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Resumo

Os satélites tornaram-se numa forma ideal de comunicacio (sendo vitais em 4rea re-
motas do mundo), navegacao e monitorizacao do clima, tendo também outras funcional-

idades e influencia no planeta.

Um satélite de comunicacao age como uma estacao de repeticao de microondas que
permite a dois ou mais utilizadores com um segmento terrestre para trocarem informacao,
funcionando como um canal/intermediario entre localidades distantes- as ondas de radio
‘viajam’ por ‘linha de vista’ e podem ser obstruidas pela curvatura da Terra. Ainda assim, o
interesse nas comunicacoes via satélite permanece devido as vantagens associadas a estes

sistemas.

Um sistema de comunicacao espacial divide-se em duas partes: o segmento espacial e
o segmento terrestre. A utilizacdo de sinais microondas permite uma comunicacao méovel
e sem fios, desde que o segmento na Terra esteja contido na zona de influéncia do satélite
é possivel estabelecer uma conexao efetiva entre o satélite e o utilizadores. Os satélites

podem funcionar para qualquer regido e podem cobrir areas vastas.

Comummente, um satélite de comunicacao tem uma o6rbita terreste baixa (LEO),
com uma altitude igual ou inferior a 1500km, relativamente a Terra. Uma Orbita real
LEO distancia-se de uma orbita ideal (6rbita Kepleriana) pois, para além da influéncia
das forcas gravitacionais entre os dois corpos, a trajetoria é influencia por perturbacoes
como a resisténcia aerodinamica, a nado-esfericidade do planeta Terra e a interagao com o

Sol e a Lua.

Numa trajetoria LEO, a resisténcia aerodinamica é a principal forca ndo-gravitacional
que age sobre o satélite: a forca aplicada no satélite pelas moléculas do ar tem direcao

oposta ao vetor da velocidade o que pode levar a um aumento da velocidade do satélite.

Anao-esfericidade da Terra deve-se a forca centrifuga originada pela rotacao do plan-
eta. Isto combinado com anomalias de massa periféricas, como os continentes levam a que
o centro de massa do planeta Terra é diferente do centro geométrico. Isto implica que a
forca da gravidade aplicada num corpo orbital ndo esta direcionada a mesma. O segundo
harmonico esférico, Jo, € um parametro adimensional que quantifica os maiores efeitos

devidos a ndo-esfericidade do planete numa o6rbita.
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Estas perturbacgdes tém que ser contabilizadas nas equagdes de movimento do satélite

(modelo dindmico).

Outro ponto a ter em conta num sistema de comunicacao espacial sdo os fatores que
tém que ser considerados para obter um canal de comunicacao: a frequéncia de operacao,

os angulos de elevacao, a localizacao geografica do segmento terrestre e o clima.

Os meios de propagacao tém um impacto em tempo real na operacao, design e per-
formance dos sistemas espaciais que operam em frequéncias de radio e 6ticas. Portanto,
para implementar um modelo de transmissao eficiente é necessario contabilizar com os

efeitos de atenuacao da: ionosfera, troposfera e efeitos de atenuacao locais.

Como a trajetodria do satélite pode alterar-se devido as perturbacoes referidas, é im-
perativo estimar e prever a orbita do satélite para saber os possiveis desvios de trajetoria
e quando corrigi-los, de modo a ndo perturbar as fun¢oes do satélite e os canais de trans-
missdo. Atualmente, o filtro de Kalman é uma opcao confiavel para uma estimacao es-
tocastica a partir de medicoes ruidosas. Este filtro é um algoritmo recursivo capaz de
incorporar toda a informacao que recebe e conseguir obter os valores, neste caso, dos
componentes de uma trajetéria. Este algoritmo combina todos os dados disponiveis com
todo o conhecimento que tinha a priori do sistema produzindo uma estimacao com um

erro estatisticamente minimizado.

As equacoes deste filtro dividem-se em dois grupos: equacoes time update e equacoes
measurement update . As primeiras tem a func¢ao de projetar o estado e a covariancia do
erro atual para obter as estimacOes a priori para o proximo passo. As segundas sao re-
sponsaveis para incorporar um valor medido com a estimacao a priori visando obter uma

estimacao a posteriori melhorada.

No entanto, apesar da sua alta funcionalidade, a forma discreta do filtro de Kalman

apresenta algumas limita¢des que podem a induzir a estima¢des com um erro maior.

A maior limitacao do filtro € que a sua optimalidade existe quando o filtro é projetado
para modelos lineares. No entanto, em aplicacOes reais, os modelos dinamicos de um
sistema contém certas incertezas que levam a uma diminui¢do da performance do filtro
classico. Para contrapor isso, € necessario converter o sistema nao-linear num sistema
de equacoes lineares que mais se aproxime do modelo, contando com uma diminuicao de

precisao.
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Para contrapor essas limitagdes, uma das op¢des disponiveis € o filtro de Kalman
robusto. O algoritmo para a forma robusta do filtro consiste em dois passos: primeira-
mente, gera-se uma nova trajetoria que contabilize essas incertezas, e um novo estimador
é criado; depois, uma nova trajetdria é filtrada recorrendo ao filtro de Kalman discreto.
Esta forma do filtro robusto consiste em adicionar ruido artificialmente, forcando o algo-
ritmo para compensar pelo ruido, e gerando novas estimagoes com o ruido praticamente

eliminado.

Esta dissertacao foca-se na aplicacao do filtro a um satélite de comunicacao e lida
com as incertezas de um sistema com medicoes ruidosas. Apesar da aplicacao classica
do filtro resultar numa estimacao que quase elimina todo o ruido, procedeu-se a uma

aplicacao robusta para aprimorar a performance do filtro de Kalman.
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Abstract

A Low-Earth orbit (LEO) is the trajectory of a space vehicle relative to the Earth, with an
altitude equal or below 1500 km. A real LEO trajectory is far from an ideal orbit (Kep-
lerian Orbit), because in addition to the gravitational forces from both bodies, the orbit
is influenced by perturbation like the oblateness of the Earth and the atmospheric drag.
These perturbations alter the planned trajectory, making it imperative to estimate and
predict a satellite trajectory to know its possible deviations and when to correct it.
Currently, the Kalman filter is a reliable option for a trajectory estimation. Although it is
an algorithm simple to implement, it is necessary to know all the parameters of the sys-
tem. So, the efficiency of the discrete Kalman filter depends on practically the full knowl-
edge of the systems specifications: which, is pratically impossible in a aerospace context.
This entails that it bust be implemented a Kalman filter dynamic enough to endure the
simplication of the unknown parameters of the system without damage and increase the
discrepancy between the real measured values and the estimated results from the filter.
This dissertation focus on the Kalman filter application to a communication satellite and
how the uncertainties associated to a system with noisy measurements are handled. And,
although tht classical form of the filter results in a estimation that very well decreases all
the noise, it was also implemented a robust application to improve tha Kalman filter’s

performance.

Keywords

Space communications, Low-Earth Orbit, LEO satellite, Orbit estimation, Non-linear sys-

tems, Discrete Kalman filter, Robust Kalman filter
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Chapter 1. Introduction

In the past 70 years, space sciences and exploration resulted into great achievements,
the inventions resulted from it have turned life on Earth more sustainable, easier and
safer. Satellites have become a great mean for communicating around the world (being
vital in remote areas), navigation, climate and environmental monitoring, having many
other applications and influence in our daily lives. On account of all of those benefits and
to constantly evolve our knowledge and technology it is necessary that we keep improving

space vehicles including its communication systems.

A communications satellite acts as a microwave repeater station that allows two or
more users with appropriate earth stations to exchange information, functioning as a
channel/intermediate between widely separated locations - radio waves travel by line of
sight, and can be obstructed by the Earth’s curvature. The interest in relaying on satellite

communications comes from the advantages associated with it [1].

The employ of microwave signals allows a wireless and mobile communication, as
long as an Earth station is within the satellite’s footprint it can be established an effective
radio connection between the satellite and the user. Satellites can also work on any size
region, being able to cover wide areas if designed properly, as well as having an ample fre-
quency spectrum availability to apply. As referred above, satellite communications play
a crucial role in modern life. Satellites are constantly used for a variety of applications,
due to its assets such as the ability of covering a wide area and the use of radio telecom-
munication signals allowing a wireless communication. Other attractive features are the
independence from terrestrial infrastructure and the rapid and low cost. installation of
ground networks: as soon as the satellite is operational, a ground segment can easily be
operated, not requiring an extensive ground construction like a terrestrial infrastructure
would. Thanks to this last benefit, satellite communication has a key role in restoring

communications after a disaster [11].



1.1

1.1.1

Communication Satellites Evolution and Components

Technological Evolution and Early Programs

This section chronicles a basic timeline of programs and experiments crucial to the

developments of communication satellites. As it was referred above, the industry has

grown massively, and now communication satellites now encompasses space technology,

navigation, communication and information systems and the Internet. So its important

to be familiar with past satellite programs to better understand today’s systems and ser-

vices:

SCORE: first communication by artificial satellite, powered by battery only. It re-
layed a recorded voice message, on a delayed basis, linking one Earth station to an-

other. The relay performed on a 150 MHz uplink and 108 MHz downlink.

ECHO (1 and 2): was the first experiment to evaluate communications relay by pas-
sive techniques. The satellites acted as passive reflectors for signals transmitted
from Earth stations, the relays operated from 162 MHz to 2390 MHz frequencies

and required large ground terminal antennas.

COURIER: expanded SCORE delayed repeater technology and researched storeand-
forward and real-time capabilities on alow orbit. Operated on a 1.8 to 1.9 GHz uplink
frequency and on a 1.7 to 1.8 downlink frequency. The satellite was the first to in-

volve solar cells for power, and had two-watt output power tubes.

WESTFORD: second artificial satellite to investigate communications relay by pas-
sive techniques. The communication was accomplished by reflection from dispersed
dipole reflectors in an orbital belt. The fast development of active communications

satellites reduced interest in passive techniques.

TELSTAR (1 and 2): the satellites were launched into a low orbit and were the first

active wideband communications satellites. The analog FM signals were relayed
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with a 50 MHz bandwidth, and performed at frequencies of 6.4 GHz on the uplink
and 4.2 GHz on the downlink. These frequencies initiated the 6/4 GHz C-band oper-
ation, responsible for a major portion of fixed satellite services (FSS). The TELSTAR
1 failed due to Van Allen belt radiation, leading to a redesign of ECHO 2 with radia-

tion resistant transistors and to launch it to a higher orbit.

RELAY (1 and 2): had two redundant repeaters with two 2MHz channels and on
at 25 MHz. Performed with a 1725 MHz uplink and a 4160 MHz downlink. RELAY
and TELSTAR proved that routine communications were successfully accomplished
from orbiting satellites and connoted that satellite systems could share frequencies

with terrestrial communication systems without interference.

SYNCOM (1 to 3): established the first communications from a synchronous satel-
lite. The satellites employed one 5MHz channel for one-way wideband transmission
and two 500 kHz channels for two-way narrowband communication, and operated
at frequencies of 7.4 GHz uplink and 1.8 GHz downlink and was the first to study

orbital control principles for synchronous satellites.

EARLYBIRD: first commercial operational synchronous communications satellite.
The communication system performed at C-band with frequencies of 6.3 GHz up-

link and 4.1 GHz downlink and had two 25MHz transponders.

ATS-1 (Applications Technology Satellite 1): provided the first multiple access com-
munications on a synchronous orbit. The system incorporated an electronically de-
spun antenna with 18-dB gain and a 17° beamwidth and operated at C-band (6.3
GHz uplink and 4.1 GHz downlink), with two 25MHZ repeaters. ATS-1 also had
VHF (Very High frequency) links (149 MHz uplink and 136 MHz downlink) in order

to evaluate the air to ground communications.

ATS-3: Continued experimental techniques in the C and VHF bands, with multi-
ple access communications and orbit control techniques. The satellite gave the first

colour high-resolution pictures of Earth and was the first to be able to ‘cross-strap’

3



at C-band and VHF (the signal received at VHF could be transmitted to the ground
at C-band).

ATS-5: had a C-band communications subsystem and a L-band subsystem (1650
MHz uplink, 1550 MHz downlink) to research air to ground communication for nav-
igation and air traffic control. ATS-5 was also designed with a millimeter wave ex-
periment that operated at a 31.65 GHz uplink and 15.3 GHz downlink, to supply
propagation data on the effects of the atmosphere on earth-space communications

in this band of frequencies.

