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Resumo

Nesta tese consideramos um modelo eco-epidemioldgico geral que inclui uma
grande variedade de modelos eco-epidemioldgicos presentes na literatura. Assum-
imos que os parametros dependem do tempo e consideramos fungoes gerais para
a predacao de presas infectadas e nao infectadas e também para a dinamica vital
de presas nao infectadas e da populagao de predadores. Estudamos estes modelos
em quatro cendrios: nao-auténomo geral, periddico, discreto e aleatério. Nos casos
nao-auténomo geral e discreto analisamos a persisténcia forte e extingao da doenca,
no caso periddico estudamos as condicoes para a existéncia de uma érbita periddica
endémica e, finalmente, no caso aleatério estudamos a existéncia de atratores globais

aleatorios.
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Modelos eco-epidemiolégicos; nao-auténomo; periddico; discreto; aleatorio; per-

sisténcia e extincao; atractor global.






Resumo alargado

Nesta tese, consideramos um modelo geral que inclui uma grande familia de
modelos eco-epidemioldgicos propostos na literatura. Assumimos que os parametros
sao dependentes do tempo e consideramos funcoes gerais para a predacao de presas
infectadas e nao infectadas e também para a dinamica vital de presas nao infectadas
e da populagao de predadores. Especificamente, consideramos o seguinte modelo

eco-epidemiologico

S'=G(t,S) —alt)f(S,1,P)P — B(t)SI
I'=B)SI —n(t)g(S, 1, P) — c(t)] 7 (0.0.1)
P’ = H(t,P) +~(t)a(t) f(S, I, PYP + 0(t)n(t)g(S, I, P)I

onde S, I e P correspondem, respectivamente, a presa suscetivel, a presa infectada
e ao predador, 5(t) é a taxa de incidéncia da doenga, n(t) é a taxa de predagao de
presas infectadas, c¢(t) é a taxa de mortalidade na classe dos infectados, v(t) é a taxa
de conversao de presas suscetiveis em predadores (transferéncia de biomassa), 6(t) é
a taxa de conversao de presas infectadas em predadores, G(t, S) e H(t, P) represen-
tam a dinamica vital das populacoes de presas suscetiveis e predadores, respectiva-
mente, a(t) f(S, I, P) é a predagao de presas suscetiveis e n(t)g(S, I, P) representa a
predacao de presas infectadas. Supoe-se que apenas as presas suscetiveis sao capazes
de se reproduzir, ou seja, a presa infectada é removida por morte (incluindo morte
natural e relacionada a doenga) ou por predagao antes de ter a possibilidade de se
reproduzir.

No Capitulo 1 consideramos o modelo nao-auténomo (0.0.1) com H(t,z) =
h(t,z)z, para alguma fungao h : (R{)* — R. Assumimos que as fungoes f(S, I, P),
g(S, I, P) e G(t,S) sao localmente Lipschitz e ndo negativas e que H(t, P) é local-

mente Lipschitz. O objetivo deste capitulo ¢é discutir a persisténcia forte e extingao
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viii RESUMO ALARGADO

de presas infectadas I sob alguns pressupostos adequados. Os resultados sobre per-
sisténcia forte e extingao de presas infectadas sao baseados na analise de sistemas
relacionados com a dinamica do modelo na auséncia de presas infectadas. Apli-
camos os resultados a modelos eco-epidemioldgicos construidos a partir de modelos
predador-presa existentes na literatura. Por fim, foram feitas simulagoes numéricas
para ilustrar os resultados.

No Capitulo 2 abordamos a existéncia de érbitas peridédicas para duas familias
distintas de modelos. Para a primeira, obtida do modelo geral (0.0.1) fazendo
G(t,S) = A(t) — u(t)S e H(t,P) = (r(t) — b(t)P)P, usamos o conhecido teo-
rema de continuacao de Mawhin para provar a existéncia de uma orbita periddica
endémica. Para a segunda, obtida de (0.0.1) fazendo G(t,S) = A(t) — u(t)S e
H(t,P) =T(t) — ((t)P, apresentamos um resultado semelhante ao anterior usando
uma estratégia recente que se baseia na unicidade das orbitas periddicas no espaco
livre de doencas.

No Capitulo 3 consideramos um modelo discreto nao-auténomo correspondente
ao modelo (0.0.1), com G(t,S) = A(t) — u(t)S e H(t, P) = (r(t) — b(t)P) P, obtido
pela aplicacao do método de discretizagao de Micken ao modelo de tempo continuo.
O objetivo neste capitulo é discutir a persisténcia forte e extincao de presas infec-
tadas I para o modelo discreto obtido.

No capitulo 4, consideramos perturbagoes aleatérias do modelo (0.0.1) com
G(t,S) = A(t) — uS(t) e H(t,P) = —6;P(t) — 62 P(t)>. Para isso, introduzimos
perturbagoes aleatérias na taxa de natalidade (A) usando uma varidvel aleatdria
(ruido real), considerando todos os outros parametros como constantes e positivos.
Demonstramos a existéncia de um atractor global aleatério, a persisténcia de pre-
sas suscetiveis e fornecemos condigoes para a extin¢ao simultanea de predadores
e presas infectadas. Também discutimos as dinamicas do modelo SI aleatério e
do modelo predador-presa aleatério. Obtemos para esses casos um atractor global
aleatorio, discutimos a prevaléncia de presas suscetiveis e fornecemos condicoes para
a extincao de predadores ou presas infectadas.

O trabalho apresentado no Capitulo 2 foi publicado no artigo [55]. Os contetidos
dos Capitulos 1, 3 e 4 integram as pré-publicagoes [54], [56] e [57], respetivamente.



Abstract

We consider a general eco-epidemiological model which includes a large variety
of eco-epidemiological models available in the literature. We assume that the pa-
rameters are time dependent and we consider general functions for the predation on
infected and uninfected prey and also for the vital dynamics of uninfected prey and
predator populations. We studied this model in four scenarios: non-autonomous, pe-
riodic, discrete and random. In the non-autonomous and discrete case we discussed
the uniform strong persistence and extinction of the disease, in the periodic case, we
studied the existence of an endemic periodic orbit, and finally, in the random case

we studied the existence of random global attractors.

Keywords

Eco-epidemiological; non-autonomous; periodic; discrete; random; persistence

and extinction; global attractor.
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Introduction

The Lotka-Volterra models were considered independently by Alfred Lotka and
Vito Volterra in 1925. Ecological models including more general models describ-
ing predator-prey interaction have been a major subject in mathematical biology.
On the other hand, mathematical epidemiological models also have a long history
that goes back to the construction of the first epidemiological model by Kermack
and Mckendrick in 1926, having published together a series of papers containing
contributions to the mathematical theory of epidemics [58, 59, 60].

Eco-epidemiological models are ecological models that include infected compart-
ments. In many situations, these models describe more accurately the real ecological
system than models where the disease is not taken into account. Thus the descrip-
tion of the dynamics of eco-epidemiological systems is a subject that have been
receiving increasing attention by the researchers interested in mathematical biology.
In particular, the inclusion of a disease in the preys or in the predators have impact
on the population size of the predator-prey community [43, 97, 45, 103, 19, 47|.

The first mathematical studies concerning eco-epidemiological models were con-
sidered in the late 1980’s. To the best of our knowledge, Hadeler and Freedman, in
1989, were the first authors to consider an eco-epidemiological model in [43]. In that
paper they construct a predator-prey model where both predator and prey are sub-
jected to parasitism. They showed that, in the case where the uninfected predator
cannot survive only on uninfected prey, the parasitization could lead to persistence
of the predator provided a certain threshold of transmission is surpassed, i.e., if the
product of rates of conversion of uninfected populations into infected populations is
less than some threshold then the uninfected stable attractor (with respect to the
uninfected system, stationary point or periodic orbit) is also stable against parasitic
infection. On the other hand, if that product passes through the referred thresh-
old then the uninfected attractor loses its stability and a stable infected attractor
appear. In the following year, Chattopadhyay and Arino [18] considered a model

1



2 INTRODUCTION

where the disease affects only the prey. Under some assumptions on the intrinsic
growth rate of the susceptible population, the authors reduced their three dimen-
sional system to a two dimensional system and were able to describe the persistence
and extinction of the infected population in terms of the environmental carrying
capacity. They also observed that, when the maximal renewal rate of the infected
population is less than its natural mortality rate then both populations go to extinc-
tion and pointed out that there is an exchange of stability through simple bifurcation
at the crossing point of trivial equilibrium to the boundary equilibrium, as well as
at the crossing point of boundary equilibrium to the positive equilibrium. More-
over, they observed that for certain parametric conditions an Hopf-type bifurcation
occurs for the strictly positive equilibrium. Additionally, considering a Holling-type
IT predator functional response, they found that the bifurcation branches are super-
critical in some parametric region space, confirming the local asymptotic stability
of the bifurcation orbit. Finally, using a Poincaré map, they observed that the
analysis for the reduced system is valid for the original system. Later on, in 1994,
Ezio Venturino [97] studied separately the effect of disease in the prey and in the
predator, considering in each of the cases Holling-type I as well as standard func-
tional responses to model the incidence of the disease. For the case of Holling-type
I and disease in the prey, he showed that there exist seven equilibria: the origin, the
neutral equilibrium, the boundary equilibrium, the positive equilibrium and three
other equilibrium points. He found that the origin cannot be stable since one of
its eigenvalues is positive, that the neutral equilibrium is stable under a suitable
condition, that the boundary equilibrium is stable under some conditions and un-
stable otherwise, and that the positive equilibrium is the only nontrivial equilibrium
point which is always unstable. For the stardard functional response, there are four
equilibria: the origin, the neutral equilibrium, the boundary equilibrium and the
positive equilibrium. He proved that origin is a saddle, the neutral equilibrium is
locally asymptotically stable, the boundary and the positive equilibria are always
unstable. For the case of standard functional response in the predator, we also have
four equilibria: the origin, the neutral, the boundary and the positive equilibrium.
He showed that origin is again a saddle since it has one eigenvalue which is pos-

itive, the neutral equilibrium is locally stable under some suitable condition, the



INTRODUCTION 3

boundary equilibrium is always unstable. Finally, for the Holling-type I functional
response and disease in the predator case, we have again four equilibria: the origin,
the neutral, the boundary and the positive equilibrium. He established that the
origin and the neutral equilibrium are unstable and that the boundary equilibrium
is stable for some suitable condition. Considering again that the disease only affects
the prey, in [103], Xiao and Chen studied an eco-epidemiological model focusing
on the permanence and stability of equilibria and shown that, for some parameter
values, the positive equilibrium becomes unstable, allowing a periodic solution to
appear by Hopf bifurcation.

Different dynamical aspects of eco-epidemiological models in the autonomous set-
ting have been extensively studied in several contexts. Concerning eco-epidemiological
models with disease in the prey, there is an extensive literature focusing on persis-
tence and extinction, local and global stability, existence of limit cycles and bifurca-
tions. In [45] Haque and Chattopadhyay modified an existent eco-epidemiological
model by replacing the Holling-type I incidence rates by some non-linear incidence
rates. Their numerical simulations allowed them to conclude that, with this change
of incidence rates, they can control the limit cycle oscillations around the positive
interior equilibrium that was observed in the original model and, moreover, they
determined the value for which a Hopf-bifurcation occurs for the positive interior
equilibrium. Later, in [19], Samrat and Chattopadhyay consider a model with
Holling-type I incidence rates and observe that the force of infection and the pre-
dation rate play important roles in maintaining the stability around the positive
steady state. In [93] Upadhyay, Bairagi, Kundu and Chattopadhyay observed, in
several numerical simulations, the existence of chaotic behaviour when some key
parameters attain their critical values and in [94] Upadhyay and Roy considered a
modified version of the model in the cited work by assuming that the predators con-
sume the prey species according to a modified Holling-type II functional response.
They studied the stability of the equilibria and, taking the death rate of preda-
tor and the growth rate of susceptible prey population as bifurcation parameters,
they demonstrated the existence of backward Hopf-bifurcations and saw, in sev-
eral computational experiments, that the system exhibits deterministic chaos when

some control parameters attain some critical values. Still concerning bifurcation
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analysis, it should be referred that in [67] Liu undertook a throughout study of
bifurcations, especially near the boundary equilibrium. Several other works study,
both analytically and numerically, the bifurcations of eco-epidemiological systems,
including [95], where the authors considered distinct functional responses of preda-
tor for susceptible and infected preys, [87], where the authors considered Holling
type II functional responses both for susceptible and infected preys, and [29] where
a ratio-dependent functional response (a type of functional response that assumes
that the prey eaten per unit time is a function of the ratio of prey to predator) is
considered.

An analysis of stability of equilibria and bifurcations of an eco-epidemiological
model was undertaken by Chakraborty, Das, Haldar and Kar in [17] for a model con-
structed from an epidemiological model considered by Bhattacharyya and Mukhopad-
hyay in [73] and including different nonlinear functional responses for susceptible
and infected preys. Another very interesting work devoted to analysis of stability of
equilibria of an eco-epidemiological model can be found in a paper by Sasmal and
Chattopadhyay [86] where the authors compare the model with and without Allee
effect and discuss the way the Allee effect affect the population dynamics of both
the prey and the predator and also the conditions that allow the susceptible prey,
infected prey and predator to coexist. In [81] the authors studied another model
where Allee effect in the predator is considered.

There is still an active line of research aimed at the study of autonomous eco-
epidemiological models as we can see by the recent papers [42], where a model
involving switching (changing of preference of the predator from susceptible to in-
fected prey) is considered, [89] where a model with Holling type II functional re-
sponse functions and a type of mortality rate for the predator that the authors call
hyperbolic mortality is analytically studied, [71] where the fear of predators among
prey population is taken into account by assuming that an increase in the predator
population leads to lowering of prey growth rate, [88] where a model is proposed
that assumes, contrarily to the usual, that the infected prey is able to reproduce,
and [100] where the local and global stability properties, existence of Hopf bifurca-
tion, and permanence of the infected prey is studied for a model that considers the

effect of the amount of prey refuge.
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All the model referred above are autonomous models. However, to make models
more realistic, it is important, in many situations, to consider time varying param-
eters. For instance, it is well known in epidemiology that incidence rates are seldom
subject to periodic seasonal fluctuations.

In the context of eco-epidemiological models, several nonautonomous systems
have been studied in the literature. In [75] Niu, Zhang and Teng consider a class
of general non-autonomous eco-epidemiological models with disease in the prey,
containing the periodic case as a very particular situation, and obtained threshold
conditions for the extinction and persistence of the infected preys. For the same
model, in [90], Silva established the existence of an endemic periodic orbit. The
models in [75] and [90] assume that there is no predation on uninfected preys. It
is quite true, from the biological point of view, that infected individuals can be less
active and caught more easily; another possibility is that the infection modifies the
behavior of the preys in such a way that they start living in parts of the habitat which
are more accessible to the predators. This motivates the simplified assumption that
there is no predation on uninfected prey. Nevertheless, in real life this is not always
the way things happen: predators are often able to catch prey, even if they are not
carriers of a certain infectious disease. In [41] Ghosh, Sardar, Biswas, Samanta and
Chattopadhyay studied a model with predation of uninfected preys. Their model
assumes that the uninfected prey population grows according to a logistic law and,
in the absence of a specific prey population considered, the predator also follows
some logistic law that depends on the availability of alternative preys. Moreover,
they assume that the transmission of the disease is given by a bilinear contact rate
and the predation of both uninfected and infected preys is given by some kind of
Holling-type II functional response, even though in those functions the denominators
depend on the uninfected prey or the infected prey instead of depending on the
total prey population. The authors provided in that paper a condition for uniform
persistence of the disease and conditions for the global asymptotic stability of the
positive periodic orbit they found. Based on the model in [75, 90], in [68] Lu,
Wang and Liu proposed a family of models that include predation on uninfected
preys described by a bilinear functional response and obtained threshold conditions

for the extinction and persistence of the infected prey. In their model, the authors
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assume that in the absence of disease, the growth rate of the prey population is
given by a linear equation, that the predator species vanishes in the absence of the
considered prey and that both the transmission of the disease and the predation
on infected and uninfected preys is given by Holling-type I functional responses.
The extinction result in this work is given by some condition that depends on a
bound for the size of an absorbing region. The model studied in [35] has a very
different structure from the models above: it includes the possibility of recovery
and a modified Leslie-Gower functional response is used to describe the dynamics
between migratory preys and their predators.

Several works are already available in the literature that deal with eco-epi-
demiological models with disease in the predator [92, 48, 76, 102, 9]. Addi-
tionally, there are also works devoted to the study of eco-epidemiological models
with delay [83, 69, 74] as well as models for which optimal control theory is
used [2, 36, 3, 84].

In the context of periodic models, there is already a theory developed to obtain
the basic reproductive number, Ry. In fact, in [5], Bacaér and Guernaoui introduced
R for periodic epidemiological models, and later on, in [98], the definition of Ry was
adapted by Wang and Zhao to the study of periodic patchy models. In the recent
article [38] Garrione and Rebelo adapted the theory in [98] to study persistence and
extinction of the predator in general periodic predator-prey models.

In all non-autonomous works cited above, the functional response of the predator
to prey is given by some particular function. Also the vital dynamics of predator
and prey is usually assumed to follow some particular law. In this thesis we con-
sider a general model that includes a large family of the eco-epidemiological models
proposed in the literature. We assume that the parameters are time-dependent and
we consider general functions for the predation on infected and uninfected prey and
also for the vital dynamics of uninfected prey and predator populations. Namely,

we consider the following eco-epidemiological model:
S"=G(t,S) —a(t)f(S,1,P)P — B(t)SI

P = H(t,P)+~(t)a(t)f(S,I,P)P + 0(t)n(t)g(S, 1, P)I
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where S, I and P correspond, respectively, to the susceptible prey, infected prey and
predator, 5(t) is the incidence rate of the disease, n(t) is the predation rate of infected
prey, c(t) is the death rate in the infective class, v(t) is the rate converting susceptible
prey into predator (biomass transfer), 6(t) is the rate of converting infected prey into
predator, G(t,S) and H(t, P) represent the vital dynamics of the susceptible prey
and predator populations, respectively, a(t) f(S, I, P) is the predation of susceptible
prey and 7n(t)g(S, I, P) represent the predation of infected prey. It is assumed that
only susceptible preys S are capable of reproducing, i.e., the infected prey is removed
by death (including natural and disease-related death) or by predation before having
the possibility of reproducing.

In Chapter 1 we consider a non-autonomous model where H(t,x) = h(t,z)x
for some function h : (R$)? — R. We assume that the functions f(S, I, P) and
g(S, I, P) are locally Lipschitz and nonnegative, and G(t, S) and H (t, P) are locally
Lipschitz. The objective of this chapter is to discuss the uniform strong persistence
and extinction of the infectives I under some suitable assumptions. Our results
on strong persistence and extinction of the infected prey are based on the analysis
of systems related to the dynamics of the model in the absence of infected prey.
We apply our results to eco-epidemiological models built from predator-prey models
existent in the literature. Simulations are made to illustrate the results.

We address in Chapter 2 the existence of periodic orbits for two distinct families
of models. For the first one, obtained from the general model (0.0.2) by making
G(t,S) = A(t) — p(t)S and H(t,P) = (r(t) — b(t)P)P, we used the well known
Mawhin’s continuation theorem to prove the existence of an endemic periodic orbit.
For the second one, obtained from (0.0.2) by making G(t,S) = A(t) — u(t)S and
H(t,P) =Y(t) — ((t)P, we obtain a sharp result using a recent strategy that relies
on the uniqueness of periodic orbits in the disease-free space.

All the works above are concerned with continuous time models given by systems
of differential equations. On the other hand, it is important to consider discrete time
models. In fact, a discretization of continuous time models is fundamental to obtain
approximations of the solutions of nonlinear systems of differential equations, for

instance as in a numerical approach. Additionally, in some situations, at least for
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epidemiological model, it has been argued that discrete time models are better to
approximate the disease dynamics as they permit arbitrary time-step units [109, 34].

The chosen process of discretization can lead to models with a very distinct
structure. In [52] the authors use a piecewise constant argument method that lead
to a model whose right hand side includes an exponential of a function of the several
compartments corresponding to the vector field of the original system of differential
equations. Other discrete models of this type can be found in [51, 31]. In [52],
the authors studied the stability of equilibrium solutions analitically and then, nu-
merically, they showed that there appears a series of distinct dynamical behaviors
(for example, varying the death rate of the infected prey and maintaining the ini-
tial value, there appear chaos, Hopf bifurcation, local stability, flip bifurcation, and
chaos). In [51] the authors studied an efficient method for analyzing the global
asymptotic stability for general three dimensional discrete systems based on a piece-
wise constant argument method. For the discrete time model obtained in [31] the
authors studied the local asymptotic stability of equilibria, and also used explicit
Hopf bifurcation and period-doubling bifurcation criteria to discuss emergence of
both type of bifurcations at positive steady-states of their model.

In [10], the authors use the standard Euler forward scheme as well as Mick-
ens nonstandard finite difference scheme to obtain two autonomous discrete models.
Also in [31] Euler’s forward scheme is used to obtain a discrete model from a cor-
responding continuous time model. In [10] the authors showed that the solution
of non-standard finite difference scheme of the system remains positive for all pos-
itive initial values. Fixed points and their local stability properties are shown to
be identical to the corresponding notions in the continuous time model, indicating
its dynamic consistency. On the other hand, they showed that the dynamics of the
Euler model depend on the step size and therefore we have dynamical inconsistency.
Solutions in this method may be negative and allow numerical instabilities, leading
to chaos. For the model obtained by Euler’s forward scheme in [31] it is concluded
that the positive equilibrium is locally asymptotically stable, and they implemented
an explicit criteria for Hopf and flip bifurcations to investigate parametric conditions

for existence of both type of bifurcations at positive steady-states.
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We note that all the discrete models described above are autonomous models. In
contrast, in Chapter 3, we consider a non-autonomous discrete model correspond-
ing to the discrete counterpart of the model (0.0.2) with G(t,S) = A(t) — u(t)S
and H(t,P) = (r(t) — b(t)P)P, obtained by applying Mickens nonstandard finite
difference scheme to the continuous time model. The objective in this chapter is
to discuss the uniform strong persistence and extinction of the infectives I for the
obtained discrete model.

Finally, in Chapter 4 we consider random perturbations of a general eco-epide-
miological model. In the nondeterministic situation there are two main approaches
to incorporate randommness by considering stochastic and random perturbations,
which, roughly speaking, can be expressed throughout stochastic and random dif-
ferential equations. For an exposition on this subjects, their comparison and appli-
cation in this biological context we refer to [1, 12, 13, 14, 15, 46| and references
therein, where perturbations of epidemiological models where taken into account
both in the presence of white noise (via stochastic differential equations) or real
noise (through pathwise random differential equations). One of the main concerns
on these works is to understand the dynamics of the perturbed model by the pres-
ence of a (random) attractor for the system. On the other hand, in [104, 44, 105, 7]
random perturbations of eco-epidemiological models were considered always made
by the insertion of white noise in a deterministic model. In this former references,
the authors aimed to prove the stochastic stability and long time behaviour around
equilibrium of deterministic model.

In this chapter, we consider random perturbations of the model (0.0.2) with
G(t,S) = A(t)—uS(t) e H(t, P) = =0, P(t)— 0, P(t)?. For this, we introduce random
perturbations in the birth rate A using a random variable (real noise), considering
all other parameters to be constant and positive. We prove the existence of a global
random attractor, the persistence of susceptible preys and provide conditions for the
simultaneous extinction of infective and predators. We also discuss the dynamics of
the corresponding random ST model and random predator-prey model. We obtain
for this cases a global random attractor, prove the prevalence of susceptible preys

and provide conditions for the extinctions of infective or predators.
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The results in Chapter 2 were published in [55]. The contents of Chapters 1, 3
and 4 are included in preprints [54], [56] and [57], respectively.



CHAPTER 1

Non-Autonomous Eco-Epidemiological Model

In this chapter we consider a generalization of the non-autonomous model in [75,
68] by adding general functions corresponding to predation on infected and unin-
fected preys as well as general functions associated to the vital dynamics of the sus-
ceptible prey and predator populations. We obtain persistence and extinction results
for the infected prey based on some assumptions on systems related to the dynamics
in the absence of infected preys. We apply our results to eco-epidemiological mod-
els constructed from several predator-prey models existent in the literature. Some

llustrative simulation is undertaken.

The objective of this chapter is to discuss the uniform strong persistence and
extinction of the infectives I in system (0.0.2) under some hypothesis to be detailed
later. Recall that the infectives are uniformly strong persistent in system (0.0.2) if
there exist 0 < my; < mgy such that for every solution (S(t),1(t), P(t)) of (0.0.2)
with positive initial conditions S(t), I(to), P(to) > 0, we have

my < liminf 7(¢) < limsup () < ma,

t—o0 t—00

and we say that the infectives I go to extinction in system (0.0.2) if

lim I(t) =0,

t—o0

for all solutions of (0.0.2) with positive initial conditions.

For biological reasons we will only consider for system (0.0.2) solutions with
initial conditions in the set (R™)3.

Our approach is very different to the one in [75] and [68]. In fact, we want
to discuss the extinction and strong persistence of the infectives in system (0.0.2),
having as departure point some prescribed behavior of the uninfected subsystem
corresponding to the dynamics of preys and predators in the absence of disease.

We will assume in the major part of this work, more specifically in section 1.1,

11
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that we have global asymptotic stability of solutions of some special bi-dimensional
systems related to the predator-prey dynamics in the uninfected subspace (the model
obtained by letting I = 0 in the first and third equations in (0.0.2)) and that we will
refer to as uninfected subsystem (see condition N6) in section 1.1). Thus, to apply our
results to specific situations in the literature, one must first verify that the underlying
uninfected subsystem satisfies our assumptions or, looking at our results differently,
we can construct an eco-epidemiological model from a previously studied predator-
prey model (the uninfected subsystem) that satisfies our assumptions. We believe
that this approach is interesting since it highlights the relation of the dynamics of
the eco-epidemiological model with the behavior of the predator-prey model used in
its construction.

We note that, similarly to the thresholds obtained in [68], our thresholds for
extinction and uniform strong persistence are not sharp. In spite of this, unlike
the conditions for extinction and strong persistence in [68], that rely on parameters
that can not, in principle, be computed explicitly (note that conditions (22) and (43)
in [68] depend on ¢;), our thresholds can be directly obtained from the parameters
and the limit behavior of the predator-(uninfected) prey subsystem.

To illustrate our findings, in section 1.3 several predator-prey models available in
the literature, satisfying our assumptions, are considered and thresholds conditions
for the corresponding eco-epidemiological model automatically obtained from our
results: in our Example 1, we consider the situation where f = 0 in system (0.0.2),
corresponding to a generalized version of the situation studied in [75]; in Example
2, we obtain a particular form for the threshold conditions in the context of periodic
models and particularize our result for a model constructed from the predator-prey
model in [40]; in Example 3, we start with an uninfected subsystem with Gause-
type interaction (a predator-prey model with Holling type II functional response of
predator to prey, logistic growth of prey in the absence of predators and exponential
extinction of predator in the absence of prey) and, using [62], obtain the corre-
sponding results for extinction in the eco-epidemiological model; in Example 4, we
consider the eco-epidemiological model obtained from an uninfected subsystem with
ratio-dependent functional response of predator to prey, a type interaction consid-

ered as an attempt to overcome some know biological paradoxes observed in models
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with Gause-type interaction and again obtain the corresponding results for the eco-
epidemiological model, based on the discussion of ratio-dependent predator-prey
systems in [50]; finally, in Examples 5 and 6, we consider eco-epidemiological mod-
els, based on the discussion of the corresponding predator-prey models in [80, 91|
where the uninfected subsystem has some specific type of non-autonomy in the prey
equation (Example 5) or the predator equation (Example 6). For all these examples
we present some simulation that corroborate our conclusions.

For Examples 3 to 6 we provide computational experiments that suggests that
we have persistence of infected preys when the threshold is given by some func-
tion depending on solutions of the uninfected subsystem instead of solutions of the

subsystems considered in our theoretical results.

1.1. Asymptotically stable behavior in uninfected subspace

In this chapter we consider the model (0.0.2) with H(¢,z) = h(t, )z for some
function h : (R$)? — R:

S'=G(t,S) —a(t)f(S,1,P)P — B(t)SI
I' = B(H)ST — n(t)g(S, I, PYI — ¢(t)1 : (1.1.1)
P’ = h(t,P)P +~(t)a(t)f(S,1,P)P + 0(t)n(t)g(S, I, P)I

We will assume the following hypothesis concerning the parameter functions and

the functions f, g, G and h:

N1) The real valued functions a, 5, 1, ¢, v and 6 are bounded, nonnegative and
continuous;

N2) The real valued functions f, g, G and H(t,z) = h(t,z)x are locally Lipschitz,
functions f and g are nonnegative and f(0,0, z) = 0, for every z > 0. For fixed
x,z > 0, functions y — f(x,y, 2) and y — g(x,y, z) are nonincreasing. For fixed
y,z = 0, function = — g(x,y, z) is nonincreasing; for fixed x,y > 0, function

z + f(x,y,2) is nonincreasing and function z — ¢(z,y, z) is nondecreasing;

Our next assumption relates to the w-limit of solutions of (1.1.1) and is usually

fulfilled by mathematical models in epidemiology.
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N3) Each solution of (1.1.1) with positive initial condition is bounded and there is
a bounded region R that contains the w-limit of all solutions of (1.1.1) with

positive initial conditions.

Notice in particular that condition N3) implies that there is L > 0 such that

limsup (S(t) + I(t) + P(t)) < L,

t——+o00
for all solutions (S(t), I(t), P(t)) of (1.1.1) with positive initial conditions.
To proceed, we need to consider two auxiliary equations and one auxiliary sys-

tem. First, we consider the equation
s =G(t,s), (1.1.2)

that corresponds to the dynamics of uninfected preys in the absence of infected preys
and predators (the first equation in system (1.1.1) with / =0, S = s and P = 0).

We assume the following properties for the solutions of (1.1.2):

N4) Each solution s(t) of (1.1.2) with positive initial condition is bounded, bounded
away from zero, and globally attractive on ]0, 4+o00|, that is |s(t) — v(t)| — 0 as

t — +oo for each solution v(t) of (1.1.2) with positive initial condition.

The second auxiliary equation we consider is the equation

y' = h(t,y)y, (1.1.3)

that corresponds to the dynamics of predators in the absence of the considered preys
(the third equation in system (1.1.1) with 7 =0, S =0 and P = y). We need the
following property for the solutions of (1.1.3):

N5) Each fixed solution y(t) of (1.1.3) with positive initial condition is bounded and
globally attractive on [0, 4+00).

Finally, we need the following auxiliary system

v = G(t,x) — a(t)f(2,0,2)z (1.1.4)

2 =h(t,z)z+y(t)a(t) f(x,0,2)z

that describes the behavior of preys and predators in the absence of infected preys

(the first and third equations of system (1.1.1) with / =0, S =z and P = z). We
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will refer to system (1.1.4) as the uninfected subsystem. We assume that we are able

to construct families of auxiliary subsystems:

=G (t,x) —a(t)f(z,0,0)2.(t) — v(e)p(t)z

(1.1.5)
7 = h17a(ta Z)Z + 'y(t)a(t)f(:);, U(E)puv Z)Z
where (Z.(t), 2.(t)) is a solution of
v = Gaelh2) (1.1.6)

2 = Iy (t,2)2 + 1(Da(t) f (2,0, 2)z + v(E)p(t)g 2,0, 2)

satisfying the following assumptions.

N6) The following holds for systems (1.1.5) and (1.1.6):
N6.1) for sufficiently small € > 0, the functions G;. and h;., i = 1,2, are con-
tinuous, the functionals € — G;. and € — h;., @ = 1,2, are continuous,

Gio=Goo =G, hig=hog=h,
Ghe(t,z) < G(t,x) < Gac(t,x)

and

hl,s(t7x) < h(t7x> < hQ,E(t7x);

N6.2) the real valued function v : [0, +oo[— R verifies v(e) > 0 for € €0, 40|,
v(0) = 0 and is differentiable near ¢ = 0 with

A<'(e) < B,

for some A, B > 0 and sufficiently small € > 0;
N6.3) the function p is continuous and there are constants p“, p* such that, for
allt > 0,
0 < p" < p(t) <p"

N6.4) there is a family of nonnegative solutions, {(z} _(t), 27 .(t))} of system (1.1.5),
one solution for each ¢ > 0 sufficiently small, depending on a solution
(z5.(t), 25.(t)) of system (1.1.6), such that each solution in the family is
globally asymptotically stable in a set containing the set {(z, 2) € (Rg§)?:
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x>0 A z>0} and the function
e (27 (t), 27 (t)) is continuous;

N6.5) the family of nonnegative solutions {(x5_(t), 25.(t))} of system (1.1.6),
one solution for each ¢ > 0 sufficiently small, is such that each solution
in the family is globally asymptotically stable in a set containing the set

{(z,2) € R$)?:2 >0 A 2> 0} and the function

*

e (23.(t), 25.(t)) is continuous.

