) = 6, (&1),

with 0,(¢;) — 0ase — 0, for all n > N,. Thus, by (A.51)

9 (Spnr 1)
I

n

> 0,0 (441,0) = kpeo = 0 (&), (A.55)
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where 0,(g;) — 0ase — 0. Similarly, for all n > N,, we
have, by (A.52)

1// (Vn+1’ In)
I

n

>0,y (i1 0) —kyey =0, (51),  (A56)

where 0,(¢;) — 0ase; — 0. From the second equation in (1),
we have

_ I+ ﬁnq) (Sn+1’In) /In + 0,y (Vn+1’In) /I

I, = iy
" L+, + 0, +, "
X . (A.57)
S 1+ B,0,¢ (x5,1,0) + 0,0,¥ (¥¢,1,0) — ”I
- L+ u, +a,+7y, "
where
u=p" (koo +0, (1)) + 0" (kg + 6, (ey)),  (A58)

for all n > N,. Letting ¢, be sufficiently small, we conclude,
according to (A.37) and (A.57), that [, — +coasn — +00,a
contradiction. Thus, we conclude that (A.38) holds.

Next we will prove the permanence of the infectives. By
(iii) in Lemma 4, it is only necessary to prove that there is an
g, > 0 such that, for any solution (S,,I,, R,,V,) of (1) with
positive initial conditions, we have

lim inf I, > &,.
notoo M 2

(A59)

Recall that, since %g(A) > 1, there are ¢, &, > 0 such that
(A.37) holds for all u € [0, &,].

If (A.59) does not hold, then, given ¢, > 0, there must be a
sequence of solutions of (1), ((S,, x> L. x> Ryuie> Vi Jmen) ke With
initial conditions (S x, Iy x> Ro x> Vo x) such that

&,
lim inf I, < -2.
n—+00 nk k2

(A.60)

From (A.38), for each k € N, there must be two sequences
(Spi)men and (¢, k) mery Such that s, — +ooasm — +oo,

0 <8 <tip<Sop<tbrp < <SS <tpuk

(A.61)
<...,
£
Ism,k,k f’
(A.62)
o
b ok ﬁ’
foep <X Vne [spr+ Lt —1JUN.  (A.63)
k2 X Ipk X k’ m,k >bnk . .

Given n € [s,, 1, t,,x — 1] UN, we have

I

n+1,k

_ 1+ ﬁn(p (Sn+1,k’ In,k) /In,k + 0,V (Vn+1,k’ In,k) /In,k
1+uy, +a,+y,

(A.64)

1
B P L
mk L+ u" + ot + 4 mk
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and therefore

tnkfsnk
& _ gtk kg
k—g >I k> gtk Sk sk > — 0 (A.65)
where
o= ! A.66
Sl ot (A.66)
Thus, by (A.62) and (A.65),
Ink
b =8, . =2 ——— +00 as k +00. A.67
kT Sk 2 ey - (4.67)
In view of (A.67), we can choose k, € N such that
bk =Sk > N+A+1, (A.68)

forall k > k.
Letting m and k > k, be sufficiently large and ¢, > 0 be
sufficiently small, we may assume that

An + ﬂnVn,k + Sn,k - ﬁuk(pM£2

S,k =
" L+ fhy + Py
. (A.69)
S+ V. . —0"k,Me
Vn,k > P n,k nk v 2
L+ p, + 1,

holds for all n € [s,,, + 1,t,,, — 1] NN.

Let (x,,y,) be a solution of (A.42) with initial value
X075, ) =S, - Vs, ). Wehave S, > X, and V, >y, for
alln e [57;1,10 ti) NN, Letting &, > 0 in (A.69) be sufficiently
small and (x,, y,) be the solution of (12) with x; ., =S
and y; =V, ,wehave by (iii) in Lemma 3 Y

Sn,k+1

€

lxn - §n| + |yn - 7n| < E (A.70)
forall n € [s,, 1 t,,,] N N. We conclude that
&2@2%—%>ﬁ—%
(A.71)

— & *
Vn>yn>}/n—50 >Yn — &
foralln € [s,, 1, ¢, ] NN.
Proceeding like before, we obtain (A.51) and (A.52) with
Sy and Vj replaced by S, ,, , and V,,,, , respectively, and, for
sufficiently large n € N,

@ (Surrio Lnk) .
Tl wh = an) (xk+1’ 0) - ktps() - 6l (81) >

In,k
( ) (A.72)
V’ Vn ko In,k *
> 0,y (Vi 0) — Ky = 05 (&),
In,k
where 0,(g;) — 0as¢e; — 0. Therefore,
In+1,k
(A.73)

S 1+ B,0,9 (x:+1r 0) + 0,00 (V1> 0)-u
- 1+u, +a,+7vy,

In,k’
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foralln € [s,, 1 t,,,] NN, where u is given by (A.58). Thus,

€

e > Itm,k,k
ton g * *
- 1+ﬁnaZ(P(x+1’0)+UaW(yﬂ’o)_u
2 I " n-n n
bk 71_[_1 P (A.74)
&
e
which is a contradiction. The theorem follows. O
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