ANIK A: first domestic commercial communications satellite, operated at C-band
and had 12 transponders, each 36 MHz wide. It provided television distribution

and single channel per carrier voice and data services.

ATS-6: reached major advancements in communications satellite technology. After
the launched, the satellite was relocated through the years in order to investigate
new possible services. The satellite had eight communication systems for its differ-
ent propagation experiments that had a frequency range from 860 MHz to 30 GHz.
ATS-6 communication subsystem involved four receivers whose frequencies were:
1650 MHz (L-band), 2253 MHz (S-band), 5925-6425 MHz (Cband) and 13/18 GHz
(K-band); and four transmitters with the follow frequencies: 860 MHz (L-band),
2063 MHz (S-band), 3953-4153 MHz (C-band), and 20/30 GHz (Ka-band).

These early programs and other events lead to a rapid growth of the industry begin-

ning in the 60”s. The industry in the 70’s focused on domestic satellite communications

and the technological evolution in this decade brought to consideration the idea of re-

gional satellite communications [g].

The 1980s saw the advent of new and innovative ways to pay for the high costs of

satellite systems and services, like private networks (VSATs - very small antenna termi-

nals) and private launch services [g].

The 1990s saw the development of mobile and personal communications services

4



via satellite. With the increasing data rate requirements, the industry moved to higher RF
frequencies to support it as it was reached a saturation on the lower allocated frequency.
On-board processing and more advanced techniques were introduced, turning communi-

cation satellite into a processing hub in the sky [g].

The rise of the new millennium came with new satellite services and we saw fast
advances in non-geosynchronous orbit networks (for global cellular mobile communica-

tions).

1.2 Satellite Components

A communication satellite system can be divided in two major parts, the space seg-
ment and the ground segment. Fig. [.1]is a scheme of the main elements of the space
segment. After the spacecraft is placed in orbit, the control of the satellite during its life-

time in orbit is quite complex.

The TT &C stations (tracking, telemetry and command) monitors the satellite, by
periodically tracking data via the tracking antenna to locate the satellite”s position to an-
ticipate corrections in the position of the satellite. Any satellite can distort its position
from the ideal orbit due to gravitational forces from Earth and also the pull of the sun and
moon. This station includes separate communications equipment to test and monitor the

performance and location of the satellite [1].

The satellite control center (SCC) accommodates the operator controls and equip-
ment for data processing. These stations are commonly located in different places, and
the satellite-related data is passed by either terrestrial or satellite data lines. It is common

to add a second TT & C to improve the system’s reliability.
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Figure 1.1: Components involved in the space segment. [1]

In the launch phase, it is imperative that the satellite is tracked as soon as it has been
released from the last rocket stage. Prior to the placement of a geosynchronous equatorial
orbit (GEO), a TT&C station can engage in transfer orbit manoeuvres, while being the
station that commands the satellite to arrange its antennas and solar panels. Non-GEO

can be launched directly into the desired orbit, refraining from the transfer orbit phase

[].

The ground segment is a diverse collection of facilities, users, and applications that
gives access to the satellite repeater from Earth stations to answer communications needs.
As it was mentioned before, instead of linking Earth station to Earth station, the links are
established through the satellite repeater. An Earth Station can be located at a fixed point
(on the ground), designated as a fixed satellite service (FSS), or can be mobile satellite

service (MSS) operating on airplanes and ships [7].

Networks used for MSS applications share a common air interface (CAI), which is
used for all the links related to and from the satellite. Satellites used in an FSS are able to

support various applications within a common bandwidth [1].

Fig. 1.3 illustrates a ground segment, where the satellites network provides two-way
interactive services to a variety of Earth stations. One of the larger stations is a control

point for a partial part of the network or the complete network, acting as a network man-
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agement center. The control Earth station is essential in networks with dynamic traffic
flows and in remote unmanned sites. In a satellite communication service, the control
station maintains a quality service by remote control, because the satellite is a common

relay point for control messages.

Figure 1.2: Ground segment scheme. [1]

1.2.1 Frequency Allocation

The frequency bands appealing to satellite communications lie above 100 MHz, as
frequencies bellow this can be reflected or suffer bending from their path when reaching

the ionosphere [7].

As it was refered in [.1.1, satellite communications initially concentrated in the C-
band as it presented the fewest propagation problems. With the consequential overcrowd-

ing on the band and the advances in the industry, higher frequencies were employed.

With a limited frequency spectrum, it became clear that it was necessary to ensure
the proper use of the frequency bands. The International Telecommunication Union or-
ganized various guidelines for frequency allocation for various services and divided the

world in three regions for this purpose:



Region Areas UHF Microwave Freq.
1 Europe and Asia 862-870 MHz | 2.446-2.454 GHz
2 North and South America | 902-928 MHz | 2.40-2.4835 GHz
3 Asia and the Pacific 950-956 MHz | 2.427-2.470 GHz

Table 1.1: ITU regions and frequency allocation [[7].

The ITU also classified the various satellite services, with fixed satellite services (FSS),
mobile satellite services (MSS) and broadcasting satellite services (BSS) being the princi-

pal communication-related applications of satellites [7].

1.2.2 Payload

The payload is often considered the vital subsystem of any satellite, as it performs
the satellite intended function. The basic payload in a communication satellite is the
transponder, which acts as a receiver, amplifier and transmitter. A transponder is con-
sidered to be a microwave relay channel which also performs the function of frequency
translation from the uplink frequency to the relatively lower downlink frequency. So is
a combination of elements like antennas for transmit and receive functions, a subsystem
of repeaters, frequency shifters and mixers, filters, low noise amplifiers and power am-
plifiers. A typical communication satellite has various transponders, each one generally

operated in a different frequency band divided into slots [7].

The payload of a communication satellite is implemented in one of two general types
of configurations; the frequency translation transponder, and the on-board processing

transponder.

1.2.2.1 Frequency Translation Transponder

Frequency translation transponders process the uplink satellite signal by only their
altering their amplitude and frequency; the modulation and the spectral shape of the sig-

nal are not affected [9].

This transponder incorporates and input filter, a low noise amplifier (LNA), down
converter, input multiplexer, channel amplifiers, high power amplifiers and output de-
multiplexer. The uplink segment of the transponder comprises the input filter, the LNA

and the down converter (which yields a fixed frequency translation corresponding to the
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difference between the centre of the uplink and the downlink frequency bands) [9].

The complete bandwidth is divided into individual channels by the input multiplexer,
where each filter is programmed to pass the bandwidth of a particular channel and reject
the other parts. The output of each multiplexer filter is amplified by power amplifiers,
that can be referred as travelling wave amplifiers. The output of all channels is merged in
an output de-multiplexer and then reaches the transmitting antenna for down-beaming

the signal on to Earth [9].

1.2.2.2 On-board Processing Transponder

On-board processing transponder (or regenerative transponder), as the name states,
are those that perform on-board processing and the received signal is modified before re-
transmission. On-bord processing improves the throughput and error performance as it
restores the signal quality prior to retransmission. These transmitters use digital tech-
niques like narrowband channel selection and routing, demodulation etc. to process the

received signal [9].

Although this type of transponders are able to handle all multiple-access techniques,
they cannot improve the transmission link, to reduce link noise or to improve the satellite

link performance [9].

1.2.3 Antennae Subsystem

The antenna spacecraft systems transmit and receive signals, making it essential in
improving the signal strength to allow amplification, processing and transmission. The
performance of an antenna is evaluated according to various parameters, three of which
are: antenna gain, antenna beamwidth and antenna sidelobes. The gain delineates the
increase in strength seized by concentrating the radiowave energy by the subsystem. This
parameter is expressed in decibels (dBi) above and isotropic antenna (radiates uniformly
in all directions). The beamwidth measures the angle over which maximum gain occurs.

The antenna sidelobes describes the gain in off-axis directions [7] [9].

A satellite communication system often employs linear dipole antennas, horn anten-

nas, the parabolic reflector and the array antenna [9].
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The linear dipole antenna radiates uniformly in all directions and are used mainly
at VHF and UHF frequency bands for tracking, telemetry and command links. This type
of antennas also present high relevance during launch operations and for satellites that

operate with no attitude control or body stabilization [9].

Horn antennas are used when relatively wide beams are necessary, with frequencies
above 4 GHz (i.e. a geosynchronous satellite). A horn is a flared waveguide that can offer

gains that go up to 20 dBi and 10° (or higher) of beamwidth [9].

When required higher gains or smaller bandwidths, a reflector or array antenna is
preferred. The parabolic reflector antenna is often used in satellite systems and usually
operates with frequencies above 10 GHz. These antenna systems are generally beamed by
horn antennas feeds at its focus. Parabolic reflectors reach gains higher than 25 dBi and
1° of beamwidths while working with C, Ku and Ka bands [9]. The C-band ranges from
4 to 8 GHz and is primarily used for satellite communications, for full-time satellite TV
networks or raw satellite feeds. The Ka-band ranges from 26 to 40 GHz, where the uplink
in satellite communications is in either the 27.5 GHz and 31 GHz bands, and targeting
radars on military aircraft. And the Ku-band ranges from 12 to 18 GHz and is used for
satellite communications as well. In Europe, the downlink is used from 10.7 GHz to 12.75

GHz for direct broadcast satellite services

An array antenna is a steerable, focused beam than can be formed by a combination
of the radiation from several elements with dipoles, helices or horns. Beam forming is also
reached by electronically phase shifting the signal of each element. Array antennas are of
high interest in communication systems because the correct selection of the phase char-
acteristics between the elements allows the control of direction and beamwidth without

an actual physical movement in the antenna system [9].

1.2.4 Digital Modulation and Multiple Access

Digital modulation involves transferring the bit stream to an RF carrier. The process
of digital modulation design in a satellite link includes generating a bit in the form of a
pulse that meets certain criteria for bandwidth and shaping; transferring those shaped
pulses onto a carrier; allowing for noise, and interference along the link; and providing a
fitting demodulator capable of recovering the pulses from the carrier and correcting them

up to reproduce a digital bit stream with minimum errors [{1].
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Digital modulation works by the basic characteristics of a pulse. As shown in Fig.
f.3,the pulse as a fixed duration of 7" seconds, which implies that pulses on a continu-
ous stream would have a rate of 1/7 bits per second. The bandwidth of the main lobe is

proportional to the bit rate, 1/1, and the spectral shape of pulse amplitude given by,
sin (nFT)/(xFT) (1.1)

This means that a fixed pulse length produces maximum energy at zero, because for

small angles sin () = x [1].

— T

Time waveform of a single rectangluar pulse

—ssspesssssamm

1
-
Baseband frequency spectrum of a rectangular pulse

Figure 1.3: Characteristic of a pulse in time and frequency domain. [i1]

Due to the bandwidth occupied by sidebands, the spectrum should be filtered to min-
imize the taken bandwidth. After filtering, the output spectrum is enclosed withing the
main lobe’s bandwidth. A stream of filtered pulses carries residual tails, which is referred
as intersymbol interference (ISI) and increases the chance of errors. The effects of ISI er-
rors can be lessened by aligning the tails so their zero crossing occur when the pulse main
lobes reaches their peaks. This process of shaping can efficiently reduce the modulated
bandwidth of a digital carrier and required RF bandwidth of a filtered pulse is expressed
by (1 + «) times the bit rate (given in Hertz), where the roll-off factor, «, ranges from 0.2

to 0.4 [1].
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1.2.4.1 Frequency Shift Keying, FSK

The first form of digital modulation used in communications was FSK. This mod-
ulation works by switching between two frequencies, which correlates to the ‘1’ and ‘0’
states. This causes FSK to consume twice the bandwidth of a phase shift keying (PSK)
modulation, but the simplicity of FSK makes it usable in the modulator and the demodu-
lator. Although, this plainness also means that FSK needs more signal power for the same

performance when considering error rate [i1].

1.2.4.2 Phase Shift Keying, PSK

PSK is the most common system to transmit and receive high-speed digital information
when working with satellites. These technique modems perform at rates between 64 kbps
and 1000 Mbps. Binary phase shift keying (BPSK) applies two phase states: 0° and 180°;
and quadrature phase shift keying (QPSK) applies four states split into pairs: 0° and 180°,
and 90° and 270°. QPSK transmits two bit per symbol and is efficient in bandwidth and

power usage [i1].