We write z7, = 27, 255 = 3, 21y = 2] and 23, = 25 for the components of
the solutions in N6.4) and N6.5) corresponding to ¢ = 0. For the continuity of
the functionals in N6.1), N6.4) and N6.5) we consider the usual supremum norm,
| - [lo- Also notice that, by N3) the solutions are bounded. Note that we only
aim to control two suitable families of perturbations of the uninfected subsystem,
so that condition N6) is sufficiently flexible to adapt to a wide range of uninfected
subsystems associated to the eco-epidemiological models.

We emphasize that our setting includes several of the most common functional re-
sponse functions: f(S, 1, P) = kS and ¢(S, I, P) = kP (Holling-type I), f(S,1,P) =
ES/(1+m(S+1)) and g(S,I, P) = kP/(1+m(S+1)) (Holling-type II), f(S, 1, P) =
ESY/(1+m(S+1)*) and ¢(S, I, P) = kP*/(1+m(S+1)*) with o > 0 (Holling-type
1), f(S,I,P) =kS/(a+b(S+ 1)+ cP)and g(S,I,P) =kP/(a+b(S+1I)+ cP)
(Beddington-De Angelis), f(S,1,P) = kS/(a +b(S+ 1)+ c¢P + d(S + I)P) and
g(S,I,P) = kP/(a+b(S+ 1)+ cP+d(S+ I)P) (Crowley-Martin). In the func-
tions above k,m,a,b,c,d > 0. Notice that while g can be of the form ¢(S, I, P) =
kP/(a + b(S + I) + ¢(S + I)?) (Holling-type IV), this type of functional response
corresponds in the case of f to take f(S, I, P) = kS/(a+b(S+1)+c(S+1)?). In this
case ¥ — kx/(a+b(x +y) + c(x +y)?) is not nondecreasing when ¢ # 0 and cannot

take f such that the corresponding functional response function is Holling-type IV.

1.2. Extinction and uniform strong persistence of infectives

In this section we will establish our results on the extinction and uniform strong

persistence of the infective prey in system (1.1.1). Given a function f we will use
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the notations f* = inf;oq f(t), f* = sup, f(t) and, for a w-periodic function f we
use the notation f = (1/w) [ f(s) ds
We define

RY(\) = lim inf (s)zi(s) —n(s)g(zi(s),0,25(s)) — c(s)ds (1.2.1)

where we still denote by z73(¢) and z3(¢) the components of solutions in systems (1.1.5)
and (1.1.6), with ¢ = 0, and

RY(\) = htrilfup/ B(s —n(s)g(s*(s),0,y"(s)) — c(s) ds. (1.2.2)
where s*(t) and y*(t) are particular solutions, respectively, of (1.1.2) and (1.1.3)
with positive initial conditions.

As we will see in the following, using the global attractivity of solutions of (1.1.2)
and (1.1.3) in ]0, +oo[ and the global attractivity of solutions given at N6.4) and
N6.5) we can easily conclude that (1.2.1) is independent of the particular solu-
tions considered in N6.4) and N6.5). Similarly, it is easy to conclude that (1.2.2)
is independent of the particular solutions of (1.1.2) and (1.1.3) with positive initial

conditions considered.

PROPOSITION 1.1. The numbers (1.2.1) and (1.2.2) are independent, respec-
tiely, of the particular solutions considered in N6.4) and N6.5) and of the particular

solutions of (1.1.2) and (1.1.3) with positive initial conditions chosen.

PROOF. Let (z(t), 2{(t)), (3(t), 23(t)) and (Z1(t), 71 (t)), (T5(t), Z5(t)) be two
distinct pairs of nonnegative solutions of (1.1.5) and (1.1.6) as in N6.4) and N6.5).
Let 6 > 0. By N6), for t > T} sufficiently large, we have

i) =6 <zi(t) <xj(t)+6 and  zZ3(t) — 0 < Z5(t) < z5(t) + 0.

Addicionally, by N1) and N2) we have, for every ¢ > Ty,

t+A t+A

t t
t+A

< B(s) [x1(s) — x1(s)| + n(s) [9(x1(s), 0, 22(s)) — g(71(s), 0, 22(s))| ds

< ABYS + 2An%p(9),

Bs)z1(s) = n(s)g(x1(s),0, 23(s)) — c(s) ds — B(s)T1(s) — n(s)g(71(s),0, 23(s)) — c(s) ds
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with ¢(d) — 0 as § — 0. We conclude that, for every § > 0,

t+A
minf [ Bls)71(s) = n(s)9(@1(s),0,22(s)) = els) ds = AB"G = 220" (9)
A
<lim inf tH B(s)71(s) = n(s)g(1(s), 0, 23(s)) — e(s) ds
t+A
Sliminf [ B(s)zi(s) —n(s)g(21(s), 0, 23(s)) = e(s) ds + A0 + 2" (3),
—+00 t

Thus Rf (\) is independent of the chosen solution. Taking, respectively, lim sup, s*(¢) and
y*(t) instead of liminf, x7(¢) and 23(¢) and using the same reasoning we can prove that

R™(\) is also independent of the particular solutions chosen. The result follows. O

THEOREM 1.1. Assume that conditions N1) to N5) hold. Assume further that
either G(t,S) = A(t) — u(t)S and g(S + 1,0, P) < g(S,I,P) or g does not depend
on I. If there is A > 0 such that R*(\) < 0, then the infectives in system (1.1.1) go

to extinction.

PROOF. Assume that there is A > 0 such that R*(\) < 0 and let s*(¢) and
y*(t) be particular solutions, respectively, of (1.1.2) and (1.1.3) with positive initial
conditions. Since functions # and 7 are bounded, there are k > 0, t5 > 0 and g9 > 0

such that, for ¢t >ty and § € ]0, &), we have

A
/t B(s)(s*(s) + ) —n(s)g(s*(s) +0,0,y"(s) — ) —c(s)ds < —k < 0. (1.2.3)

Let (S(t),1(t), P(t)) be a solution of (1.1.1) with positive initial conditions. We
will prove first that
lim inf 1(¢) = 0. (1.2.4)

t——+o0
Assume that (1.2.4) does not hold. Then, there is ¢ > 0 such that I(¢) > ¢ for all

sufficiently large ¢. By the first equation of (1.1.1) we have
S"<G(t,S) (1.2.5)

and thus S(t) < s(t), where s(t) is the solution of (1.1.2) with s(t9) = S(t9). By
condition N4), given € € ]0, gy, we have S(t) < s*(t) + ¢, for all sufficiently large t.
By the third equation of (1.1.1), we have

P' > h(t,P)P (1.2.6)
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and thus P(t) > y(t), where y(t) is the solution of (1.1.3) with y(ty) = P(to). By
condition Nb), given € €0, g¢, we have P(t) > y*(t) — ¢, for all sufficiently large t.
When G(t,S) = A(t) — u(t)S,

(S+1) < Alt) — (D) — ()] < A(t) — u(t)(S + 1),
and consequently, for sufficiently large ¢
S(t)+I(t) < s*(t) +e.

Under this assumption on G, by the second equation of (1.1.1), since we assumed

that g(S + 1,0, P) < g(S, I, P), we have

I'<[B)(s™(t) + ) = n(t)g(s™(t) +£,0,y7(t) — ) — ()],

for all sufficiently large t. Notice that, for a general G, if g does not depend on I we
have g(S,1,P) > g(s*(t) +,0,y*(t) — €) and we still obtain the inequality above.

Denoting by |« the integer part of o and integrating the previous equation, we get

1) < I(to) exp { / B(r)(s*(r) +€) — n(r)g(s" () + &, 0,57 () — £) — efr) dr}
<]( ) A(BY(s*)“4eBY)
t0+Lt tOJ
< exp { / B () + €) — n(r)g(s°(r) + .0, (r) — &) — e(r) dr}

< I (tg) e LTt/ AR QA8 (s7) +25Y)

for all sufficiently large t. Since |(t —to)/A |k — +00 as t — +00, we get a contra-
diction to the hypothesis that there is ¢ > 0 such that I(¢) > ¢ for sufficiently large
t. We conclude that (1.2.4) holds.

Let € > 0. Next we will prove that for sufficiently large ¢

I(t) < ee™, (1.2.7)
where

h = sup |5(t)(s"(t) + €0) = n(t)g(s™(t) + €0, 0,57 (t) = €0) — c(t)].

t=0

By (1.2.4), there exists t; > to such that I(t;) < e
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Assume, by contradiction that (1.2.7) does not hold. Then, there is ty > t; such
that I(ty) > ceM. Since I(t;) < ¢, there is t3 € |t1,ts] such that I(t3) = ¢ and
I(t) > e, for all t € |t3,to[. Integrating we get, by (1.2.3),

€eh/\ < I(tz)
< I(t3)€Xp{/t2ﬂ(7’)(5*(7“) +e) = n(r)g(s™(r) + € 0,y"(r) —e) — c(r) dr}

< €exp {/t 2 Br)(s(r) + o) = n(r)g(s™(r) + €0, 0,47 (r) = 20) — c(r) dr}

3+ (t2—t3)/AJA

hA
Lee’,

witch is a contradiction. Thus, we conclude that (1.2.7) holds and, since ¢ € |0, &

is arbitrary, we conclude that I(t) — 0 as t — 0, as claimed. O

THEOREM 1.2. Assume that conditions N1) to N3) and N6) hold. If there is
A > 0 such that RY(\) > 0, then the infectives in system (1.1.1) are uniformly

strong persistent.

PROOF. Assume that there is A > 0 such that RY(\) > 0 and let us fix partic-
ular families of solutions of systems (1.1.5) and (1.1.6), respectively (z7 _(t), 2] (%))
and (23 (1), 25 .(t)), with positive initial conditions and satisfying N6.4) and N6.5).
Then, we can choose ty > 0, k > 0 and gy > 0 such that, for ¢t > ¢, and § € [0, &

we have

/t i B(s)(xi(s) =) —n(s)g(xi(s) —d,0,25(s) +9) —c(s)ds > x> 0. (1.2.8)

Let (S(t),I(t), P(t)) be a solution of (1.1.1) with positive initial conditions. We
will prove first that there is € > 0 such that

limsup [(t) > vle)p

t—+-o00 (1 + B%)(1 + Gunw) (1.2.9)

Assume that for all sufficiently small € > 0

4

: v(e)p
PO S 0+ o

Then, we conclude that there is t; > £y, such that

1) < v(e)p!

(T4 891+ 0o v(e)p(t), (1.2.10)
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for each ¢ > t;. By the first and third equations of (1.1.1) and the inequalities in
N6.1) we have

S < Gaclt, S)
P < hae(t, P)P +~(t)a(t) f(S,0, P)P 4 v(e)p(t)0(t)n(t)g(S, 0, P)
Let (£.(t), 5.(t)) be the solution of
¥ = Ga(t,x)
2= hae(t, 2)z +y(t)a(t) f(z,0,2)z +v(e)p(t)0(t)n(t)g(z, 0, 2)

with Z.(t1) = S(t1) and 2.(t1) = P(t1). We have S(t) < z.(t) and P(t) < 2.(t) for
t > t;. By the global stability assumption in N6.5), we have

|a:§’€(t) — ig(t)‘ — 0 and !zg"g(t) — és(t)‘ — 0, ast— +oo

and, by continuity, again according to N6.5), we have for sufficiently large ¢

|25(t) — 2=(t)] <

w3(t) — a3 (1)] +

w5,.(t) — 2c(t))|
< g — a5 llo + |25,.(8) — 2=(1)]
< 301(8)7

and

5(t) — (O] +

25 (t) — 2.(t)|
<z — 25 llo + |25.(8) — 2:(2)]
< pale),

with 1(€), p2(€) = 0 as e — 0. In particular, for sufficiently large t,
S(t) < 2.(t) < p1(e) +x3(t)  and  P(t) < 2.(t) < ga(e) + 25(t). (1.2.11)

On the other hand, by (1.2.10) and by the first and the third equations of (1.1.1),
we have

S"2 Ghre(t,S) — a(t) (5,0,0)2:(t) — v(e)p(t)S

P> (8, PYP +~(t)a(t) f(S,v(e)p", P)P



22 1. NON-AUTONOMOUS ECO-EPIDEMIOLOGICAL MODEL
Letting (Z.(t), 2:(t)) be the solution of

o' = Gre(t, o) —a(t) f(2,0,0)2(t) — v(e)p(t)x

2 =hie(t,2)z +y(t)a(t) f(z,v(e)p", )2

with Z.(t1) = S(t1) and Z.(t1) = P(t1), we have S(t) > z.(t) and P(t) > Z.(t), for
all ¢ > t;. By the global stability assumption in N6.4), we have

|xi€(t) — f;s(tﬂ — 0 and |zi€(t) — fz}(t)! — 0, ast— +oo.
and, by the continuity property in N6.4), for sufficiently large ¢, we have

|27(8) — (1) <

and

Szt = ziello +

< ¢2<6)7

Ae(t) — Z(t)]

with ¢ (€),12(e) — 0 as e — 0. In particular, for sufficiently large t,
S(t) = z(t) = 27 (t) —i(e) and P(t) = Z.(t) = 21 (t) — ¥a(e). (1.2.12)

By the second equation in (1.1.1), (1.2.8), (1.2.11) and (1.2.12) we get, for t > #;,

t+A
t B(5)S5(s) —n(s)g(S(s), I(s), P(s)) — c(s) ds

t+A

2 t B(s)(@1(s) — v1(e)) — n(s)g(x1(s) — 91(€), 0, 23(s) + pa(e)) — c(s) ds > k.
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Thus, choosing € > 0 such that max{p2(e),¢1(e),v(e)p"} < €0, we have
I(t) = I(t1) exp { t B(s)S(s) = n(s)g(S(s), 1(s), P(s)) — c(s) ds}
> 1t { [ 6t - vr(eds

<o ()9} () — (2,0, 5(5) + g2(2) (o) s}

t1
> I(t) o~ AB Y1)+ g (@) —¢1(€),0,(23) +p2(e))+c*)

ti+[(t—t1) /A
X exp { / B(s)(@i(s) - ws))ds}

t1+(t—t1) /AN
X exp {/t —n(s)g(x1(s) — ¢1(€),0, 23(s) + p2(€)) — c(s) dS}

> I(ty) eLt=t)/Am = MB 1 (@) +g((@])" ~1(0) 0. +p2(6)) +)

)

a contradiction to the fact that, according to N3), I(¢) is bounded. We conclude
that (1.2.9) holds.
Next we will prove that there is m; > 0 such that for any solution (S(t),I(t), P(t))
with positive initial condition,

liminf I(t) > m;. (1.2.13)

t——+oo
Assume that (1.2.13) does not hold. Then, given € €]0, gg], there exists a sequence of

initial values (x,)nen, with =, = (Sy, I, Py) and S, > 0, I, > 0 and P,, > 0 such that

. p"v(e/n?)
1 I 1.2.14
hminf It 20) < G gupn 1 5 59 (1.2.14)

where (S(t,zy), I(t,zy,), P(t,x,)) denotes the solution of (1.1.1) with initial conditions
S(0) = Sp, I(0) = I, and P(0) = P,. By (1.2.9), given n € N, there are two sequences

(tnk)ken and (Snk)ken With
Snd <tni < Sna <tpo <o < Spp <tpp <o

and lim s, = +o00, such that
k—+oco

pu(e/n)

prole/n’) (1.2.15)

I(Sn,kvxn) = ( 1 +9“77“)(1+5u)

I(tn,k> wn) = (

and, for all t €]s,, x, tn i,

pu(e/n?)

plole/n)
(1 n 9“77“)(1 n ﬁu) (1.2.16)

<) < g 1+ 5
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By the second equation in (1.1.1) and N3), for sufficiently large ¢, we have
I'(t,zn) = [B(t)S(t,zn) = n(t)g(S(t 2n), I(t zn), Pt xn)) — ()] I(E, zn)

Therefore we obtain

bk ['(r, )
; d > — u 0,0,L w (¢ _
/Sn,k I(T’, wn) " (77 g( ) tc )( n,k Smk)

and thus (. x, 7n) = 1(spp, 2p) e~ 19O0LF) Enk=snr) By (1.2.15), and N6.3) we get

u 2
PZU(6/TL2) > p(tnx)v(e/n”) > o= (900,46t s —5n,8)
pto(e/n) ~ p(snr)v(e/n)

and therefore we have

_ log(p*/p") +log(v(e/n) /v(z/n?))

tnk — > — 1.2.17
n,k n,k 77“9(0, 07 L) T cu +00 ( )
as n — +00, since, by N6.2) we have
v(e/n) . nv'(e/n) . An

im MAATAUIEN 22 = oo
ngrfoo v(e/n?) ng{rkloo 2v'(e/n2) = ngrfoo 2B~

By the first and third equations of (1.1.1) and (1.2.16), we have, for t €]s,, &, tn x|,

Sl < GQ,E(ta S(t7 xn))
P’ < ho(t, P(t,20))P(t, 20) + v(D)a(t) F(S(t, 2n), 0, P(t, 2,)) P(t, )

+p(t)v(e/n)0()n(t)g(S(t, zn), 0, P(t, xn))

Letting (& 1(t), 2n,k(t)) be the solution of

' = Gac(t,x)
2 = hae(t, 2)z +7(t)a(t) f(z,0,2)z + p(t)v(e/n)0(t)n(t)g(x, 0, 2)

with Zp, (Snk) = S(spk) and 2, k(spkx) = P(snk). We conclude that S(t,z,) < Zx(t)
and P(t,zy) < 2, (t), for each t €]sy, i, ty k[. By N6.5), given § > 0, we have

T pult) = Bun(®)] < 0/2 and |25 (1) = 2un(8)] < /2,

for all sufficiently large k (that depends on n). By continuity, for sufficiently large n and
all sufficiently large k > K(n), we have

[25() = &ak(®)] < [@3(8) = 25 o (0] + |25,/ () = a(t)] <.
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and
25(6) = 20 (] < [550) = 2 0pu®)] + | ejal®) = 20sl®)] <6

In particular, for sufficiently large n, all sufficiently large &k > K (n) and for ¢t € }sn,k(n), b k(n) [,

we have
S(t) < Tpp(t) <as(t)+0 and  P(t) < Z,x(t) < 25(t) + 6. (1.2.18)

Similar computations show that, for sufficiently large n, all sufficiently large k > K(n)

and for t € [sy, y(n), tnk(n)[, We obtain
S(t) = Tpp(t) = 27(t) —0 and  P(t) > Z,x(t) > 21 (t) — 9. (1.2.19)

Notice that, for a given 4, eventually considering a larger n, we can take the same n and
kin (1.2.18) and (1.2.19).

Given [ > 0, by (1.2.17) we can choose T' > 0 such that t,, , — s, > (A for all n > T.
Therefore, by (1.2.15), (1.2.18) and (1.2.19), and by the second equation in (1.1.1), for
n>T and k > K(n) we get

pUule/n?)

(L+0un*)(1+ B*)

= I(tn,ka :En)

= I(5n,k, Tn) €xp {/ " Br)S(r) — n(r)g(S(r), 1(r), P(r)) — e(r) dr}

Sn,k

P> I(Sn,k‘a :Un) X

tn,k:
X exp {Hl + / B(r)(x1(r) —0) —n(r)g(xi(r) — 6,0,25(r) + ) — c(r) d?"}
Sn,k"'l_(tn,k_sn,k)/)‘J
S PR/ sl 50,5 ) +e)
(1 +0un*)(1+ Bv)
p'v(e/n)

(14 0unw)(1 + gv)’

for sufficiently large [ (that requires that T is sufficiently large). We conclude that

U 2
prole/n”)
plo(e/n)
and this contradicts the fact that, by N6.2) and N6.3), we have
pUv(e/n?) 2% (e/n?) /n? 2p"B

i PvE/nT) < 1 _
n—o0 plo(e/n) n—to0 ptv'(e/n) /n? oo nptA
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We conclude that there is m; > 0 such that ltim Jrinf I(t) > my and the result follows
—+00

from N3). O

In [68], the authors obtain extinction and persistence results for eco-epidemiological
model with Crowley-Martin functional response. In the extinction result the authors
consider auxiliary equations different from (1.1.2) and (1.1.3) using some upper
bound for S and some lower bound for P related to the dimension of some posi-
tive invariant region that contains the omega limit of all solutions. We will borrow
and improve the idea of that paper in our context. To this purpose, we need to
consider families of auxiliary equations. We begin by noticing that, by the proof
of Theorem 1.1, for that any solution (S(t),(t), P(t)) of our problem with initial
condition (S(ty), I(tg), P(to)) = (So, o, Py) we have sb(t) < S(t) < sb%(t) and
ybi(t) < P(t) < yb(t), for all t > 0 sufficiently large, where sb(t) = 0, sb%(¢)
is the solution of (1.1.2) with initial condition s%%(ty) = Sy, y*(¢) is the solution
of (1.1.3) with initial condition y'*(to) = Py and y'“(t) = L, where L is given in

condition N3). Consider the equations:
S = Glt,s) — alt) f(s, Ly “(O)y™ (1), (1.2.20)

and
s' = G(t,s) —a(t)f(s,0,y " (t))y " (t) — B(t)sL, (1.2.21)
where y(t) is a particular solution of (1.1.3). For equations (1.2.20) and (1.2.21),

we assume the following:

N4’) Each solution s(t) of (1.2.20) (respectively (1.2.21)) with positive initial condi-
tion is bounded, bounded away from zero, and globally attractive on ]0, 400/,
that is |s(t) — v(t)| — 0 as t — 400 for each solution v(t) of (1.2.20) (respec-
tively (1.2.21)) with positive initial condition.

We also need to consider the equations

y' = h(t,y)y +v(0)at) f(s>(t), L,y)y, (1.2.22)

and

y' = h(t,y)y +~(t)a(t) f(s>*(t),0,y)y + 0(t)n(t)g(0,0,y)L, (1.2.23)
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where s%“(t) is a particular solution of (1.2.21). For the family of equations (1.2.22),

we assume the following:

N5’) Each fixed solution y(t) of (1.2.22) (respectively (1.2.23)) with positive initial

condition is bounded and globally attractive on [0, +00).

Using the solutions of the systems above we can define the following number:

R*1(\) = lim sup/ B(s —n(s)g(s*(s),0,%%(s)) — c(s) ds. (1.2.24)

t——+o0

where s*(t) and y*(t) are particular solutions, respectively, of (1.2.20) and (1.2.22)
with positive initial conditions. Notice that, according to our assumptions, it is
easy to prove, with similar arguments to the ones in Proposition 1.1, that R“!(\)

is independent of the particular solutions considered.

THEOREM 1.3. Assume that conditions N1) to N2), N4’) and N5’) hold. Assume
further x — f(x,y,2) in nondecreasing and that either G(t,S) = A(t) — u(t)S and
g(S+1,0,P) < g(S,I,P) or g does not depend on I. If there is A > 0 such that
R“I(N) < 0, then the infectives in system (1.1.1) go to extinction.

PROOF. The proof consists in repeating the steps in the proof of Theorem 1.1,
with the changes that we will describe below. In the first place, instead of the
bounds (1.2.5) and (1.2.6), we use bounds obtained in the following way: letting
yH4(t) and y>“(t) be the solutions defined above, we know that

S < G(t,S) —alt)f(S, L,y (t))y"*(t) (1.2.25)

and

S > G(t,S) —a(t)f(S,0,y" 1)y (t) — B(t)SL. (1.2.26)

Thus, using the solutions s>%(¢) and s*¢(t) respectively of (1.2.25) and (1.2.26), we
obtain

P’ > h(t, P)P +~(t)a(t) f(s*(t), L, P)P (1.2.27)

and

P' < h(t, PYP +~(t)a(t) f(s*(£),0, P)P + 6(t)5(t)9(0,0, P)L. (1.2.28)



28 1. NON-AUTONOMOUS ECO-EPIDEMIOLOGICAL MODEL

The bounds in (1.2.25) and (1.2.27) allow us to conclude that, for sufficiently large
t > 0, we have S(t) < s*(t) and P(t) > y*(t), where s*(t) and y*(t) are respectively
particular solutions of (1.2.20) and (1.2.22); using the solutions s*(¢) and 3*(¢) and
the number R%1(\) in (1.2.24), similar arguments to the ones in Theorem 1.1 allow

us to obtain the result. O

We note that the procedure in Theorem 1.3 can be iterated to obtain new and
(hopefully) better estimates of the region of extinction, as long as we can still ensure
that assumptions N4’) and N5’) still hold for the new equations. In fact all we have
to do is the following: consider equations (1.2.20) and (1.2.21) with y%*(¢) and y**(t)
replaced by y**(t) and y**(t), the solutions of (1.2.22) and (1.2.23), and denote the
solutions of those equations by s3(t) and s*%“(t); consider equations (1.2.22) and
(1.2.23) with s%(t) and s>%(t) replaced by s*(¢) and s3“(t); replace R*'()\) by

R*™*(\) = lim sup Bs)s™(s) — n(s)g(s¥(5),0,4%(s)) — c(s) ds,

t—+o0 t

where s*(t) and y*(t) are particular solutions, respectively, of the new equations
corresponding to (1.2.20) and (1.2.22) with positive initial conditions. With these
ingredients we obtain a new theorem on extinction. As long as the assumptions
corresponding to N4’) and N5’) still hold, we can repeat the process over and over
again obtaining a sequence of theorems on extinction and (hopefully) improving the

estimates at each step.

1.3. Examples

In this section we will apply Theorems 1.1 and 1.2 to some particular cases of

model (1.1.1).

1.3.1. No predation on uninfected preys. In this section we will consider
a family of models with no predation on uninfected preys by letting f = 0 and
g(S,I,P) = P. This family generalises the family of models in [75] by allowing a

very general form for the vital dynamics of predators and preys. Thus, still assuming
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conditions N1) to N6), we consider in this subsection the following model:

S =G(t,S) - B(t)SI
I' = B(t)ST —n(t)PI — ()T - (1.3.1)
P’ = h(t, P)P 4 0(t)n(t)PI

In this context, (1.2.1) and (1.2.2) become

RZ = liinﬁgof/ B(s —n(s)y*(s) —c(s) ds (1.3.2)
and
Rop(N) = htrilfip/ B(s —n(s)y*(s) —c(s) ds. (1.3.3)

where s*(t) and y*(t) are particular solutions, respectively, of (1.1.2) and (1.1.3).

We obtain the corollaries of Theorems 1.1 and 1.2:

COROLLARY 1. Assume that we have N1) to N5) and that g(S + I,0,P) <
g(S, I, P). If there is A > 0 such that R, ,(\) < 0 then the infectives in system (1.3.1)

go to extinction.

COROLLARY 2. Assume that we have N1) to N3) and N6). If there is A > 0 such
that RY,(X) > 0 then the infectives in system (1.3.1) are uniform strong persistent.

As we already mentioned, model (1.3.1) includes the model discussed in [75] as
the particular case where G(t,S5) = A(t) — u(t)S and h(t, P) = b(t) — r(t)P, with

A, p, r and b nonnegative, continuous and bounded functions satisfying:

t+wi t+wa
lim inf/ A(s)ds > 0, lim inf/ w(s)ds >0,
¢ ¢

t—-+o0 t——+o0

t+ws t+wy
lim inf/ r(s)ds >0 and lim inf/ b(s)ds > 0,
¢ ¢

t—+o00 t—+o00

for some constants w; > 0,1=1,...,4:
S' = A(t) — u(t)S — B(H)ST
I'= B(t)SI — n(t)PI — c(t)] : (1.3.4)

P’ = (b(t) — r(t)P)P + 0(t)y(t) PI
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Note that, for the model in (1.3.4), condition N1) is assumed, condition N2) is
immediate from the particular forms of the functions g and h, conditions N4) and
N5) follow from Lemmas 1 and 3 in [75] and condition N6) is a consequence of
the fact that, in this setting, systems (1.1.5) and (1.1.6) are uncoupled and small
perturbations of each of the equations in those systems is globally asymptotically
stable by Lemmas 1 and 3 in [75]. Finally, condition N3) follows from Theorem
1 in [75]. We also note that R% (A) and Rf,(\) coincide with the corresponding
numbers in [75].

Another possible choice for the functions g and h is h(t, P) = —(1(t) + 02(t) P),
with ¢; and &2 continuous and nonnegative functions and G(t,S) = k(t,.5)S with k
a continuous and bounded function satisfying the conditions: 0k/9S(t,s) < 0, for
every t,s > 0; k(t,0) > 0 for all £ > 0; there is S1(¢) > 0 such that k(t,S;(t)) = 0, for
every t > 0. This choice makes the underlying predator-uninfected prey subsystem
in model (1.3.1) correspond to the model studied in section 3 of [38] with the function
f=0. System (1.3.1) becomes in this case:

S' = k(t,5)S — B(t)SI
I'=B()SI — n(t)PI — c(t)] : (1.3.5)
P’ = —(6:(t) + 62(t)P)P + 0(t)n(t) PI

Notice that the study of the function k(t,.S) in [38] allow us to conclude easily that
conditions N1) to N5) are satisfied for this model. Condition N6) is a consequence
of the fact that systems (1.1.5) and (1.1.6) are uncoupled and small perturbations of
each of the equations in those systems is globally asymptotically stable (the global
asymptotic stability of the first equation is consequence of Lemma 3.1 in [38] and
the global asymptotic stability of the second equation is trivial).

To do some simulation, we consider the following particular set of parameters:
G(t,S) = (0.7—0.65)S; B(t) = Bo(1+0.7cos(27t)); n(t) = 0.7(1+0.7 cos(m + 27t) );
c(t) =0.1; h(t, P) = —0.2 — 0.3P; 0(t) = 0.9. We obtain the model:

S"=(0.7-10.659)S — Bo(1 4 0.7 cos(27t)) ST
I' = Bo(1+0.7cos(2nt)) ST — 0.7(1 4 0.7 cos(m + 27t))PI —0.11 ,  (1.3.6)

P'=—-0.2—-0.3P +0.63(1 4+ 0.7 cos(m + 2nt))PI



1.3. EXAMPLES 31

We first consider Sy = 0.075 and obtain, Ry ~ 0.87 < 1 and we conclude that we
have extinction of the infected prey (figure 1.1). Next we assume that §y = 0.09
and obtain Ry ~ 1.05 > 1 and we conclude that we have uniform strong persistence
of the infected prey (figure 1.2). In the extinction scenario we considered the fol-
lowing initial conditions in time ¢ = 0: (So, Iy, Py) = (2.66,0.51,0.9), (So, Io, Py) =
(1.6,0.2,0.3) and (So, Io, Py) = (0.48,0.7,0.6). In the uniform strong persistence
situation we considered the following initial conditions in time ¢ = 0: (Sy, Iy, Py) =

(0.5,0.1,0.4), (So, Io, Py) = (0.4,0.8,0.7) and (So, Iy, Py) = (1.036, 0.387,0.153).

3
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FIGURE 1.1.  Extinction; no predation on uninfected prey; £, = 0.075.
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t t t

FIGURE 1.2.  Persistence; no predation on uninfected prey; 5y = 0.09.

1.3.2. Periodic coefficients. In this subsection we consider a family of models
with periodic parameters and predation on uninfected preys that, in general, is not
included in the general family of models considered in [68]. For periodic models,
the thresholds become easier to deal with.

Assume that there is w > 0 such that all parameters in (1.1.1) are w-periodic

functions. In this case, (1.2.1) and (1.2.2) become, respectively,

R (w) = / * Bls)ai(s) — n(s)g(@i(s), 0, 2(s)) — cfs) ds,

and

R (w) = / " B(s)57(5) = (s)9(57(5),0, 5" (5)) — () .
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Thus -
R (w)>0 <« __Pu - >1
ng(x7,0,23) +¢

and o

Bs*
ng(s*,0,y*) +¢
where s*(t) and y*(t) are particular solutions, respectively, of (1.1.2) and (1.1.3),

RY(w)<0 < < 1.

and x7(t) and z;(t) still denote any particular solution of first and second equations

in systems (1.1.5) and (1.1.6), respectively, with positive initial conditions. Define

RZ — ﬁ_f{ W .
779($T>0’Z;)+E UQ(S*,O,Q*)‘FE

per

and RY =

per

We obtain the following corollaries of Theorems 1.1 and 1.2:

COROLLARY 3. Assume that we have N1) to N5) and that g(S + I,0,P) <
g(S, I, P). If R, <1 then the infectives in model (1.1.1) with periodic coefficients

go to extinction.

COROLLARY 4. Assume that we have N1) to N3) and NG). If R}, > 1 then the

er

infectives in model (1.1.1) with periodic coefficients are uniform strong persistent.

Note that the corollaries in [75], concerning the periodic case, are particular cases
of the corollaries above. In fact, in [75] we have f =0, G(t,5) = A(t) — u(t)S and
h(t,S) =b(t) — r(t)P. In that case, as argued in the previous section, (s*(¢),y*(t))
is a particular solution of (1.1.4), condition N1) is assumed, condition N2) is imme-
diate, conditions N3) to N6) follow from results in [75]. Thus, when f = 0, we get
similar thresholds to the ones in the mentioned paper:

[s*
ny* +7¢

Rper = Riper =

per per

We will focus now on a particular models with a function G that is different from
the corresponding function in [68]. We consider the following setting: G(t,S) =
(A= nS)Ssalt) =a; f(S,1,P)=5; g(5,1,P) = P; h(t,P) =b—rP; y(t) = 7. We
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obtain the model:

S'= (A — uS)S —aSP — B(t)SI
I' = B(H)ST — n(t)PI — c(t)I , (1.3.7)
P'=(b—-7rP)P+~aSP +0(t)n(t)PI

For this model, condition N1) is assumed, condition N2) is immediate from the
particular forms of the functions g and h, conditions N4) and N5) hold for our
particular functions as already discussed in section 1.3.1. In this context, an endemic
equilibrium for (1.1.6) is (A/p, 2.) , with Z2. = (bu + ayA + ep)/pr, and the endemic
equilibrium for (1.1.5) exists if Ar > ab+ ayA/pu:

§ by + avA
/4[/7 ILL’]" )

with A = A — a2. —e. These subsystems can be discussed using [40]. In fact,
the global asymptotic stability result proved in section 3 of [40] implies that, if
Ar > ab+ ayA/u, condition N6) is satisfied. Finally, condition N3) is consequence

of the following lemma:

LEMMA 1.1. There is a bounded region that contains the w-limit of all orbits

of (1.3.7).