1.2.4.3 Amplitude and Phase Shift Keying, APSK

When in QPSK the occupied bandwidth exceeds what is available, it is necessary to
rely on bandwidth efficient modulation (BEM). The most common BEM technique is am-
plitude and phase shift keying (APSK), in which the phase and the amplitude are assorted
to carry the information bits. (for example, a 16 APSK uses a shift between two amplitude

states and up to 12 phase states) [1].

The phase-amplitude constellation has its main advantage in adaptive coding and
modulation (ACM)- the modulation format and coding rate are altered automatically on
the link to a more resistant combination at a lower data rate when the link goes through
a high channel error rate. Because of this, it is necessary a higher carrier power vs. noise

ratio (C/N) than those acceptable for PSK or FSK [1].

1.2.5 Multiple Access Methods

The last access allows various Earth Stations to transmit to the same satellite without
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interference. RF carriers can be separated in frequency (FDMA), time (TDMA) or code
(CDMA) [1].

1.2.5.1 Frequency Division Multiple Access (FDMA)

In FDMA, Earth stations must transmit their signals on different microwave frequen-
cies and the modulation can’t cause the carrier bandwidths to overlap, which means that
various transmissions can be done independently at the same time. A limitation in FDMA
is that the sum of the bandwidths of the carriers can”t exceed the satellite’s available band-

width [1].

Each Earth Station or terminal is assigned a different transmission frequency, which

can be permanently fixed on changed by a manual command.

1.2.5.2 Time Division Multiple Access

In this method, Earth stations transmissions are on the same frequency, and each
uses the complete bandwidth of the channel. To prevent interference caused by all the
transmissions is necessary to synchronize the signals so they don’t overlap in time. The
signals are transmitted in burst of information, and Earth stations that rely on this method
must have a system of timing and control of this transmissions. The preferable form of
digital modulation for TDMA, is QPSK, considering this modulation allows to meet the

compression and timing requirements [1].

There are disadvantages to a full transponder TDMA. The first is that is necessary to
exist some form of compensation in the power system of the satellite to prevent that the
pulses of direct current produced by the bursts don’t affect the operation of the system.
Another problem is the possibility of generation of sidebands in the transponder, which
can cause interference in the transmission. Although, a proper modulation and repeater

structure respond effectively to these concerns [1].

1.2.5.3 Code Division Multiple Access

CDMA is a method that guarantees better bandwidth usage and service quality when

dealing with spectral congestion and interference. The basis of this system is to filter
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different signals from different users, by the code of each transmission. Direct sequence
spread spectrum works on a high-speed sequence of bits to spread the information. In
DSSS, the code is a lengthy sequence of bits and it runs as many times the bit rate of the

original information, which expands the bandwidth by the ratio of bit rates [1].

DSSS employs a computer-generated sequence of bits, called pseudo-random noise
(PN) binary sequence, to assure incoherence with any delayed version of the transmission
itself or any other PN sequence applicated in the CDMA network. Each signal contemplat-
esthe original message, which is multiplied by the PN sequence and then modulated using
either BPSK or QSPK. Simultaneously, the bandwidth is multiplied, and as a result of this,
the power spectral density is reduced. Multiple spread spectrum signals can be transmit-

ted at the same time as long as the PN sequence are different or not synchronized [1].

1.3 Thesis’ Objective

This study aims at reconstructuring the trajectory of a communication satellite by
two algorithms: the Discrete and the Robust Kalman filters. This is done in order to com-
pare the performances of the algorithms, as well as counteract the most evident limitations

of the classical form of the filter.

The chosen satellite for the estimation is one of the back-ups satellites for the Iridium

constellation and its data was analyzed through NASA’s GMAT program.

For this dissertation, the filter’s application is run using Python™™.

1.4 Outline of the Dissertation

The current chapter gives a brief overview of everything related to communication

satellites as well as its evolution.

Chapter 2 explains the dynamic model used to describe a space vehicle movement,
the perturbations on a satellite’s orbit and characterizes satellite communication chan-

nels.

Chapter 3 studies the Discrete and the Robust Kalman filters as well as relevant con-

cepts to its comprehension.
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Chapter 4 demonstrates the simulations performed for this study, the obtained re-

sults and compares the application of the estimation models.

Chapter 5 concludes the dissertation and suggests futur work possibilities.
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Chapter 2. Model Description

2.1 Orbital Dynamic Model

Through Newton’s laws, it is possible to derive the equations of motion of a spacecraft
moving under the influence of a central body force field. The equation of motion of a

Keplerian orbit can be given as [10]:

di? r
L — _ﬂ (2.1)
dt? r3
Where is the position vector of the space body with its origin at the center of mass

of the primary body and r is the norm of 7. The gravitational constant, . , is defined by:

p=k*(my +my) (2.2)

Where k represents the gravitational constant, m; is the mass of the primary body

(in this case, the Earth) and m; is the mass of the second body/satellite [10].

As shown in Fig.p.1, XYZ is a rigid inertial frame of reference and i,.igi,, is rigid mov-
ing frame. The moving frame can move (translation and rotation) freely on its own accord
or, in this case, it can be attached to a spacecraft. With i,, iy and z; being the unit vectors
of the moving system. Kinematic quantities measured relative to the inertial frame are
called absolute and those measured relative to the moving frame are called relative. The
motion of the moving frame is arbitrary. However, because the moving frame is rigidly
attached to a satellite, so that it translates and rotates with the object, then the frame is

considered a body frame. Thus, a body frame has the same angular velocity as the body
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to which it is bound [i1].

X

Figure 2.1: Motion of the spacecraft orbiting Earth in a spherical coordinate system. [2]

The equations of motion are extrapolated through the acceleration equations
of the spacecraft orbiting the Earth in an inertial frame. Its scalar relations, in spherical

coordinates, Fig. p.1, are [2]:

F—rf? =—4&
-

. . (2‘3)
2r0 +r0 =0

The unit vector from the central body to the satellite’s position, 7, the orbital

angular velocity, w, and its orbital angular acceleration, w, are, respectively [2]:

r sin ¢ cos 6
7= |rsingsing| (2.4)

7 COS ¢
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dsind
w= |—¢cosd| (2.5)
9

$sin6 + 0¢ cos 0
W= |-pcosh+0psing| (2.6)
0

Substituting equations .4, B.§ and .6 into b.3 and solving for 7 , § and ¢, gives us the

equations of motion for a space vehicle revolving around the Earth :

,

i =r0(sing)? +r¢? — & +u,
résin g = —270 — 2rf¢ cos ¢ (2.7)

r¢ = —2i¢ + rf?sin ¢ cos ¢

Where 1 is the earth’s gravitational constant, r is the radial distance of the
spacecraft from the center of the Earth, 6 is the angle measured from the X-axis in the
XY-plane, and ¢ is the angle measured from Z-axis to the vector r; u, is the thrust ac-

celeration components relative to the direction. The satellite is modelled as a point mass

[12].

As it was referred above, a space vehicle in an Earth orbit experiences perturbations
due to atmospheric drag, solar radiation pressure, and Earth’s oblateness (which creates
different gravitational potentials). It is imperative to solve the problem of the effects of
the second zonal harmonic, J5, on an orbit. The perturbing acceleration due to the Earth’s
gravitational potentials are sufficient to determine the second zonal harmonic’s major ac-

celerations [12]:
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V=L h(%) Pcosg)} (28)

ov - 1 oV.- 10V -
=VV = iyt — a2 (2.
“ ar " +7‘Sln¢)8920+7“8¢)% (2.9)
Where 1 is 3.986 - 10" m? - s72, Jyis 1.082 - 1073, a., the equatorial radius of the
Earth, is 6.378 - 10° m and P, (cos ¢).

The equations of motion in .7 can be rewritten, in order to consider these perturbing

effects as presented below, using equations b.§ and b.d [12]:

# = r02(sin )2 + rd? — & 4 S a2 2SOl |y

r2

6 = =20 _ 204 cot ¢ (2.10)

b= %MS +92sin¢cos¢+3uJ2%§ cos ¢ sin ¢

2.2 Orbital Perturbations

The orbit in which the satellite operates is called the mission orbit. A Keplerian orbit
is one in which the central body and satellite are the only two objects in the system, the
only force applied is gravity, the central body is spherically symmetric and its mass is much
greater than that of the satellite. Because the Keplerian orbit does not take into account
non-gravitational forces or the interaction of third bodies, the perturbations caused by
these elements change the calculated orbit into a real orbit. With that said, Keplerian

orbits provide good approximation for spacecraft motion [13].

Effects that modify Keplerian orbits are divided into four categories: non-gravitational
forces, third body interactions, non-spherical mass distributions and relativistic mechan-
ics. For Earth’s orbits, the perturbations are created by atmospheric drag (in LEO orbits),
Earth’s oblateness and Lunar- Solar effects at geosynchronous altitudes. In order to per-

form its mission correctly, these perturbations need to be corrected [13].
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2.2.1 Atmospheric Drag

When the orbit’s altitude is below 1500 km, atmospheric drag is the principal non-
gravitational force acting on the satellite. The force that air molecules apply on the space-
craft is opposite to the direction of motion (velocity vector) and it can gradually decrease

the mean orbit and speeds up the satellite. We can calculate drag’s acceleration, ap, by:

ap = —(1/2)pV3(CpA/m)i, (2.11)

Where p is the atmospheric density, V is the spacecraft”s velocity relative to the atmo-
sphere, C'p is the drag coefficient, A is the cross-sectional area, m is the mass of the satel-

lite and i, is the unit vector of the satellite’s velocity relative to the atmosphere [10].

The atmospheric density is computed via density models like Jacchia 71 and MSIS9o.
The second one is considered to be slightly more accurate model, and calculates the den-
sity as a function of the spacecraft’s altitude, solar flux, Earth magnetic index, time of day,

and the satellite’s geocentric longitude/latitude [10].

To make-up for the drag effects, the spacecraft can perform a Hohmann transfer in
order to return to the orbit’s altitude when the semi-major axis reaches its lower limit
[1d]. The Hohmann transfer, represented in p.d, applies an elliptical orbit to transfer
the spacecraft from orbit (1) to (2). The propulsion system of the aircraft modifies the
magnitude and direction of its velocity vector, and two burns are realized to perform the
transfer. The first, is used to transfer the satellite from the initial orbit to the elliptical
transfer orbit, where the perigee is the same as the radius of the initial orbit. The second
burn is used to transfer the elliptical transfer orbit into the final circular orbit where the

apogee becomes the radius of the final higher orbit.
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Figure 2.2: Hohmann Transfer Orbit. [3]

2.2.2 Earth’s Oblateness

Although the Earth is similar to a sphere, the centrifugal force originated by the
planet’s rotation turns it into an oblate spheroid. This combined with peripheral mass
anomalies like continents (2.3) implies that the planet’s center of mass is different than
its geometric center [13]. Consequently, the gravity force applied on an orbiting body is

not directed towards it.

Oblateness causes a variation, called zonal variation, with the angular distance from
the equator (latitude). The second zonal harmonic, .J5, is a dimensionless parameter that
quantifies the major effects of a planet’s oblateness on an orbit. For Earth, J,~1,082-1073
[10]. This shape causes the right ascending node (2) and the argument of the perigee (w)

to vary significantly in time as follows:

. JoR?
)= —cos? [3 VAT

2 (1 — e2)2q7/2 (2.12)

22



2 (1—e2)2a"/?

2
- [3 VAR (g(sini)2 - 2) (2.13)

R is the radius of the planet; y is the gravitational parameter; a is the semimajor

axis; exp is the eccentricity of the orbit, and i is the orbit’s inclination, 2 and & are in
deg/day [i1].

This perturbation results in major impacts in the initial orbit due to the rotation

of several degrees of the right ascension of the ascending node and the argument of the

perigee per day [14].

Figure 2.3: Earth’s computer generated model. [4]

2.2.3 Third Body Interactions

The gravitational forces of the Sun and the Moon leads to periodic variations in all of
the orbit elements. The Sun and the Moon apply an external torque to the orbits and cause
the angular momentum vector to rotate. This effect is extremely small and in Leo orbits is

dominated by the Earth’s oblateness. Yet, the effect becomes relevant in geosynchronous
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orbit and is the main reason for the need for stationkeeping in GEO [14].

For Keplerian orbits, the Lagrange planetary equations are used to determine the
approximate rotation rates for the ascending node, €2, and the argument of perigee, & due

to the Sun and the Moon[14]:

Qroon = —0.00338(cosi)/n  (2.14)

Qgun = —0.00154(cos i) /n  (2.15)

Witoon = 0.00169(4 — 5sin’i/n) (2.16)

Wsun = 0.00077(4 — 5sin®i/n) (2.17)

where i is the orbit inclination, » is the number of daily orbit revolutions and, as already
mentioned in section p.2.9, 2 and & are in deg/day. The equations ignore the variations
caused by the change in orientation of the orbital plane with respect to the Moon’s orbit

and the ecliptic plane, being only average values [14].

2.3 Initial Conditions

Equations p.7 and can be reworked using state space notation that converts
them from second order differential equations to first order differential equations and
doubles the number of equations. This process assigns a new variable, z,,, for each vari-

able from the spherical coordinate system:

24



Tl =T
1’2:’/'“
IL’3:9
(2.18)
$4:9
.Tg,:qb
z6 = ¢

Equations are a state space form notation for equation .7, and equations
are the state space form of equations p.1d, as shown below:

T1 = T2

B9 = myai(sinas)? + x122 — :7/% + ugl

T3 = 24
(2.19)
o 2momy _ s
G4 = v 2:[;4:U6 cot s + 1 sinxs
T5 = Tg
. 21‘2306 “T5
dg = — + xf sin x5 cos x5 + 4
T1 = Tg
| . 3(cosz5)%—1
g = w1xf(sinas)® + xch‘G o Q'MJ GQ%
T3 =4
(2.20)
. 2
Iy = — xxgll‘4 21*41’6 cot T5 + m
T5 = Tg
dg = zmxﬁ + 23 sin x5 cos x5 + 3,uJ2 cos T SN Tg + ux5

In order to simulate and compare Keplerian orbit and the real orbit (which

accounts for perturbations), it is imperative to find the initial conditions of the trajectory
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of a satellite. For this, the chosen space vehicle is one of the recently sent backup satellites

for the Iridium constellation.

On the 3™ of July of 2023 at 08:14:59 pm (UTC), the orbit data of the Iridium 2023-
068W was [8]

Eccentriity, e 0.0002821

Inclination, ¢ 1.5129 rad

Perigee height, h,, 627000 m

Apogee height, h, 631000 m

Right ascension of the ascending node, 2 | 2.1285 rad
Argument of the perigee, w 1.6930 rad

Mean anomaly, M 4.5929 rad

Table 2.1: Iridium orbit data. [8]

To convert this data into spherical coordinates, NASA’s program GMAT (Gen-
eral Mission Analysis Tool) was used. In GMAT, the input parameters are the semi major
axis, the eccentricity, the inclination, the right ascension of the ascending node, the ar-
gument of the perigee and the true anomaly. Hence, it is necessary to calculate the semi
major axis, a, the eccentric anomaly, F, and the true anomaly, v. These missing parame-

ters are computed through the astrodynamics equations below:

_ 2ae + hy + Ry

5 (2.21)

a

M =F —esinE (2.22)

) l1+e E
tan — = tan — 2.2
2 l1—ce¢ 2 (2.23)

The Earth’s equatorial radius is 6.378 x 10% m, approximately. The orbital elements

are shown below:

a=7007x10°m (2.24)
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E =4.5926rad (2.25)

v = 4.5923rad (2.26)

The orbit was simulated in GMAT taking in account the date and time referred above,
the atmospheric model MSIS9o0 (considered to be the most accurate), the effects of J,, and

the Iridium’s satllite mass (860 kg).

After the simulation’s analysis, the initial conditions in spherical coordinates were

found for the orbit of the Iridium 2023-068W:

7007236 m
-2.1209 m/s
2.1286 rad
6.2258 x 10~ ° rad/s
1.5687 rad
—1.0747 x 10~ rad/s

O D{ D3] 3

Table 2.2: Initial Conditions for the Satellites’s Orbit in Spherical Coordinates.

2.4 Characterisation and Channel Modelling

The performance of land mobile satellite (LMS) communication systems depends on
numerous factors such as operating frequency, elevation angles, geographic location and

climate [5].

The diverse nature of propagation environments has a huge impact on the real-time
operation, design and performance assessment of satellite-terrestrial systems operating at
radio frequencies ranging between 100 MHz and 100 GHz and optical frequencies. There-
fore, a proper knowledge and modelling of the propagation channel is imperative for the

performance of these systems, and to establish reliable communication links [5].

This chapter bestows an overview of the propagation impairments on LMS communi-
cation links, probability distributions describing these fading effects and channel models

developed considering these probability distributions [5].
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2.4.1 Propagation Impairments Impacting Satellite Communication
Links

The use of satellite communication systems entails propagation environments for ra-
dio signals distinct from those in terrestrial radio systems. The radio waves propagating
between an Earth station and satellites experience impairments including the effects of
the ionosphere, the effects of the troposphere and local fading effects. The combination
of these impairments on a satellite-Earth link can cause scattered fluctuations in ampli-
tude, phase, angles of arrival, de-polarization of electromagnetic waves and shadowing
which prompts the degradation of the signal quality and increase in the error rates of the

communication links [5].

a) Ionospheric Effects

The effects of the ionosphere (an ionized section in the atmosphere extending from a
height of 30 km to 1000 km) cause various impairments phenomena namely scintillation,
polarization rotation, refraction, group delays and dispersion on the radio signals, with
scintillation and polarization effects being the foremost concerns for satellite communi-

cations [5].

Ionospheric scintillations are deviations in the amplitude level, phase and angle of
arrival of the received waves. The main effect of scintillation is fading that highly depends
on the inhomogeneities of the ionosphere (rapid variation of local electron density). The
effects of scintillation are significant at higher altitudes and at + 20° around the earth’s
magnetic equator. These effects decrease with the increase in operating frequency and it
has been observed that at the operating frequency of 4 GHz ionospheric scintillations can

result in fades of several decibels (dBs) and duration between 1 to 10 seconds [5] [15].

The orthogonal polarization increases the spectral efficiency without increasing the
bandwidth requirements. This technique has some limitations due to the depolarization
of electromagnetic waves propagating through the atmosphere. The free electrons present
in the ionosphere (due to ionization) interact with these waves under the influence of the
Earth’s magnetic field which results in the rotation of the plane of polarization of electro-
magnetic waves (known as Faraday rotation). The polarization rotation is significant for

small percentages of time at frequencies 1 GHz or less and is much lower at higher fre-
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quencies even in the regions of strong ionospheric impairments and low elevation angles

[5].

b) Tropospheric Effects

The tropospheric is the lower portion of the Earth’s atmosphere covering altitudes from
the ground surface up to a height of about 15 km of the atmosphere. The impairments of
this region include hydrometeors (rain, snow and clouds), fog and moisture in the at-
mosphere, gradient of temperature and sporadic structures of wind streams. The effects
caused by these impairments on radio signals are rain attenuation, scintillation, depolar-
ization, absorption, refraction, etc. The radio waves are degraded to varying degrees and
depend on the geographic location, frequency and elevation angle. The tropospheric ef-
fects become significant when the operating frequency of the LMS communication link is

greater than 1 GHz [15].

One of the major causes of attenuation for links operating at frequency bands higher
than 10 GHz is rain. The attenuation in the received signal amplitude is due to absorption
and scattering of the radio waves energy by raindrops and is measured as a function of
rainfall rate and increases with the increase in the operating frequency, rainfall rate and

low elevation angles [5].

The polarization of radio waves can be altered by raindrops and ice particles in the
transmission path so that the power is transferred from the desired component to the
undesired path, which leads to interference between two orthogonally polarized channels.
When a linearly polarized wave goes through raindrops of non-spherical structure, the
vertical component of the wave experiences less attenuation than that of the horizontal
component. The differences in the amount of attenuation and phase shift endured by each
of the wave components causes depolarization of the waves. Rain and ice depolarization
have considerable impacts on LMS communication links for frequency bands above 12

GHz [5].

A radio wave will also experience a reduction in the received signal’s amplitude level
due to attenuation by atmospheric gases. The fading due to gases is related to the alti-
tude above sea level, temperature, pressure, water vapour concentration and frequency.

Molecular absorption is the main cause for signal attenuation due to gases and it occurs
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due to the transformation of radio wave energy to thermal energy at some particular res-
onant frequency of the particles. The attenuation due to atmospheric gases is neglected

at frequency bands below 10 GHz [5].

Scintillations in the troposphere occur due to heterogeneities in the refractive index
of the atmosphere and can be severe to low elevation angles and frequency bands above

10 GHz [5].

¢) Local Effects

In addition to the effects caused by the atmosphere, radio waves suffer from energy loss
due to the varying propagation environments on the terrain (buildings, trees, vegetation,
etc.). These obstructions cause different multipath effects: diffraction due to bending of
the wave around buildings’ edges, specular reflection of the signal from objects with di-
mensions greater than the wavelength, scattering by interaction of the waves with objects
of uneven shapes, absorption through foliage, etc. The movement of a mobile Earth sta-
tion results in rapid changes in the signal strength due to changes in phases. All these
phenomena creates loss of the signal energy and degrade the performance of satellite-

Earth communication link [5].

2.4.2 Probability Distribution Functions for Different Forms of Fad-

ing

There is an increase in complexity and uncertainty in characterization of transmis-
sion impairments on the LMS communication links due to the random and unpredictable
nature of propagation environments as well as the decrease in the communication sys-
tem reliability with the increase in operating frequency and at low elevation angles [5].
Hence, in order to assess the performance of these systems over fading channels, it is best

to describe these in a stochastic method.

In general, signal fading is decomposed as large scale path loss, a medium slowly
varying component that follows a lognormal distribution and small scale fading that fol-
lows Rayleigh or Rician distributions depending on the existence of the line of sight (LOS)
path between the transmitter and the receiver. This section presents a concise overview

of probability distribution functions used to model different fading effects on the LMS
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communication links [5].

a) Rayleigh Distribution

In urban environments the transmitted signal arrives at the receiver through different
multipath propagation mechanisms. The final signal at the receiver is the summation of
diffuse multipath components defined by time-varying attenuations, different delays and
phase shifts. With the increase of the number of paths, the sum approaches to complex
Gaussian random variable having independent real and imaginary parts with zero mean
and equal variance. The amplitude of the composite signal follows Rayleigh distribution
and the phases of each component are uniformly distributed between 0 and 2. The re-

ceiver signal, the real part, is written as [5]:

n

Rpay = a;(t)cos(wet + 6i(t)) i=0,1,...,n (2.27)
i=1
where a;(t) is the amplitude, 6;(t) is the phase of the it" multipath component and w.. is

the angular frequency of the carrier. The propability density function is expressed as:

r

Pray(r) = —Qeﬂ%”2 r>0 (2.28)
o

where o represents the standard deviation, and r is the envelope of the received signal [5].

b) Rician Distribution

When a LOS component is present between the transmitter and the receiver, the signal
that reaches the receiver is expressed as the sum of one dominant vector and large num-
ber of independently fading uncorrelated multipath components with the amplitudes and
phases uniformly distributed in the interval [0,27]. The received signal is described by

Rician/Rice distribution and is expressed as follows [5]:
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Rpice = C'+ Y ai(t) cos(wet + 0;(t)) i=0,1,...,n (2.29)
i=1
where C is a constant that defines the magnitude of the LOS signal between the trans-
mitter and the receiver. The other parameter is the same as described in 2.4.9 (Rayleigh

distribution). The pdf of the envelope of the received signal is characterized as follows [5]:

r —(?+c?