PROOF. Let € > 0. Since, by the first equation in (1.3.7), S < (A — uS)S, we

conclude that

A

St) < = +e, (1.3.8)
]
for all ¢ sufficiently large. Additionally, we get
A\ A A2
sup(A — pS)S < <A - ,u_) — = —. (1.3.9)
SeRr 2u ) 2 Ap

Adding the first two equations in (1.3.7) and using (1.3.8) and (1.3.9) we have, for
all ¢ sufficiently large,

(S+1) = (A—uS)S — c(t)]

A2

< @—i—c(t)S—C(t)(S-i-[) , (1.3.10)
2

<é—+&é+m%—w%5+0-
4p Ju
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Since € > 0 is arbitrary, we conclude that

1 [/ A? A
li I <—=|— v— ) = A 1.3.11
msup(s + 10 < 3 (- + ) (13.11)

Finally, by the third equation in (1.3.7) and (1.3.10), given £ > 0, we get
P'=(b—rP)P+~vaSP + 0(t)n(t)PI
(1.3.12)
< (b+7vyaA+0“n"A—rP)P,

for sufficiently large ¢. Thus,

limsup P(t) <

t—o00

1
—(b+~vaA+0“n"A) = B.
”

Equations (1.3.10) and (1.3.12) show that the region

{(S,I,P)ceR*:0<S+1<Aand0< P < B}

contains the w-limit of any orbit. The result is proved. U

To do some simulation in the this scenario, we consider the following parameters
in (1.3.7): A=0.7; p = 0.18; a = 0.4; (t) = Bo(1 + 0.7cos(2nt)); n(t) = 0.7(1 +
0.7 cos(m + 27t)); ¢(t) = 0.1; b = 0.8; r = 0.6; 6(t) = 0.9; v = 0.1. We obtain the

model:

S = (0.7 — 0.185)S — 0.4SP — By(1 + 0.7 cos(2nt)) ST
I' = Bo(1+ 0.7 cos(2mt))ST — 0.7(1 + 0.7 cos(m + 2wt))PI —0.11 - (1.3.13)

P’ = (0.8 = 0.6P)P + 0.045P + 0.63(1 + 0.7 cos(m + 27t)) PI

We have RY,. = 3.764f, and R}, = 3.7050. Thus, if fy < 0.266, we have ex-
tinction of the infectives and, if 5y > 0.270 , we have persistence of the infec-
tives. In figure 1.3, we present simulation results for 5y = 0.2 (extinction) and
in figure 1.4, we present simulation results for Sy = 1.4 (uniform strong persis-
tence). To obtain figures 1.3 and 1.4 where the extinction and uniform strong
persistence situations were addressed, respectively, the following initial conditions,
in time ¢t = 0, were used (So, Iy, Py) = (0.811,0.0624,1.388) and (S, o, Po) =
(1.388,0.06, 1.388) corresponding, respectively, to a disease-free solution and an

(approximately) periodic solution. The other two initial conditions are, for the
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extinction case, (S, In, Py) = (0.6,0.16,0.46) and (Sy, Io, Py) = (1.0975,0.044,0.76).
For the case of uniform strong persistence we considered, in time ¢ = 0, the initial

conditions (S, I, Py) = (0.5,0.1,0.4) and (S, Ly, Fp) = (0.4,0.04,0.7).

Vor ) .y

\

\
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004 \
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Ficure 1.3.  Extinction; periodic coefficients; 5y = 0, 2.

0 50 100 150 0 50 100 150 0 5 10 15 2 25 30 35 40 45 50

FIGURE 1.4.  Persistence; periodic coefficients; 5y = 1, 4.

A question that arises is if it is possible to obtain similar results as in Theo-
rems 1.1 and 1.2 perturbing the uninfected subsystem (1.1.4), by considering for

condition N6) the following subsystems

¥ =G (t,x) —a(t)f(z,0,2)z —v(e)p(t)z (13.14)
2 =hy(t, 2)z+y(t)a(t) f(z,v(e)ph, 2)z

and

¥ = Ga(t,x) —a(t)f(z,v(e)p, 2)z

o = Iy (t,2)2 + 1()a(t) f (2,0, 2)z + v(E)p(t)g(x, v(e)p", 2)

. (1.3.15)

instead (1.1.5) and (1.1.6), pespectively.
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In the next examples is not straightforward to check the necessary properties of
subsystems (1.1.5) and (1.1.6). To give some contributions, we check that the fol-
lowing examples satisty N6) if we replace (1.1.5) and (1.1.6) by (1.3.14) and (1.3.15),
respectively, and we carry out some simulation that suggests we have persistence in

this context, if we replace R‘()\) by

R(A) = liminf / B(s)*(s) — n(s)g(x*(5), 0, °(s)) — e(s)ds  (1.3.16)
—+00

where (x*(t), z*(t)) is any particular solution of system (1.1.4) with positive ini-

tial conditions. It remains to answer if it is possible to obtain persistence assum-

ing (1.3.15) and (1.3.15) for condition N6).

1.3.3. Gause-type uninfected subsystem. A model with Michaelis-Menten
(or Holling type II) functional response of predator to infected prey is now consid-
ered. The uninfected model obtained is a particular case of a Gause-type model
(see [62]). We consider the following setting: G(¢,S5) = (A — pS)S; a(t) = q;
f(S,I,P)=S/(m+S+1); g(S,I,P)=P/(m+S~+1)withm > 0; h(t, P) = —dP
and v(t) = . We obtain the model:

S'=(A—puS)S — a% — B(t)S1

I' = B(t)ST — n(t) e — c(t)] : (1.3.17)

= —dP + vya—— +S+I +0(t)n(t )mfslu

where (3, 1, ¢ and € are still continuous functions. The result in [62] allows us
to conclude that, for sufficiently small ¢ > 0, if ya < d or ya > d and A/p <
d(m +¢)/(ya — d), we have that the equilibrium point ((A —€)/u, 0) of the system

= (A — px) P

= —dz +a

(1.3.18)

m—i—a—}—x

is globally asymptotically stable in the set {(x,2) € (Rg)?: 2 >0 A z > 0}. Notice
that system (1.3.18) corresponds, in this case, to system (1.3.14) with v(e) = ¢,
p(t) =1, Gi. = (A — px)xr and hy. = —d. By [62] we can also conclude that, for
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sufficiently small € > 0, If

d
(m+¢) - A <miedt Qd(m—i-ef)7
ya — d I ya —d
the equilibrium
d
(m—ira),H A dim+e) m+€+d(m—|—6)
ya—d ~a \ i ya —d ya —d
of the system
A —px)r —a
= (&~ ) e : (1.3.19)
= —dZ + ryam—l—m + m—f;—x’

is globally asymptotically stable in the set {(z,z) € (R§)?: 2 >0 A z > 0}. Notice
that system (1.3.19) corresponds, in this case, to system (1.3.15) with v(e) = ¢,
p(t) =1, Gy = (A — px)x and hy = —d. For this models, the numbers in (1.3.16)
and (1.2.2) become:

A d dm
- I%Ln_gglof/ B(s VG — —(s) (; s d) (mya — d) —c(s)ds
(1.3.20)
and
RY(\) = hmsup/ B(s)— —c(s)ds (1.3.21)
t——+00
When the parameters are periodic, we obtain
dm/3 A/p)B
_ c
Y (; B Wa—d) <m7a d) +c

For model (1.3.17), condition N1) is assumed, condition N2) is immediate from
the particular forms of the functions G and h, condition N4) holds, as already
discussed, and condition N5) is immediate. Finally, condition N3) can be obtained
using similar arguments to the ones in Lemma 1.1.  We have the following corollary

of Theorem 1.1:

COROLLARY 5. Assume that the parameters in model (1.3.17) are periodic. If

RY.,. <1 then the infectives in model (1.3.17) go to extinction.

per

Under the conditions above, we conclude that condition N6) holds if we re-

place (1.1.5) and (1.1.6) by (1.3.14) and (1.3.15), respectively. It remains to answer
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that if the parameters in model (1.3.17) are periodic and ﬁfm > 1 then the infec-
tives in model (1.3.17) are uniformly strong persistent. The following simulations
suggests that this is the case.

To do some simulation, in this scenario we assumed that G(¢,S) = (0.7—0.65)S;
a = 0.978; B(t) = Bo(1 + 0.7cos(2nt)); n(t) = 0.7(1 + 0.7 cos(m + 27t)); ¢(t) = 0.1;

d=0.3;m=2;v=0.9; 6(t) = 0.9. We obtain the model:

§' = (0.7 —0.65)S5 — 0.978 5225 — Bo(1 + 0.7 cos(2t))S1

I' = Bo(1+ 0.7 cos(2mt))ST — 0.7(1 + 0.7 cos(m + 2nt) ) 5ty — 0.1 - (1.3.22)

P'=—0.3P +0.8802 555 + 0.63(1 + 0.7 cos(m + 27t)) 52~

When 8y = 0,07 we obtain approximately R, ~ 0,82 < 1 and we conclude
that we have extinction (figure 1.7). When fy = 0,6 we obtain approximately
ﬁﬁer ~ 1.2 > 1. The simulation suggests that the infectives are uniform strong
persistent in this case (figure 1.8).

In the extinction scenario we considered the following initial conditions in time
t =0: (S, Lo, Py) = (1.66,0.51,0.9), (S, Lo, Po) = (0.6,0.2,0.3) and (Sp, Iy, Po) =
(2.45,0.7,0.6). In the uniform strong persistent situation we considered the initial
conditions in t = 0: (Sp, I, Py) = (1,0.387,0.153), (So, Lo, Py) = (0.5,0.1,0.4) and
(So, Lo, Py) = (0.4,0.04,0.7).

15
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t

FIGURE 1.5.  Extinction; Gause-type uninfected subsystem; 5y = 0.07.
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FIGURE 1.6.  Persistence; Gause-type uninfected subsystem; Sy = 0.6.

1.3.4. Ratio-dependent uninfected subsystem. The functional response of
predator to prey in the uninfected subsystem in the next example is ratio-dependent.
Ratio-dependent functional responses were considered to overcome some paradoxes
identified in Gause-type systems (see [50] and the references therein). We consider
the following setting: G(t,S) = (A — uS)S; a(t) = a; f(S,I,P) = S/(mP + S) with
m > 0; g(S, 1, P) = P; h(t, P) = —d and y(t) = . The following model is obtained:

S'=(A—puS)S — ami‘is — B(t)SI
I'= B(t)SI — n(t)PI — c(t)] : (1.3.23)

P’ = —dP +~ya-2E= + 0(t)n(t) PI

In this context, the uninfected system was discussed in [50]. In that paper it was
shown that, if d > va and a < mA we have that the equilibrium point (A/u,0)
is globally asymptotically stable in the set {(z,z) € (R§)* : = >0 A z > 0}
(note that this conditions lead to extinction of the predator). Under the conditions
above, we conclude that condition N6) holds if we replace (1.1.5) and (1.1.6) by
(1.3.14) and (1.3.15), respectively. For model (1.3.23), condition N1) is assumed,
condition N2) is immediate from the particular forms of the functions f, G and h,
condition N4) holds, as already discussed, and condition N5) is immediate. Finally,
condition N3) can be obtained using similar arguments to the ones in Lemma 1.1.
To do some simulation, in this scenario we assumed that G(t,S) = (0.7—0.65).5;

a = 0.4; 5(t) = Bo(l + 0.7cos(2nt)); n(t) = 0.7(1 + 0.7 cos(m + 27t)); c(t) = 0.1;
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d=0.4;m=2;v=0.8; 6(t) = 0.9. We obtain the model:

§" = (0.7 —0.65)5 — 0.4525= — Bo(1 + 0.7 cos(2nt)) ST

I' = Bo(1+0.7cos(2nt))ST — 0.7(1 4 0.7 cos(m + 2mt))PI — 0.1 - (1.3.24)

P’ = —0.4P + 0.32555 + 0.63(1 4 0.7 cos(m + 2xt)) P1

When fy = 0,08 we obtain approximately R, ~ 0.93 < 1 and we conclude
that we have extinction (figure 1.7). When 5y = 0.25 we obtain approximately
ﬁfm ~ 2.9 > 1. The simulations below suggests that the infectives are uniformly
strong persistent (figure 1.8).

In the extinction case we considered the following initial conditions in time
t =0: (So, Lo, Py) = (2.5,0.514,0.9), (So, Iy, Po) = (1.2,0.2,0.3) and (So, Iy, Po) =
(0.45,0.7,0.6). In the uniform strong persistent situation we considered the ini-

tial conditions: (So, Io, Py) = (1.0357,0.387,0.1525), (So, Io, Py) = (0.5,0.1,0.4) and
(S0, Io, Py) = (0.4,0.04,0.7), in ¢ = 0.
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Ficure 1.7. Extinction; ratio-dependent uninfected subsystem:;
Bo = 0.08.
e~

FI1cURE 1.8. Persistence; ratio-dependent uninfected subsystem;

1.3.5. Time-varying coefficients in the uninfected subsystem I. We now

consider an example where the uninfected model is nonautonomous. For this model
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we will be able to obtain explicit thresholds based on the study of the underlying
susceptible prey/predator subsystem in [91]. Assuming that G(¢,S) = (p + qh(t) —
dh(t)S)S with h(t) continuous and satisfying h® < h(t) < h* for some constants
ht,h* >0, f(S,I,P) =S, g(S,I,P) = P, a(t) = b, h(t,P) = —q and ~(t) = d/b

in (1.1.1), we obtain the following particular model:

S" = (p+ qh(t) — dh(t)S)S — bSP — B(t)ST
I'= B(t)SI — n(t)PI — c(t)] , (1.3.25)
P' = —qP +dSP +0(t)n(t)PI

where we continue to assume that 3, n, ¢ and 8 are continuous functions.

For model (1.3.25), condition N1) is assumed, condition N2) is immediate from
the particular forms of the functions G' and h, condition N3) can be obtained using
similar arguments to the ones in Lemma 1.1, condition N4) holds, as already dis-
cussed, and condition N5) is immediate. We will check that condition N6) holds if
we replace (1.1.5) and (1.1.6) by (1.3.14) and (1.3.15), respectively.

The results in [107] allow us to conclude that, for sufficiently small € > 0, the
interior equilibrium ((q — h%e)/d, (p + (h*)%€)/b) of system

v’ = (p+e(h*)* + (¢ — h*e)h(t) — dh(t)z)z (13.26)
2= —(q— h¥)z+dxz
is globally asymptotically stable in the region {(x,z) € R?: x,z > 0}. Notice that
system (1.3.26) corresponds, in this case, to system (1.1.6) with v(e) = ¢, p(t) = h(t),
Ga-(t,x) = (p+ (¢ + h*e)h(t) — dh(t)x)x and ha (t,z) = —q + (R* — h(t))e.

By [107], we can also conclude that, for sufficiently small & > 0, the interior

equilibrium ((¢ + €)/d, (p — 2eh™)/b) of system

¥ = (p—2eh" + (¢ +e)h(t) — dh(t)x)r — bz (1.3.27)

2 =—(q+¢e)z+dzz
is globally asymptotically stable in the region {(z,2) € R? : x,2 > 0}. Notice
that system (1.3.27) corresponds, in this case, to system (1.3.14) with v(e) = ¢,
p(t) = h(t), Gi.(t,x) = (p — 2eh* + qh(t) — dh(t)z)x and hy (t,2) = —q —&.
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Naturally, the continuity of functions

= ((g=h"e)/d,(p+ (h")%)/b) and e+ ((¢+e)/d, (p— 2ch")/b)
is immediate and we conclude that condition N6) with the mentioned changes also
holds.
For this model, the numbers (1.3.16) and (1.2.2) become:

RN —hmlnf/ B(s)q/d —n(s)p/b—c(s)ds

t——+o0

and

R“(N) —hmsup/ B(s)(p+qh)/d — c(s)ds

t—+o00

When the parameters are periodic, we obtain

S qbj « _ (p+qh)B
SN d Ry —MXTTUP
Rper dipi+be) " per de

and we have the following corollary of Theorems 1.1:

COROLLARY 6. Assume that the parameters in model (1.3.25) are periodic. If

RY.,. <1 then the infectives in model (1.3.25) go to extinction.

per

As in the previous example, it remains to answer that if the parameters in

model (1.3.25) are periodic and R’ > 1 we have that the infectives in model (1.3.25)

per
are uniformly strong persistent. Again, the following simulations suggests that this
is the case.

To do some simulation, we consider the following setting: p = 0.7, ¢ = 0.7,
h(t) = 0.5(1 + 0.7cos(27t)), d = 0.18, b = 0.3, B(t) = Bo(1 + 0.7cos(27t)), n(t) =
0.7(1 + 0.7 cos(m + 27t)), c(t) = 0.1 and 6(t) = 0.9. We obtain the model:

S" = (0.7+ (1 + 0.7 cos(27t))(0.35 — 0.095))S — Bo(1 + 0.7 cos(27t))SI — 0.3SP
= Bo(1 + 0.7 cos(27t))ST — 0.7(1 + 0.7 cos(w + 27t))PI — 0.11
P'=—0.7P + 0.185P + 0.63(1 4+ 0.7 cos(m + 27t)) PI
(1.3.28)
When [y = 0.01 we obtain Rf,e,, ~ 0.58 < 1 and we conclude that the infectives
go to extinction (figure 1.9). When fy = 0,5 we obtain ﬁf,er ~ 1.12 > 1. Sim-
ulation results suggest that the infectives are strong persistent (figure 1.10). In the

extinction and strong persistent situations we considered, in ¢ = 0, respectively, the
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initial condition (So, Iy, Py) = (7.16,0.15,4.5) and (Sp, Iy, Py) = (2.48,0.38,1.95). In
both situations, we also considered the initial conditions (Sp, Iy, Py) = (0.5,0.1,0.4) and
(S0, Io, Py) = (0.4,0.04,0.7) in t = 0.

\\
/ 0.04 \
yi 0.02 \\\ 0; //
FicUrRE 1.9.  Extinction; time-varying coefficients uninfected sub-
system I; 5y = 0.01.
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FiGURE 1.10. Persistence; time-varying coefficients uninfected sub-
system I; 5y = 0.5.

Note that according to [91], if h in system (1.3.25) is replaced by a nonnegative and
bounded function then, when £; = g9 = 0, a sufficient condition for system (1.3.26) to be
globally asymptotically stable is that h € Fjyp), where Flyyrp) denotes the class of real
functions defined in [0, +oo[ such that

+00 g,
> / h(t) dt = +o0,
n=1vTn

for every pair of sequences satisfying 7, < 0,, < 741, liminf(o,—7,) > 0 and lim sup(7,+1—
on) > 0. See also [107] for a necessary and sufficient condition. It would be interesting to

have a theoretical result for this larger class of systems.

1.3.6. Time-varying coefficients in the uninfected subsystem II. Like in the
previous subsection, in this we will consider as example with non-autonomous uninfected
model but, unlike the uninfected model in the previous subsection, here the time-varying
parameters arise in the predator equation. Assuming that G(t,S) = q, f(S,I,P) = S,
g(S,I,P) =P, a(t) =b, h(t,P) = —p+qh(t) —bh(t)P with h(t) continuous and satisfying
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h* < h(t) < h* for some constants h’, h* > 0, and ~(t) = d/b in (1.1.1), we obtain the

following particular model:

S = qS —bSP — B(t)SI
I' = B(t)ST — n(t)PI — c(t)I , (1.3.29)
P = (—p+ qh(t) — bh(t)P)P + dSP + 0(t)n(t)PI

where we continue to assume that 5, n, ¢ and 6 are continuous functions.

The uninfected system associated to model (1.3.29) was considered in [80] where global
asymptotic stability for the disease-free equilibrium was obtained. For the same model,
in [53], under suitable conditions, the global asymptotic stability for the endemic equi-
librium was also obtained. The results in [53] allow us to conclude that, for sufficiently
small € > 0, the interior equilibrium ((p — (h%)%¢)/d, (¢ — h¥€)/b) of system

¥ = (q— h'e)x — dxz (1.3.30)
2 = (—p+e(h*)? + (¢ — h*e)h(t) — bh(t)z)z + dxz
is globally asymptotically stable in the region {(z,2) € R? : 2,z > 0}. Notice that
system (1.3.30) corresponds, in this case, to system (1.3.15) with v(e) = ¢, p(t) = h(t),
Goc(t,x) = q+ (h(t) — h%)e and ho(t,2) = —p + (h¥)%e + (¢ — h*e)h(t) — bh(t)z.
By [80], we can also conclude that, for sufficiently small e > 0, the interior equilibrium

(g —€)/b, (p — 2eh™)/d) of system

¥ =(q—¢e)x—bxz

(1.3.31)
2= (=p+2eh™ + (¢ — e)h(t) — bh(t)z)z + dxz
is globally asymptotically stable in the region {(z,2) € R? : 2,2 > 0}. Notice that
system (1.3.31) corresponds, in this case, to system (1.3.14) with v(e) = ¢, p(t) = h(t),
Gie(t,z) = (¢ — )z and hy((t,z) = —p + 2eh™ + (¢ — €)h(t) — bh(t)z.

As we can see, the continuity of functions
e ((p— (h")%)/d, (g — h"e)/b) and e ((q—¢€)/b, (p— 2¢h")/d)

is immediate. We conclude that condition N6) holds if we replace (1.1.5) and (1.1.6) by
(1.3.14) and (1.3.15), respectively .

Let
R t+A
RY(\) = liminf ’ B(s)p/d —n(s)q/b— c(s)ds

t—4o00 ¢
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and
t+ A

R“(A\) = limsup B(s)(p—qh)/d— c(s)ds

t——4o0 Jt

When the parameters are periodic, we obtain

s b3 —qh)B
R — pbp and  RU _ (P—ah)p

d(pn + be) per dc

and we have the following corollary of Theorem 1.1:

COROLLARY 7. Assume that the parameters in model (1.3.29) are periodic. If RY,, <1

per

then the infectives in model (1.3.29) go to extinction.

It remains to answer that if the parameters in model (1.3.29) are periodic and ﬁﬁer >1
we have that the infectives in model (1.3.29) are uniformly strong persistent. The following
simulations suggests that this is the case.

To do some simulation, we consider the following setting: p = 0.7, ¢ = 0.9, h(t) =
0.5(1 + 0.7cos(100mv/1)), d = 0.18, b = 0.3, B(t) = Bo(1 + 0.7cos(1007/1)), n(t) =

0.7(1 4+ 0.7 cos(m + 100m+/1)), ¢(t) = 0.1 and 6(t) = 0.9. We obtain the model:
5" =0.95 — 0.3SP — Bo(1 + 0.7 cos(100mv/1)) ST
I’ = Bo(1 + 0.7 cos(100m+/#)) ST — 0.7(1 + 0.7 cos(m + 1007v/t)) PI — 0.11

(1.3.32)
P’ = (=0.7+ (0.45 — 0.15P)(1 + 0.7 cos(100m/1))) P

+0.63(1 + 0.7 cos(m + 100m+/t)) PI + 0.185P

When By = 0.04 we obtain RY,. =~ 0.78 < 1 and we conclude that the infectives go to

per
extinction (figure 1.9). When Gy = 0,5 we obtain ﬁf)er ~ 1,12 > 1 and we conclude
that the infectives are uniformly strong persistent (figure 1.10). In the extinction and
strong persistent situations we considered, in t = 0, respectively, the initial condition
(So, Io, Po) = (3.342,0.15,2.23) and (So, Iy, Pp) = (3.889,0.15,2.334) corresponding, re-
spectively, to a disease-free solution and an (approximately) periodic solution. In both

situations, we also considered, in ¢ = 0, the initial conditions (Sy, Iy, Pp) = (0.5,0.1,0.4)
and (S(), I(), P()) = (0.4, 0.04, 07)
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FiGUrE 1.11.  Extinction; time-varying coefficients uninfected sub-
system II; gy = 0.01.
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FIGURE 1.12.  Persistence; time-varying coefficients uninfected sub-
system II; By = 0.5.

Based on the simulation carried out, including a considerable amount of tests under-
taken for the several models studied, but for parameters that fall into the regions where
we are not able to decide, based on Theorems 1.1 and 1.2, if we have extinction or uniform
strong persistence (regions where R%*(\) > 1 and RY(\) < 1), we conjecture that for the
model considered in examples 1 to 6, we have extinction when

t+A

lim sup B(s)x*(s) —n(t)z"(s) —c(s)ds <0,

t—+oo Jt

where (z*(t), 2*(t)) is any particular solution of system (1.1.4) with positive initial condi-

tions.

1.4. Classical Lotka-Volterra interaction

In section 1.1 we considered that in the predator/uninfected prey subspace we had as-
ymptotic stability. This doesn’t correspond to the behavior of the classical Lotka-Volterra
model, considered independently by Alfred Lotka and Vito Volterra, where the interior
equilibrium was stable in the sense of Lyapunov but not asymptotically stable. It would
be interesting to use a similar strategy to the one in section 1.1 to study the following eco-

epidemiological model, where in the unifected subspace we have a classical Lotka-Volterra
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model:
S'=aS —aSP — p(t)ST
I'=B()SI — n(t)PI —c(t)I (1.4.1)
P’ =~aSP —bP + 0(t)n(t)PI

where the constants «, a, v and b are positive and the real valued functions 3, i, ¢ and 6

are bounded, nonnegative and continuous.

By similarity with the previous thresholds, we define the number

bt omt
va a '

Riv =

To do some simulations we consider the following parameters: a = 0.7, a = 1.2,
B(t) = Bo(1 + 0.4cos(27t)), n(t) = 0.5(1 + 0.4 cos(m + 2xt)), ¢(t) = 0.1, vy =0.5, b = 0.7,
0(t) = 0.9. We obtain the model:

S"=0.75 —1.25P — Bo(1 + 0.4 cos(2nt))ST
= Bo(1 + 0.4 cos(2mt))ST — 0.5(1 + 0.4 cos(m + 2mt))PI — 0.1] (1.4.2)

P"=0.65SP + 0.45(1 + 0.4 cos(m + 2wt))PI — 0.7P

When By = 0.9 we obtain Ry =~ 0,13 > 0 and the simulation suggests that the
infectives are persistent (figure 1.13). Similar conclusions were obtained in different sim-
ulations.

We considered the following initial conditions in ¢ = 0: (S, lo, Py) = (0.8,1.7,0.7),
(So, Lo, Po) = (0.6,1.7,0.5) and (So, Lo, Po) = (0.4,1.3,0.3) for the plots in figures 1.13
and 1.14. Additionally, in figure 1.14, we also consider orbits contained in the ST plane
corresponding to following initial conditions in ¢ = 0: (Sp, Iy, Po) = (0.0041,0.3531,0),
(S0, Lo, Po) = (0.0065, 1.2949, 0) and (So, Iy, Po) = (0.0845,0.4234,0).
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FIGURE 1.13.  Persistence classical Lotka-Volterra interaction; 5y = 0.9.
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FIGURE 1.14.  Persistence classical Lotka-Volterra interaction; Sy = 0.9.

1.5. Comments

In this chapter we studied a general non-autonomous eco-epidemiological model and
obtained some results on the extinction and persistence of the infected prey I assuming
that the uninfected subsystem in globally asymptotically stable: under some suitable
conditions, in Theorem 1 we obtained extinction of the infected prey whenever there is
A > 0 such that R*(\) < 0, in Theorem 2 we obtained the uniform strong persistence
of the infected prey whenever there is A > 0 such that R(\) > 0, and in Theorem 3 we
improved the extinction result by considering better estimates that allowed us to consider
a different condition for extinction than the one in Theorem 1, namely it was proved that
the infected prey goes to extinction if there is A > 0 such that R%!()\) < 0. Moreover,
we describe an iterative process based on the ideas in the proof of Theorem 3 to obtain a
sequence of conditions for extinction.

When there is no predation on uninfected preys, the integrals in (1.2.1) and (1.2.2)
coincide. One of the natural questions that follows from our results is the following: under
which condition we have a similar situation, even in the case of where we have predation on
uninfected preys. Another related question is to explore the iterative procedure described
after Theorem 1.3.

Still in this chapter we consider several examples to illustrate the applicability of the
results mentioned above.

A natural question that arises is if it is possible to still obtain a result on persistence

and extinction when the uninfected subsystem is a more general predator prey model.



CHAPTER 2

Periodic Eco-Epidemiological Model

In this chapter we address the existence of periodic orbits for periodic eco-epidemi-
ological system with disease in the prey for two distinct families of models obtained from
the general model (0.0.2). For the first one, we use Mawhin’s continuation Theorem in
a wide general system that includes some models discussed in the literature, and for the
second family we obtain a sharp result using a recent strategy that relies on the uniqueness

of periodic orbits in the disease-free space.

In more detail, we consider in sections 2.1 and 2.2 a first family of periodic models

obtained from (0.0.2) by letting G(¢,S) = A(t) — u(t)S and
H(t,P) = (r(t) — b(t)P)P, (2.0.1)

and in section 2.3 a second family of periodic models obtained from (0.0.2) by letting
G(t,S) = A(t) — u(t)S and
H(t,P)="7(t) — ((t)P. (2.0.2)

The first model considered generalizes the model studied in [90], a periodic version of the
general non-autonomous model introduced in [75].

In the first scenario, where H is given by (2.0.1), we allow r(t) to be positive or negative.
When r(t) > 0 for all ¢, we obtain a model with linear vital dynamics of susceptible prey
in the absence of predators and disease and with logistic vital dynamics of predators in
the absence of the considered prey. This model generalizes [75]. When r(t) < 0 for all
t, we obtain a model with a classical vital dynamics of the predators as in the family of
Lotka-Volterra models considered in [38].

In the second scenario, as referred, we consider a linear vital dynamics for predators by
letting H be given by (2.0.2). The model obtained has no periodic solutions on the axis,
allowing us to use a different set of arguments to establish the existence of an endemic
periodic orbit. Note that, when H is given by (2.0.1), there is space in our model for
the possibility that predators survive in the absence of this prey. In fact, when r(¢) is

nonnegative, the predator have a logistic behaviour. A possible biological interpretation

49
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is that predators in this ecosystem possess different sources of food and, in the absence
of the prey in this model, the behavior of the predator population is logistic. When r(t)
is nonpositive we obtain a usual behaviour for predators in the absence of preys. When
H is given by (2.0.2) predators allways survive in the absence of the prey considered in
the model and we also interpret this fact as in the corresponding situation for the first
scenario.

In the first scenario, for technical reasons, we have to make the restriction g(S, I, P) =
P, while in the second scenario we let g be a general function that satisfies some natural
assumptions.

In the first situation, (¢) and b(¢) are parameters related to the vital dynamics of the
predator population that include the intra-specific competition between predators. This
vital dynamics is assumed to follow a logistic law when r(¢) > 0 for all ¢ > 0 and that is
similar to the vital dynamics of predator in a family of Lotka-Volterra models considered
in [38] when 7(t) < 0 for all t > 0. In both scenarios A(t) is the recruitment rate of the
prey population, p(t) is the natural death rate of the prey population, a(t) is the predation
rate of susceptible prey, §(t) is the incidence rate, n(t) is the predation rate of infected
prey, c(t) is the death rate in the infective class (¢(t) > u(t)), v(¢) is the rate of converting
susceptible prey into predator (biomass transfer), 6(t) is the rate of converting infected
prey into predator. It is assumed that only susceptible preys S are capable of reproducing,
i.e, the infected prey is removed by death (including natural and disease-related death) or

by predation before having the possibility of reproducing.

2.1. Classical or logistic vital dynamics for predators

In this section we let g(S,I,P) = P, G(t,S) = A(t) — p(t)S and H(t,P) = (r(t) —
b(t)P)P, obtaining a model that generalizes the model in [90] by considering a function

that corresponds to the predation of uninfected preys:

S"=A(t) — ut)S —a(t)f(S,I,P)P — B(t)SI
I' = B(t)ST — n(t)PI — c(t)I : (2.1.1)
P = (r(t) = b(t)P)P +~(t)a(t)f(S,I,P)P + 0(t)n(t)PI
Given a w-periodic function f we will use throughout the paper the notations f¢ =
infie(ou) f(1), f* = supye(o f(t) and f= %fgu f(s)ds. We will assume the following

structural hypothesis concerning the parameter functions and the function f appearing in

our model:
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P1) The real valued functions A, u, a, 8, n, ¢, v, 0 and b are periodic with period w,
nonnegative and continuous; the real valued function r is periodic with period w and
continuous and can be nonnegative or nonpositive;

P2) Function f is nonnegative and C*;

P3

P4

)
) Function z — f(x,y, z) is nondecreasing;
) Functions z — f(x,y,2) and y — f(z,y, z) are nonincreasing;
P5) For all (z,y, z) we have
0 0 — 0
F@0:9) + 25 00,9 > 0, W4T w02 >0 and G+ (p.2) > 0

P6) A >0, i>0andb>0;
P7) There is @ > 1 and K > 0 such that f(z,0,0) < Kz

Note that our functional response must depend on I to be able to include functional
response functions with saturation, that must depend on the total population of preys
(see [32, 8]). Condition P4) is included in condition N2) in chapter 1. Like in chapter 1,
these conditions are satisfied by several usual functional response functions: Holling-type
I, Holling-type II, Holling-type III, Beddington-De Angelis and Crowley-Martin. The
assumption f(z,y,z) + z%(az,y,z) > 0 in P5) and condition P7) are also satisfied by
all the functional response functions above. The other conditions in P5) are satisfied by
Holling-type I functional response functions regardless of the parameter considered and
by the other mentioned response functions for suitable choices of parameters.