Price(r) = —e 207 Ip(C/s?) (2.30)
o

where I is the modified Bessel function of first kind and zero order, and C/+? is the mean
power of the LOS component. If there is no direct path (LOS) between the transmitter
and the receiver (C' = 0) the above equation reduces to a Rayleigh distribution. The ratio
of the average specular power (LOS path) to the average fading power (multipath) over

specular paths is designated as Rician factor, o*/252, and is expressed in dBs [5].

c) Log-Normal Distribution

Signal power loss due to hindrance of objects of large dimensions and due to vegetation
and foliage are weighty factors that cause scattering and absorption of radio waves. Sub-
sequently, the power of the received signal varies in terms of the mean power predicted
by the path loss. This variation is known as shadowing and is formulated as lognormally
distributed. Shadowing creates holes in coverage areas and generates poor coverage and
poor carrier-to-interference ratio (CIR) in different places. The received signal’s envelope
affected by shadowing presents a pdf that follows a lognormal distribution, which math-

ematical expression is [5]:

1 —1( <1nv»—u)2)

e 2 202

(2.31)

Plog normal(r> - SmoT
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where 1 and o are the mean and standard deviation of the shadowed component of the

signal at the receiver, respectively.

d) Nakagami Distribution

As referred in the previous sections, the random fluctuations in the radio signals are
categorized into two types of fading: shadowing and multipath fading. The composite
shadow fading (direct path and multiplicative shadowing) can be modelled by lognormal
distribution. An alternative to the lognormal distribution is the Nakagami distribution
that can produce simple statistical models with great performance. The pdf of the re-

ceived signal envelope using Nakagami distribution is expressed by,

2 m m 7777,7“2
) r2m71€(7202 )
202

(2.32)

where I'(.) is the Gamma function, 202 = E(r?) represents the average mean power of the
LOS component and m > 1/2 is the Nakagami-m parameter varying between 1/2 and oc.
With the increase of m, the number of Gaussian random variables contributions increases
and the probability of deep fades in the associated probability distribution function de-
creases. Small values of m corresponds to urban areas and large values are associated to

open areas, intermediate values relate to suburban areas [5].

e) Suzuki Distribution

The Suzuki distribution is expressed as the product of Rayleigh distribution method
and the lognormal process. Expressing a Rayleigh distributed random variable as « and
another random variable g following lognormal distribution, ¢ is a random variable de-
scribed by the product of these independent variables, ¢ = o3. The pdf of ¢ is expressed
by:
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r *1 1 Inr—m,. 2
P - —eler2/y200)0( - 2T TR > .
5(7’) \/%U(%Up, /0 7"36 /2 0)6 2( o, ) dr r>0 (2.33)

The Suzuki distribution can be considered to represent propagation environments when

LOS component is absent in the received signal. [5]

2.4.3 Statistical Channel Models for Land-mobile-Satellite Commu-

nication Systems

Statistical methods and analysis are usually the most beneficial approaches for the char-
acterization of transmission impairments and modelling of the LMS communication links
due to the high complexity and unpredictability of the diverse nature of radio propagation
paths. The statistical models for LMS channels are categorized as single state and multi-
state models. The single state models are expressed by single statistical distributions and
are considered for fixed satellite scenarios in which the channel statistics remain constant
over the areas of interest. The muti-state models are used to express mobile conditions
where channel statistics vary considerably over large areas for particular time intervals in
irregular environments. This section briefly describes the statistical based channel mod-

els developed for satellites [5] [15].
a) Single-State Models

Loo-Model : The Loo model is a primitive statistical LMS channel model applicated
for rural environments with shadowing due to roadside trees. The shadowing attenuation
affecting the LOS signal is expressed by log-normal pdf and the diffuse multipath com-
ponents are characterized by Rayleigh pdf. The resulting complex signal envelope is the
sum of the correlated lognormal and Rayleigh methods. The pdf of the received signal

envelope is given by [5]:
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(Inr—p)?
L ("o ) ,r > by
P(r) = "V, (2.34)

N I )

0

where 1 and /dy are the mean and standard deviation, respectively. b, represents the
aveerage scattered power due to multipath effects. If attenuation due to shadowing (log-

normal distribution) is constant, then the pdf only yields in Rician distribution [5].

Corraza-Vatalaro Model: This model complies a combination of Rician and log-
normal distribution that is used to model effects of shadowing on the LOS and diffuse
components. The model is applicable for non-geostationary satellite channels and can be
applied to different environments by adjusting the model parameters. The pdf of the re-

ceived signal envelope is expressed as [5]:

Per)(r) = /O oop(T/Sps(s) ds (2.35)

where p(r/s) represents conditional pdf following Rician distribution conditioned on shad-

owing S:

p(r/s) = 2(K + 1);’765519[—(1( + 1)7; - K]Ig(2£ K(K+1)) (2.36)

where K is the Rician factor and I is zero order modified Bessel function of first kind.

The pdf of lognormal shadowing S is expressed by:

1 InS —p 2

PS(S)—\/T;]wSexp[ 5 ()1 (237

where h = In10/20, 1 and (ho)? are mean and variance of the normal variance associated,

respectively. The received signal envelope is expressed as the product of two independent
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methods, lognormal and Rician, with cumulative distribution function given by:

Py (ro) = P(r < r9) / Ps(S %)ddS_ (2.38)

1—ES{QF \/ (K+1))} (2.39)

where E(.) represents the average with respect to S and @) is Marcum Q-function. [5]

Extended-Suzuki Model: An extension of the Suzuki model, for frequency non-
selective satellite communication channels, considers that for most of the time a LOS com-
ponent is presented in the received signal. This process is the product of Rician and log-
normal probability distribution functions where inphase and quadrature components of
Rician distribution can be mutually correlated and the LOS component is often shifted

due to Doppler shift. We expressed the pdf of the extended Suzuki model process as [5]:

Pe(r) = / iPwé’(ry,y),dy (2.40)

—oc Yl

where P, 3(z,y) represents the joint pdf of the independent Rice and lognormal methods
a(t) and 5(t), and © = r/y where y is the variable of integration. The pdfs of Rice and

lognormal distributions can be used in equation p.4d to obtain the following:

Pelr) = —— [ L et [ 5 ]} - o (/e
() = o [ eap ([ aiel) - Do) oo
- exp|—(—(ny—m)®/252)] dr r >0

where 1y denotes the mean value of random variable x, m and n are the mean and stan-

dard deviation of random variable y and p denotes de LOS component [5].

Xie-Fang Model: This model deals with the statistical modelling of propagation
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characteristics in non-geostationary satellites communication systems. In these types of
systems, either the mobile user or the satellite can move during a communication session
and as result the received signals may fluctuate from time to time. The quality-of-service
(QoS) degrades due to these random fluctuations in the received signal which are caused

by various propagation impairments in the communication links[5].

As well as the movement of the receiver or the transmitter, satellite communications
operating at low elevation angles and the use of small antennas inserts the probability of
path blockage and multipath scattering components. This model characterizes fading as
two independent random processes: short term fading and long term fading. Short term
fading is modelled by a general form of Rice distribution and the long term fading is char-
acterized by lognormal distribution. It is assumed that the amplitudes and phases of the
scattering components that cause small scale fading resultant of superposition are corre-
lated. The total electric field, expressed below, is the sum of multipath signals arriving at

the receiver [5]:

Eipp = Ee? = ZAiej‘i’i (2.42)
=1

where n is the number of paths, A; and ¢; denote the amplitude and phase of the it" path

component, respectively. The pdf of the received signal envelope can be expressed as fol-

lows:
P (r) . r o [_ 517“2 + SQOé2 + 5152}
o VS ’ 2515 (2.43)
1 [P 2S,arcosf 4 258, sinf + (S; + So)r?(cos 6)? '
X — exp| ], df
2 0 25152

and the pdf of the received signal power envelope is given by:
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1 _ SW + S1a” + 582

P,(W) =
p( ) 9 /781 SQ 617])[ 251 52 ] (2 44)
12 2520/ W cos 6 + 2518V W sinf + (S; — Sz)W (cos 0)? '
— exp| |,do
2 0 25152

where the parameters S, S, « and [ represent the variances and means of the Gaussian
distributed real and imaginary parts of the received signal envelope, respectively, and W

denotes the power of the received signal [5].

Abdi Model: This model relies on the Nakagami distribution to characterize the
amplitude of the shadowed LOS signal and characterizes the multipath component of the
total signal envelope through Rayleigh distribution. The model delivers mathematically
precise closed-form expressions of the channel first order statistics like the signal enve-
lope pdf, moment generating functions of the instantaneous power as well as the second
order channel statistics such as level crossing rates and average fade durations. The pdf

of the received signal envelope for the first order statistics of the model are given by [5]:

2bom r Qr?

7 \ym., —r2 L F 1, —
om0 by P 2) b m L S )

P(r) = ( -

r>0 (2.45)

where 20 is the average power of the multipath component, (2 is the average power of the

LOS component and , F(.) is the confluent hypergeometric function. [5]

b) Multi-State Models When considering nonstationary conditions, if the terminals
move in a large area of a nonuniform environment, the received signal statistics might
change significantly over the observation interval. Propagation characteristics of such

environments are better characterized by multi-state models [5].

Markov models have been successfully employed to characterize fading channels.
These models are characterized in terms of state probability and state probability transi-
tion matrices. Multi-state channel models define each state by a Markov method in terms

of one of the single-state models referred on the previous section [5].
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Lutz Model: Lutz’s model is appropriately applied for the characterization of ra-
dio wave propagation in urban and suburban areas and is a statistical model based on
two states: good state and bad state. The good state represents LOS condition where the
received signal is Rice distributed, with Rice factor K. The bad state models the signal
amplitude by following Rayleigh distribution with mean power Sy = o2 that fluctuates
with time. Another relevant parameter is time share of shadowing A. Therefore, the pdf

of the received signal power is expressed as follows [5]:

D(S) = (1= A) - prece(S) + A /0 " pray(S/S0)pL(So).dSe (2.46)

The values of parameters A, K, means, variances and the associated probabilities
were derived from measured data for various satellite elevations, antennas and environ-

ments [5].

Transitions between two states are defined by first order Markov method where tran-
sition from one state to the next only depends on the current state. As shown in Fig. b.4
the probabilities Py, and Py, represent transition from state G (good state) to state B (bad)

and vice-versa [5].

The transition probabilities Py, and P, can be determined in terms of the average
distances D, and Dy, in meters, over which the system remains in the good and bad states,

respectively:

Py, =vR/D, Py, =vR/D, (2.47)

where v is the mobile speed, in m/s, R is the transmission data rate in bits per second.
Because the sum of these probabilities equals to 1, Py, + Py, = 1, the time share of shad-

owing is obtained by [5]:
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Dy,

A=—"— (248
D+ Dy (2.48)

The parameter A, in this model, is independent of data rate and mobile speed. In
different models, the time share of shadowing is obtained according to the available prop-

agation conditions and parameters.

Figure 2.4: Two-state LMS channel statistical model. [5]

Three-State Model: This channel model is based on three states: clear or LOS
state, the shadowing state and the blocked state. The clear state is described by Rice
distribution, the shadowing state is characterized by Loo’s pdf and the blocked state is
described by Rayleigh distribution as shown in Fig. p.5a), where a; represents the LOS
component, a> denotes shadowing effects caused by foliage and a3 represents blockage.
Multipath contributions in the form of reflected waves from the ground are represented
by b; and incoherently scattered components from the land obstructions are denoted by
by.[5]. The pdf of the received signal envelope is given by the weighted linear combination

of these distributions:

PT(T) = MPRice<T) + LPL00<T) + NPRayleighn(r) (249)

where M, L and N are the time share of shadowing of Rician, Loo and Rayleigh distribu-
tions, respectively. The state transitions characteristics of the model were obtained using
the Markov model, as shown in Fig. p.gb). The state occurence probability functions Py,
Pg and P (P4 + PgPc = 1) are calculated as follows [5]:
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Py=(90—-6)2/a (2.50)

where 6 is the elevation angle of satellite (10 < § < 90) and ’a’ is a constant with values:

7.0 x 103 for urban areas
a= (2.51)
1.66 x 10* for suburban areas

Fc/s  for urban areas
Pp = (2.52)
4Ps for suburban areas

In LMS systems one satellite does not give a satisfactory coverage reliability with a
high signal quality. Hence, to improve the system availability and signal quality it is de-
sired to employ different satellite constellations: if a link with one satellite is broken by
shadowing, another satellite should be available to maintain the connection and help re-
duce the outage probability. This statistical model provides analysis to improve signal
quality and service availability by means of satellite diversity where at least two satellites

in LEO/MEO orbit provide coverage area simultaneously in urban and suburban areas [5].
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Figure 2.5: Three-state LMS statistical channel model (a). Propagation impairments (b).