To formulate our next assumptions we need to consider two auxiliary equations and

one auxiliary system. First, for each A € (0, 1], we need to consider the following equations:
2 = MNA(t) — p(t)x) (2.1.2)

and

2= \r(t) —b(t)z)z. (2.1.3)

Note that, if we identify o with the susceptible prey population, equation (2.1.2) gives
the behaviour of the susceptible preys in the absence of infected preys and predator and
identifying z with the predator population, equation (2.1.3) gives the behaviour of the
predator in the absence of preys.

Equation (2.1.2) is a linear equation that was considered in countless papers on epi-
demiological models and equation (2.1.3) was already studied in [64]. These equations

have a well known behaviour, given in the following lemmas:
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LEMMA 2.1. For each \ € (0,1] there is a unique w-periodic solution of equation (2.1.2),

z}(t), that is globally asymptotically stable in R .

LEMMA 2.2. If the function r is nonnegative, for each A € (0,1] there is a unique
w-periodic solution of equation (2.1.3), z3(t), that is globally asymptotically stable in R*.
If the function r is nonpositive for each A\ € (0,1] the zero solution of equation (2.1.3),

that we still denote by 23 (t), is globally asymptotically stable in ]Rar.

For each A € (0, 1] and €, e1, 2 > 0 sufficiently small, we consider the family of systems:

a' = MA(®t) — pt)z — a(t) f(2,0,0)z5 _,(t) —e12)

(2.1.4)
2= Xr(t) —b(t)z+v(t)a(t)f(z,e2, 2))z
where (23 _,(t), 25 ,(t)) is a solution of
7' = AA(t) — p(t)z) (2.15)

satisfying the following assumptions.

P8) The following holds for systems (2.1.4) and (2.1.5):
P8.1) For each A € (0,1] and each e1,e9,e > 0 sufficiently small, system (2.1.4) has

a unique w-periodic solution, (z7 ., _, . \(t), 2], ., .(t)), With
miz—:l,sg,s,/\(t) >0 and zisl,ez,s,)\(t)) >0,
that is globally asymptotically stable in the set
{(z,2) € R{)?:2 >0 A z>0}.

We assume that (e1,€2,€) = (27, ., - \(8), 27, o, c2(t)) is continuous.
P8.2) For each A € (0, 1] and each £ > 0 sufficiently small, system (2.1.5) has a unique

w-periodic solution, (x5 _ ,(¢), 25 ,(t)), with
oo (t) >0 and  z5_\(t) >0,

that is globally asymptotically stable in the set
{(z,2) e ®{)?*:2 >0 A z>0}.

We assume that (¢) — (25 _,(¢), 25 \(t)) is continuous.
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We write 37>1k,0,>\ = x"{)\, x;O’/\ = wa/\, ZT,O,A = z’{)\ and Z;,OA = 237/\ for the components
of the solutions in P8.1) and P8.2) corresponding to & = 0.
Condition P8) is similar to condition N6) in chapter 1. We introduce the numbers

_ BA /T z*
Ro— Mgy s
c+nr/b

- and Ro= inf RY. (2.1.6)
c+ 1725‘7/\ A€E(0,1]

Before presenting our main result we have to consider the averaged system corresponding
to (2.1.1):
S"=A—nuS —af(S,I,P)P— BSI
I' = BSI —7PI —¢l : (2.1.7)
P' = (r—bP)P+7~af(S,I,P)P + 6nPI
The number Ry is the basic reproductive number of (2.1.7) with f = 0. We now present

our main result.

THEOREM 2.1. If fig > 1, conditions P1) to P8) hold and there is a unique equilibrium
of the averaged system (2.1.7) in (R)3, the interior of the first octant, then system (2.1.1)

possesses an endemic periodic orbit of period w.

Our proof relies on an application of Mawhin’s continuation theorem. We will proceed
in several steps. Firstly, in subsection 2.1.2, we consider a one parameter family of systems
and obtain uniform bounds for the components of any periodic solution of these systems.
Next, in subsection 2.1.3 we make a suitable change of variables in our family of systems
to establish the setting where we will apply Mawhin’s continuation Theorem. Finally, in

subsection 2.1.4, we use Mawhin’s continuation Theorem to obtain our result.

2.1.1. Mawhin’s continuation theorem. In the following, we state Mawhin’s con-

tinuation theorem [39, Part IV]. Let X and Z be Banach spaces.

DEFINITION 2.1. A linear map L : D C X — Z is called a Fredholm mapping of index
zero if
1. dimker £ = codimIm £ < oo,

2. Im L is closed in Z.

Given a Fredholm mapping of index zero £ : D C X — Z it is well known that there

are continuous projectors P : X — X and @ : Z — Z such that:

1. Im P = ker £;
2. kerQ =ImL =Im(I — Q);
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3. X =ker L @ ker P;
4. Z=Im LB ImQ.
It follows that L|pAkerp : (I — P)X — Im L is invertible. We denote the inverse of that

map by K.

DEFINITION 2.2. A continuous mapping N : X — Z is called L-compact on U C X,
where U is an open bounded set, if
1. QN(U) is bounded;
2. K(I — Q)N :U — X is compact.

Note that, since Im @ is isomorphic to ker £, there is an isomophism Z : Im@Q) — kerL.

We are now prepared to state the Mawhin’s continuation theorem.

THEOREM 2.2 (Mawhin’s continuation theorem). Let X and Z be Banach spaces and
let U C X be an open set. Assume that L: D C X — Z is a Fredholm mapping of index
zero and let N': X — Z be L-compact on U. Additionally, assume that

M1) for each X € (0,1) and x € OU N D we have Lx # AN x;
M2) for each x € OU Nker L we have QNz # 0;
M3) deg(ZQN,U Nker L£,0) # 0.
Then the operator equation Lx = N'x has at least one solution in DN U.
2.1.2. Uniform Persistence for periodic orbits. In this section, to obtain uni-
form bounds for the components of any periodic solution of the family of systems that we

can obtain multiplying the right hand side of (2.1.1) by A € (0, 1], we need to consider the

auxiliary systems:

S\ = AA(L) — p(@)Sx — a(t) f(Sx, In, PA)Pr = B(t)SAI))
I, = MBS — n(t) PaIy — c(t)]) : (2.1.8)
Py = X(y(t)a(t) f(Sx, In, Px) Px 4 0(t)n(t) Paly + 7(t) Py — b(t) P})

We will consider separately each of the several components of any periodic orbit.

LEMMA 2.3. Let x3(t) be the unique solution of (2.1.2). There is L1 > 0 such that,
for any X\ € (0,1] and any periodic solution (Sx(t),Ix(t), P\(t)) of (2.1.8) with initial
conditions Sy(to) = So > 0, I\(to) = Lo > 0 and Py\(to) = Py > 0, we have Sx(t) + Ix(t) <
z3(t) < A%/’ and Sy > Ly, for allt € R.

PROOF. Let (Sx(t), Ix(t), Px(t)) be some periodic solution of (2.1.8) with initial con-
ditions Syx(tg) = So > 0, Ix(to) = Ip > 0 and P\ (t9) = Po > 0. Since ¢(t) > u(t), we have,
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by the first and second equations of (2.1.8),
(Sx+ L) < AA() — Ap(t) Sy — Ae(t) I < AA(t) — Au(t)(Sy + 1y).

Since, by Lemma 2.1, equation (2.1.2) has a unique periodic orbit, 23(¢), that is globally
asymptotically stable, we conclude that S\(t) 4+ Ix(t) < z}(t) for all t € R. Comparing
equation (2.1.2) with equation 2’ = A" — A\u‘z, we conclude that o} (t) < A%/u’.

Using conditions P3) and P4), by the third equation of (2.1.8), we have

P{L<A(r(t) + y(8)a(t) f(23(8), 0,0) + 0(t)n(t)x} () — b(t) PA) P < (B = b'Py) Py,
where function © is given by

o) = tgﬁg]{r(t)v 0} +~(8)a(t) f(2X(2),0,0) + 0(t)n(t)xx ().

Thus, comparing with equation (2.1.3) and using Lemma 2.2, we get Py(t) < P(t) <
©/b*. Using the bound obtained above, since —3(t)S\(t) > —B(t)x}(t), we have, by
conditions P3), P4) and P7),

Sy = A(t) = Mu(t) Sy — Xa(t) f(Sx, In, Pa) Py — AB(t) S I

f(5x,0,0) "
S bt

> A = (A Aa" K (53)")7 100 1 4 A (a3)") S

> M — <)\u” + Aa® + Aﬁ“(a:j)u> Sy

According to computations above we have z% () < A%/u and thus

A@
A . Ll.

t) > —:
S)\( ) )\u“+)\a“K(A“/uf)a—1®“/b’f+)\[3“A“//ﬂ

0

LEMMA 2.4. Let z3(t) be the unique solution of (2.1.3). There is Ly > 0 such that,
for any X\ € (0,1] and any periodic solution (Sx(t),Ix(t), P\(t)) of (2.1.8) with initial
conditions Sx(to) = So > 0, In(to) = Ip > 0 and P\(to) = Py > 0, we have z3(t) <
Py(t) < Lo, for allt € R.

PROOF. Let A € (0,1] and (Sx(t), Ix(t), Px(t)) be any periodic solution of (2.1.8) with
initial conditions Sy(tg) = So > 0, Ix(to) = Ip > 0 and P\(tg) = Py > 0. We have

Py = AP\(v(t)a(t) f(Sx, In, PA) + 0(t)n(t)In + 7(t) — b(t)Py) = (Ar(t) — Ab(t) Py) Px.

Comparing the previous inequality with equation (2.1.3) and using Lemma 2.2, we get

Pr(t) = 23(1).
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Using the computations in proof of the previous lemma, we have Py(t) < L; and we

take Lo = L. O

LEMMA 2.5. Let Ro > 1. There are Ls, Ly > 0 such that, for any X € (0,1] and any
periodic solution (Sx(t), Ix(t), Px(t)) of (2.1.8) with initial conditions Sy(ty) = Sy > 0,
I\(to) = In > 0 and Px\(ty) = Py > 0, we have Ly < I\(t) < Ly, for allt € R.

ProoOF. We will first prove that there is £; > 0 such that, for any A € (0, 1], we have

limsup I (t) > €. (2.1.9)

t—+o00

By contradiction, assume that (2.1.9) does not hold. Then, for any € > 0, there must be
A > 0 such that I)(t) < € for all t € R. We have

S\ S AA(E) — Ap(t) S
Py < A(y()a(t) f(Sx, 0, Pa) + r(t) — b(t) Py + €6"n") Py
We have Sx(t) < @3 cguyu \(¢) and Px(t) < 23 guyu 5(t), for all ¢ > ¢ whenever Sx(t1) =

5 cguyu x(t1) and Px(t1) = 25 _gu,u (t1). Moreover, since

Sy > AA(E) = Au(D)Sy — Aa(t) £ (Sx.0,0)25 g 1 (1) — EABS)

A(y(t)a(t) f(Sx, e, Py) +r(t) — b(t)Py) P

X
Y

we have Sx(t) 2 @] _gu . cguyun(t) and Pr(t) 2 27 _gu . cguyuy (¢) for all £ = {3 > t1, whenever

Sx(t2) = @5 guyu \(t2) and Py(t2) = 23 _gu,u ,(t2). Thus, using condition P8), we have
Iy = A(B)Sx — n(t) Px — c(t)) I
> (ABO)F 2 cmgon () = M1(0)25 g r (£) — Ae(D)) I (2.1.10)
Z (AB(8)21 \(E) — M(t) 255 (1) — Ac(t) — @(e)) I,
where ¢ is a nonnegative function such that ¢(e) — 0 as e — 0 (notice that, by continuity,
we can assume that ¢ is independent of A and, by periodicity of the parameter functions,
it is independent of ¢). Integrating in [0,w] and using (2.1.10), we get
0=L (In 1 (w) - In1,(0)) = 1/w IL(s)/Ix(s) ds
w w Jo
>\ (Brp, — e = 73,) + 9(6) = AE+128,)(RY = 1) + ()
and since

Ry > inf R§=Ro>1,
£€(0,1]
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we have a contradiction. We conclude that (2.1.9) holds. Next we will prove that there is

g9 > 0 such that, for any A € (0, 1], we have

liminf I)(t) > ea. (2.1.11)

t——+o0

Assuming by contradiction that (2.1.11) does not hold, we conclude that there is a sequence

(Ans Iy, (80), In, (t)) C (0,1] x R{ x RY such that s, < tp, tn, — sp < w,
Iy, (sn) =1/n, Iy, (t,) =e2/2 and I, (t) € (1/n,e2/2), for all t € (sp,ty).
Since A\, < 1, by Lemma 2.3 we have
I, = (AaB(t)Sx, = Aan(t) Py, — Anc(t) Iy, < B NIy, /utf
and thus
In(ean/2) = In(In, (t2)/ I, (sn)) = / "L ()T (5) ds < BEAw /i,

which is a contradiction since the sequence (In(e2n/2))nen goes to +0o as n — 400, and
thus is not bounded.

We conclude that there is €5 > 0 such that (2.1.11) holds. Letting L3 = e2, we obtain
I\(t) > Ls for all A € (0,1].

Since Ix(t) < Sx(t) + Ix(t), by Lemma 2.3, we can take Ly = Lo and the result is
established. O

2.1.3. Mawhin’s continuation theorem setting. To apply Mawhin’s continuation
theorem to our model we make the change of variables: S(t) = e“1®) I(t) = ¢“2() and

P(t) = %) With this change of variables, system (2.1.1) becomes

up = A(t)e™™ —a(t)f(e™, ", e")e™s ™ — B(t)e" — p(t)
= (D)™ —n(t)e"s — clt) S @)
ufy = y(t)a(t) f(e', e, e"3) + 0(t)n(t)e" — b(t)e"s + r(t)
Note that, if (uf(t),u5(t), u5(t)) is an w-periodic solution of the system (2.1.12) then
(1) eu2(t) cus(t)) is an w-periodic solution of system (2.1.1).
To define the operators in Mawhin’s theorem (see subsection 2.1.1), we need to consider

the Banach spaces (X, || - ||) and (Z,|| - ||) where X and Z are the space of w-periodic

continuous functions u : R — R3:

X =7 = {u= (u1,us,u3) € C(R,R?) : u(t) = u(t +w)}
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and

ul| = max |ui(t)| + max |us(t)| + max |us(t)|.
ol = . (1)) + . fa(£)| + . s 1)

Next, we consider the linear map £ : X N C*(R,R3) — Z given by

_ du(t)
S dt

Lu(t) (2.1.13)

and the map N : X — Z defined by

A(t)e™ 0 —a(t) f(em, 2, ens)ens—mlt) — g()en=t) — pu(t)
Nu(t) = 5(t)eu1(t) _ n(t)e“?’(t) —c(t) . (2.1.14)
F()a(t)f (e, e, ') + 0(t)n(t)e> " — b(t)es ™) + r(t)

In the following lemma we show that the linear map in (2.1.13) is a Fredholm mapping

of index zero
LEMMA 2.6. The linear map L in (2.1.13) is a Fredholm mapping of index zero.

Proor. We have

dui (t)

ker £ = {(ul,UQ,U3) eXn Cl(R,R3) : 7t

=0, i=1,2, 3}
= {(u1,u2,u3) € X NC'(R,R?) : u; is constant, i=1,2,3}
and thus ker £ can be identified with R3. Therefore dimker £ = 3. On the other hand

ImL = {(21,22,23) €Z: Jue XNCHR,R?): du(;ft) = zi(t), i = 1,2,3}

:{(21,22,23)€Z:/ zi(s)ds =0, i:1,2,3}.
0

and any z € Z can be written as z = Z + a, where a = (a1, a9, a3) € R? and 7 € Im L.
Thus the complementary space of Im £ consists of the constant functions. Thus, the
complementary space has dimension 3 and therefore codimIm £ = 3.

Given any sequence (zp) in Im £ such that

zn = ((21)n, (22)n, (23)n) = 2 = (21, 22, 23),

we have, for i = 1,2,3 (note that z € Z since Z is a Banach space and thus it is integrable

in [0, w] since it is continuous in that interval),

/0 zi(s)ds = /0 ngrfoo(zz)n(s) ds = ngrfoo ; (zi)n(s)ds = 0.

Thus, z € Im £ and we conclude that Im £ is closed in Z. Thus £ is a Fredholm mapping

of index zero. O
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Consider the projectors P: X — X and Q) : Z — Z given by

Pu(t) = 1 /Ow u(s)ds and Qz(t) = 1 /OLu z(s)ds.

w w
Note that Im P = ker £ and that ker @ = Im(/ — Q) = Im L.
Consider the generalized inverse of £, K : Im £ — D Nker P, given by

t 1 w T
Kz(t) :/ z(s)ds — / / z(s)dsdr
0 wJo Jo
the operator QN : X — Z given by

2 / A(s)e™) — a(s) f(en(), e12(2) ()13 _ (s)e2(5) ds —
0

QNu(t) = | L / " B(5)en® —n(s)en®) ds — 7
0
1 w

L [T a)a) (e, et et ) 1 ps)(s)er ) bs)e S ds + 7
0

and the mapping K(I — Q)N : X — D Nker P given by

IC(I - Q)Nu(t) = B1 (t) — BQ(t) - B3<t),

where
| /0 t A(s)e™™ ) —q(s) f(e™, e"2, e")e™®) — B(s)e"2(5) — p(s)ds ]
B0 = | [ 5616 — e - fs)ds ,
/ t v(s)a(s) fle", e, e")e" %) 4 0(s)n(s)e"2®) — b(s)e* ) dt + r(s) ds |

L JO
L[ A ats) (e e e ) < plpet) < p(s) dsdr
0 0

By(t) = /0 /OTB(S)G‘“(S) — (s)e" ) — c(s) ds dr ,

i/ / v(s)a(s)f(e™, €2, e")e"*() 4+ 0(s)n(s)e">) — b(s)e"s) + r(s) ds dr
0 0

and
[ / A(s)e ™) —q(s) f(e™, e"2, e")e"(®) — B(s)e"2() — p(s)ds
0

B = (L= 5) | [ B0 — e —ctsyas

/w (s)a(s) f(e, €2, e")e ) + 0(s)n(s)e">) — b(s)e"s® + r(s) ds
0
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The next lemma shows that N is £-compact in the closure of any open bounded subset

of its domain.
LEMMA 2.7. The map N is L-compact in the closure of any open bounded set U C X.

PROOF. Let U C X be an open bounded set and U its closure in X. Then, there
is M > 0 such that, for any v = (u1,us2,u3) € U, we have that |u;(t)] < M, i = 1,2,3.
Letting QNu = ((QN)1u, (QN)2u, (QN)3u), we have

(QA)1u(t)] < e (A +af(e,0,0) + 5) + .
(QN)2u(t)] < eM(B+17) +¢
(QN)su(t)] < e (Faf(e™,0,0) + 8y +b) +7
and we conclude that QN (U) is bounded.
Let now
K(I = QNu = ((K(I = QN)1u, (K(I = QN )au, (K(I = Q)N)3u).

Let B C X be a bounded set. Note that the boundedness of B implies that there is M
such that |u;| < M, for all i« = 1,2, 3, and all u = (uy,uz,u3) € B. It is immediate that
{K(I = Q)Nu :u € B} is pointwise bounded. Given u = (uj,ua, ug)nen € B we have

K = QN )1u(t) — (K(I = Q)N)1u(v)

t
- / A(s)e™ ) — a(s) f(em(9), eu2(2) (D)2 _ B(s)e2(5) — y(s) ds

v
t—v

w
/ A(s)e 1) —q(s) f(e®), eu2(9) gus(o)yeua(s) _ g(g)eu2(s) — yy(s) ds
0

w
<2t —v) [eM (A" 4+ a"f(M,0,0) + ge) + pM]
(2.1.15)

and similarly
(KU = QN )2ult) — (K(I = QN)2u(v) < 2(t —v) [ (8" +n") + ] (2.1.16)

and
(K(I = QN)zu(t) — (K(I — Q)N)zu(v))

(2.1.17)
< 2t =) [(7"a (e,0,0) + 0% + 1) +77]
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By (2.1.15), (2.1.16) and (2.1.17), we conclude that {(I — Q)Nu : u € B} is equicontin-
uous. Therefore, by Ascoli-Arzela’s theorem, K(I — Q)N (B) is relatively compact. Thus
the operator K(I — Q)N is compact.

We conclude that A is L-compact in the closure of any bounded set contained in

X. H

2.1.4. Application of Mawhin’s continuation theorem. In this section we will
construct the set where, applying Mahwin’s continuation theorem, we will find the periodic
orbit in the statement of our result.

Consider the system of algebraic equations:

Ae— w1 — af(eul el eu3)eu3—u1 _ Beuz =0
Bevt —qets —¢ =0 ) (2.1.18)
Wf(€U17 euza eUB) + %6”2 — B€u3 +7r=0

Note that, by hypothesis, the system above has a unique solution on the interior of the
first octant. Denote this solution by p*(t) = (p},p5,p3). Note also that, by the second
equation, we get

ne's = Be't — c. (2.1.19)

By Lemmas 2.3, 2.4 and 2.5, there is a constant My > 0 such that ||ux(t)|| < Mo, for

any ¢ € [0,w] and any periodic solution wuy(t) of (2.1.8). Let
U = {(u1,us,u3) € X : |[(ur,us,us)| < Mo+ ||p*||}- (2.1.20)

Conditions M1) and M2) in Mawhin’s continuation theorem are fulfilled in the set U
defined in (2.1.20).
Using the notation v = (ePi,eP2,eP3), the Jacobian matrix of the vector field corre-

sponding to (2.1.18) computed in (p7, p3, p3) is

—adl(v)e’s —BePs — —Bers —adl(v)eritri Pl —gL(v) P —Gf (v) i
J - BepT 0 _ﬁepg

W% (1}) ep’{ %epz +W% (U) eP; W% (’U) eP§ —B ep§
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Thus
det J (p1, p3, p3)
=—pBePi (—Bep§ (wglj;(v) e —bep§> + (agjji(v) %P3 P —|—af(v)ep§_p7> 017ep3)
— * 7af * *_ox 781? * - * 78!}0 k% o * ok 78
_BePt | —g2l 2 +P3—P] ZJ P3 _peP -4 2p3—p1 P3—P1 Z
Be < aal(v)ep 3 (’yaap(v)e3 be 3>+<aap(v)e 371 +af(v)ePs >7aal
+7ebs ((—aaf( )ePs —Bebs —u) O eP? +BePs W%(U) e”f>

+na%((—a5f<>&§-ﬁéﬁ—u)7a3§<>ea+a§§<>e%+%mq@gg«»eﬁ)

= — Beki ( <5+6f( )epé—pf> ePs <W(§]J;(U) eP3 —bep§>
+ <a§£(v) e?P3P1 4G f (v) epgpf> (97]4—%2‘;(1))) ep3>

+7jePs ((—agé(v) ePs — el —u) (977—1—%3?(0)) P2
Fer 1add pstos vt | =g Of P
+<Bep —i—aal(v)e2 3 ’yaas(v)e .
Taking into account P5) and (2.1.19), we have

det J(p1, 5, p3)

S B 0 0 . 0 K= ok
=— e (—ﬁ <77+af(v) — aﬁca];( )e_p1> eP2 <W8IJ;(U) ePs —bep3>

g ersri <§£(v) i 1 f(v)) (an 4 mg‘;(v)) ez%)

+7eP3 <(—a§£( )ePs — B eP? —u) (9’7”"’(;(“)) ebs

+2 (naSh) - S o w et ) eimagle) o) <o

Let Z : Im@Q — kerL be an isomorphism. Thus
deg(ZON,U Nker L,0) = det J(p], p5, p3) # 0 (2.1.21)

and condition M3) in Mawhin’s continuation theorem holds. Taking into account Lemma 2.5,

the proof of Theorem 2.1 is completed.

2.2. Examples

In this section we present some examples to illustrate the main result in the previous

section.
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2.2.1. Holling-type I functional response. Letting f(S,I,P) = S (Holling-type

I functional response) in system (2.1.1), we obtain the model:

S" = A(t) — p(t)S — a(t)SP + B(t)SI
I' = B(t)ST — n(t)PI — c(t)I : (2.2.1)
P' = (r(t) — b(t)P)P + ~(t)a(t)SP + On(t)PI

Since f(S,1,P) =S, conditions P2) to P5) are trivially satisfied and P7) is satisfied with
K = o =1. We obtain the following corollary:

COROLLARY 8. Assume that that conditions P1), P6) and P8) hold. If Ry > 1,
Bb—7~an >0 and

_ ~A BT +7~a
Ro>1+an— 10 4, pr7ee (2.2.2)
p(rn+be)  wbp —yan)
then system (2.2.1) possesses an endemic periodic orbit of period w.
ProOF. Consider the system of algebraic equations:
Ae™1 —ge¥s — Be'2 — =0
BeUI —7ne¥s —¢ =10 . (223)

Fae™ + One'? — be"s +7 =0

By the second and third equations we get

= ne7+c and e"2 = p 7 ne“3—ﬁrf1ac

Bon Bon

g
Notice that by hypothesis 3b—7an > 0 and the right hand side of the second equation is
B

e

positive as long as e > (37 +¢7a)/(Bb —yan). Using the first equation we get

Taking into account that we must have e > (87 + ¢7a)/(8b — 7 an), we consider the
function F : [(B7 +¢7a)/(Bb—~an), +oo[— R given by
ﬁ
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and lim F(z) = —oo. We conclude that there is zg € [(B7 + ¢7a)/(Bb — Fyan), +oo]

T——+00

such that F(xo) = 0. This implies that there is a unique solution of (2.2.3). The result

follows now from Theorem 2.1. O

We now assume that the real valued functions A, u, r, b, v and a are constant and
positive. Model (2.2.1) becomes
S"=AN—uS—aSP+ 3(t)SI
I' = B(t)SI — n(t)PI — c(t)] : (2.2.4)
P’ = (r —bP)P + ~aSP + 0n(t)PI

We have the following corollary:

COROLLARY 9. Assume that that conditions P1) and P6) hold. IfRy > 1, bB—~am > 0,
A < p?/a and

7y A Br+7ac>

— a
Ro>1+2 i
’ M (7"77+bc bB — v afj

then system (2.2.4) possesses an endemic periodic orbit of period w.

PROOF. We begin by noticing that systems (2.1.4) and (2.1.5) become in our context

' = NA — pz — avzy _\(t) — e12)

(2.2.5)
2= XNr — bz + vax)z
where (23 ,(t), 23 (t)) is a solution of
' = ANA — ux)
(2.2.6)

2= ANr—bz+yax+¢e)z

System (2.2.6) has two equilibriums:
A A A
B - <0> and  Fy — < 7"</ﬁ+6>+'ﬂ1> _
L p bu
Letting (x5 . (%), 25 . \(t)) be the solution corresponding to E», it is easy to check that
system (2.2.5) also has two equilibriums:

E, = (0,0) and Ey = (@, % + l;@) ,

where
bul
(b + ar)(p +€) +va?A”
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One can check that Fj is locally attractive when € > 0 is sufficiently small and that Ej is a
saddle point whose stable manifold coincides with the x-axis. The line z = A/ is invariant
and by the first equations we can conclude that the w-limit of any orbit must be on this
line. Thus, according to the behavior of solutions on that line, the w-limit of any orbit
on that line must be the equilibrium F5 and we conclude that we have global asymptotic
stability of E» on the region R* x R{". We have a similar situation for system (2.2.5) when
(25 2(t); 25 . \(t)) is the solution corresponding to Es. In fact, we can easily see that E,
is locally attractive and that El is a saddle point whose stable manifold coincides with
the x-axis. The line x = © is invariant and by the first equations we can conclude that
the w-limit of any orbit must be on this line. Again, the w-limit of any orbit on that line
must be the equilibrium E5 and we conclude that we have global asymptotic stability of
E» on the region R x Ry .

We conclude that condition P8) holds. O

To do some simulation, we consider the following particular set of parameters: A = 0.1;
w=0.6; 5(t) = 20(1 + 0.9cos(2nt)); n(t) = 0.7(1 + 0.7 cos(m + 27t)); c(t) = 0.1; r = 0.2;
b=0.3; § =10, v(t) = 0.1 and a = 3. We obtain the model:

S"=0.1-0.65—20(1 4 0.9 cos(27t))SI — 3SP
I' =20(1 + 0.9 cos(27t))ST — 0.7(1 + 0.7 cos(m + 27t))PI — 0.11 - (2.2.7)
P’ =(0.2—-0.3P)P+7(1+0.7cos(w + 27t))PI + 0.3SP
Notice that, for our model, A = 0.1 > 0.012 = p?/a, b3 — van = 3.99 > 0, Ry ~
5.88 > 1+ 1.86 and Ry ~ 24.8 > 1, and thus the conditions in Corollary 8 are fulfilled.

Considering the initial condition (Sp, I, Py) = (0.03567,0.02047,0.88021) we obtain the
periodic orbit in figure 2.1. Although our theoretical result doesn’t imply the attractivity
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FIGURE 2.1.  Periodic orbit for model (2.2.7)

of the periodic solution, the simulations carried out suggest that this is the case.
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2.2.2. No predation on susceptible preys. Letting f = 0 in system (2.1.1), and
still assuming that the real valued functions A, u, 8, n, ¢, v, v, 8 and b are periodic with
period w, nonnegative, continuous and also that A > 0, i > 0, 7 > 0 and b > 0, we obtain

the periodic model considered in [90]:

S" = A(t) — u(t)S — B(t)ST
I' = B(t)ST — n(t)PI — c(t)] : (2:2.8)

P’ = (r(t) — b(t)P)P + 0(t)n(t)PI

In [75], the authors refer that the assumption that predator mainly eats the infected
prey (that is modelled by assuming that no predation on uninfected preys occur) is in
accordance with the fact that the infected individuals are less active and can be caught
more easily, or that infection modifies the behavior of the preys in such a way that they
start living in parts of the habitat which are accessible to the predator. Some examples
available in the literature are also provided in [75]: as an example of a situation where
infected individuals can be caught more easily, the authors cite [77], where it is showed
that wolf attacks on moose on Isle Royale in Lake Superior are more successful if the moose
are heavily infected with a lungworm; as an example of a situation where the behavior of
the prey individuals is modified, favoring predation, the authors cite [49].

Note that conditions P2) to P5) and P7) are trivially satisfied since f = 0. Also note
that systems (2.1.4) and (2.1.5) become in this context

(2.2.9)

and
(2.2.10)
2= ANr(t) —b(t)z+¢)z
and, by Lemmas 1 to 4 in [75] we conclude that condition P8) holds in this setting.
Note also that condition (2.2.2) becomes Rg > 1 and condition b3 — Fan < 0 is trivially
satisfied since we can take v = 0 or ¢ = 0. We obtain the following corollary that recovers

the result in [90]:

COROLLARY 10. Ifﬁo > 1 and Ry > 1 hold, then system (2.2.8) possesses an endemic

pertodic orbit of period w.
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2.3. Linear vital dynamics for predators

In this section we let f = 0, G(¢,5) = A(t) — p(t)S and H(t,P) = Y(t) — C(¢t)P
in (0.0.2), obtaining the following model:

S" = A(t) — u(t)S — B(t)ST
I' = B(t)SI —n(t)g(S, I, P)I — c(t)] : (2.3.1)
P =7Y(t) — C(t)P + 6(t)n(t)g(S, I, P)I

To establish the existence of an endemic periodic orbit for system (2.3.1) we assume the

following natural conditions:

P1*) The real valued functions A, p, 5, n, ¢, T, ¢ and 6 are periodic with period w,
nonnegative and continuous;

P2*) Functions x — ¢g(z,vy,2), y — g(x,y, 2) are nonincreasing; function z — g(z,y, z) is
nondecreasing;

P3*) A>0,i>0,T>0and(>0.

Like in the first scenario in section 1.1, the present setting includes several of the
most common functional responses for function g, including Holling-type I, Holling-type
I1, Holling-type III, (Holling-type IV, Beddington-De Angelis and Crowley-Martin. Also
note that conditions P1*) to P3*) are natural from a biological perspective and naturally
are satisfied by the usual functional responses considered in the literature.

We also need to consider the following auxiliary system that corresponds to perturba-

tions of the disease-free system for (2.3.1):

¥ =A{t) — pt)r — ez

2 ="(t)—C(t)z+ 0(t)n(t)g(x, g2, 2)e2

(2.3.2)

satisfying

P4*) For each €1,e9 > 0 sufficiently small, system (2.3.2) has a unique w-periodic solution,
(le,EQ (t)’ Zgl,ez,(t))7 Wlth
:B:lm(t) >0 and 2 ., (1) >0,
that is globally asymptotically stable in the set

{(z,2) € R)?:2=0 A z> 0}

We assume that (e1,e2) — (27, ,(t), 2%, ,(t)) is continuous.
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We write 2% = x99 and 2* = z{, for the components of the solutions in (2.3.2) corre-
sponding to € = 0.

To obtain the basic reproductive number for our model we consider the ordering
(1,5, P) instead of (S, I, P), so that the infected compartment becomes the first one and
the uninfected compartments became the last ones. Our new notation corresponds to the

one in [79]. With this ordering, the functions F, V* and V™ in [79] become respectively

F(t, (I,S,P))=(B(t)SI,0,0),

Vi, (1,8, P)) =(0,0,Y(t) + 0(t)n(t)g(S, I, P)I)
and
V= (t,(I,S,P)) = (nt)g(S, I, P)I + c(t)I, u(t)S + B(t)SI,((t)P).

Having identified F and V we can compute the matrices F'(t) and V (¢) in [79] that in our

context reduce to one dimensional matrices (that we identify with real numbers). In fact,

we have
F(1) = SAB0SD] 0. = B (1)
and
V() = S (0)(S, P + ety 020 = 100" (1), 0, 2 (1)) + ).

The evolution operator W (s, t, \) associated with the linear w-periodic parametric system

w' = (=V(t) + F(t)/\)w is easily seen to be given by
Wi(s,t,\) =e” 2 B(r)z* (r)/A=c(r)=n(r)g(z* (r),0,2" (r)) dr
and thus

W(w,0,\) =1 & Br*/A—c—ng(x*0,2*) =0 & = _,

Define

S (2.3.3)
¢+ ng(z*,0,2%)

Note that our system satisfies conditions (A4;) to (A7) in [38].

THEOREM 2.3. Assume conditions P1*) to P3*). If Ry > 1, then model (2.3.1) has

an endemic periodic orbit in (Rg)>.

The proof of our theorem adapts to our situation the strategy in [79, 38]. It will be

developed in two steps: using a result derived in [79], we obtain persistence of the infective
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prey in subsection 2.3.1 and then, using a Poincaré map, we establish the existence of a

periodic orbit in subsection 2.3.2.

2.3.1. Uniform strong persistence. The first step in the proof of Theorem 2.3 is
to establish the persistence of all the compartments in our model. To do so we will use

Theorem 2 in [79]. Note first that, as long as a3f < ag < a1, we have
(8", I', P'), (a1, 02, 3)) = 0 (A(t) — u(t)S — B(t)ST)+
+ az (B()ST — n(t)g(S, I, P)I — e(t)I) +
+az (T(t) = C()P +6(t)n(t)g(S, I, P)I)

< o A% + a3 Y — min{u’ + ¢ + ¢} (1S + azl + azP).
(2.3.4)
Thus, defining
- OélAu -+ OégTu
-~ min{p + ¢t + ¢}
we conclude ((S’,I', P"), (a1, a2, v3)) < 0 when oS + aol + a3 P < K and that the set

K={(S,I,P) € (Ry)*: a1S + aol + a3P < K} (2.3.5)

is forward invariant for the flow of system (2.3.1). Additionally, letting W = a1.S + aol +
asP, tg = 0 and Wy = a15(tg) + aal(to) + asP(tp), by (2.3.4) we have for t > ¢

W(t) < K — (K — Wy) e~ ™+ +¢)t10)

and thus limsup W (t) < K. We conclude that K is an absorbing set for the flow. Thus
t——+o00
the set K satisfies assumption (Ag) in [38].
Let now (S(t),1(t), P(t)) be a solution of (2.3.1) such that I(¢) < e, for ¢ > 0. Since,

by the first and third equations in (2.3.1), we have

S" = A(t) — p(t)S — p*Se

PP 27(t) - ()P
and
S" < A(t) — u(t)S
P’ < Y(t) — ¢(t)P + 6"n"Pe
condition P4%*), allows us to conclude that for sufficiently large ¢ > 0 we have S(t) >

Thue o(t) 2 x7(t) — o1(e) and P(t) < 2§ guyu(t) < 2*(1) + 02(g) with o1(¢),02(¢) — 0 as
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e — 0. Thus, if I(t) < & we have
I'=B@t)ST —n(t)g(S, I, P)I —c(t)]
> (B0 (1) — 8'01(6) — n(b)a(a (1) — 01(0). 0.2 (1) + 72(6)) — e(t)) I
> (F(t)/Ae) = V() 1
where A :]0,e*[— R, well-defined when we take e* > 0 sufficiently small, is given by

. Bt 1
02 B0 (1) — Bor(#) + ng@ (0),0, (1) — nDg(@ (®) — o1(2),0, 2 (1) + 02(5))

and we can immediately see that A(¢) — 1 as € — 0.

Ae) =

By Theorem 2 in [79], we conclude that the infective prey is uniformly strong persistent
in system (2.3.1). The uniform strong persistence of the susceptible prey and the predator,
in our situation, is an immediate consequence of the uniform strong persistence of the

infectives.

2.3.2. Existence of a periodic orbit. Next, to establish the existence of a positive

periodic orbit for (2.3.1) we use the following result:

THEOREM 2.4. [106, Theorem 1.3.6] Let 7 : X — X be a continuous map with 7(Xo) C
Xo that is point dissipative, compact and uniform persistent with respect to (Xo, 0Xo).
Then there exists a global attractor Ay for S in Xg that attracts strongly bounded sets in

Xy and S has a coexistence state xog € Ag.

To apply this result to our model we let X = (IR(")F )3, Xo = K and S = 7, where
7: (RY)? — (RY)? ia a time-w map associated to our system and given by 7(So, Io, Py) =
(S(w), I(w), P(w)), where (S(t), I(t), P(t)) is the solution of (2.3.1) such that (S(0), I1(0), P(0)) =
(S0, Io, Po).

Since the bounded set K is an absorbing set for the flow of (2.3.1), we conclude
that 7 is point dissipative. It is immediate that 7 is compact and, by the discussion
in subsection 2.3.1, we conclude that 7 is uniformly persistent with respect to (IC, 9K).
Therefore, Theorem 2.4 allows us to conclude that 7 has a coexistence state in K. This
coexistence state is a periodic orbit of our system contained in K. This established our

result.

2.4. Comments

In this chapter we discussed the existence of periodic orbits for periodic eco-epidemi-

ological system with disease in the prey for two distinct families of models.
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For the first family we used Mawhin’s continuation theorem and for the second family
we obtained a sharp result using a recent strategy that relies on the uniqueness of periodic
orbits in the disease-free space. In the first case we proved that if Eg > 1, conditions P1)
to P9) and there is a unique equilibrium of the averaged system (2.1.7) in (R")? then
system (2.1.1) possesses an endemic periodic orbit. In the second situation we proved that
if Rg > 1 and conditions P1*) to P4*) hold then model (2.3.1) possesses an endemic peri-
odic orbit. Somehow, the requirement that there is a unique equilibrium of the averaged
system (2.1.7) in (RT)? is artificial, in the sense that it appears to be only there to allow
the use of Mawhin’s continuation theorem. Thus, a natural question that can be asked is
if we can remove this condition and still be able to obtain the conclusion in Theorem 1.

Another interesting question is if we can still obtain the existence of the endemic peri-
odic orbit for the first family of models when we assume other type of dynamical behavior
for the uninfected subsystem. For instance, if we assume the uninfected subsystem to be

a center like in the original Lotka-Volterra model.






CHAPTER 3

Discrete Eco-Epidemiological Model

In the previous chapters the models involved are continuous. In contrast, in this chap-
ter, using Mickens nonstandard method on model (0.0.2) with G(¢,5) = A(t) — p(t)S
and H(t,P) = (r(t) — b(t)P)P, we obtain a discrete family of non-autonomous eco-
epidemiological models . We obtain results on the persistence and extinction of the infected
preys assuming that the bi-dimensional predator-prey subsystem that describes the dy-

namics in the absence of the infection satisfies some assumptions.

In [52] a discrete eco-epidemiological model was studied. In contrast with our non-
autonomous model, in that paper the model considered is autonomous and assumes no
predation on uninfected preys. Additionally, the discretization method is very different
from ours, resulting in a very different form for the equations obtained. Some examples
and simulations are undertaken to illustrate our results.

The structure of this chapter is the following: in section 3.1 we derive our model from
the corresponding continuous model using Mickens nonstandard discretization scheme,
establish our setting and some preliminary results; in section 3.2 we obtain our main result
on extinction and persistence of the infective prey; finally, in section 3.3, we consider some

particular models that illustrate our results.

3.1. A family of discrete models

We consider the following non-autonomous eco-epidemiological model that derives
from model (0.0.2) by taking G(t,S) = A(t) — u(t)S and H(t, P) = (r(t) — b(t)P)P:
S" = A(t) — u(t)S —a(t)f(S,I,P)P — B(t)SI
I' = B(t)ST — n(t)g(S, I, PI — c(t)1 : (3.1.1)
P = (r(t) = b(t)P)P +~(t)a(t)f(S,I,P)P + 0(t)n(t)g(S,I,P)I
The aim of this chapter is to discuss the uniform strong persistence and extinction of

the infectives I of the discrete counterpart of the system (3.1.1). A possible discretization

of the above model, with stepsize h, derived by applying Mickens’ nonstandard finite
73
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difference method [72], that leads to the following set of equations:

S(nh + h) — S(nh) = hA(nh) — hy(nh)S(nh + h)
—ha(nh) f(S(nh + h), I(nh), P(nh))P(nh)
—hB(nh)S(nh + h)I(nh)
I(nh + h) — I(nh) = hB(nh)S(nh + h)I(nh)
—hn(nh)g(S(nh), I(nh), P(nh))I(nh + h)
—he(nh)I(nh + h)
P(nh + h) — P(nh) = h(r(nh) — b(nh)P(nh + h))P(nh) + hy(nh)a(nh)x

x f(S(nh + h), I(nh), P(nh))P(nh)

+hO(nh)n(nh)g(S(nh), I(nh), P(nh))I(nh+ h)

Using the notation &, = h&(nh) for & = A, p,a, 5,1, ¢,r,b and also ¢, = ((nh) for ( =~,0,

we obtain the following system of difference equations:

SnJrl - Sn = An — Hn n+1 anf( n+17]na Pn)Pn - 5nsn+1ln
In+1 -1, = ann+1ln - nng(sn7 Ina Pn)In+1 - CnInJrl

Pn+1 - P, = (Tn - annJrl)Pn + Vnanf(SnJrl, Ina Pn)Pn + Hnnng(sna In> Pn)InJrl
(3.1.2)

We will assume that

D1) (An), (an), (Bn)s (M), (cn), (rn), (bn), (7n) and (6,) are bounded and nonnegative

sequences and 0 < py, < cp;

D2) (A,), () and (by,) are bounded away from zero;

D3) f,g : (Ry)® — R are C' nonnegative; for fixed z,2z > 0, y — f(x,y,2) and y
g(z,y,z) are nonincreasing; for fixed y,z > 0, x — f(z,y, z) is nondecreasing and
x +— g(x,y, z) is nonincreasing; for fixed z,y > 0, z — f(x,y, z) is nonincreasing and
z — g(x,y, z) is nondecreasing;

D4) there is w € IN such that

n—+w

lim sup H

n—-+oo ken 1+ ,Uk

It follows from D4) that there are constants K > 0 and 6 €]0, 1[ such that

1
11 < Ko™, (3.1.3)
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for any m,n € Ng with n > m.
D5) Given p € IN there is a unique solution ((Sy, In, Pp))n>p of system (3.1.2) with initial
condition (S,, I, P,) € (RJ)3.
D6) Any solution of system (3.1.2) with nonnegative (resp. positive) initial condition,

(Sq, 14, P;) is nonnegative (resp. positive) for all n > q.

Note that when f(Sy41, In, Pn) = Sp+1 and g(Sp, I, P,) = P, in (3.1.2), the equation

can be rewritten in explicit form:

r @n

Sn+1 = ‘I’in

Iy = —="—"1I, , 3.1.4
1 T, 5. ( )
= U, @, (1 + by ) "

where U, = 1+ pp+ Bpnln+an Py, , = 1+, Py +¢, and ©,, = A, + S,. From (3.1.4), we
conclude that when f(Sy41, In, Pn) = Sp+1 system (3.1.2) is well defined and D6) holds.
Let us introduce the notation f¢ = inf f, and f* = sup f,.

To proceed, we need to consider two auxiliary equations. The first one corresponds to

the dynamics of preys in the absence of infected preys and predators:

Sp+1 — Sp = Ap — HnSn+1-

Rearranging terms, the equation above becomes:

_ Ay, i Sn .
1+ pn 1+ pn

Sn+1 (315)

We have the following lemma that was essentially proved in [70]:

LEMMA 3.1. We have the following:

i) The solution of equation (3.1.5) with A, = 0, n > p, and initial condition s, = 0 is
the identically null sequence;
i) All solutions (sn) of equation (3.1.5) with initial condition sy > 0 are positive for all
n € N;
iii) Given a solution (s,) of equation (3.1.5) with initial condition so € [AY/u®, A"/ ut] we

have

for alln € IN;
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i) Each fized solution (sy) of (3.1.5) with initial condition so > 0 is bounded and globally
uniformly attractive on [0, 4+00);

v) There is a constant D > 0 such that if o, > 0, n € N, (s,,) is a solution of (3.1.5)
and (8y,) is a solution of the system

An+5n+(;0n

3.1.6

Sn+1 =

with Sg = sg then

sup |8, — sp| < D sup|enl-
n=0 n=>0

vi) There is a constant E > 0 such that if ¥, > 0, n € N, (s,) is a solution of (3.1.5)

and (8,,) is a solution of the system

Ay + sn

) 3.1.7
1+ pn + Yn ( )

Sp+1 =
with §g = sg then there is N1 sufficiently large such that
sup [3, — sp| < E sup [y
n>N1 n=>0
PROOF. Properties i) to v) follow from Lemma 1 in [70]. To prove vi), let (s,) be a
solution of (3.1.5) and (5,) be a solution of (3.1.7) with §p = s¢. By (3.1.5) and (3.1.7),
we have
(8nt1 — Sn41) (1 + pn) = 8 — S0 — Yn8nt1

Therefore, letting w, = |$, — s,|, we have
wn—i—l(l + Nn) < wp + ’¢n‘§n+1

and thus
Wnp |@Z}n|f§n+1

Fix € > 0. By iii) and iv) we get, for n sufficiently large, say n > Ny,

Au
< Wn [Vl [z £+5]
Lt pn T4 pn [+

Wntl <
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and thus, for n > Ny,

o Aw .
Wp < |——7 +¢€
N VRS Z|wm’<H1+uk>
<-L+€- sup|w|KZH”m
Lt + 9t n>0
< [ A N 1 K6 ]
< 5 su )
Lt + oyt _ 1_97121()) "

Defining £ = K0 [A"/(u* + ¢%) +¢] /(1 —6), we get
sup ‘gn - Sn‘ = sup w, < K SuP|¢n’a
n=>N1p n>=Nyp n>

and the result follows. O

We also need to consider the equation:

Yn+1 — Yn = (Tn - bnyn+l)yn~

Rearranging terms, we get:
TnYn + Un

3.1.8
1+ bryn ( )

Yn+1 =

The following lemma holds.

LEMMA 3.2. We have the following:

i) The solution of equation (3.1.8) with y, = 0 is the identically null sequence;
ii) All solutions (y,) of equation (3.1.8) with initial condition yo > 0 are positive for all
n € IN;
i) Given a solution (y,) of equation (3.1.8) with initial condition yo € [r’/b%, 7% /b¢] we

have

for alln € IN;

iv) Each fized solution (yy) of (3.1.8) with initial condition yo > 0 is bounded and globally
uniformly attractive on ]0,400);

v) There is a constant E > 0 such that, if g, = 0, n € N, (y,,) is a solution of (3.1.8)

and () is a solution of the system

TnYn + Yn
L+ (bn+ 9n)yn’

Ynt+1 = n=0,1,... (3.1.9)



78 3. DISCRETE ECO-EPIDEMIOLOGICAL MODEL

with §o = yo then there is N1 sufficiently large such that

Sup |Jn — yn| < E sup [gnl.

n>N; n>N1

vi) There is a constant G > 0 such that, if hy, = 0, n € N, (yn) is a solution of (3.1.8)

and (§n) s a solution of the system

(rn + hn)Yn + Yn
= ., n=0,1,... 3.1.10

with §o = yo then there is No sufficiently large such that

sup |Jn — yn| < G sup |hy|.

n>No n=Na

ProOF. With the change of variable w, = 1/y,, equation (3.1.8) becomes

bn + W,
w =
n+1 1 P 1’
equation (3.1.9) becomes
w Wy bn + gn
n+1 — P 1 .
and equation (3.1.10) becomes
w Wy + by
T e+ By
Using Lemma 3.1, we obtain ii) to vi). Property i) is immediate. O

We must assume the following:

D7) Each solution of (3.1.2) with positive initial condition is bounded and there is a
bounded region R that contains the w-limit of all solutions of (3.1.2) with positive

initial conditions.

Notice in particular that condition D7) implies that there is L > 0 such that, for each
solution (S, I, P,) we have
limsup (S, + I, + P,) < L. (3.1.11)
t—+00
The next lemma shows that, when g(S, I, P) = go(S,I)P, there is an invariant region
that attracts all orbits of system (3.1.2).

LEMMA 3.3. Assume that conditions D1) to D6) hold and that g(S, I, P) = go(S,I)P.
Then, there is L > 0 such that, for any solution (Sy, I, Py) of (3.1.2), with nonnegative
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initial conditions, there is T € IN such that
Sn+In+ P, <L for n>T.

PRrROOF. Let (Sp, I, P,) be a solution of (3.1.2) with nonnegative initial conditions
Sq = Sq, Iy = iqg and Py = p,. Adding the first two equations in (3.1.2) and writing
N, =S, + I, we get
Nn+1 — N, = An - ,UnSn—l—l CnIn—l-l - anf( n+1s In7P )P
- 77n90<5n+17 In)PnIn-H
g An - /’LnNn-‘rlv
since ft, = min{py,, ¢, }. Thus

Ay, Ny,
+ .
1+ pn T+ pn

By iii) and iv) in Lemma 3.1, we conclude that, for any given £ > 0, we have S,, + I,, =
Ny, < sp < A%/ub + €, where s, is a solution of (3.1.5) with initial condition s, = N, for
n sufﬁmently large, say n > Nj.

By the third equation in (3.1.2) we obtain

Py +rn Py + 'Ynanf( n+1sIn, P, )Pn + ennngo(snﬂv In)PnIn—H

P,
n+l = 1+ b, P,
_ [rn+ manfA /i +2,0,0) + Oningo(0, A"/ + ) (A" /1’ + )] Po + Pa
= 1+0,P,

for n > Np. By iii) and iv) in Lemma 3.2, we conclude that, for any given 6 > 0, there is

Ny > Nj such that, for all n > No

u

P, < 6€ +5+Gsup( nanf(Au///“‘@O,O)+9n77n90(0,Au/M£+€)(Au//ﬁ£+€)>
n=q

Thus

u U

A
Sp+ 1+ P, < +€+BZ +0

+ G sup (Yan f(N /i’ +2,0,0) + Ouago (0, A"/ + ) (A"/u” +¢))

nz=q

and the result follows. O
To formulate our next assumption we need to consider the system

xn+1 — Ty = A’IL — Mn$n+1 - anf(er»lﬂ O’ Zn)zn (3112)

Zn4+1 — ”n = (Tn - bnzn+1)zn + 'Ynanf(anrla 07 zn)zn
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which corresponds to the dynamics of the susceptible preys and the predators in the

absence of infected preys. We also need to consider the two families of auxiliary systems:

Tnt+l1 — Tn = Ay — HnTn+1 — anf(xn+1a 0, O)Z;,g’n — &Tn

(3.1.13)
Zn4+1 — ”n = (Tn - bnzn+1)zn + ’Ynanf(l'nJrl’ g, zn)zn
where (23, ,, 25 . ,) is a solution of
Tp4+l — Tp = Ay — HnTn1 (3 1 14)

Zn+l — Rp = (Tn - bn2n+1)zn + P)/nanf(wn—l—ly 0, zn)zn + 9n?7ng(33n, 0, Zn)zng
We make the following assumptions concerning systems (3.1.13) and (3.1.14):

D8) There is a family of nonnegative solutions (27, 2] .,) of system (3.1.13), one for
each ¢ > 0 sufficiently small, depending on a solution (23 . ,,, 23 . ,,) of system (3.1.14),
such that each solution in the family is globally asymptotically stable in a set con-
taining {(z, 2) € (R§)?: @, 2 > 0} and the function ¢ — (27 c.n» #1 o) I8 continuous.

D9) The family of nonnegative solutions (x5, ,,25.,) of system (3.1.14), one for each
e > 0 sufficiently small, is such that each solution in the family is globally asymp-
totically stable in a set containing {(z,2) € (RJ)? : z,z > 0} and the function

e (25,25 .,) is continuous.
) ]

We denote the element of the family of solutions in D8) and D9) with e = 0, by (27 ,,, 27 ,)
and (23,25 ,), respectively. For each solution (z7,,27,) of (3.1.13) associated to a
solution (73 ,, 23 ,) of (3.1.14), with £ = 0, and initial conditions (o, 20) with 2o > 0 and
zop > 0, and each A € IN, define the number

n—+A *
1+ Bz
’RZ()\) = lim inf 1;k+1 *
n— 400 paied 14 ¢+ nkg(xl,lw 0, Z2,k)

(3.1.15)

and for each solution (s})) of (3.1.5) with sop > 0, each solution (y;;) of (3.1.8) with yo > 0
and each A € IN, define the number
n+A

R“(A\) = limsup H
k=n

n— +0o0o

1+ Brsjiq
L+ cx + mrg(sy, 0,95)

(3.1.16)

These numbers will be useful in obtaining conditions for permanence and extinction and,
in some sense, play the role of upper and lower bounds for the basic reproductive number
in this general context. In the following lemma we prove that the numbers above are

independent of the particular positive solutions of (3.1.5), (3.1.8) and (3.1.13) considered.



3.1. A FAMILY OF DISCRETE MODELS 81

LEMMA 3.4. The numbers R(A\) and R*(\) are independent of the particular solutions
(s5) of (3.1.5) with so > 0, (yy,) of (3.1.8) with yo > 0 and (7,27 ,) and (z3,,23,)

n

of (3.1.13) and (3.1.14), with x;o > 0 and z;p > 0, fori=1,2.

PrOOF. Let v = (23,25, )new and ¥ = (23 ,,, 23 ,, Jnen be distinct solutions of (3.1.14)
and u = (27 ,,, 21, )Jnew and @ = (Z7 ,, 21, Jnen be the corresponding solution of (3.1.13)
with w; o > 0,w;0 > 0, for w = z,z and ¢ = 1,2. Denote by R\, u,v) and RY(N, @, 0)
the number in (3.1.15) corresponding to w,v and @, v.

Let 6 > 0 be sufficiently small. By assumptions D8) and D9), for & > N (where

N € NN) sufficiently large, we have

$>{7k - (S < f; k < xik + 1) and Z;Jﬁ‘ - (S < ESJC < Z;,k} + 5

)

Additionally, since g is C! and therefore locally Lipschitz, by D3), there is ¢ > 0 such
that, for sufficiently large k,

19(27 1, 0,25 ) — (27 4, 0,25, — O)[ S cl23 ), — 25 + 0] < 2¢6

and
|g(f{,kv 07 z;,k) - g(xikv 07 z;,k” < C|'f{,k B xik’ < cd.
Thus, for n > N
7ﬁ\ 1+ 5kxik+1
e 1+ cr + nkg(xi]w 07 Zék,k)
- "li[)‘ 1+ Br] i + 08k
= i L+ e+ meg(ay ), 0,25, —9)
_ ML+ BT 0B 14 o+ mg(®] 0,75 )
T Lo+ g (T, 0,25 ,) 1+ e +mg (@ 4, 0,25 — 6)
o \ Lo +meg(7] 4, 0,25,) 1+ e +mg(T] 0,2 ) -

w14 3cony,
1+e¢,+ nkg(x’{vk, 0,25, — 0)

n+A =%
< (14 6B H L+ Bri] i Yy
e 1+ ck + nkg(':?ika Oa Z;k)

n—+A 1 + ﬁki‘ik+1 A+1 ()\ + 1
J

G+ e 0

>5jCA+1—jAj
k=n

=1
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where

A= p B= Scr”
L+t +nf(g(27 4, 0,25 ,))" L+t +nf(g(a} ;. 0,25, — )"

and
_ 1+ p"(z)"
L+ ct+nf(g(27 4, 0,25 ,))"
By (3.1.15) and (3.1.17), taking limits we conclude that

B+ -
RY(Au,0) < (1+ 6B Re(/\,u,v)—i—Z( ! )MWU A
j=1

By the arbitrariness of § > 0, we conclude that R¢(\,u,v) < RY(\,@,v) and, inter-
changing the roles of u,v and %, o it is immediate that R¢(\, @, 7) > RY(\,u,v). Thus
RN, @, 0) = RYN, u, ).

Now write R*(\, s,y) for the number in (3.1.16) corresponding to the solutions s = (s)
of (3.1.5) with sg > 0 and y = (y;;) of (3.1.8) with yp > 0.

Let again § > 0 be sufficiently small. Additionally, let s7 = (s7,,) and s3 = (s3,,) be
distinet solutions of (3.1.5) and y; = (y7,,) and y3 = (y3,) be distinct solutions of (3.1.8).

By iv) in Lemma 3.1 and iv) in Lemma 3.2, we have
Sirk—0< 85 <syp+6 and Yl —O0<yo SyYIpto
for k > N sufficiently large. There is ¢ > 0 such that

19(s1 k50,97 ) — (81 4, 0, y3 — O)| < clyf o — Yo g + 0| < 266

and

19(85,55 0,47 1) — (8T 1, 0, 91 )| < 5 — 8T 4] < 6.
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Therefore

n+A

[1

k=n

- nlif 14 Bis} oy + 5%
< P 1+, + 77/69(53,1@’ 0, yfk —9)

_ Tﬁ\ 1+ B8] g1 + 05k 1+ ¢k +nkg(s] 1, 0,47 1)
< P 1+, + 77/69(5?1@’ 0, yfk) 1+c, + nkg(s;k, 0, ka —9)

n+A 1 +ﬁk3* 5
<I] ( Lit + B X (3.1.18)
k=n

I+ Bksg,k-i-l

1+c, + nkg(s;k, 0, y’gk)

14+c, + 77’69(5?1@7 0, yfk) 1+c, + T]kg(s”ik, 0, yfk)

3¢6
1+ e+ nkg(s3 5, 0,47 — 9)

n+A *
<1+ 53))\—1—1 H L+ Brsi g1 LA
o \ Lk +mg(s7 ), 0,97 )

ntA 1+ Bgs] Al A1\ . o
< (1+40B)M! H LRFL ( + )5]0/\+1—JAJ ’
o L ek g (81, 0,97 ,) =\
for n > N, where
B 2en™

I

A= B=
L+ cf +n(g(s] 4, 0,55 1)) L+ e+ (g(s5 4, 0,55 5, — 0))°

and
_ 1+ B*(s1)"
1 + Ce + nz(g(sik) 07 yik))e ‘
By (3.1.16) and (3.1.18), taking limits, we conclude that

A+1 )\+ 1
RE s595) < (14 0B [RE stuf) + 3 (

>5jc)‘+1jAj7
j=1

By the arbitrariness of € > 0, we conclude that RY(\, s3,v5) < RY(\, s, y}) and, inter-
changing the roles of (s%,y}) and (s%,y3) it is immediate that RE(\, 53, y3) = RYN, 8%, y1).
Thus RY(A, s3,55) = RY(X, s1,47)-

The result is proved. O

3.2. Extinction and uniform strong persistence

In this section we establish our main results on extinction and persistence. To obtain
our result on extinction we must make some additional assumptions on the function g. In

spite of this, it is easy to see that the usual growth rates still fulfill these assumptions.
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THEOREM 3.1. Assume conditions D1) to D7). Assume further that g(S + 1,0, P) <
g(S,I,P). If there is A € IN such that R*(\) < 1 then the infectives (I,) go to extinction
in system (3.1.2). Furthermore, if a = 0 and g(S,I,P) = go(S,I)P, any disease-free
solution (s%,0,y%) of (3.1.2), where (s}) is a solution of (3.1.5) and (y}) is a solution

n

of (3.1.8), is globally asymptotically attractive.

PROOF. Since R"(\) < 1, given 0; > 0 sufficiently small, there are 69 > 0 and N € IN

such that

ntA 1+ B(sty +0)

H L+ cp +nrg(sy +6,0,y5 —9))

k=n

for n > N and all positive § < dg. Let N, = S, + I,,. Since p, < ¢y, by the first two

<1-4, (3.2.1)

equations in (3.1.2), we conclude that

Ap Ny,

N, — N, <A, — N, & N, <
n+1 n n HndVn4-1 n+1 1+Mn+1+un

and thus Sy, I, < N,, < s,, where (s,,) is any solution of (3.1.5) with sy = Sp. By iv) in

Lemma 3.1 we have |s,, — s} | < Jp for sufficiently large n, say n > N; > N. Thus
Sn;In<Sn+In:Nn <3n<32+607

for n > Nj.
By the third equation in (3.1.2), we conclude that

Pn+1_Pn>(7"n_ann+1)Pn - Pn+1> 1+ann

and thus P,, > y,, where (y,) is any solution of (3.1.8) with yo = Fp. By iv) in Lemma 3.2

we have |y, — y| < o for sufficiently large n, say n > Ny > N;. Thus P, > y,, = v — o,

for n > Nj. Using our hypothesis, by the second equation in (3.1.2) and (3.2.1),
BnSn+1ln + I,

14 00g(Sn, In, Py) + cn,

< 5nSn+IIn + In

S 14 Mng(Sn + In,0, Py) + ¢,

< /Bn(s;kﬂ_l + 50) +1

S 14, + Mg (st + 60,0,y — o)

< (1 - 51) a1

In+1 =

In,

< e < (1 _ 51)|_(n—N2)/(/\+1)J In—I_(n—Nz)/()x-i-l)J(/\-i-l)

<d@1—&f“””yhm,
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for n > Ny, where d = j:rg}%)fNQ I;. We conclude that I, — 0 as n — 400 and we have
extinction of the infectives.

Assume now that a = 0 and ¢(S, I, P) = go(S,I)P, let ((Sn, In, P,)) be any solution
of (3.1.2) and consider the sequence ((s},0,y;)), where (s’) is a solution of (3.1.5) and
(yr) is a solution of (3.1.8).

Since I,, — 0 as n — 400, given § > 0 there is T" € IN such that I, < § forn > T.

Letting U,, = S,, — s}, we have, by the first equation in (3.1.2),

Un+1 - Un = _NnUn—I—l - /BnSn-HInv

for n > T. Thus, by iv) in Lemma 3.1 and by Lemma 3.3, we have
—BYLo < (1 + pn)Upy1 — U, <0

for n sufficiently large.
We get, for 6 > 0 sufficiently small

BULS 1
U, > — + U
n+1 1 T [in 1 T Lin n

“Lo 1 YKo 1
- IB + <— B + Un1>
1+//Ln 1+Mn 1+,Un71 1‘1’,“71,71

>..
> ﬁ 1 Ug—zn:(B“Lé)mH ﬁ L
m=0 1+Nm m=0 k=m 1+Mk
n 1 n
> Uy — 68“L Ko™
(L5 ooy
- 1 BULK®
Uy — 1)
BYLKO 5
1—60
Similarly,
U, <#U < f[ 1 U,
n+1 1_‘_“” n m:01+Mm 0-
Since

L |
H —0 as n — 4o,
14 pm

m=0
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given 6 > 0, we have |Uy,41| < Md, where M = “LK6/(1 — 0), for sufficiently large n.
We conclude that |U,| — 0 as n — +oo and thus

Sp, — s, as n— +oo. (3.2.2)

By the third equation in (3.1.2), we have, for sufficiently large n,
Pry1 — P = (rn = bnPog1) P + 000090 (Sn, In) P lnta
< (rn = bnPot1) Po + 0000 go(0, 0) P 6

and thus
(Tn - annJrl)Pn < P11 — P, < (Tn + QUUUQO(Oa 0)5 - annJrl)Pn-

We conclude that

rn Py + Py, (rn + 0“n"g0(0,0)9) P, + P,
< n+1 < .

By iv) in Lemma 3.2, we have |P, — y%| — 0 as n — 4o00. The result follows since

(Sny In, Pn) — (s5,0,9)) as n — 4o0. O

THEOREM 3.2. Assume conditions D1) to D3) and D5) to D9). If there is a constant
A € N such that RY(\) > 1 then the infectives (I,) are strong persistent in system (3.1.2).