(5]

Five-State Model: This model is based on a modelling approach where two-state
and three-state models are extended to five-state model under different time share of
shadowing. Shadowing effects are split into three state: ‘good’ state denotes low shad-
owing, ‘not good not bad’ state describes moderate shadowing and ‘bad’ state character-
izes heavy or complete shadowing. The ‘good’ state has two sub-states: clear LOS with-
out shadowing and LOS state with low shadowing. Likewise, the ‘bad’ state has two-sub-
states: heavily shadowed areas or blocked (completely shadowed) areas. A state transition
might occur when the receiver is in low or high shadowing areas and can only take place
from low and high shadowing conditions to moderate shadowing conditions but cannot

directly occur between low and high shadowing environments [5].

In terms of the pdf, low shadowing is described by Rician distribution, moderate
shadowing is represented by Loo’s pdf and high shadowing conditions follow Rayleigh-
lognormal distribution. The pdf of the received signal power is a combination of these

distributions as shown below:

P(S) = leRicel(S) + XZPRiceQ(S) + X3PL00(5) + X4PRay1 (8) + XSPRay2(S) (253)

where X; (i = 1, ..., 5) are time shares of shadowing of the respective states S;. The chan-

nel model is appropriate for urban and suburban areas [5].
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Modelling Frequency Selective LMS Channel: If components of a signal prop-
agating through different paths reach the receiver with delays significantly larger when
compared to the bit duration, the signal will experience a significant amount of distortion
across the information bandwidth, resulting in frequency selective fading. The response
of a wideband channel model (or tapped-delay line model) under uncorrelated scattering

can be written as:

N
h(t,7) =Y ai(t)d[t — ms(t)]explj(2mfai + 0:(1))] (2.54)
i=1
where a;(t), 7;(t), fa.:(t) and 6;(¢) denote the amplitude, delay, Doppler shift and phase of
the i" component of the received signal, respectively, and §(¢) represents the Dirac delta

function.[5]

The parameters for the tapped-delay line model are extracted using extensive mea-
surement data at L-band frequency for different applications and environments. The
channel impulse response is defined into three components: the direct path, near echoes
and far echoes. The delays 7; ( = 1,2, ..., N) of the taps are related to the delay of the
direct path. The power of all taps is normalized to the power of the direct path and the
amplitude distribution of the echoes is described by Rician or Rayleigh distribution, de-
pending on the presence of LOS or non-LOS, respectively. The number of near echoes,
N", in the location of the receiver is described by Poisson distribution with parameter A
and the corresponding delays (i = 1, 2, ..., N) defining near echoes follow exponential dis-
tribution with parameter b. The far echoes Nf = N — N — 1 are characterized by Poisson
distribution. The amplitude distributions of the far echoes are described by Rayleigh dis-
tribution. [5]
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Chapter 3. Kalman Filtering

The following chapter provides a complete literature review of the Kalman filter.

3.1 Stochastic System

In order to estimate an orbit, we consider the satellite as system, namely a stochastic
system. A stochastic system has a random nature, one or more parts of the system has
randomness associated with it. Unlike a deterministic system, a stochastic system does
not always produce the same output for a given input. Due to the arbitrary aspect, the

satellite is analysed based on probability theory [16].

A few elements of systems that can be stochastic in nature encompasses stochas-
tic input, random time-delays, random noise disturbances, as well as stochastic dynamic

processes [16].

Considering a physical system, it is imperative to develop a mathematical model that
adequately represents some aspects of the system’s behaviour. For this purpose, it is nec-
essary to establish interrelationships among variables of interest, inputs and outputs to
and from the system, through physical insights, fundamental laws and empirical testing

[17]. Thus making it possible to analyse the system’s structure and modes of response.

In order to monitor the system’s behaviour, measurement instruments are assem-

bled to output data signals proportional to certain variables of interest [17].

Deterministic systems and control theories present some limitations when it comes
to correctly perform the system’s analysis. Firstly, mathematical models are imperfect,
because they only depict parameters of interest. The objective is to represent the critical

modes of response, knowingly leaving many effects unmodelled [17].

Another defect of deterministic models is that dynamic systems, like the space seg-
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ment, are influenced not only by our own control inputs but also by perturbations that are
impossible to control or model deterministically. Besides that, it is essential to account
for sensor error, because these are also subjected to its own dynamic, disturbances and

noise [17].

To counter these problems, stochastic models essentially aim to include all uncer-
tainties in a direct and practical manner; optimally estimate the quantities of interest,
even if data obtained from sensors are incomplete and noise-corrupted; optimize the
control of the system to perform correctly even with uncertain system descriptions, dis-
turbances and incomplete data; and lastly, evaluate the performance capabilities of the

estimation and control systems before and after they are implemented [17].

3.2 Probability and Statistics Concepts

3.2.1 Normal or Gaussian Distribution

Given a continuous random process X ~ A (u,0?) that is normally distributed with

mean y and variance o (standard deviation o), the probability function for X is given by

1 1 (a—p)?
fx(z) = Norel 2.2 (3.1)

for —co < # < 4o00. and is shown graphically in Fig. 5.1 [6].

A

.f‘\‘{-‘-'}

a0

Figure 3.1: The Normal or Gaussian probability distribution function. [6]

Any linear function of a normally distributed random variable is also a normally dis-
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tributed random variable. Particularly, if X ~ A'(u,02) and Y = aX + b, then

X ~ N(ap+b,a%0%) (3.2)

The probability density function for Y is described by [6]:

- 1 _% (:uf(;u;b)Q ( )
fy(y) = \/ﬁe afo 3.3

If X1 ~ N (u1,0?) and Xy ~ N (u2,02) are independent, then

X1+ Xo ~ N(ua +M2,U% +U%) (3.4)

and the density function is given by

1 1 (z—gu%gu%)
x (71 +22) = —F————==¢ M (3.5
fx ) 2r (o} + 03)

3.2.2 Continuous Independence and Conditional Probability

Two continuous random variables X and Y are considered to be statiscally indepen-

dent when [6]:

fxv(z,y) = fx(@)fy(y) (3.6)

The probability density of the random variable Y in the presence of random variable

Y, is called conditional probability is given by [6]:

47



Ferta) = DDy

Continuous-Discrete: Given a discrete variable X and a continuous variable Y,

the discrete probability mass function for X conditioned on Y = y is determined by [6]:

px (Y =) = fy(y|X = z)px ()

TS A= k() 5P

3.2.3 Spartial-Spectral Signal Characteristics

Autocorrelation is a time-related characteristic of random signal (is correlation with

itself over time). The autocorrelation of a random signal X (¢) for times ¢; and ¢, is defined

by [6]:

Rx(t1,t2) = E[X(t1)X(t2)] (3.9)

If the process is stationary (density does not vary in time) then the equation depends

on the difference 7 = t; — 5 and autocorrelation is defined by,

Rx(t)=E[X(#)X(t+ 1) (3.10)

Because autocorrelation is a function of time, it also has a spectral interpretation in
the frequency domain. Hence, for a stationary process the temporal-spectral relationship

(known as the Wiener-Khinchine relation) is given by [17]:
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o0

Sx(jw) = F[Rx(r)] = / Ry(r)e 7 dr (3.12)
where §[-| is the Fourier transform and w is the nu,ber of (27) cycles per second. This
function is called the power spectral density of the random signal and is of high importance
because it shows the relationship between time and frequency spectrum representations

of the same signal [6].

3.2.4 White Noise

A particular case of a random signal is the case where the autocorrelation function is
a dirac delta finction ¢(7) which has zero value everywhere except when 7 = 0, as shown

below [6]:

Aifr=0
Rx (1) = (3.12)
elsel

where A is the constant magnitude.

In this case where the autocorrelation is a ’spike’, the Fourier transform results in a
constant frequency spectrum, as showm in the graphics in Fig. B.2. White noise is a noise
with mean equal to zero and with non related values, where the functions Rx and Sx both
have power at all frequencies in the spectrum, but are totally uncorrelated with itself at
any time except at 7 = 0. So, white noise is considered as independent, any sample of the

signal at one time is uncorrelated from a sample at any other time [6].
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Figure 3.2: White noise in the time (left) and in the frequency domain (right). [6]

Often random signals are modelled as filtered white noise. This conveys that we
could filter the output of a white noise hypothetical source to achieve a non-white source

is band-limited in the frequency domain as well as more correlated in the time domain

[6].

3.3 Kalman Filter

The most well-known and often-used mathematical tool for stochastic estimation
from noisy measurements is known as the Kalman filter. This filter is an optimal recursive
data processing mathematical algorithm that is able to incorporate all information that
is provided to it. This means that it processes all attainable measurements, regardless of
their precision, to estimate the value of variables of interest. This mathematical tool relies

on [6]:

1. Knowledge of the system and measurement device dynamics;

2. The statistical description of the system noises, measurement errors and uncertainty

in the dynamics models;

3. Any available information about initial conditions of the variable of interest.

The Kalman filter does not require all previous obtained data to be kept in storage and
reprocessed every time a new measurement is taken. It combines all available measure-
ment data with the prior knowledge of the system and measuring instruments, to produce
an estimate of the values of the variables of interest so that the error is minimized statis-

tically. That is why the Kalman filter is often preferred in comparison with other filters

[6].
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3.3.1 The Discrete Kalman Filter

The equations for the Kalman filter can be divided into two groups: time update
equations and measurement update equations. The time update equations are in charge
of projecting in time the current state and error covariance estimates to attain the a priori
estimates for the next time step. The measurement update equations are responsible for
the feedback, that is, they are meant to incorporate a new measurement into the a priori

estimate to achieve an improved a posteriori estimate [§].

The figure below shows the discrete Kalman filter cycle. The time update equations
projects the current state estimate and the measurement update adjusts the estimation

by an actual measurement at that time [6].

Time Update Measurement Update
(“Predict™) (“Correct™)

Figure 3.3: The Discrete Kalman Filter. [6]

The time update equations for a state zR" are:

z, = Awe1 TP (3.13)

Py = AP, AT +Q (3.14)

Where:

« x, € R™: is the state a priori estimate at step k;
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« z, € R"™: represents the state a posteriori estimate at step k;

« A: is a nzn matrix that relates the state at the previous time step k£ — 1 to the current

step k;

« B: nx1 matrix that links the optional control input « to the state x;

« wuy: optional control input defined in R*;

« P, : aa priori estimate error covariance:

» Pg: corresponds to the aposteriori error covariance;

« (Q: represents the process noise covariance matrix.

The measurement update equations for the discrete filter are[6]:

Ky=P H'(HP H" + R)™' (3.15)

zAk = 1:]; + Ky (2 — Hx,;) (3.16)

P, = (I - K,H)P;  (3.17)

where H is a mzn matrix that relates the state to the measurement z;.

The measurement z € R is calculated by :

2z, = Hxyp, + vy, (3.18)
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Where:

e v} is the measurement noise;

« R: corresponds to the measurement error covariance;

« K: naxm matrix that represents the gain or blending factor that minimizes the a

posteriori error covariance,

The difference (z;, — Hx,, ) is named the residual or the measurement innovation and
displays the variation between the predicted measurement Hz, and the actual measure-

ment z,. If the residual is zero it means that the two measurements are in full accord

[6].

Firstly, it is necessary to compute the gain. K} followed by the measure of the pro-
cess to obtain zj, allowing us to generate an a posteriori state estimates as well as an a

posteriori error covariance estimate [§].

After each time and measurement update, the procedure is repeated with the previ-
ous aposteriori estimates used to project new apriori estimates. The recursive nature of

the Kalman filter, as illustrated in Fig. 4.d, is one of its appealing aspects [6].

Measurement Update (““Correct™)

Time Update ("Fredict™) (1) Compule the Kalman gain

(IJPrnJec_I: the state ahead Kk — P;{HT(HP;(HT+R:I
X, = Ax,_ | +Bu,

-1

(2) Update estimate with measurement z;

2) Project the error covariance ahead ¥ o= ¥. e T

o , Y = X+ Ki(g - HXy)
r = Al I_ 11‘1 +Q (3) Update the error covariance

Initial estimates for ¥, _;and P _
Figure 3.4: Complete operation of the Kalman filter. [6]
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3.3.2 Covariance Matrices Assumptions

Choosing the assumed covariance matrices @, R and P, is crucial to the estimation
performance of a Kalman filter. The selection of P, as well as the initial state, xz, affects
the initial convergence of the filter. Although, in many applications, the effects of P, is
not significant and is arbitrarily initialized to an identity matrix in order to simplify the

filter [18].

More significantly, the effects of @ and R affect the overall performance of the fil-
ter. This is easily explainable as we see these matrices as weighting factors between the

prediction equations and the measurement equations [18].

Considering a larger () implies considering a larger uncertainty in the state equations,
making the result of these equations less trustworthy, resulting in the filter correcting
more with measurement update. A higher value for  leads to a higher a priori error

covariance P, which prompts a higher gain matrix, K [18].

Correspondingly, considering a larger R is equivalent to a larger uncertainty within
the measurement, leading to trusting the measurement less, which means that the filter
should correct less with the measurement update. A larger R results in smaller values of

K, attributing less importance to the residuals [18].

In the implementation of the filter, the measurement noise covariance R is usually
measured prior to the operation of the filter. The matrix can be determined by off-line

sample measurements [6].

The selection of the process noise covariance has more complications as it is not pos-
sible to directly monitor the process we are estimating. The determination of () can lead to
acceptable results in a poor process model if it brings enough uncertainty into the process

[6].

In a discrete Kalman filter, if Q and R are deemed constant in time, the error covari-

ance P, and the gain factor, K, will stabilize quickly and then remain constant [6].

3.3.3 Discrete Kalman Filter Limitations

As any estimation process, the discrete Kalman filter presents some limitations that
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can induce to erroneous estimations of a satellite trajectory.

The main limitation in the classical form of the filter is that its optimality holds only
when the filter is projected to linear models (which is what it was designed for). How-
ever, in practical applications, dynamic models of the system (non-linear or quasi-linear
models) contains uncertainties that generates performance degradation within the con-
ventional filter [19]. To overcome this, it is imperative to convert the non-linear system
into a system of linear equations that closely resemble the model, while accounting for a

lesser filter’s precision.

Another constraint resides in the selection of the matrices, mainly the transition ma-
trix, A, and the observation matrix, H. In the conventional filter, these matrices have
known and constant values, when, in reality, gaussian uncertainties are associated to them

[20].

Another problem relates to the fact that the associated uncertainties are in nature
white and gaussian, which often makes it impossible to observe, leading to a white noise

approximation [6].

As referred in the previous subchapter, the Kalman filter heavily relies on the as-
sumptions of the matrices which is a constraint of its own. If the chosen values for the
transition matrix and the observation matrix are subpar, then the performance of the fil-
ter will be subpar as well. If chosen higher values, the filter will present considerable
discrepancy between the measured and the estimated values, which will tend to increase

at each iteration, affecting the filter’s performance [6].

Lastly, the discrete Kalman filter is not prepared to correct estimation problem when
running. A divergence phenomenon is easily created by an erroneous measured state, that

consequently, generates an inaccurate state estimation leading to more wrong estimates.

3.3.4 Robust Kalman Filter

As referred in B.3.3, one of the limitations of the classical form of the Kalman filter is
that the filter is only optimal when projected to linear models, which makes necessary
to convert a non-linear model into a linear system. Which, ultimately, reduces the filter

precision.
In the linearization process, the measurement and the transition matrices are con-
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sidered to be known and constant, a simplification that, in reality, is not factual because
the model that we wish to filter has related gaussian uncertainties that vary in time and

affect the state transition matrix, A, and the measurement matrix, H.

To account for those uncertainties, one of the available options is a robust form of

the Kalman filter.

The algorithm for the robust filter consists of two steps: firstly, to generate a new
trajectory that accounts for the uncertainties, a new state estimator is created; then, that

new trajectory is filtered resorting to the discrete Kalman filter [21].

For the robust Kalman filter, the uncertainties are defined as gaussian, variable pa-
rameter in the A and H matrices, and the process noise covariance, (), and the measure-

ment error covariance, R, are considered known and constant [21].

In the robust estimator, the new model equations are:

Tpi1 = [A+ AAzy, +up  (3.19)

2z = [H + AHk] + vk (3.20)

Where A and H are the known and constants parts’ of the state transition and mea-
surement matrices, respectively, and A A and /A Hj, are unknown matrices that describe

time-varying uncertainties and are of the form [21]:

[ AAL
AHg

H,y
= [—|ALE .21
= HQ] KB (3.21)
Where FE is a constant known matrix and F}, is an unknown matrix that satisfies [21]:
FI'x F, <I (3.22)

and H; and H, are known and constant matrices that are related to and affect A and H

[21].

As it is standard for the conventional Kalman filter, there are some assumptions
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made for its robust form as well.

The system in eq. is quadratically stable if exists a positive definitive matrix P

that, for all values of A Ay, satisfies
[A+ AA) P+ P[A+ AA] <0 (3.23)

The process noise covariance, (2, and the measurement error covariance, R, matrices
are conjectured as non-negative and the state transition matrix, A, is assumed as inverted

[21].

With all assumptions satisfied, the new state estimator can be written as

Ty = Az + K(z, — Hxy)  (3.24)

where A is the updated state transition matrix, K is the gain matrix and H is the updated

measurement matrix [21].

In order to have a stable estimator, it is imperative to first solve two Riccati equations.

Firstly in order to the error covariance matriz, P = PT > 0 [21]:

1/2

_ _ _ —1__
ATPA — P+ ATPQ*(1 - Q'?PQ"?) Q*PA+<(ETE—vI)=0 (3.25)

With ¢ and v being small and positive scalars and @ is the new noise covariance ma-

trix calculated by [21]:

Q=@+ mH] (326

With the first Riccati equation solved the updated matrices are calculated by,

A=A+QPH-Q'4A (327
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. 1 —
H = H+ L] (P~ - Q) 'mHT  (3.28)

and the @ and R matrices are obtained by,

Q=Q+QP'-Q)'Q (3.29)

. 1 1 _ — -1
R =R+ _HyH; + 5HH{ (P = Q) HiHy (3.30)

The cross-variance matrix is

F= é(l —QP) " HHY (3.31)

With the matrices updated, the 2"? Riccati equation is calculated in order to U =

Ul > 0[R1]:

N A . A . N g —1 . N .
AUA" U —(AUH" + F)(R - HUH') AUH+E +Q=0 (3.32)

Which then, allows to obtain the updated gain matrix [21]:

K=(AUH )R+ HUH)" (3.33)

And, finally, the new estimator is deduced [21]:

oy = Aw)_ Kily, — Hey ] (3.34)

The robust estimator will generate new states that account for the uncertainties as-

sociated to the state transition ,4, and the measurement, H, matrices.

However, the states generated will still be disturbed by white noise. To counteract
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this, it is necessary to apply the discrete Kalman filter to estimate states that to not have
white noise. The robust filter relies on a robust estimator, to account for the uncertainties,

and a conventional Kalman filter, to generate the trajectory created by the robust filter.
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Chapter 4. Applications and Results

This chapter focuses on presenting the results from the application of discrete Kalman
filter and the robust Kalman filter, which are described and developed in chapter 4.9, to
the trajectory of the satellite Iridium 179 - one of the five spares satellites launched on May

2023 to provide further backup for the company’s telecom satellites.

All the results, simulations and graphs were attained using the Python™ program-

ming language.

4.1 Mathematical Discretization Model

This section presents the specific discrete algorithm used in the computational for-

mulation. Considering the model:

Tht1 = Adﬂfk + dek
(4.1)
yr = Cxp + vy,

where w; and v, are white, Gaussian noises.

The Kalman filter begins with state prediction steps, 1. The new state and respective
covariance matrix, P,_ are calculated based on the former state and covariance matrix at

step k — 1.

Ty = Ap_17p-1 (4.2)

The a priori error covariance matrix, P, can then be calculated based on its former

value, P;,_; ,the A;_1, the matrix D;_; and the process noise covariance matrix, Q1.
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P, = Ay 1P 1Al |+ Dy 1Qr1 D}, (4.3)

What follows after Pj is a correction of the predicted state. This is done by the gain
matrix, K}, which composed of the error covariance matrix, P, the C; matrix and the

measurement error covariance matrix.

—1
Ky = P.CL(CkP.CE + Ry)  (4.4)

Which allow us to then determine e new signal state estimate, m}qk:

Tk = Tpp—1 + Ki(yr — Cxapp—1)  (4.5)

Finally, with all corrections done and errors minimized, a new error covariance ma-

trix, P, is calculated:

Py = (I — KyC)Py—1 (4.6)

4.2 Python Formulation: Discrete Kalman Filter

In the Python software the discrete model implemented was of the form:

Tp1 = Aqxy + Dgwy,
(4.7)
yr = Cxp + vy,

Firstly, the matrices A, D and C, which are the control entries of the system, where

defined as:
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000100
000010
A:000001 4.8
000000
000000
000000
000
000
D=1 0 o] (49
010
00 1
100000
010000
02001000 (4.10)
000100
000010
000001

The step, k, chosen of the application was:

k=At=1s (4.11)

With the entry data defined, the initial matrices of the discrete algorithm A; and D,

are calculated, as defined in .

The matrix A, is defined by :

Ag = et (g.12)
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which results in:

—_
@)
)
—_
o
@)

Ay = (4.13)

o o o o o
o o O O
o o o =
o O = OO O
o = O O
— o O

The D, is determined as,

A(At?) N A2(At?) N AN=L(AN

Da = (IAt+ —, 31 N

T (4.14)

with NV,

AN—l
=

| < e,withe =0.001 (4.15)

For N = 7, the result for D is,

1.0000248 1 1
1 1.0000248 1
1 1 1.0000248
Dy = (4.16)
2 1 1
1 2 1
1 1 2

The measurement error covariance are defined as,

R =M\Id(6) (4.17)

where \ € [1, 10] and considering A = 10.

And the process noise covariance matrix, @, is calculated as
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Qo=A3) (4.18)

To define z, the first measurements obtained through GMAT,

T —3709109
y 5945052
z 14921
To = = (4.19)
Vi —360.992
v, 246.544
V. 7529.352

To determine the error covariance matrix, it was first defined the maximun error

relative to the measurements of z to then calculate o1, 09, 03, 04, 05 and oy,

M 15
5(()1) =15=0; = 60? =3 (4.20)
(2)
15
5(()2) =15= 09 = 60? =3 (4.21)
(3)
40
563) =40 = 03 = o _ 2 (4.22)
3 3
e =320, = ﬁ = (4.23)
0 3 3
e®) — 3 o5 = ﬁ = - (4.24)
0 3 3
e =32 65 = i& = (4.25)
0 3 3

So, the error covariance matrix, Py, is determined as
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o2 0 0 0 0 0 25 0 0 000
0 o 0 0 0 0 0 25 0 000
0 0 ¢2 0 0 O 0 0 177778 0 0 0
Py = = (4.26)
0 0 0 o2 0 O 0 0 0 100
0 0 0 0 o2 0 0 0 0 010
0 0 0 0 0 of 0 0 0 00 1

The Kalman filter was then implemented, running through 1843 measurements, ob-

tained through GMAT.

4.2.1 Results: Discrete Kalman Filter

As it was mentioned before, all the measurements are subject to noise and uncertain-
ties. So, it is for important to account for those and add them to the measurements as to
aim for realistic results. For this measurements, noise was associated to the values was

assumed to follow a normal distribution of A/(15,0)

The results for the position components estimation are shown. First, for the compo-

nent z, Fig. [4.1:

1e6 Position, x

—— Filtered Position
Real Position

x(m)

-2

-3

0 250 500 750 1000 1250 1500 1750

Figure 4.1: Satellite’s estimation for the  component of the position along k.

The differences between the initial trajectory and the estimation cannot be seen with
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an unaided sight. The higgest difference can be in by enhancing the graphic at & € [0, 1]s.

166 Position, x

—— Filtered Position
-3.7075 Real Position

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.2: Enhancement of the graphic lg.1 at & € [0, 1]s.

There is a difference of 223m at k = 0, for the x component, that rappidly approxi-
mates to the real values along %, with an average difference of 6.08m between the real and

filtered trajectories along k.

The results for the coordinate y is represented in Fig. .3,

1e6 Position, y

6 —— Filtered Position
Real Position

yim)

-2

Figure 4.3: Satellite’s estimation for the y component of the position along k.
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Position, y

—— Filtered Position

Real Position
5.94575

5.94550 1

5.94525

y(m)

5.94500

594475

5.94450

5.94425

0.0

0.2 0.4 0.6 0.8 10
k

Figure 4.4: Enhancement of the graphic 4.q at k € [0, 1]s.