PROOF. Assume that there is a constant A > 0 such that R‘(\) > 1. Then, there is a

function % such that, for all § > 0 sufficiently small we have

1+ Br(x — 0
[] '“(* L+ 0)* > 1+(6), (3.2.3)
Pait 1+c + ”kg(%,k — 99, 0, 25 + 50)

with ¢(d) > 0 for all 6 > 0 and ¢(6) — 0 as § — 0. Let Ny € IN and (S,, I,, P,) be a
solution of (3.1.2) with I, > 0 for all n > N;. We will use a contradiction argument to

prove that there is €1 > 0 such that

limsup I,, > €;. (3.2.4)

n—s+00
We may assume that ; > 0 is sufficiently small so that D8) and D9) hold for £;. Assuming
that (3.2.4) does not hold, there is Ny > Nj such that I, < e; for all n > Nj. By the first
and third equation in (3.1.2), we conclude that

Sny1 — Sp < Ap — HnSnt1

Pn+1 — P, < (Tn - ann+1)Pn + 'Ynanf(SnJrla 07 Pn)Pn + ennng(sny 07 Pn)Pn51
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for all n > N,. Considering system (3.1.14) with ¢ = ¢1, we have S, < x2.,, and

P, < 29, n for sufficiently large n. By D9) we also have, for sufficiently large n,
Toein S Tog pn+e1 and 206, <25, , +E1
and by the continuity properties in D8) and D9), we have
T2e0n S Theyp +61 <25, +x1(61) and 2.0 <25, , +61 < 23, + X2(c1),
with x1(e1), x2(¢1) = 0 as e1 — 0. Thus, in particular, for sufficiently large n,

Sp K T2eyn < T3, +x1(61)  and Py < 22600 < 23, + x2(61), (3.2.5)

Again by the first and third equation in (3.1.2), we conclude that

SnJrl - Sn = An - Mn5n+1 - anf(SnJrh 0, 0)22,51,n - /BnSnJrlgl
Pn+1 - P, 2 (Tn - annJrl)Pn + ’Ynanf(SnJrly €1, Pn)Pn
for all n > Ns.

Consider system (3.1.13) with ¢ = ¢;. We have S,, > w1, , and P, > 21, for

sufficiently large n. By D8) we also have, for sufficiently large n,

* *
Tlei,n 2 Lleym — €1 and Zle1,n 2 Rlei,n — €1-

and by the continuity properties in D8) and D9), we have

Tlein 2 Ten — €1 221, —@1(61)  and 2160 2 210, — €1 2 21, — $2(61),
with ¢1(g1),¢2(e1) = 0 as 1 — 0. Thus, in particular, for sufficiently large n,

Sp = T1en 22y, —wi(e1) and Py = 21e0 = 21, — p2(c1). (3.2.6)

Iag)

From the second equation in (3.1.2), (3.2.6), (3.2.5) and (3.2.3), we conclude that
/BnSn—i—lIn + In
1+ nng(sm I, Pn) +cn
Bn(al i —pi1(e1)) +1
T L nug(at g — e1(61),0,25, + xale)) e (3.2.7)

> (14 1(e1)) In—a—1

In—l—l ==

> > (L)L s o)
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for all n > N3 with N3 > Ny. Therefore, by (3.2.3) and (3.2.7), we conclude that I,, —
+00. A contradiction to Lemma 3.3. We have (3.2.4) and the infectives in system (3.1.2)
are weak persistent.

Using again a contradiction argument, we will prove that we have strong persistence

of the infectives. We may assume, with no loss of generality, that there are §,d9 > 0 such

that \
nf[ L Prl@1 i1 — ) >146 (3.2.8)
o L+ meg(ay p — 00,0,25 4 do) ’

for all sufficiently large n € IN. For each zy = (So, 1o, Py), denote by ((Sn.z: I,z Pn.z))
the solution of (3.1.2) with (S 2y, 10,29, Po,2) = (S0, Lo, ).
Proceeding by contradiction, if the system is not strong persistent, then there is a

sequence of initial values 2o = (Sok, ok, Po k), k € IN, such that

N €0
liminf I, ., , < 72 (3.2.9)

n—-+o0o

From (3.2.4) and (3.2.8), for each k € IN there are sequences (s, ;) and (t,, ) such that

0<sip <tip<sop <tor < <SSy <tmp<-, (3.2.10)
Sm,k — +00 as m — +00, (3.2.11)
€0 €0
Ism k120,k > 7 Itm k120 k < 727 (3212)
and
€0 €0
e <y, < T for all n € [spmk, tmr — 1] NIN. (3.2.13)

For any n € [Sy, k, tm,r — 1] N IN sufficiently large, we have, using (3.1.11),

1+ BnSn—l—l,zo’k
L4 cn+ Ung(SmZo,kv In,zo,m Pn,zo,k
1
>
I+en+ Ung(STL,Zo,kv 0, P”:ZO,IC
1
1+a

In+1,zo’k = )In,zo,k

) InzzO,k

= 1,20,k

where a = ¢* +n%¢(0,0, L + &) > 0. Therefore, by (3.2.12), we obtain

80 I < 1 tm,k_sm,k I 1 tm,k_sm,k 50
ﬁ > U, ks20,k & 1+a S, k»20,k > 1+a Ev

and therefore we get

t — > 71 K — + k— +
o0 as Q.
m,k Sm,k 1 (1 )
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Given n; € IN, we conclude that we can choose k1 € IN such that
thi‘ = Smk > N1+ A+ 1,

for all k > kq.
Now, for all & > ki and n € sy, 1 + 1,5, %) N IN, we have
(

Sn—i—l,z(),k - Sn,zo’;C <A, — HnSn—i—l,zo’k.

Pn+1,zo’k - Pn,zo,k < (Tn - annJrl,zoyk)Pn,zoyk

)

+ 'Ynanf(sn+l,20,ka In,z07k7 Pn,zUYk)Pn,zO’;c

+ 9n77n9(5n,z0,k 5 In,zoyka Pn,207k)51

Let (%1,,21,n) be a solution of (3.1.13) with initial condition Z1,, ,+1 = S, ,+1 and

21,5 5+1 = P, . +1. By D8), for sufficiently large k£ € IN we have
[Sn,20k = Z1nl < |Snzok — Tinl +[T10 — 27 5] < €0/2+€0/2 = €0
for all n € [sp, 1 + 1,tm %] N IN. In particular
Sn.zok Z L1 5 — €0, (3.2.14)

for all n € [sy, 41, ty k] NIN. In a similar way, using D9), we conclude that, for sufficiently
large k € IN we have
Pk < 23,5 + €0, (3.2.15)

for all n € [sp, 1 + 1, tm ] NIN.
Finally, we have
1+ Bn5n+1,20,k
L+en+ nng(Sn,zo,k ) In,zo,mpmzo,k)

1+ 5n($>{,n - 50)
T l4c, + Mmg(7,, — €0,0, 25, + €o)

InJrl,Zo,k = In,Zo,k

(3.2.16)

1,20,k
for all n € [sp, 1 + 11 + 1,6m %] NIN and k > ng. By (3.2.9) and (3.2.16) we get

tm,k _|_ l'* —
- > 1 /Bn( 1,n 80)
> l > I — —7
2 t L,k —A,20,k H 1+c,+ nng(fc’{’n €0, 0, z;n €o

m,k»20,k =
n:tnL,kf)‘

€0
)In,zo,k > ﬁv

a contradiction. Thus we conclude that the infectives are strong persistent and the result

follow. O
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3.3. Examples

3.3.1. No predation of uninfected preys. Letting a = 0 and g(z,y,2) = 2
in (3.1.2), we obtain the model below that corresponds to the discrete counterpart of

the model in [75].

Sn+1 - Sn = An - IU'TLSn-‘rl - 571577,—1—1[71
In-l—l - In = ﬁnSn—‘rlIn - TlnPnIn—i—l - CnIn+1 : (331)

Pn+1 — P, = (Tn - ann-l—l)Pn + ennnPnIn-i-l

For model (3.3.1) we assume conditions D1), D2) and D4). Notice that D3) is trivial,
D5) and D6) follow from the discussion on (3.1.4) with a,, = 0, D7) follows from Lemma 3.3
and D8) and D9) follow from Lemma 3.1 and Lemma 3.2, respectively.

For each solution (s}) of (3.1.5) with sop > 0, each solution (y) of (3.1.8) with yo > 0
and each A € IN, in this context of no predation (of uninfected preys) we set

n+A

1+ Bys;
R4 p(A) = lim inf M
n— oo n o L e+ My

and
n+A

1—|-/3k8}2 1
R%p(N) = limsup — el
Np() n—>+ookl_Inl+Ck+77kyZ

The next theorems correspond to discrete counterparts of the results in [75].

THEOREM 3.3. If there is A € IN such that RY;p(A) < 1 then the infectives (I,) go
to extinction in system (3.3.1) and any disease-free solution ((s},0,y.)) of (3.3.1), where
(sk) is a solution of (3.1.5) and (y}) is a solution of (3.1.8), is globally asymptotically

n

attractive.

THEOREM 3.4. If there is A € IN such that R p(\) > 1 then the infectives (I,) are

strongly persistent in system (3.3.1).

To do some simulation, we consider the particular solutions s} = A/u, y; = r/b
and the following particular set of parameters in system (3.3.1): A, = 0.3, u, = 0.1,
Brn = Bo(1 4+ 0.7cos(mn/5)), nn = 0.3(1 + 0.7cos(mn/5)), ¢, = 0.18, r, = 0.3, b, = 0.2,
0, = 0.9. This example is based the continuous time example from Chapter 1.

When fy = 0.17 we obtain R p(A) ~ 0.89 < 1 and we conclude that we have the
extinction (figure 3.1). When By = 0.29 we obtain R% p(\) ~ 1.24 > 1 and we conclude

that the infectives are strongly persistent (figure 3.2).
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FiGURE 3.1.  Extinction; no predation uninfected preys; Sy = 0.17.
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FIGURE 3.2.  Persistence; no predation on uninfected preys; 5y = 0.29.

In extinction and uniform strong persistence scenario we considered, respectively, the
following initial conditions: (S, I, Py) = (0.8,0.6,0.1), (So, Lo, Py) = (1.7,0.2,0.3) and
(So, Io, Po) = (2.3,0.4,0.7); (So, Lo, Py) = (1.5,0.1,0.2), (So, Lo, Py) = (0.7,0.2,0.4) and
(So, Io, Po) = (0.3,0.15,0.9).

3.3.2. Periodic coefficients. Consider the system (3.1.2) and assume that there is
w € IN such that Ap+w, = An,y fntw = Pns Ontw = Gn, Bntw = Bns Mntw = Ty Cntw = Cns
Trndw = Tny Ontw = bny Yntw = Yo and O,4,, = 6, for all n € N. Conditions D1) to D3)
and D5) to D8) are assumed; condition D4) is trivial.

For each solution (s}) of (3.1.5) with sp > 0, each solution (y;) of (3.1.8) with yo >0
and for each solution ((z7 ,,,27,,)) of (3.1.13) and ((23,, 23 ,,)) of (3.1.14) with e =0 and

initial conditions xg > 0 and 2y > 0, and each A € IN, we set

Rg H : 1,k+1

k1 +cp + nkg('ri]ga 07 Z;’k)

and "
1+ 5@92 1
Ru _ + ,
PER kl;Il L+ ek +mg(sh, 0, 47)

COROLLARY 11. If Rppp < 1 then the infective (I,,) go to extinction in system (3.1.2)

*

*) is a solution of the periodic

and any disease-free solution ((s},,0,y})) of (3.1.2), where (s
version of (3.1.5) and (y}) is a solution of the periodic version of (3.1.8), is globally

asymptotically attractive.
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0,0 © Oampy,

o

FIGURE 3.4.  Persistence; periodic coefficients; fy = 2.2.

COROLLARY 12. If R%ER > 1 then the infective (I,,) is strongly persistent in sys-

tem (3.1.2), where 7,27, and x3,,25, are the components of solutions of (3.1.13)

and (3.1.14), respectively. Moreover, there exist a periodic orbit of period w.

To do some simulation, we consider f(x,y,z) = x, g(x,y, 2) = z. We also considered
the following particular set of parameters, and with the exception of 8 we assume that
they are all constants: A, = 0.3, u, = 0.1, a,, = 0.4, 5,, = Bo(140.7cos(mn/5)), n, = 0.3,
cn =018, r, = 0.3, b, = 0.2, 7, = 0.1 and 8 = 0.9. We have the particular solutions
st = Mp, g = /b,

A A r yalA
5 sen)=1—,0 d (zF oy = r
(xQ,am,?ZQ,E,n) (uv > an (xl,am?Zl,a,n) <u+a6 +€7 b + b(ﬂ+ e) +€)) )

where

i+ yal + Onpe
= b .
When 8y = 0.17, we obtain R ~ 0.44 < 1 and we conclude that we have the extinction

(figure 3.3). When y = 2.2, we obtain R%,p(A\) ~ 2.72 > 1 and we conclude that

S)

the infectives are uniformly strong persistent (figure 3.4). In extinction and uniform
strong persistence scenario we considered, respectively, the following initial conditions:
(So, Io, Po) = (0.8,0.6,0.1), (So, Iy, Po) = (1.7,0.2,0.3) and (So, Lo, Py) = (2.3,0.4,0.7);
(So, Io, Po) = (1.5,0.1,0.2), (So, Lo, Py) = (0.7,0.2,0.4) and (So, Iy, Pp) = (0.3,0.15,0.9).
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3.3.3. Autonomous model. Consider the system (3.1.2), and assume now that

flx,y,2) = x, g(x,y,2) = 2, Ay = A, pn = 1, an = @, B = B, = 0, cn = ¢,
rp, =71, b, =band v, =, 0, = 0. Then we obtain following the model:

Sp41 — Sn = A — pSpt1 — aSp41 Py — BSps11n

Iny1 — In = BSpy1ln — nlny1Pn — clnia : (3.3.2)

Poi1— P, = (r—0bP,41)Py +vaSp+1 Py + 0041 Py,
Conditions D1) to D4) are immediate. Conditions D5) and D6) follow from the discussion
on (3.1.4). Condition D7) follows from Lemma 3.3 and D8) and D9) follow from Lemma
3.1 and Lemma 3.2, respectively.  For each solution (s}) of (3.1.5) with s9 > 0, each

n

solution (yg) of (3.1.8) with yp > 0 and each solution ((z}, 2%)) of (3.1.13) with € = 0 and

nren

initial conditions xg > 0 and 2y > 0, and each A € IN, we set

pw+a® + 3

RY =
AT (4 aO)(1 +c+10)’

where © = (rp + vaA)/(bu), and

w_ 1+B(A/p)
AT T4 c+n(r/b)

COROLLARY 13. If RY < 1 then the infective (1) in system (3.3.2) go to extinction.

COROLLARY 14. If RY > 1 then the infective (I,) in system (3.3.2) are strongly

persistent.

To do some simulation, we consider the following particular set of parameters: A = 0.3,
uw=01a=04,71n=03,¢=0.18,r=0.3,6=0.2, y=0.1 and 0 = 0.9.

When = 0.17 we obtain R ~ 0.93 < 1 and we conclude that we have the extinction.
When 5 = 2.2 we obtain Rﬁl ~ 1.85 > 1 and we conclude that the infectives are strongly
persistent.

In uniform strong persistence and extinction scenario we considered, respectively, the
following initial conditions: (S, Iy, Py) = (0.8,0.6,0.1), (So, Lo, Py) = (1.7,0.2,0.3) and
(So, Io, Py) = (2.3,0.4,0.7); (So, Iy, Py) = (1.5,0.1,0.2), (So, Lo, Py) = (0.7,0.2,0.4) and
(So, Io, Po) = (0.3,0.15,0.9).

3.4. Comments

In this chapter we used Mickens nonstandard method on a version of model (0.0.2)
to obtain a discrete family of non-autonomous eco-epidemiological models and discuss the

persistence and extinction of the infected preys.
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FIGURE 3.5.

;Mooooooo
|

FIGURE 3.6.  Persistence; autonomous model; 5, = 2.2.

A natural extension of our work would be to obtain persistence and extinction results
when we have general functions for the vital dynamics of uninfected preys and predators,

in the spirit of Chapter 1. It would also be interesting to obtain a discrete version of

Theorem 3 in Chapter 1 for the general model.



CHAPTER 4

Random Eco-Epidemiological Model

In this chapter we consider random perturbations of system (0.0.2) by introducing a
random noise in a parameter. We prove the existence of a global random attractor, the
persistence of susceptibles preys and provide conditions for the simultaneous extinction
of infectives and predators. We also discuss the dynamics of the corresponding random
epidemiological ST and predator-prey models. We obtain for this cases a global random
attractor, prove the prevalence of susceptibles preys and provide conditions for the extinc-

tions of infectives/predators.

As already mentioned in the Introduction, the understanding of asymptotic behavior
of eco-epidemiological models is an important problem in the mathematical biology. How-
ever, from the very beginning of the theory it became clear that even models for a ultra
simplified version of real world phenomena exhibit intricate and complex behaviours, de-
spite their simple formulation. In view of this, several mathematical tools were developed
with great success in order to understand as much as possible the features and properties
of these models.

Motivated, in one hand, by the attempts to approximate the mathematical models to
real world phenomena as much as possible and, on the other hand, by the mathematical
challenge to provide a deep and general knowledge on the theory constructed due to this
formulations, the models and the related theory have been reconstructed and evolved in
many directions. One of these directions aimed to consider nonautonomous elements in the
mathematical models, such as the seasonal dynamics, and also random elements in order
to deal with the presence of noise or complicated fluctuations, in contrast to a completely
deterministic situation.

As mentioned in the Introduction, in the nondeterministic situation there are two
main approaches to incorporate randomness by considering stochastic and random per-
turbations, which, roughly speaking, can be expressed throughout stochastic and random
differential equations. There are techniques to transform a system with stochastic per-

turbation to a random dynamical system, being that this can lead to unbounded random
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coefficients on the system and can substantially change the structure of the model; see for
instance [14, 15].

Random attractors are a central concept in the analysis of random models. Since their
introduction there are several improvements regarding the existence and properties of such
attractors, but there are questions that are still open in this theory; see [22, 23, 24, 25,
26, 46]. The main strategy adopted to ensure the existence of a random attractor for a
given family of random sets is to find a compact absorbing set. Moreover, since the family
of random sets we are interested contains every compact deterministic set, the random
attractor is actually unique (cf. Remark 4.6).

In this work we consider random perturbations of the general eco-epidemiological
model introduced in Chapter 1, that generalizes the model in [75] by adding a general
function corresponding to predation on uninfected and infected preys, that is, we aim to
perturb the model (0.0.2) with G(¢,S) = A(t) — uS(t) and H(t, P) = =61 P(t) — 62 P(t).

We consider a random coefficient (real noise), establish a framework of Random Dy-
namical Systems (RDS) and discuss the asymptotic behaviour of the solutions of the model
considered. Namely, we focus on the existence of a global random attractor which can
be understood as a random counterpart of a deterministic global attractor. We moreover
prove the prevalence of susceptibles preys and provide conditions for the simultaneous
extinction of infectives and predators.

We also discuss the dynamics of the corresponding random epidemiological ST and
predator-prey models, by considering the infectives (I) and predators (P) identically equal
to zero in the main model (4.2.1). For both subsystems we obtain a global random attrac-
tor, prove the persistence of susceptibles/preys and provide conditions for the extinctions
of infectives/predators. Random perturbations for a ST model, albeit slightly different,
were discussed in [14, 15].

This chapter is organized as follows: in section 4.1 we recall basic facts from RDS
and random attractors; in section 4.2 we introduce a random perturbation in an eco-
epidemiological model and establish a RDS framework; in section 4.3 we prove existence,
uniqueness and boundedness of solutions; in section 4.4 we prove the existence of a unique
global random attractor and provide a threshold for the extinction of predators and in-
fected preys, which is illustrated with a particular example; in section 4.5 we discuss the

partial dynamics of the perturbed model in the absence of predators or infected preys.
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4.1. Random attractors

We start by recalling some basic concepts about Random Dynamical Systems (RDS)
and random attractors. For details on RDS we refer to the reference monograph by
Arnold [1] and for random attractors see e.g. the survey [25] and reference therein.

Let (Q, F,P) be a probability space, where F is the o-algebra of measurable subsets
of Q and P is a probability measure on F. Given a topological space S we denote by B(S)
the Borel o-algebra of S. Consider a metric dynamical system (2, F,P,6) in the sense
that

(i) 0: Rx Q2 — Qis (B(R) ® F, F)-measurable;
(i) 6;: Q — Q given by fw = 0(t,w) satisfies:
(a) g =1dq and 045 = 0y 0 b, for all t, s € R;
(b) P(6;A) = P(A), for all A € F, that is, 0; preserves the probability measure P
for all t € R.

The non-intuitive term metric is present in the literature for historical reasons.
A (measurable) random dynamical system (RDS) ¢ on X = R over 6 (with time R)

is a map

e REIxOxX > X

satisfying
(i) measurability: (t,w,z) — ¢(t,w,z) is (B(R{) ® F ® B(X), B(X))-measurable;
(ii) cocycle property: ¢(t,w,z) forms a cocycle over 0, i.e.,
(a) p(0,w,x) ==z, for all w € Q,z € X;
() ot + s,w,z) = (t, 0w, p(s,w,z)), for all s,t € RY, w € Qand z € X.
We, moreover, assume a continuity condition:
(iil) * — p(t,w, ) is continuous for all w € Q and t € R .

To simplify we refer to such a RDS as the pair (0, ¢).

REMARK 4.1.

1. The cocycle property is assumed to hold for all w € €, or at least in a P-full
measure subset. This can be a delicate issue to ensure in specific examples of RDS
generated from a stochastic or a random differential equation.

2. Often joint continuity (t,z) — ¢(t,w,x) is assumed, but the continuity in time t
will not have a role in the following theory of random attractors. Nevertheless,
the RDS to be considered here is induced by random differential equations, which

provide joint continuity in time and space. In this case, the mapping o(t,w,xo)
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corresponds to the solution mapping with noise realization w and initial condition
xo = ¢(0,w,x); cf. Theorem 4.1.

3. We consider the phase space X = R® because we have in mind specific RDS related
to random versions of eco-epidemiological models that evolve on R3. However, it
1s typical to assume X to be a Polish space, i.e., a separable topological space for
which there is a complete metric which induces the topology. This, in particular,
includes open non-empty subsets of Euclidean spaces as well as separable Hilbert

and Banach spaces.

DEFINITION 4.1. A random set C' is a measurable subset of X x Q with respect to the

product o-algebra B(X) @ F.

Given w € ), the w-section of a random set C' C X x € is defined by
Cw) ={z: (z,w) € C}.

If aset C C X x{ has closed or compact w-sections C(w) it is a random set as soon as the
mapping w — d(z, C(w)) is measurable (from € to [0, 00]) for every z € X (see [16]). In
this case C will be said to be a closed or a compact random set, respectively. We say that
a random set C' has deterministic components or, for short, that is a deterministic set (as
subset of X x ) if its w-sections are constant: there is ' C X such that C(w) = C for all
(or, at least, almost all) w € Q. We define D(X) as the set of all deterministic compact
random sets. For any set C C X x Q, we define C := {(z,w) : = € C(w)}. We say that
a random set C'(w) is bounded if C(w) C X is bounded for all (or, at least, almost all)

w € .

REMARK 4.2. In general, having w d(x,C(w)) measurable for every x € X, does

not guarantee that C C X x Q is a (B(X) ® F)- measurable set; see 25, Remark 4].

DEFINITION 4.2. A bounded random set K is said to be tempered with respect to 0 if
for P-a.e. w e €,

lim e ?  sup |z|| =0, forall 3> 0.

i—00 €K (0—tw)

A random variable r: Q — R is said to be tempered with respect to 0 if for P-a.e. w € €,
lim e P! sup |r(fw)| = 0, for all B > 0.

We denote by 7(X) the set of all tempered sets of X (i.e, tempered bounded random

sets with fibers on X) with respect to 6. Notice that D(X) C T(X). In our perspective,

the underlying dynamics 6 is given, so that we will often omit the reference to 6.
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DEFINITION 4.3. Consider a RDS (0,¢) on X and an arbitrary family R of random
sets. A random set I" is called a random absorbing set in R if for any K € R and P-a.e.

w € Q, there exists Tk (w) > 0 such that
o(t,0_w, K(0_yw)) C I'(w) for allt > Tk (w).

If, in addition, I' is a closed random set, then we say that I' is a closed absorbing set.

DEFINITION 4.4. Consider a RDS (0,¢) on X and an arbitrary family R of random

sets. A compact random set A is called a pullback R attractor if:

(i) invariance: for P—a.e. w € Q and all t > 0 it holds
gp(t,w, A(w)) = A(etw);
(ii) attracting property: for any K € R and P-a.e. w € Q,

lim dist(p(t, 0_w, K(0_w)), A(w)) =0, (4.1.1)

— 00

where

dist(G, H) = sup inf —h 4.1.2
ist( ) SephleHHg | ( )
is the Hausdorff semi-metric for G,H C X.

If R = T(X) we say in this conditions that A is a global random attractor.
REMARK 4.3. Notice that a global random attractor is also a pullback D(X) attractor.

REMARK 4.4. Unless stated otherwise, a random attractor will be understood always
as a pullback attractor. There are other notions of attraction in this context, such as
forward attraction, weak attraction and attraction in probability but it is not our purpose
to investigate those behaviours. Notice also that the notion of pullback attractor does not
depend on the choice of the metric dist, which is not the case when we consider a forward

attractor A which instead condition (4.1.1) satisfies
tlim dist(p(t,w, K(w)), A(frw)) = 0;
— 00

see [26, Section 5].

PROPOSITION 4.1. [15, Proposition 1] Consider a RDS (6,¢) on X and an arbitrary
family R of random sets containing D(X). If there is a compact absorbing set I' € R then
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there is a unique global random attractor A with component subsets

Aw)= [ U et 0w, T (0 w)). (4.1.3)

T7>Tr(w) 12T

If the pullback absorbing set is positively invariant, i.e., o(t,w,T'(w)) C I'(Gw) for all
t >0, then

Aw)= J ot 0_w T(0_w)). (4.1.4)

t>Tr(w)

REMARK 4.5. The original statement requires an asymptotic compactness property
which is trivially satisfied in our context since X = R®. Note also that this path-wise
attracting in the pullback sense does not need to be path-wise attracting in the forward

sense, although it is forward attracting in probability: for any e > 0,
P({w € Q: dist(p(t, 0w, K(0_w)), Aw)) > ¢})
— P({w € Q: dist(p(tw, K (w)), A(6w) = <})

which goes to 0 ast — oco. That is,

lim d(p(t,w)K (w), A(Giw)) =0 in probability

t—o00

for every K € R. In particular, this allows individual realizations along sample paths to

have large deviations from the attractor, but still to converge in this probabilistic sense.

REMARK 4.6. The attractor need not be unique for a general family R. However, as
soon as R contains every compact deterministic set, if a random attractor for R exists

then it is unique (cf. [26]). Notice this is the case if R € {D(X), T (X)}.

4.2. Random eco-epidemiological model with real noise

In this section we consider random perturbations of a particular case of model (0.0.2),
by introducing a random noise in a parameter, meanwhile the remaining parameters are

assumed to be all positive constants.

We consider the eco-epidemiological model (0.0.2), with G(¢,5) = A(t) — uS(t),
H(t,P) = —51P(t) — 0oP(t)?, a(t) = 1, with constant parameter functions u, 3,7, ¢,y
and 6 (that we rewrite in this chapter as r, once 6 is used for the auxiliary metric dy-

namical system), and with a random birth rate A of the prey population modelled by a
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random variable, as follows:

§'(t,w) = Abiw) — uS(t) — f(S(t), 1(t), P(t))P(t) — BS()I(t)

I'(t,w) = BS)I(t) —ng(S(), (), P(t))I(t) — cI(t)

P'(t,w) = vf(S(t), I(t), P(t))P(t) +rng(S(t), I(t), P(t))I(t) — 61.P(t) — 62 P(t)?
(4.2.1)

where (2, F, P, 0) is a metric dynamical system that drives the noise and:

H1) p,B,n,¢,v,7,01 and d9 are all positive constants, and we assume that pu < ¢;
H2) functions f,g: (RF)? — Ry are locally Lipschitz and satisfy
a) S — f(S,I,P) and P — ¢(S, I, P) are nondecreasing,
b) I — f(S,I;P), P — f(S,I,P), S+ g(S,1,P) and I — ¢(S, I; P) are nonincreas-
ing,
c) f(0,1,P) =0 and ¢(S,I1,0)=0;
d) f(S,0,0) > 0 whenever S > 0;

H3) A:Q — RT is a measurable function such that
A(w) € [A*AY] := qo[1 —e;1 4 €], (4.2.2)

with go > 0,e € (0,1), for all w € €, and such that the function t — A(fw) is

continuous.

Typically, the functional response of the predator to prey is given by some particular
function. Besides the population compartments, given by S, I and P that correspond,
respectively, to the susceptible prey, infected prey and predator, we may understood A
and p as the (random) recruitment rate and the natural death rate of prey population,
respectively, 8 as the incidence rate of the disease, n as the predation rate of infected
prey, ¢ as the death rate in the infective class, v as the rate converting susceptible prey
into predator (biomass transfer), r as the rate of converting infected prey into predator,
f(S,I,P) is the predation of susceptible prey and g(S, I, P) is the predation of infected
prey. It is assumed that only susceptible preys S are capable of reproducing, i.e, the
infected prey is removed by death (including natural and disease-related death) or by
predation before having the possibility of reproducing.

Like in Chapter 1, the present setting includes several of the most common functional
responses for both functions f and g, including Holling-type I, Holling-type II, Holling-
type III, Beddington-De Angelis and Crowley-Martin. Also note that conditions in H2)
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are natural from a biological perspective and they are satisfied by the usual functional

responses considered in the literature.

REMARK 4.7. Although it can be possible to consider a more generalised model in which
some others coefficients can also be random, in this particular case we consider just one to
highlight the technique and specificities of this model. For examples of bounded real noise

as considered in this model (in particular, as in 3) see for instance [4, 13].

4.3. Existence and properties of solutions

In this section we prove the existence, uniqueness and boundedness of solutions to
(4.2.1) with nonnegative initial conditions on the populations. Moreover, we prove that
the solution mapping gives rise to a RDS. We start by showing that nonnegative initial
conditions for the populations remains nonnegative, avoiding meaningless solutions in

biological contexts.
LEMMA 4.1. The set
R} ={(S,I,P)eR*:S>0,1>0,P>0} (4.3.1)
is positively invariant for the system (4.2.1) for each fized w € Q.

PROOF. The planes I = 0 and P = 0 are invariant since on it we have I'(t,w) = 0 and
P'(t,w) = 0, respectively, and S’(t,w) > 0 on the plane S = 0.

If we start on the positive P-semi axes we have S’(t,w) > 0 and I'(t,w) = 0, so that
the solution remains on R3 N {I = 0}, while if we start on the positive I-semi axes we
have S’(t,w) > 0 and P’'(t,w) = 0, so that solution does not leave R3.

Finally, we claim that the positive S-semi axes is invariant. Indeed on this semi axe

we have I'(t,w) = P'(t,w) = 0 and
S'(t,w) = A(O'w) — u(t)S(t). (4.3.2)

That is, writing Sy = S(tg,w) for the initial condition of population S on time ¢y, we
have for the corresponding solution

t
S(t; to,w, So) = Soe Htt0) 4 e_“t/ AOsw)etds.

to

Since A < A(,w) < A¥, the last term is bounded:

t t t
Aee_“t/ etds < e_“t/ A(Osw)et®ds < A“e_“t/ e¥ds,
t ¢

0 0 to
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hence

¢
Af(1 — emHth)) < ,u,e“t/ A(Bsw)ersds < A%(1 — e H(Et0)),

to

In particular, for nonnegative initial condition Sy the population S(t;tp,w, Sp) remains
nonnegative. We conclude that the vector field at the boundary of IR‘}r never points

outwards.

O

Set a* = max{y,r}, a* = min{y,r}. To simplify the notation, unless stated oth-
erwise, given (Sp, [y, Py) € ]Ri we write S = S(t;to,w,So), I = I(t;tp,w,Ip) and P =
P(t;tg,w, Py) to be the components of the solution wu(t;tg,w,up) of system (4.2.1) with
initial state ug = (So, lo, Po) € sz’r at time ¢ = tg and fixed w € Q. Moreover, define
My = a'So + 71y + Py, Ng = a"Sy + rly + Py, M = M(t;tg,w, My) = a*S + rI + P and
N = N(t;tg,w, Ng) = a*S + rI + P. This notation will also be used for the particular
situation ¢ty = 0, which should become clear from the context. In this case we should write
h = h(t;0,w, hy) = h(t;w, hy), for h = S, I, P, M and N (and also for h =V and h = W
to be defined later).

In the following we provide thresholds for forward invariant subsets of IRS”F. Set

a“Av

a min{,uv 51} ’

u

and, for § > 0,

om0 0= 5107)

max{c, d1 }
and set ©f = 6.

PROPOSITION 4.2. For each § > 0 the region
Ks = {(507107P0) ERY : 05 < My < Np <O + 5} (4.3.3)
is positively invariant for the system (4.2.1) for each w € Q.