The same happens for the y component as for z. In Fig. 4.4, the enhancement at
k € [0,1]s, the discrepancy between the trajectories has its higher point of 148, 3m when
k = 0, with an average difference of 6.23m between the two orbits along .

le6

Position, z
74— Filtered Position

Real Position

[} 250 500

T
750 1000 1250 1500 1750
k

Figure 4.5: Satellite’s estimation for the z component of the position along k
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Position, z

= Filtered Position
Real Position

35000
30000 -
25000
E 20000 1

=

15000
10000

5000

T T T T T
0.0 0.2 0.4 0.6 0.8
k

1.0 12

Figure 4.6: Enhancement of the graphic 4.4 at k € [0,1.2]s.

The results for the coordinate z also shows little difference between the filter’s re-
sults and the measured values. Yet, at & € [0, 1.2]s, it shows the biggest difference, of all

component, of 3000m, but also quickly being closer to the initial trajectory and reaching

an average discrepancy of 22.9m along k.

991

x(m)

Figure 4.7: Satellite position estimation.
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The estimated trajectory is shown in Fig. [4.7. Graphic’s analysis verifies that after
the implementation of the Kalman filter the results are akin to the real values.
This concludes that the filter’s application decreases, and practically eliminates, the

noise in the measurements, giving results of the Iridium satellite trajectory with a high
level of accuracy.

As for the velocity relative to each components along k£, although evolving differently

it also obtained values with a high precision. For z, the results for the velocity component,
Vy, are,

—— Filtered Position
4000

Velocity in x
Real Position

3000

2000

Vx (m/s)

1000

500 750 1000 1250

1500 1750

Figure 4.8: Satellite’s estimation for the  component of the velocity along .

Again, it is possibly to conclude that the real values and the filter’s estimate are fairly
similar. At k£ € [0, 300]s, it is possible to see the trajectory behaviour closely. Where at

k = 0, there is a difference of 32.3m/s. For the 2 component of the velocity there was an
average discrepancy of 4.52m/s along k.
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Velocity in x

— Filtered Position
1000 Real Position

800 /

600 /

\/

—400

Vx (m/s)

0 50 100 150 200 250 300

Figure 4.9: Enhancement of the satellite’s estimation for the x component of the velocity
at k € [0,300]s.

The results for the velocity in the y component, V,,, are, Fig. 4.1d,

Velocity in y

—— Filtered Position
Real Position

—1000 4

—2000

—3000 +

Vy (mjs)

—4000

=5000 4

—6000 +

0 250 500 750 1000 1250 1500 1750

Figure 4.10: Satellite’s estimation for the y component of the velocity along k.

The estimation along k£ shows that the application reaches repeatedly satisfactory re-
sults and always stabilizing closer to the initial values. At k € [0, 300]s, Fig. .11, shows the
highest disparity in the estimation, at 14m/s. This difference stabilizes at around 5.04m /s
along k.
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Velocity in y

—— Filtered Position
S Real Position

—500 1

—1000 +

Vy (mfs)

—1500 4

—=2000 -

=2500 -

o 50 100 150 200 250 300
k

Figure 4.11: Enhancement of the satellite’s estimation for the y component of the velocity
atk € [0,300]s.

Finally, the results for the velocity z component were akin to the measured values,

Fig. l4.13,

Velocity in z
8000

— Filtered Position
Real Position

6000

4000 -1

vz (m/s)

2000

—2000

o 250 500 750 1000 1250 1500 1750
k

Figure 4.12: Satellite’s estimation for the z component of the velocity along k.

Where at & € [0, 300]s, Fig. [4.13, the estimation has the highest difference from the
measurements at 445m/s. Along all values ofk the average discrepancy between the real

velocity and the filtered one was of 16.7m/s
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Velocity in z

—— Filtered Position
Real Position

7500 -

7000

6500

vz (m/s)

6000

5500

5000

4500

0 50 100 150 200 250 300
k

Figure 4.13: Enhancement of the satellite’s estimation for the z component of the velocity
atk € [0,300]s.

The filter’s results for the velocity shown that the algorithm rapidly decreases the
noise from the measurement. Meaning that the filter calculates a highly precise state es-

timation matrix, x;,.

The graphic in Fig. [4.14, shows the performance quantification of the conventional
Kalman filter, by relating the error covariance matrix along &, Py, and the first error co-
variance matrix, Py. And although the error wasn’t calculated, it is known that the higher

the performance quantification the higher the estimation error.

Performance Quantification

29.0

Quantification

28.8

Figure 4.14: Performance quantification along the process.
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The quantification of the performance of the estimation stabilized at 29.4, at k£ = 9s,

This, again, infers that the overall estimation gives fairly good results.

4.2.2 Results: Robust Kalman filter

The robust application was all in all made by altering the state transiton matrix, A,

as the sum of the defined state transition matrix, eq. 4.8, and 1,

A=A+ul;= (4.27)

where 1 is a positive , © > 0,chosen scalar between p € [5,100], and I, is the identity

matrix. The best results were obtained for 1 = 15.

Tpr1 = (A+ plg)zr + Dwi, = (4.28)

= Axy + (ulgzy + Dwy)  (4.29)

What Eq. shows is that the system is artificially disturbed in order to create more
robustness (by increasing the eigenvalues of A). This means that the filter processes an
even noisier system, forcing it to compensate for the noise and increasing the filter’s per-

formance and achieving results with pratically no effects from it.

The satellite’s filtered position estimation were finely eliminated the noise applied in
the measurements achieved a higher level of precision and robustness comparing to the

already satisfactory results of the discrete form of the filter.

The estimation of the trajectory relative to the = component, Fig. l4.15, rapidly stabi-

lized nearest to the initial trajectory,
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1e6 Position, x

— Filtered Position
1 Real Position

x(m)

0 250 500 750 1000 1250 1500 1750
k

Figure 4.15: Satellite’s robust estimation for the x component of the position along k.

The discrepancy was at a highest of 203.1m at k € [0; 1]s, Fig. .16, and stabilized to

an average discrepancy of at 5.02m, along k.

1e6 Position, x

—3.7075
— Filtered Position

Real Position

—3.7080

-3.7085

—3.7090
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k

Figure 4.16: Enhancement of the graphic atk € [0,1]s.

As it will be proven for all coordinates the disparity between the measured values and

the estimation decreases to smaller values compared to those compilated in [4.2.1.

The results for the position along the y component were, Fig. l4.17,
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1e6 Position, y
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Figure 4.17: Satellite’s robust estimation for the y component of the position along k.
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Figure 4.18: Enhancement of the graphic atk € [0, 1]s.

The robust application also gave favorable results for the position along y, with the
highest difference being at 133m, at k¥ € [0; 1]s, decreasing 15.3m compared to the clas-
sical algorithm. The average difference between the two trajectories in regards to the y

component of the positon was of 3.24m, along k.

As for z, the application results show again little difference between the two trajec-

tories,
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166 Position, z

| —— Filtered Position
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k

Figure 4.19: Satellite’s robust estimation for the z component of the position along k.

At k € [0;1]s, Fig. l4.2d, the robust estimation has a decrease of 150m in the variance
of the position (with the highest discrepancy at 2850m, at k& = 0, for the z component). It
is in this component where it is seen very clear differences between the two algorithms:

specifically, the average discrepancy between the two trajectories is of 5.5m along k.

Position, z

— Filtered Position
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Figure 4.20: Enhancement of the graphic atk € [0, 1]s.

The estimated orbit, Fig. .21, demonstrated that the robust application has a high

precision and robustness at conjecturing the satellite’s position.
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Figure 4.21: Satellite position robust estimation.

Concluding that, although the classical filter is well enough for a good estimation, it

is reached a more precise estimation through the robust algorithm.

The same precision is achieved as well for the relative velocities. With the results for

the velocity « component, V,, being, Fig. .23,

Velocity in x
— Filtered Position
Real Position

4000 1

3000 -

/
r/'
2000 g
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T T T U T
750 1000 1250 1500 1750
k

Figure 4.22: Satellite’s robust estimation for the x component of the velocity along k.
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The filter’s results are, again, akin to the real values, showing a higher difference at
k € [0,300]s of 79m/s, Fig. 4.23. Although the robust filter has a higher difference for
V. than the classical application, the robust algorithm manages to quickly stabilize, for a

2.86m /s average discrepancy along k, in the case for V.

Velocity in x

1000 1 — Filtered Position
Real Position

800

600 /

400

Vx (m/s)
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—200

e

50 100 150 200 250
k

300

Figure 4.23: Enhancement of the satellite’s estimation for the x component of the velocity
at k € [0, 300]s.

The velocity’s estimation along to the y-axis, Fig. [4.24, presented a higher variance

at k = 0, but presented an average difference of 4.32m/s along k.
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Figure 4.24: Satellite’s robust estimation for the y component of the velocity along .
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Figure 4.25: Enhancement of the satellite’s estimation for the y component of the velocity
atk € [0,300]s.

For the z component the values are expressed in Fig. [4.26, presenting an an average
difference of 6.1m/s along k, Fig. [4.27, pratically eliminating all the added noise in the

estimation. The estimation has a bigger discrepancy at 800m /.
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Figure 4.26: Satellite’s robust estimation for the = component of the velocity along .
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Figure 4.27: Enhancement of the satellite’s estimation for the z component of the velocity

at k € [0, 300]s.

By also achieving more precise results for the state estimation matrix, x, it is inferred
that the robust filter is an upgraded algorithm based on the discrete filter and despite the

rigorous obtained results in the latter, it is imperative to always aim for optimal results.

This is also proven as the performance quantification, Fig. 4.28, related to the error

covariance matrix, P, stabilizes at 18.5. Which means that the estimation error for the

robust filter is lower than the one for the classical form.

Performance Quantification

18.3

18.2

Quantification

18.1

Figure 4.28: Performance quantification along the process.

The table in shows the average difference, for all the components
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of 21, between




the real and the filtered trajectories along & for both algorithms. It is, once again, infer-

able that for all components the robust Kalman filter has a higher precision in estimating

trajectory values.
Components Results:Average Discrepancy

Xk Conventional Robust

x 6.08 m 5.02m
6.23m 3.24m
229m 5.5m/s

vV, 4.52m/s 2.86m/s

v, 5.04 m/s 432m/s

Vv, 16.7m/s 7.03m/s

Figure 4.29: Comparison of the average difference between the measured and the filtered
values for each of the x; components for both Kalman filters.

The rely on the Kalman filter for satellite trajectory estimation is understandable as
it allow us to predict when it will be necessary to activate the control systems, especially
for LEO orbits (like Iridium) as they suffer more orbital perturbations due to the effects

from the phenomena explained in p.d.
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Chapter 5. Conclusion and Future Works

In this thesis, a LEO orbit was estimated based on noise-added measurements ob-
tained through GMAT. The noise and uncertainties were accounted for because their ex-

istence is inevitable in any part of the process.

Currently, there are various methods and algorithms to predict orbits while account-
ing for the noise effects. This study focused on the classical and the robust form of the
Kalman filter: with the latter giving more precise results by accounting for the uncertain-
ties that can be present in the system of equations (which are not accounted for in the

discrete Kalman filter).

The filter’s simulation corroborated that the wrong implementation of, or even the
lack of, the filter is enough to wrongly position the satellite and compromising its perfor-
mance: this can lead to the input of a command that is not appropriate for the satellite’s
on time situation and its overall example (i.e. the use of the controller when this is not
necessary). Nevertheless, the correct application results in a reliable and satisfactory es-

timation that practically eliminates the added noise.

Although both applications resulted in good estimations, the robust filter presented
a more precise orbit reconstruction by linearizing the initial trajectory before actually ap-
plying the filter. In this thesis, the covariance matrices, () and R, were considered constant
along the process. In a more realistic context, these matrices vary, and were considered
constant in this study in order to simplify and reduce the implementation time for both
algorithms. For future works, it would be interesting to study how this variation along the
application affects the two filters developed. Another intriguing possibility is reconstruc-
tion trajectories by combining two different variations of the Kalman filter, the robust and
the adaptive estimation, into a new algorithm to check if it has a higher precision and the

behaviour of the algorithm in time.

Lastly, both filters can be used for aeronautical and military applications.
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