PROOF. Let § > 0 and w € 2 be fixed. For ty > 0, we have
N' = a"AOiw) — a*uS — a“ f(S,I,P)P — a“BSI
+rBSI —rng(S,1,P)I —rcl
+~f(S,I,P)P +rng(S,I,P)I —6,P — 6P (4.3.4)
<a"A* —a"uS —rcl — 6P+ (v—a")f(S,1,P)P

+ B(r—a")SI.
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Since v — a* < 0 and r — a" < 0, we have
N’ < a"A" — min{pu, §; } N. (4.3.5)
This implies
N < 0%+ (Ny — O%)e min{wdi}(t=to) (4.3.6)
Similarly,
M' > a’A' — max{ec, 6, } M
+ (y = a")f(S,I,P)P + B(r — a*)SI (4.3.7)
— 5o P2,

Recall that v —a’ > 0 and r —a® > 0, and if Ny < ©%+4, from (4.3.6) we have N < ©%+§
for all t > ¢y and

M' > a* A — 55(0% + 6)% — max{c, 6, } M, (4.3.8)
which implies, in this situation,
M 2 04 4 (Mo — 0f) e meleai) 439)

Thus if ug = (So, lo, Po) € Ks then u(t; tg,w,up) € Ks for all t > t. O

COROLLARY 15. For allw € Q, tg € Rg and (So, Io, Po) € ]Ri we have

lim N(t;to,w,No) S [@€7®u] and lim M(t;to,w,M()) S [@Z,Gu]

t—o0 t—o00

PRrROOF. From (4.3.6) we have
lim M (t;tg,w, My) < lim N(t;tg,w, No)
t—o00 t—00
< lim ©" + (Np — @) min tmdu}i=to)
T t—=oo

= 0"
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In particular, for any 6 > 0, if ¢ is sufficiently large we have N < ©" + 4, and from (4.3.9)
follows that

1 . > . .
tliglo N(t7 to, w, N[)) > tli)n;) ]\4’(157 to, w, MO)
= tlim ®§ + (Mo — @g)e_ max {¢,61}(t—to)
—00
= @5,
U

THEOREM 4.1. For any w € Q, ty € Rg and any initial condition ug = (So, Lo, Py) €
R3 the system (4.2.1) admits a unique bounded solution u(-) = u(-; to,w,uo) € C([to, +00), R3),
with u(to; to,w, ug) = ug. Moreover, the solution generates a RDS (0, ) defined as

o(t,w,up) = u(t;0,w,ug), for all t > 0,uy € Ri and w € Q. (4.3.10)
PROOF. The system (4.2.1) can be rewritten in the following form
U (t) = F(Ow,u). (4.3.11)

Since t + A(Gw) is continuous, the map F,(t,u) = F(fw,u) € C([tg,+00) x R}, R})
is locally Lipschitz respect to u. From Corollary 15, all the solutions u(t) are bounded.
Thus for each w € Q the system (4.2.1) possesses a unique global solution wu(t;tg,w, ug)
with initial condition u(to) = uo.

Since F(Ow,u) = F(t,w,u) is also measurable in w, the map
u(5to, -, ) : [to,00) x @ x R3 — R}

is (B([to, 00)) ® F @ B(RY.), B(R?.))-measurable. From [1, Theorem 2.2.2], the solutions of
system (4.2.1) generate a RDS via (4.3.10). We remark in particular the cocycle property
of (0, ¢) that can be obtained through

u(t + to; to, w, ug) = u(t; 0, Orw, up),
foralltZtoZO,wEQandUOERi. O

4.4. Global random attractor

In this section we prove the existence of a global random attractor, analyze the vital

dynamics of susceptible preys and discuss thresholds for extinction of infectives of (4.2.1).

4.4.1. Global random attractor. We establish now the existence of a pullback

T(R3)) attractor for system (4.2.1).
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THEOREM 4.2. The RDS (0, ) generated by (4.2.1) possesses a unique global random

attractor.

The proof follows straightforward from Proposition 4.1 and from the existence of a

compact random absorbing set ' € T(Ri) given by Proposition 4.3 below.

PROPOSITION 4.3. There exists a compact random absorbing set I' € T(R3) of the
RDS (0,¢) generated by (4.2.1). Moreover, for any 6 > 0 the sets I'(w) can be chosen as

the deterministic Ks for any w € Q.

PROOF. Consider A € T(R3) and § > 0. We want to prove that for each w € €2 there
exists T4 (w) > 0 such that for all t > Ty (w)

o(t, 0_yw, A(0_4w)) C Ks.
From Proposition 4.2 the set KCs is positively invariant, which means that for all t > 0
o(t,w, K5) C K.

To simplify, we write N (¢;0,w, Ng) = N (t;w, Ng) and M(¢;0,w, No) = M(t;w, Ny). Recall
that given ug = (So, Iy, Py) we write My = a’Sy + rIy + Py and Ny = a*So + r1y + P.
From (4.3.6) we have

up€A(O_1w)
Since A is tempered,
lim sup (Ng— 0% e min{nd}t — (4.4.1)
t—00 up€A(0—1w)
and thus
1tlim N(t;0_4w, Np) < O“. (4.4.2)
—00

Assume that ©% > 0, otherwise the result follows from Lemma 4.1. From (4.4.2), for any
0 < ¢ < ¢ and ¢ sufficiently large we have N(t;0_sw, Ng) < ©% + ¢’ and from (4.3.9), in
this situation we get
M (t; 0_yw, My) > @f;/ + inf <M() — @€,> e~ max{c01}t
ugEA(O_tw)

Since

lim  inf <Mg - @’%) e~ max{edi}t — (4.4.3)

=00 uge A(_tw)
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we have

lim M (t;6_w, M) > ©5 > 05. (4.4.4)
t—o00

Henceforth there is T4 (w) such that for all ¢ > T4 (w) we have for all vy € A(6_w) that
0% < M(t;0_yw, My) < N(t;0_w, No) <O +6

and the conclusion holds. O

From Remark 4.6, the global random attractor is unique. From Remark 4.5, (6, ¢)
possesses a forward attractor in probability and from Remark 4.3, it also possesses global

random D(R3)) attractor.

4.4.2. Susceptible dynamics.
4.4.2.1. Random attractor for susceptible vital dynamics. If we have no predators nei-

ther infected preys, from (4.2.1) the dynamics of susceptible preys is given by
S'(t,w) = A(Ow) — pS(t). (4.4.5)

For each w € 2, the solution of (4.4.5) with initial condition Sy > 0 at t =t is
t
S(t:to,w, So) = Soe M + [ A(Osw)e =) ds.

to

Replacing w by 6_,w, and taking tg = 0 we have, denoting S(¢;0,w, Sy) by S(t;w, So),
0
S(t;0_4w, Sp) = Spe M —i—/ A(Osw)e Hds.
—t
For any K € T ([0, +o00[) we have

lim sup  Spe M =0
100 6y e K (0_4w)

so that we may define

0
tli}m S(t;0_yw, Sp) = / A(Osw)e Hods .= S*(w) (4.4.6)

—c0
The equation (4.4.5) generates a RDS (6, ¢g), with pg(t,w, Sp) = S(t;w, Sp), which pos-
sesses a singleton global random attractor A(w) = S*(w). Moreover, it follows from (4.2.2)
and (4.4.6) that S*(w) € [A{, A—;} .

4.4.2.2. Persistence of susceptible preys. We give conditions to ensure the prevalence

of susceptible preys. We do not discuss conditions for prevalence of infected preys neither
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predators. To simplify the following computations, for a given § > 0 we set

@“+5)

fazAZ—f<@2j5,0,0> (0" +6) and Ca=u+ﬁ(

PROPOSITION 4.4. The global random attractor A for the RDS generated by (4.2.1)
possesses nontrivial components on the w-sections: A(w) = (Ag(w), Ar(w), Ap(w)) with
As(w) > &5/Cs, for all w € Q. In particular, susceptible preys are prevalent if &5 > 0 for
some & > 0.

Proor. To simplify, in the following we write
h = h(t;0,0_w, ho) = h(t;0_w, ho),

for h = 5, I and P. From Proposition 4.3, for any § > 0 and any K € ’T(]Ri) there exists
T (w) such that, for ¢t > T} (w) and (So, lo, Po) € K (0_4w) we have

aS+rlI+ P <O"+9.

From (4.2.1) we therefore have

S’ZAE—MS—f<@a:r5,O,O> (@“+5)—5<@ ”)s

r

= &5 — (69,

Thus, for all t > T (w)

52 24 (ST, 50) - £ ) eI,
Cs Gs

Hence for any § > 0 and K € T(R3) and large ¢, we have for all (So, Iy, Py) € K(0_w)

S =5(t;0_w,Sy) > Z. (4.4.7)

O

4.4.3. Extinction of predators and infected preys. We discuss now conditions

that lead to the vanish of infectious and predators.

PROPOSITION 4.5. The global random attractor A for the RDS generated by (4.2.1)
has singleton components A(w) = (S*(w),0,0) for every w € Q, provided that
pe

au

<c and 7f<(ju,0,0><51.
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PROOF. The last two equations in system (4.2.1) yields to

(rI 4+ P) = rBSI —rcl +~vf(S,I, P)P — 6, P — 6, P*
(4.4.8)

We will see that our hypothesis imply that both factors
BS —c¢ and ~f(S,I,P)— 01— §oP

po™

— < ¢ we can choose a ¢’ > 0 small enough such that taking

are negative for large t. If
§ = 4’ /a* we have
poe

= +4d<ec

From Proposition 4.3 we have that Ky x € is an absorbing set in 7(R3 ), so that for any
K € T(R3) and w €  there exists Tj(w) such that for ¢t > T (w) and (So, Lo, Py) €
K(0_w) we have

@u
58 = B8 (10, 50) < P 5 <
which implies that
BS —c <0, forall t > Ty (w). (4.4.9)

Now, if vf (%, 0, O) < 01, since f is continuous, by taking ¢’ > 0 even smaller, if necessary,
we also have that

ou
vf <au +5,0,0> < d1.

Again, since K5 x  is also an absorbing set in 7(R3), for any K € T(R%) and w € Q
there exists T (w) > T (w) such that, for t > T (w) and (So, o, Py) € K(0_ww) we have
S < % + 4§ and, setting P = P(t;0_4w, Py), by Lemma 4.1 we have I, P > 0. By the
monotonicity of f,
Qu
vﬂ&fiﬁﬁvf<wi+&ﬁo>§6h

which implies
Vf(S, I, P) = 61— 2P <0 (4.4.10)
for all ¢ > T (w). Setting I = I(t;60_sw, Iy), from (4.4.8), (4.4.9) and (4.4.10) we have for

t Z TK(w)

(rl + P) §maX{B§Z —c+,vf (34—5,0,0) —51}(7"I+P).

This implies that for all K € T(R3),

lim (rI+ P)= . 1i£1 (ri(t;0_iw, Io) + P(t;0_w, Py)) = 0,
—+00

t——+o0
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for all (Sy, Iy, Py) € K(0_4w). Moreover, from (4.4.6) if I, P = 0 we have

lim S(t;0_w, Sp) = S*(w).

t——+o0

Thus the global random attractor A for the RDS generated by (4.2.1) has singleton com-
ponents sets A(w) = {(S*(w),0,0)} for every w € Q. O

EXAMPLE 4.1. To illustrate this result in a model we consider Holling-type I functional

responses f(S,I1,P) =S and g(S,I,P) = P. Our model is in this specific case is

§(t,w) = A(0w) — pS(t) — S()P(t) — BSWI(2)

I'(t,w) = BS@I(t) = nI(t)P(t) — cl(t)

P'(t,w) =vS)P(t) + rnl (t)P(t) — 01P(t) — 62 P(t)?
Thus we have simultaneous extinction of infected preys and predators, in the sense that
the global random attractor has w-sections of type (S*(w),0,0), if

AY AY
75 <1 and —7 < 1.
cmin{yu, 61} 01 min{y, 01}

This can also be interpreted in the deterministic setting by considering A(w) = Ao for all

w and some Ay > 0.

4.5. Random attractors for partial dynamics

We discuss now the dynamics of the corresponding random epidemiological SI and
predator-prey subsystems of model (4.2.1).

In section 4.4.2.1 we analysed the vital dynamics of susceptible population, in the
simultaneous absence of disease and predators, for which we concluded the existence of a
singleton random global attractor with sections (S*(w),0,0). We discuss now the existence
of random global attractors in other subsystems, namely either in the absence of predators
or infectious, respectively. Set R2 = {(z,y) € R*: z,y > 0}.

4.5.0.1. The case without predator. Let us now consider the system (4.2.1) when we
do not have predators, by making P = 0. This case reduces to

S'(t,w) = A(Oww) — pS(t) — BS(t)I(t) (45.1)

I'(t,w) = BS()I(t) — cI(t)

In this situation we have a (random) epidemiological ST model. This ST model is a slightly

different model from de ST model corresponding to the first two equations (SI) of the STR
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models considered in [14, 15]. In our work, we obtain global random attractor, prove the
persistence of susceptibles and provide conditions for the extinctions of infectives.

Let us consider now v(t;to,w,vo) = (S(t;to,w, So), I(t;to,w, Ip)) as a solution of the
system (4.5.1) with initial conditions S(tp,w) = Sp and I(ty,w) = Iy, and vy = (Sop, Ip).
Let us define V=S + 1 and Vy = Sy + Iy. Similarly to Lemma 4.1, we easily conclude
that the region R? is positively invariant for system (4.5.1). In the following we provide

thresholds for forward invariant subsets of Ri.
PROPOSITION 4.6. For each 0 < § < Ae/c the region
V(;:{(SO,IO)G]Riz/S—(ngogf—i—é}
is positively invariant for the system (4.5.1).

PRrROOF. Recall that we assume p < ¢. Adding the two equations in (4.5.1) we have

V'(t,w) = A(Ow) — puS — el

(4.5.2)
<A —puV
and
V'(t,w) = A(Ow) — uS — cl
(4.5.3)
> A — V.
Writing V =V (¢;0,0_w, Vo) = V(t;0_4w, Vp), this implies
Af Af AY AY
—+ (VO — > etV < — ¢ (VO - ) e, (4.5.4)
c c [ [
If (So, Ip) € Vs, the solution remains in this region.
O

We notice that from (4.5.2) and (4.5.3) we have

lim V < lim — + (Vg — —)e ™
t—00 t—oo 1%
and
AZ AZ AE
lim V > lim — 4 (Ug — —)e™ % = —
t—00 t—oo C C c

From the previous estimates we get easily that the solutions v are bounded. The following

result follows straightforward as in the proof of Theorem (4.1).
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THEOREM 4.3. For any w € Q, ty € Rg and any initial condition vy = (Sp, Iy) € ]Ri
the system (4.5.1) admits a unique bounded solution v(-) = v(+;tg, w,v) € C([tg, +00), R%),

with v(to;to,w,vy) = vg. Moreover, the solution generates a RDS (0, ¢gr) defined as
wsi(t,w,ug) = v(t;0,w,up), for all t > 0,v9 € Ri and w € Q. (4.5.5)

In the following we establish the existence of a random global attractor for the partial

dynamics with no predators.

THEOREM 4.4. The RDS (0, psr) generated by (4.5.1) possesses a global random at-

tractor Agy.

We will prove that exists a closed random absorbing set I' € T (R?%). The result follows

then from Proposition 4.1.

PROPOSITION 4.7. There ezists a closed random absorbing set I' € T(R%) of the RDS
(0, s1) generated by (4.5.1). Moreover, for 0 < § < A?Z, the sets I'(w) can be chosen as

the deterministic Vs for any w € .

PROOF. Consider A € T(R2) and § > 0. We want to prove that for each w € €2 there
exists T4 (w) > 0 such that

o(t, 0_w, A(0_4w)) C V5 for all ¢ > Ty(w).
From (4.5.4), we have

A" AU
V(t;0_4w,Vp) < sup (V — ) eht L 2
voEA(f—¢w) H "
and since A is tempered, we have

A'M
lim  sup (V — > e M =0
) ©

t—o0 voEA(O_tw

and thus
lim V(t;0 Vo) < A" 4.5.6
P (t; 01w, O)_7~ (4.5.6)
Similarly,
AE
lim V(t;0_w, Vo) > —. (4.5.7)
t—o00 C

Considering the inequalities (4.5.6) and (4.5.7), there exists a T'4(w) such that for ¢t >
Ta(w), we have pg;(t,0_w, Vo) € Vs for all Vo € A(0_w). Tf 5 < & then Vs CRZ. O
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PROPOSITION 4.8. The global random attractor Agy for the RDS (0, ¢sr) generated
by (4.5.1) possesses nontrivial component sets on the w-sections: Asr(w) = (As(w), Ar(w))

with ,
A
Aglw) > — 2
il BAu
pt+ =

PROOF. Since for any § > 0 the random set V5 x Q is an absorbing set in T (R2), for
any K € T(R?2) there exists Tk (w) such that for ¢t > Tk (w) and (So, Ip) € K(0_w) we

have
u

A
S+1=S(t;0-w,So) + I(t; 04w, ly) < m + 0.

From (4.5.1) we have

yzAﬁﬁﬁ—5<t4w>s

:Af—<u+5<f+5>>s

Hence for any § > 0 and K € T(R2), (So, Iy) € K(§_w) and large ¢ we have
AZ

S(t;0_4w, So) > i <% +6>'

In the following we give condition for an attractor without infectious component.

PROPOSITION 4.9. The global random attractor Agy for the RDS (0, psr) generated

by (4.5.1) has singleton components Agr(w) = (S*(w),0) for every w € Q, provided that

BA™
I

<c.

PRrROOF. From the second equation in (4.5.1) we have that

I'(t,w) = (BS — o)I. (4.5.8)
Consider § > 0 small enough such that
BA

+ Bd < c.

From Proposition 4.7, for any A € T(R?%) there exists T4 (w) such that for all ¢ > T4(w),
and (So, Io) € A(6_1w) we have

u

BS = B5(t:0_ 4w, 50) < P2 4 g5 < ¢
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which implies

pAY

8BS —c< + 50 —c<0, forall t > Ty(w).

From (4.5.8) we have

BA% 4 B6—c) (t=Ta(w))

lim I(t;0_4w,Iy) < . lim I(Ta(w); G,tw,lo)e< =0.

t—4o00 —400

Moreover, if I = 0 we have from (4.4.6) that S(¢; 0_sw, Sp) converges to S*(w), as t — 400,
for each w € . O

The case without infectious. We consider now the case that we have no infected preys
in system (4.2.1), by making I = 0, which becomes

S'(t,w) = AOw) — uS — f(S,P)P (4.5.9)

P'(t,w) = vf(S,P)P — §; P — 65 P2.
where f(S,P) = f(S,0,P). This models corresponds to a random perturbation of a
predator-prey model. We obtain global random attractor, prove the persistence of preys
and provide conditions for the extinctions of predators.
Let w(t; ty,w, wp) be the solution of system (4.5.9) with initial condition wy = (So, Fo)
and let W =~S + P and Wy =Sy + Py. Define

AU ’VAU
a min{,u, 51}
and, for § > 0
o AL — 55(O% + 5)?
O = max {O, max {01}

PROPOSITION 4.10. For each § > 0 the region
Wi = {(SO,PO) ER2: ;< Wy < é"+5}

is positively invariant for the system (4.5.9).

PRrROOF. From (4.5.9) we have
W' (t,w) = yA(Biw) — yuS — 61 P — 5 P2
(4.5.10)
<A —min{p, 6; }W,

which, writing W = W(¢;0,0_w, Wy) = W (t; 0_w, Wy), implies

W< O+ (WO - é“) e~ min{udi}t (4.5.11)
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We also have
W' (t,w) > yA* — 5, P2 — max{p, 6, }W. (4.5.12)

Notice that if the initial condition (Sp, Py) belongs to W;s then P < O + ¢, and in this

situation we have
W' (t,w) > yA — 65(0 4 6)% — max{u, 6, }W. (4.5.13)

Hence, in this case we have

W2 0+ (W - 6F) e maxtnant, (45.14)
If (So, Py) € Ws, the solution remains in that region. O
From (4.5.11) we have
lim W < O,
t—o00

Notice that for any 6 > 0, for large ¢ we have P < W < ©% + §, and then (4.5.14) implies

lim W > 65.

t—o0

This implies that the solutions w are bounded.

PROPOSITION 4.11. For any w € €, tg € Rg and any initial condition wy = (So, Py) €
(RY)? the system (4.5.9) admits a unique bounded solution w(-) = w(+;ty,w,wp) € C([to, +00), (RF)?)
with w(to; to,w,wy) = wg. Moreover, the solution generates a random dynamical system

(0, psp) defined as
wsp(t,w,vg) = w(t;0,w,wp), for all t > 0,wy € (IRE)F)2 and w € Q.
THEOREM 4.5. The RDS (0, psp) generated by (4.5.9) possesses a global random at-

tractor Agp.

As before, the proof follows from Proposition 4.1 and from the fact that there exists a

closed random absorbing set I' € T(R2) given by Proposition 4.12 below.

PROPOSITION 4.12. There exists a closed random absorbing set T' € T(R%) of the RDS
(0, psp) generated by (4.5.9). Moreover, for any 6 > 0 the sets I'(w) can be chosen as the

deterministic Ws for any w € €.
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PROOF. Consider A € T(R?%). We will prove that for any w € (2 there exists T4 (w) > 0
such that
wsp(t,0_w, A(0_w) C W for all ¢t > Ty(w).
From Proposition 4.10 the region Wj is positively invariant for § > 0. From (4.5.11) we

have for wy = (So, Py) € A(0_4w) that

W(t’ g—tw7 WO) S éu + sup (WO — éu> e min{ﬂvél}t‘
woGA(Q,tw)

Since A is tempered, we have

lim  sup (WO — @“) e min{mdi}t —

t—o0 woEA(0_rw)

and thus

lim W (t;0_yw, W) < O, (4.5.15)

t—o00

Similarly, for any 0 < ¢’ < § and large t we have

W(tﬂ g—twﬂ WO) Z é)f;/ + inf (WO — é£,> e max{u,él}t‘

woEA(B_¢w)
Since
g (V580
we have
i Wt 0y, Wo) > 0%, (4.5.16)
and the result follows. O

PROPOSITION 4.13. The global random attractor Asp for the RDS generated by (4.5.9)

possesses component sets on the w-sections Asp(w) = (As(w), Ap(w)) with
pAg(w) > A —Ouf ((;)“/7,0).
In particular, susceptible preys are prevalent provided the right side of inequality is positive.

PROOF. Since for any § > 0 the random set Wj x € is an absorbing set in 7 (R?2), for
any K € T(R2) there exists Tk (w) such that for ¢t > Tk (w) and (Sp, Py) € K(0_w) we
have

NS + P = ~yS(t;0_w, So) + P(t;0_w, Py) < O + 6.
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From (4.5.9) we then have for any 6 > 0
N f((:)“/v +6, 0) (6" + ).
Hence for any § > 0 and K € T(R2), (So, Iy) € K(0_w) and large ¢ we have

Al — f(é“/wr 5,0) (0" + )
7

S(t; 0_sw, S()) >

and the result follows. O

We give now a condition leading to the extinction of predators.

PROPOSITION 4.14. The global random attractor Agp for the RDS (6, psp) generated
by (4.5.9) has a singleton components Asp = (S*(w),0) for every w € Q, provided that
7 (6/7,0) < a.

PROOF. We can choose § > 0 small enough, such that

vf (i + 6, 0) < 4. (4.5.17)

Since Wy x £ is an absorbing set in 7(R%), for any K € T(R?), there is T (w) such that,

for ¢t > 0 sufficiently large we have

N

u

S = S(t;0_w, Sp) < 67 +4.
From the monotonicity of f (and thus of f) we have for all t > T (w)
P’ = P'(t,0_w, Ry) = (vf(S,P) — 61 — 62 P)P
< <7f (@“/’y 44, 0) — 51> P (4519

From (4.5.17) we conclude that P(t;0_,w, Py) decreases to zero as t goes to infinity. More-
over, if P = 0, from the vital dynamics of susceptible preys (4.4.6) we have for all w € )

lim S(t;0_w, Sp) = S*(w).

t——+o0

4.6. Comments

In Chapter 4 it was discussed the existence and properties of solutions of the eco-

epidemiological model with random perturbations (4.2.1) (Section 4.3), the existence of
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a global random attractor (Section 4.4), the vital dynamics of susceptible preys (Sec-
tion 4.4.2.1) and thresholds for extinction of infectives (Secion 4.4.3). It would be inter-
esting to understand under which conditions the uniform strong persistence occur. The
asymmetry in the equations of system (4.2.1) with respect to biomass transfer gives rise
to significant obstacles and some other ideas should be incorporated to accomplish this
objective. On the other hand, a natural extension of this chapter is to consider perturba-
tions in more parameters than just the A parameter. One should not expect significant
changes in the main strategy in this situation.

Another question that is pertinent from both mathematical and biological viewpoints is
to consider perturbations with white noise, i.e., to consider systems derived from stochastic
differential equations. However, as mentioned before, these perturbations may change the
nature of the original model and, in some circumstances, can even lead to situations where
one looses the biological meaning of the system. Still, it would be interesting to study
this type of perturbations considering the general model (0.0.2). Moreover, numerical
simulations for this random dynamical systems should be considered taken into account
the theory of numerical analysis for stochastic dynamical systems (see [46]).

Motivated by the seasonal behaviour of dynamics that are considered in Biology, one
could aim to consider periodic random perturbations and look for the existence of periodic
random attractors, in the spirit of Chapter 2, but here for systems with random pertur-
bations. However, there is a substantial lack in the theory of periodic random dynamical
systems which can imply a great effort to move on in this direction.

Finally, there are few works on random perturbations for discrete eco-epidemiological
models. It would be very interesting to do research along this line. Namely, to consider
random perturbations of the discrete model described in Chapter 3 and provide informa-

tion about random attractors in this context.
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APPENDIX A

Mathlab code for figures

Figures in chapter 1

Figure 1. clear all
global Lamb mu beth ¢ eta r b Thet deltl delt2
format short
t=0;

Lamb=0.7;
mu=0.6;
beth=0.075;
eta=0.7,;
c=0.1;
delt1=0.2;
Thet=0.9;
delt2=0.3;
S0=2.66
10=0.51
P0=0.09

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’sistem51’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S1=S; I1=I; P1=P;

t1=t;

S0=1.6
10=0.2
P0=0.3

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’sistem51’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S2=S; 12=I; P2=P;

t2=t;

S0=0.15
10=0.7
P0=0.6

OPTIONS=odeset(’AbsTol’,1e-10);
wi= [SO,IO,PO] ; [t,w]=0del13(’sistem51’,[0,300],w0,0PTIONS);
S w(:,1

( )7
=w(:3);
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130 A. MATHLAB CODE FOR FIGURES

S3=S; 13=I; P3=P;
t3=t;

figure

plot(t1,51,’k’)

xlabel ('t");

ylabel (’S’,’Rotation’,0.0)
axis ([0,35,0,1.3])

hold on

plot(t2,52,'1”)

hold on

plot(t3,53,’¢’)

figure

plot(t1,11,’k”)

xlabel (’t’);

ylabel ('T’,’Rotation’,0.0)
axis ([0,40,0,.2])

hold on

plot(t2,12,’r”)

hold on

plot(t3,13,’¢’)

figure

plot(t1,P1,’k’)

xlabel ('t’);

ylabel ("P’,’Rotation’,0.0)
axis ([0,50,0,1])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’¢c)

Figure 2. clear all
global Lamb mu beth c eta r b Thet deltal delta2
format short
t=0;
Lamb=0.7;

mu=0.6;
beth=0.09;
eta=0.7;
c=0.1;
deltal=0.2;
Thet=0.9;
delta2=0.3;

S50=0.5
10=0.1
P0=04

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’sistem51’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S1=S;

I1=I;



FIGURES IN CHAPTER 1

P1=P;
t1=t;

S50=0.4
10=0.8
P0=0.7

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’sistem51’,[0,300],w0,OPTIONS);
S=w(:,1);

t2=t;

S0=1.036
10=0.387
P0=0.153

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0de113(’sistem51’,]0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);
P=w(:,3);
S3=S;
13=I,;
P3=P;
t3=t;

figure

plot(t1,51,’k’)

xlabel (’t’);

ylabel (’S’,’Rotation’,0.0)
axis ([0,35,0,1.3])

hold on

plot(t2,52,r")

hold on

plot(t3,53,’¢’)

figure

plot(t1,I1,’k’)

xlabel (’t");

ylabel ('I’,’Rotation’,0.0)
axis ([0,40,0,.2])

hold on

plot(t2,12,"r”)

hold on

plot(t3,13,’c’)

figure

plot(t1,P1,’k’)

xlabel (’t");

ylabel ("P’,’Rotation’,0.0)
axis ([0,50,0,1])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’c”)
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132 A. MATHLAB CODE FOR FIGURES

Figure 3. clear all
global Lamb mu beth ¢ eta r b Thet gamm a
format short
t=0;

Lamb=0.7;
mu=0.18;
beth=.2;
eta=0.7,;
c=0.1;
r=0.6;
Thet=0.9;
b=0.8;
gamm=0.1;
a=0.4;

S0=.811
10=0.0624
P0=1.388

OPTIONS=odeset(’AbsTol’,1e-10);
WOz[SO,IO,PO]; [t,w]=0del13(’sistem52’,[0,300],w0,OPTIONS);
S=w
I =w(: 2),
w(:,3);
Sl S;
T1=I;
P1=P;
t1=t;

S50=0.6
10=0.16
P0=0.46

OPTIONS odeset("AbsTol’,1e-10);
0=[S0,10,P0]; [t,w]=0del13(’sistem52’,[0,300],w0,OPTIONS);
S=W(~,1);

S0=1.0975
10=0.044
P0=0.76

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=odel13(sistem52’,]0,300],w0,0PTIONS);
S=w(:,1);
I =w(:,2);
w(:,3);
S3 S;
13=I;
P3=P;
t3=t;
S3=S3



figure plot(t1,51,’k’)
xlabel (’t");

ylabel (’S’,’Rotation’,0.0)
axis ([0,150,0,1.4])

hold on

plot(t2,52,’r”)

hold on

plot(t3,53,’c’)

figure plot(t1,I1,’k")
xlabel (’t");

ylabel ('T’,’Rotation’,0.0)
axis ([0,150,0,.3])

hold on

plot(t2,12,’r”)

hold on

plot(t3,13,’¢’)

figure plot(t1,P1,’k")
xlabel (’t’);

ylabel ("P’,’Rotation’,0.0)
axis ([0,50,0,1.6])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’c")

Figure 4. clear all

FIGURES IN CHAPTER 1

global Lamb mu beth ¢ eta r b Thet gamm a

format short
t=0;

Lamb=0.7;
mu=0.18;
beth=1.4;
eta=0.7;
c=0.1;
r=0.6;
Thet=0.9;
b=0.8;
gamm=0.1;
a=0.4;

S0=1.388
10=0.426
P0=1.388

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’sistem52’,[0,300],w0,OPTIONS);

S=w(:,1);
I=w(:,2);
P=w(:,3);
S1=S;
T1=I:
P1—P;
t1=t;

S0=.5
10=.1
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P0=4

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’sistem52’,]0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);

t2=t;

S0=.4
10=.04
PO=.7

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’sistem52”,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S3=S;

13=I;

P3=P;

t3=t;

S3=S3

figure plot(t1,51,’k’)

xlabel ('t");

ylabel (’S’,’Rotation’,0.0)

axis ([0,150,0,1.4])

hold on

plot(t2,52,’r”)

hold on

plot(t3,S3,’¢’)

figure plot(t1,I1,’k’)
xlabel ('t’);

ylabel ('T’,’Rotation’,0.0)
axis ([0,150,0,.3])

hold on

plot(t2,12,r")

hold on

plot(t3,13,’¢’)

figure

plot(t1,P1,’k’)

xlabel ('t’);

ylabel ("P’,’Rotation’,0.0)
axis ([0,50,0,1.6])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’c’)

Figure 5. clear all
global Lamb mu beth ¢ eta m Thet d a gamm

format short
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t=0;

Lamb=0.7;
mu=0.6;
beth=0.07;
eta=0.7,;
c=0.1;
m=2;
Thet=0.9;
d=0.3;
a=0.978;
gamm=0.9;

S0=1.66
10=0.514
P0=0.9

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system3’,]0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S1=S;

1=l

P1=P;

t1=t;

S0=.6
10=.2
P0=.3

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system3’,[0,300],w0,OPTIONS);
S=w(:,1);

t2=t;

S0=2.45
10=.7
P0=.6

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=ode113('system3’,[0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);
P=w(:,3);
S3=S;
13=I;
P3=P;
t3=t;

figure

plot(t1,51,’k")

xlabel (’t’);

ylabel (’S’,Rotation’,0.0)
axis ([0,100,0,3])

hold on
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plot(t2,52,r")
hold on
plot(t3,53,¢’)

figure

plot(t1,11,’k")

xlabel ('t");

ylabel ('T’,’Rotation’,0.0)
axis ([0,25,0,.8])

hold on

plot(t2,12,r")

hold on

plot(t3,13,¢’)

figure

plot(t1,P1,’k’)

xlabel ('t");

ylabel ("P’Rotation’,0.0)
axis ([0,150,0,1.4])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’c’)

Figure 6. clear all
global Lamb mu beth ¢ eta m Thet d a gamm
format short
t=0;

Lamb=0.7;
mu=0.6;
beth=0.6;
eta=0.7,;
c=0.1;
m=2;
Thet=0.9;
d=0.3;
a=0.978;
gamm=0.9;

S0=1.0357
10=0.387
P0=.153

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system3’,[0,300],w0,O0PTIONS);
S=w(:,1);

I=w(:,2);
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OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system3’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S2=S;

12=I,;

P2=P;

t2=t;

S0=.4
10=.04
P0=.7

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system3’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

figure

plot(t1,81,’k")

xlabel (’t");

ylabel (’S’,’Rotation’,0.0)
axis ([0,75,0,1])

hold on

plot(t2,52,"r”)

hold on

plot(t3,53,’¢’)

figure

plot(t1,11,’k”)

xlabel (’t);

ylabel ('T’,’Rotation’,0.0)
axis ([0,70,0,.8])

hold on

plot(t2,12,’r”)

hold on

plot(t3,13,’¢’)

figure

plot(t1,P1,’k’)

xlabel (’t’);

ylabel ("P’,’Rotation’,0.0)
axis ([0,75,0,.8])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’¢)

Figure 7. clear all
global Lamb mu beth ¢ eta m Thet d a gamm

format short
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t=0;

Lamb=0.7;
mu=0.6;
beth=0.25;
eta=0.7,;
c=0.1;
m=2;
Thet=0.9;
d=0.4;
a=0.4;
gamm=0.8;

S0=1.0357
10=0.387
P0=0.1525

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system4’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S1=S;

I1=I;

P1=P;

t1=t;

S0=.5
10=.1
P0=.4

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system4’,[0,300],w0,OPTIONS);
S=w(:,1);

T=w(.2);

t2=t;

S0=.4
10=.04
PO=.7

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0de113(’system4’,0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S3=S;

13=I;

P3=P;

t3=t;

figure

plot (t1,51,%")

xlabel (’t’);

ylabel (’S’,’Rotation’,0.0)
axis ([0,150,0,1.2])

hold on
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plot(t2,52,’r”)
hold on
plot(t3,53,’¢’)

figure

plot(t1,11,’k”)

xlabel (’t");

ylabel ('T’,’Rotation’,0.0)
axis ([0,150,0,.6])

hold on

plot(t2,12,’r”)

hold on

plot(t3,13,°¢’)

figure

plot(t1,P1,’k’)

xlabel (’t");

ylabel ("P’,’Rotation’,0.0)
axis ([0,100,0,.8])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’¢c")

Figure 8. clear all
global Lamb mu beth ¢ eta m Thet d a gamm
format short
t=0;

Lamb=0.7;
mu=0.6;
beth=0.08;
eta=0.7,;
c=0.1;
m=2;
Thet=0.9;
d=0.4;
a=0.4;
gamm=0.8;

S50=2.66
10=0.514
P0=0.9

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system4’,[0,300],w0,OPTIONS);
S=w(:,1);
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OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system4’,[0,300],w0,OPTIONS);
S=w(:,1);
I_W( 2)7
w(:,3);
S2 S;
12=I;
P2=P;
t2=t;

S0=.45
10=.7
P0=.6

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system4’,[0,300],w0,OPTIONS);
S w(:,1);
=w(:,2);
w(:,3);
SS S;
13=I;
P3=P;
t3=t;

figure

plot(t1,81,’k")

xlabel ('t");

ylabel (’S’,’Rotation’,0.0)
axis ([0,50,0,2.5))

hold on

plot(t2,52,’r")

hold on

plot(t3,53,¢’)

figure

plot(t1,11,’k")

xlabel ('t");

ylabel ('T’,’Rotation’,0.0)
axis ([0,50,0,.8])

hold on

plot(t2,12,r")

hold on

plot(t3,13,¢’)

figure

plot(t1,P1,’k’)

xlabel ('t");

ylabel ("P’,’Rotation’,0.0)
axis ([0,75,0,1.2])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’c’)

Figure 9. clear all
global p q d h beth ¢ eta b Thet

format short
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.6;
h=0.5;
beth=0.01;
eta=0.7,;
c=0.1;
Thet=0.9;

S0=7.16
10=.15
P0=4.5

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system5’,]0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);
P=w(:,3);
S1=S;
I11=I;
P1=P;
t1=t;

S0=.5
10=.1
P0=4

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system5’,[0,300],w0,OPTIONS);
S=w(:,1);

S0=.4
10=.04
P0=.7

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system5’,]0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S3=S;

13=I;

P3=P;

t3=t;

figure

plot(t1,51,’k’)

xlabel (t");

ylabel (’S’,Rotation’,0.0)
axis ([0,50,0,11])

hold on

plot(t2,52,’r”)
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hold on
plot(t3,53,¢’)

figure

plot(t1,I1,’k")

xlabel ('t");

ylabel ('T’,’Rotation’,0.0)
axis ([0,15,0,.16])

hold on

plot(t2,12,’1”)

hold on

plot(t3,13,¢’)

figure

plot(t1,P1,’k’)

xlabel (’t’);

ylabel (P’ Rotation’,0.0)
axis ([0,50,0,5])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’¢)

Figure 10. clear all
global p q d h beth c eta b Thet

format short

if
=

X o

T
T O00

.6;
h=0.5;
beth=0.5;
eta=0.7,;
c=0.1;
Thet=0.9;

S0=2.48
10=0.38
P0=1.95

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system5’,[0,300],w0,OPTIONS);
S=w(:,1);

t1=t;

S0=.5
10=.1
P0=.4

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0de113(’system5’,0,300],w0,0PTIONS);
S=w(:,1);
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S2 S
12=I;
P2=P;
t2=t;

S0=.4
10=.04
PO=.7

OPTIONS odeset(’AbsTol’,1e-10);

0=[S0,10,P0]; [t,w]=0del13(’system5’,[0,300],w0,OPTIONS);
SZW(-J),
I=w(:,2);
P=w(:,3);
S3=S;
13=I,;
P3=P;
t3=t;

figure

plot(t1,51,’k’)

xlabel (’t’);

ylabel (’S’,’Rotation’,0.0)
axis ([0,80,0,5.5))

hold on

plot(t2,52,r")

hold on

plot(t3,53,¢’)

figure

plot(t1,11,’k’)

xlabel (’t");

ylabel ('T’,’Rotation’,0.0)
axis (0,75,0,2.5))

hold on

plot(t2,12,r")

hold on

plot(t3,13,’¢’)

figure

plot(t1,P1,’k’)

xlabel (’t");

ylabel ("P’,’Rotation’,0.0)
axis ([0,75,0,4])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’c’)

Figure 11. clear all
global p q d h beth c eta b Thet

format short

-+
|
L

Soos
oo
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[Nyl
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d=b*0.6;
h=0.5;
beth=0.01;
eta=0.7,;
c=0.1;
Thet=0.9;

S0=3.342
10=0.15
P0=2.23

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system6’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S1=S;

I1=I;

P1=P;

t1=t;

S0=.5
10=.1
P0=4

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system6’,[0,300],w0,OPTIONS);
S=w(:,1);

t2=t;

S0=.4
10=.04
PO=.7

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0de113(’system6’,0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S3=S;

13=I;

P3=P;

t3=t;

figure

plot (t1,51,%")

xlabel (’t’);

ylabel (’S’,’Rotation’,0.0)
axis ([0,50,0,11])

hold on

plot(t2,52,’r”)

hold on

plot(t3,53,¢’)

figure
plot(t1,11,’k")
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xlabel (’t’);

ylabel ('T’,’Rotation’,0.0)
axis ([0,15,0,.16])

hold on

plot(t2,12,’r”)

hold on

plot(t3,13,’¢’)

figure

plot(t1,P1,’k’)

xlabel (’t");

ylabel ("P’,’Rotation’,0.0)
axis ([0,50,0,5))

hold on

plot(t2,P2,’r’)

hold on

plot(t3,P3,’c")

Figure 12. clear all
global p q d h beth ¢ eta b Thet

format short

S50=3.889
10=.15
P0=2.334

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0del13(’system6’,]0,300],w0,0OPTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S1=S;

11=I,;

P1=P;

t1=t;

S0=.5
10=.1
P0=.4

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system6’,[0,300],w0,OPTIONS);
S=w(:,1);
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P2=P;
t2=t;

S0=.4
10=.04
PO=.7

OPTIONS=odeset(’AbsTol’,1e-10);
w0=[S0,10,P0]; [t,w]=0del13(’system6’,[0,300],w0,OPTIONS);
S w(:,1);
=w(:,2);
w(-.3);
SS S;
13=I;
P3=P;
t3=t;

figure

plot(t1,S1,’k’)

xlabel (’t’);

ylabel (’S’,’Rotation’,0.0)
axis ([0,80,0,5.5))

hold on

plot(t2,52,r")

hold on

plot(t3,53,¢’)

figure

plot(t1,11,’k")

xlabel ('t’);

ylabel ('T’,’Rotation’,0.0)
axis ([0,75,0,2.5])

hold on

plot(t2,12,’17)

hold on

plot(t3,13,¢’)

figure

plot(t1,P1,’k’)

xlabel (’t’);

ylabel ("P’Rotation’,0.0)
axis ([0,75,0,4])

hold on

plot(t2,P2,’r")

hold on

plot(t3,P3,’¢)

Figures 13 and 14. clear all
global Alp b gamm bt a et ¢ Tt
format short
t=0;

Alp=0.7;
b=0.7;
a=1.2;
gamm=.5;

bt=.9;
et=0.5;
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c=.1;

Tt= 09
S0=.8
10=1.7
PO=.7

OPTIONS=odeset('Reltol’,1e-13,”AbsTol’,1e-30);

w0=[S0,10,P0]; [t,w]=0del13(’sistemLVC1’,[0,300],w0,OPTIONS);

S= W( 1);
I w( 2),
w(:.3);
Sl S;
T1=I:
P1—P;
t1=t;

S0=.6
10=1.7
P0=.5

OPTIONS odeset('Reltol’,1e-13,” AbsTol’,1e-30);

0=[S0,10,P0]; [t,w]=0del13(’sistemLVC1’,[0,300],w0,0PTIONS);

S:W(.,l);

t2=t;
S0=.4
10=1.3
P0=.3

OPTIONS=odeset('Reltol’,1e-13,’AbsTol’,1e-18);

w0=[S0,10,P0]; [t,w]=0de113(’sistemLVC1’,[0,300],w0,0PTIONS);

S=w(:,1);
=w(:,2);
P=w(:,3);
S3=S;

13=1;
P3=P;
t3=t;

S50=0.0041
10=0.3531
P0=0

OPTIONS=odeset('Reltol’,1e-13,”AbsTol’,1e-18);

w0=[S0,10,P0]; [t,w]=0del13(’sistemLVC1’,]0,300],w0,OPTIONS);

S=w(:,1);
L=w(:2)
w(:,3);
S4 S;
14=I,;
P4=P;
t4=t;

S50=0.0065
10=1.2949
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P0=0

OPTIONS=odeset('Reltol’,1e-13,’AbsTol’,1e-18);

w0=[S0,10,P0]; [t,w]=0del13(’sistemLVC1’,[0,300],w0,OPTIONS);
S=w(:,1);

I=w(:,2);

tb=t;

S0=0.0845
10=0.4234
P0=0

OPTIONS=odeset('Reltol’,1e-13,’AbsTol’,1e-18);

w0=[S0,10,P0]; [t,w]=0de113(sistemLVC1",]0,300],w0,0PTIONS);
S=w(:,1);

I=w(:,2);

P=w(:,3);

S6=S;

16=I;

P6=P;

t6=t;

figure

plot (t1,51,%")
xlabel (’t’);
ylabel (’S’,’Rotation’,0.0)
axis ([0,150,0,1.2])
hold on
plot(t2,52,’r)
hold on
plot(t3,53,¢’)
hold on
plot(t4,54,¢’)

figure
plot(t1,11,’k”)
xlabel (’t’);
ylabel ('T’,’Rotation’,0.0)
axis ([0,100,0,2.5])
hold on
plot(t2,12,’r”)
hold on
plot(t3,13,’¢’)
hold on
plot(t4,14,¢’)
hold on
plot(t5,15,’¢’)
hold on
plot(t6,16,c’)

figure

plot(t1,P1,’k’)

xlabel ('t’);

ylabel ("P’,’Rotation’,0.0)
axis ([0,180,0,.9])

hold on



plot(t2,P2,’r")
hold on
plot(t3,P3,’c’)
hold on
plot(t4,P4,’c)

figure
plot3(S1,P1,11,’k")
axis ([0,1,0,2,0,2])
xlabel (’S’);
ylabel ("P’);
zlabel ('T")
box on
hold on
plot3(S2,P2,12,°k)
hold on
plot3(S3,P3,13,’k’)
hold on
plot3(S4,P4.,14,b")
hold on
plot3(S5,P5,15,'17)
hold on
plot3(S6,P6,16,’c’)

Figure 1. clear all

FIGURE IN CHAPTER 2

Figure in chapter 2

global Lamb mu beth c eta r b Thet a gamm

format short
t=0;

Lamb=0.1;
mu=0.6;
beth=20;
eta=0.7,;
c=0.1;
r=0.2;
Thet=4;
b=0.3;
a=2;
gamm=.1;

S0=0.03567
10=0.02047
P0=0.88021

OPTIONS=odeset(’AbsTol’,1e-10);

w0=[S0,10,P0]; [t,w]=0de45(’systemT7’,]0,10],w0,0OPTIONS);

S=w(:,1);

t1=t;

figure
plot(t1,51,’k’)
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xlabel (’t’);

ylabel (’S,I’,’Rotation’,0.0)
axis ([0,10,0,.05])

hold on

plot(t1,11,’r”)

figure

plot(t1,P1,’c’)

xlabel ('t’);

ylabel ("P’,’Rotation’,0.0)
axis ([0,10,0.8,.9])

figure

plot3(S1,P1,I1,k’)

axis ([.033,.039,.872,.89,0.016,.025))
xlabel (’S);

ylabel ("P’);

zlabel ('T")

Figures in chapter 3

Figure 1. clear all

function sistemDyz
mu=0.1;
Lambda=0.3;
betaPAR=0.17;
¢c=0.18;
theta=0.9;
eta=0.3;

b=0.2;

r=0.3;
gammaPar=0.1;
a=0.4;
lambda=0.4;

function betaPAR1=betaPAR1(tp) betaPAR1=betaPAR*(1+0.7*cos(2*pi*tp));
end

function etaPAR1=etaPARI1(tp) etaPAR1=eta*(140.7*cos(2*pi*tp));
end

S10=1.5;
110=0.1;
P10=0.2;

$20=0.7;
120=0.2;
P20=0.4;

530=0.3;
130=0.15;
P30=0.9;

m=400;
h=0.1;

S1(1)=S10;
11(1)=I10;
P1(1)=P10;
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for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I1(n)
PHIN=1+h*etaPAR1(n*h)*P1(n)+h*c

THETAN=L*Lambda+S1(n)

S1(n+1)=(THETAN)/(PSIN);

I1(n+1)=I1(n)*(b*betaPAR1 (n*h)*THETAN+PSIN) / (PSIN*PHIN)
P1(n+1)=P1(n)*((1-+h*r)*PHIN*PSIN+h*theta*etaPARL(n*h)*(...)
(PSIN+h*betaPAR1(n*h)*THETAN)*I1(n))/(PSIN*PHIN*(1+h*b*P1(n)));

end

S2(1)=S20;
12(1)=120;
P2(1)=P20;

for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I2(n)
PHIN=1+h*etaPAR1(n*h)*P2(n)+h*c

THETAN=h*Lambda+S2(n)

S2(n+1)=(THETAN)/(PSIN);

12(n+1)=I2(n)*(h*betaPART (n*h)* THETAN -+ PSIN) /(PSIN*PHIN)
P2(n+1)=P2(n)*((1+h*r)*PHIN*PSIN+ h*theta*etaPAR (n*h)*(...)
(PSIN-+h*betaPAR1(n*h)*THETAN)*I2(n)) /(PSIN*PHIN*(1+h*b*P2(n)));

end

$3(1)=530;
13(1)=I30;
P3(1)=P30;

for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I3(n)
PHIN=1+h*etaPAR1(n*h)*P3(n)+h*c

THETAN=h*Lambda+S3(n)

S3(n+1)=(THETAN)/(PSIN);

13(n+1)=I3(n)*(h*betaPAR T (n*h)* THETAN -+ PSIN) /(PSIN*PHIN)
P3(n-+1)=P3(n)*((1+h*r)*PHIN*PSIN + h*theta*etaPARL (n*h)*(...)
(PSIN-+h*betaPAR1(n*h)*THETAN)*I3(n)) /(PSIN*PHIN*(1+h*b*P3(n)));

end
n=1:m+1;

S=[S1(n).”,S2(n).’,S3(n).’];
figure(1)

stem (S,’LineStyle’,’'none’);
xlabel ('n’);

ylabel (’S’,’Rotation’,0.0);
figure(2)
I=[11(n).",12(n).”,I3(n)."];
stem (I,’LineStyle’, 'none’);
xlabel ('n’);

ylabel ('I’,’Rotation’,0.0)
figure(3)
P=[P1(n).”,P2(n).”,P3(n).’];
stem (P,’LineStyle’,'none’);
xlabel ('n’);

ylabel ("P’,’Rotation’,0.0)
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end
Figure 2. clear all

function sistem Dy zT
mu=0.1;
Lambda=0.3;
betaPAR=0.29;
c=0.18;
theta=0.9;
eta=0.3;

b=0.2;

r=0.3;
gammaPar=0.1;
a=0.4;
lambda=0.4;

function betaPAR1=betaPAR1(tp)
betaPAR1=betaPAR*(1+0.7*cos(2*pi*tp));

end

function etaPAR1=etaPARI1(tp)
etaPAR1=eta*(14-0.7*cos(2*pi*tp));

end

S10=1.5;
110=0.1;
P10=0.2;

$20=0.7;
120=0.2;
P20=0.4;

$30=0.3;
130=0.15;
P30=0.9;

m=400;
h=0.1;

S1(1)=S10;
11(1)=T10;
P1(1)=P10;

for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I1(n)
PHIN=1+h*etaPAR1(n*h)*P1(n)+h*c

THETAN=h*Lambda+S1(n)

S1(n+1)=(THETAN)/(PSIN);

I1(n+1)=I1(n)*(h*betaPARI (n*h)* THETAN 4 PSIN) /(PSIN*PHIN)
P1(n+1)=P1(n)*((1+h*r)*PHIN*PSIN + h*theta*etaPAR (n*h)*(...)
(PSIN-+h*betaPAR1 (n*h)*THETAN)*I1(n)) /(PSIN*PHIN*(1+h*b*P1(n)));

end

S2(1)=S20;
12(1)=120;
P2(1)=P20;
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for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I2(n)
PHIN=1+h*etaPAR1(n*h)*P2(n)+h*c

THETAN=L*Lambda+S2(n)

S2(n+1)=(THETAN)/(PSIN);

12(n+1)=I2(n)*(h*betaPAR1 (n*h)*THETAN+PSIN) / (PSIN*PHIN)
P2(n+1)=P2(n)*((1-+h*r)*PHIN*PSIN +h*theta*etaPAR1(n*h)*(...)
(PSIN+h*betaPAR1(n*h)*THETAN)*12(n))/(PSIN*PHIN*(1+h*b*P2(n)));

end

$3(1)=530;
13(1)=I30;
P3(1)=P30;

for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I3(n)
PHIN=1+h*etaPAR1(n*h)*P3(n)+h*c

THETAN=h*Lambda+S3(n)

S3(n+1)=(THETAN)/(PSIN);

13(n+1)=I3(n)*(h*betaPART (n*h)* THETAN -+ PSIN) /(PSIN*PHIN)
P3(n-+1)=P3(n)*((1+h*r)*PHIN*PSIN+ h*theta*etaPAR (n*h)*(...)
(PSIN-+h*betaPAR1(n*h)*THETAN)*I3(n)) /(PSIN*PHIN*(1+h*b*P3(n)));

end
n=1:m+1;

S=[S1(n).”,S2(n).”,S3(n).’];
figure(1)

stem (S,’LineStyle’,’'none’);
xlabel ('n’);

ylabel (’S’,’Rotation’,0.0);
figure(2)
I=[11(n).",12(n).”,I3(n)."];
stem (I,’LineStyle’, 'none’);
xlabel ('n’);

ylabel ('I’,’Rotation’,0.0)
figure(3)
P=[P1(n).”,P2(n).”,P3(n).’];
stem (P,’LineStyle’,’none’);
xlabel ('n’);

ylabel ("P’,’Rotation’,0.0)

end
Figure 3. clear all

function sistemDpggr
mu=0.1;
Lambda=0.3;
betaPAR=0.17;
c=0.18;
theta=0.9;
eta=0.3;

b=0.2;

r=0.3;
gammaPar=0.1;
a=0.4;
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function betaPAR1=betaPARI1(tp)
betaPAR1=betaPAR*(1+0.7*cos(2*pi*tp));

end

function etaPAR1=etaPARI1(tp)
etaPAR1=eta*(1+0.7*cos(2*pi*tp));

end

S10=1.5;
110=0.1;
P10=0.2;

$20=0.85;
120=0.2;
P20=0.4;

$30=0.03;
130=0.015;
P30=0.02;

m=300;
h=0.1;

S1(1)=S10;
11(1)=I10;
P1(1)=P10;

for n=1:m PSIN=1+4+h*mu+h*betaPAR1(n*h)*I1(n)+h*a*P1(n)
PHIN=1+h*etaPAR1(n*h)*P1(n)+h*c

THETAN=h*Lambda+S1(n)

S1(n+1)=(THETAN)/(PSIN);

I1(n+1)=I1(n)*(h*betaPARI (n*h)* THETAN+PSIN) /(PSIN*PHIN)
P1(n+1)=P1(n)*((1+h*r)*PHIN*PSIN + h*gammaPar*a* THETAN*PHIN
+h*theta*etaPAR1(n*h)*(PSIN+h*betaPAR1(n*h)*THETAN)*I1(n))/(PSIN*PHIN*(1+h*b*P1(n)));

end

S2(1)=S20;
12(1)=120;
P2(1)=P20;

for n=1:m

PSIN=1+h*mu-+h*betaPAR1(n*h)*I12(n)+h*a*P2(n)

PHIN=1+h*etaPAR1(n*h)*P2(n)+h*c

THETAN=h*Lambda+S2(n)

S2(n+1)=(THETAN)/(PSIN);

12(n+1)=12(n)*(h*betaPARI (n*h)* THETAN+PSIN) /(PSIN*PHIN)
P2(n+1)=P2(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
+h*theta*etaPAR1(n*h)*(PSIN+h*betaPAR1(n*h)*THETAN)*I2(n))/(PSIN*PHIN*(1+h*b*P2(n)));

end

$3(1)=530;
13(1)=I30;
P3(1)=P30;

for n=1:m
PSIN=1+h*mu-+h*betaPAR1(n*h)*I3(n)+h*a*P3(n)
PHIN=1+h*etaPAR1(n*h)*P3(n)+h*c
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THETAN=h*Lambda+S3(n)

S3(n+1)=(THETAN)/(PSIN);

13(n-+1)=I3(n)*(h*betaPAR T (n*h)* THETAN+PSIN) /(PSIN*PHIN)
P3(n+1)=P3(n)*((14+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN

+h¥theta*etaPAR](n*h)* (PSIN-+h*betaPAR (n*h)*THETAN)*I3(n)) /(PSIN*PHIN* (14 h*b*P3(n)));

end
n=1:m+1;

S=[S1(n).”,S2(n).”,S3(n)."];
figure(1)

stem (S,’LineStyle’,’'none’);
xlabel ('n’);

ylabel (’S’,Rotation’,0.0);
figure(2)
I=[I1(n).”,12(n).”,I3(n)."];
stem (I,’LineStyle’, 'none’);
xlabel ('n’);

ylabel ('T’,’Rotation’,0.0)
figure(3)
P=[P1(n).,P2(n).”,P3(n)."];
stem (P,’LineStyle’,’none’);
xlabel ('n’);

ylabel ("P’,’Rotation’,0.0)

end
Figure 4. clear all

function sistemDpgr
mu=0.1;
Lambda=0.3;
betaPAR=2.2;
c=0.18;
theta=0.9;
eta=0.3;

b=0.2;

r=0.3;
gammaPar=0.1;
a=0.4;

function betaPAR1=betaPAR1(tp)
betaPAR1=betaPAR*(1+0.7*cos(2*pi*tp));

end

function etaPAR1=etaPAR1(tp)
etaPAR1=eta™(140.7*cos(2*pi*tp));
end

S10=1.5;
110=0.1;
P10=0.3;

$20=0.85;
120=0.2;
P20=0.4;

$30=0.03;
130=0.015;
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P30=0.02;

m=300;
h=0.1;

S1(1)=S10;
11(1)=I10;
P1(1)=P10;

for n=1:m PSIN=1+h*mu+h*betaPAR1(n*h)*I1(n)+h*a*P1(n)
PHIN=1+h*etaPAR1(n*h)*P1(n)+h*c

THETAN=h*Lambda+S1(n)

S1(n+1)=(THETAN)/(PSIN);

I1(n+1)=I1(n)*(h*betaPARI (n*h)* THETAN+PSIN) /(PSIN*PHIN)
P1(n+1)=P1(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
‘+h*theta*etaPAR1(n*h)*(PSIN+h*betaPAR (n*h)*THETAN)*I1(n)) /(PSIN*PHIN* (1-+h*b*P1(n)));

end

$2(1)=520;
12(1)=I20;
P2(1)=P20;

for n=1:m

PSIN=1+h*mu+h*betaPAR1(n*h)*I12(n)+h*a*P2(n)

PHIN=1+h*etaPAR1(n*h)*P2(n)+h*c

THETAN=h*Lambda+S2(n)

S2(n+1)=(THETAN)/(PSIN);

12(n+1)=I2(n)*(h*betaPAR1 (n*h)* THETAN+PSIN) /(PSIN*PHIN)
P2(n+1)=P2(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
‘+h*theta*etaPAR1(n*h)*(PSIN+h*betaPAR1 (n*h)*THETAN)*12(n)) /(PSIN*PHIN* (1-+h*b*P2(n)));

end

$3(1)=530;
13(1)=I30;
P3(1)=P30;

for n=1:m

PSIN=1+h*mu-+h*betaPAR1(n*h)*I3(n)+h*a*P3(n)

PHIN=1+h*etaPAR1(n*h)*P3(n)+h*c

THETAN=h*Lambda+S3(n)

S3(n-+1)=(THETAN)/(PSIN);

13(n+1)=I3(n)*(h*betaPAR1 (n*h)* THETAN+PSIN) /(PSIN*PHIN)
P3(n+1)=P3(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
‘+h*theta*etaPAR1(n*h)*(PSIN+h*betaPAR1 (n*h)*THETAN)*I3(n)) /(PSIN*PHIN* (1-+h*b*P3(n)));

end
n=1:m+1;

S=[S1(n).’,S2(n).",S3(n).’];
figure(1)

stem (S, LineStyle’,'none’);
xlabel ('n’);

ylabel (’S’,’Rotation’,0.0);
figure(2)
I=[I1(n).”,12(n).",I3(n)."];
stem (I,’LineStyle’,’'none’);
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xlabel ('n’);

ylabel ('T’,’Rotation’,0.0)
figure(3)
P=[P1(n).",P2(n).”,P3(n)."];
stem (P,’LineStyle’,’none’);
xlabel ('n’);

ylabel ("P’,’Rotation’,0.0)

end
Figure 5. clear all

function sistemD oy
mu=0.1;
Lambda=0.3;
betaPAR=0.17;
¢c=0.18;
theta=0.9;
eta=0.3;

b=0.2;

r=0.3;
gammaPar=0.1;
a=0.4;

S10=1.5;
110=0.1;
P10=0.2;

$20=0.7;
120=0.2;
P20=0.4;

S30=0.3;
130=0.15;
P30=0.9;

m=300;
h=0.1;

S1(1)=S10;
11(1)=I10;
P1(1)=P10;

for n=1:m

PSIN=1+h*mu+h*betaPAR*I1(n)+h*a*P1(n)

PHIN=1+h*eta*P1(n)+h*c

THETAN=h*Lambda+S1(n)

S1(n+1)=(THETAN)/(PSIN);

I1(n-+1)=I1(n)*(h*betaPAR*THETAN + PSIN) /(PSIN*PHIN)
P1(n+1)=P1(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
th¥theta*eta*(PSIN+h*betaPAR*THETAN)*I1(n)) /(PSIN*PHIN*(1+h*b*P1(n))):

end
S2(1)=S20;
12(1)=I20;
P2(1)=P20;
for n=1:m

PSIN=1+h*mu+h*betaPAR*I2(n)+h*a*P2(n)
PHIN=1+h*eta*P2(n)+h*c
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THETAN=h*Lambda+S2(n)

S2(n+1)=(THETAN)/(PSIN);

12(n+1)=I2(n)*(h*betaPAR*THETAN+ PSIN) /(PSIN*PHIN)
P2(n+1)=P2(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
th*theta*eta*(PSIN+h*betaPAR*THETAN)*12(n))/ (PSIN*PHIN*(1+h*b*P2(n)));

end

$3(1)=530;
13(1)=I30;
P3(1)=P30;

for n=1:m

PSIN=1+h*mu-+h*betaPAR*I3(n)+h*a*P3(n)

PHIN=1+h*eta*P3(n)+h*c

THETAN=h*Lambda+S3(n)

S3(n-+1)=(THETAN)/(PSIN);

13(n+1)=I3(n)*(h*betaPAR*THETAN + PSIN) /(PSIN*PHIN)
P3(n+1)=P3(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
+h*theta*eta®(PSIN+h*betaPAR*THETAN)*I3(n))/(PSIN*PHIN*(1+h*b*P3(n)));

end

n=1:m+1;

S=[S1(n).’,S2(n).",S3(n).’];

figure(1)

stem (S, LineStyle’,’'none’);

xlabel ('n’);

ylabel (’S’,’Rotation’,0.0);

ﬁgure(2)
I=[11(n).",12(n)."I3(n).

stem (I ,’LlneStyle’ ‘none’);

xlabel ('n’);

ylabel ('T’,’Rotation’,0.0)

figure(3)

P=[P1(n).”,P2(n).”,P3(n).’];
stem (P,'LineStyle’,'none’);
xlabel ('n’);

ylabel ("P’,’Rotation’,0.0)

end
Figure 6. clear all

function sistemD ayT
mu=0.1;
Lambda=0.3;
betaPAR=2.2;
c=0.18;
theta=0.9;
eta=0.3;

b=0.2;

r=0.3;
gammaPar=0.1;
a=0.4;

S10=1.5;
110=0.1;
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P10=0.2;

$20=0.7;
120=0.2;
P20=0.4;

$30=0.3;
130=0.15;
P30=0.9;

m=300;
h=0.1;

S1(1)=S10;
11(1)=110;
P1(1)=P10;

for n=1:m

PSIN=1+h*mu+h*betaPAR*I1(n)+h*a*P1(n)

PHIN=1+h*eta*P1(n)+h*c

THETAN=h*Lambda+S1(n)

S1(n+1)=(THETAN)/(PSIN);

I1(n-+1)=I1(n)*(h*betaPAR*THETAN + PSIN) /(PSIN*PHIN)
P1(n+1)=P1(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
+h*theta*eta™(PSIN+h*betaPAR*THETAN)*I1(n))/(PSIN*PHIN*(14+h*b*P1(n)));

end

S2(1)=520;
12(1)=I20;
P2(1)=P20;

for n=1:m

PSIN=1+h*mu+h*betaPAR*I2(n)+h*a*P2(n)

PHIN=1+h*eta*P2(n)+h*c

THETAN=h*Lambda+S2(n)

S2(n+1)=(THETAN)/(PSIN);

12(n-+1)=I2(n)*(h*betaPAR*THETAN + PSIN) /(PSIN*PHIN)
P2(n+1)=P2(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
h¥theta*eta*(PSIN+h*betaPAR*THETAN)*12(n)) /(PSIN*PHIN*(1+h*b*P2(n))):

end

$3(1)=530;
13(1)=I30;
P3(1)=P30;

for n=1:m

PSIN=1+h*mu+h*betaPAR*I3(n)+h*a*P3(n)

PHIN=1-+h*eta*P3(n)+h*c

THETAN=h*Lambda+S3(n)

S3(n+1)=(THETAN)/(PSIN);

13(n-+1)=I3(n)*(h*betaPAR*THETAN + PSIN) /(PSIN*PHIN)
P3(n+1)=P3(n)*((1+h*r)*PHIN*PSIN+h*gammaPar*a*THETAN*PHIN
h¥theta*eta*(PSIN+h*betaPAR*THETAN)*13(n)) /(PSIN*PHIN*(1+h*b*P3(n))):

end

n=1m+1;
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S=[S1(n).”,S2(n).”,S3(n)."];
figure(1)

stem (S,’LineStyle’,’'none’);
xlabel ('n’);

ylabel (’S’,’Rotation’,0.0);
figure(2)
I=[11(n).”,12(n).”,I3(n)."];
stem (I,’LineStyle’,’'none’);
xlabel ('n’);

ylabel ('I’,’Rotation’,0.0)
figure(3)
P=[P1(n).”,P2(n).”,P3(n).’];
stem (P,'LineStyle’,'none’);
xlabel ('n’);

ylabel (P’ ’Rotation’,0.0)

end
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