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GYROSTAT DYNAMICS ON A CIRCULAR ORBIT

ABSTRACT

The attitude control of a modern satellite is a crucial condition for its operation. In this
work, is investigated the dynamics of an asymmetrical inertial distribution gyrostat
satellite, subjected to gravitational torque, moving along a circular orbit in a central
Newtonian gravitational field.

To solve the problem it is proposed a symbolic-numerical method for determining all
equilibrium orientations of an asymmetrical gyrostat satellite in the orbital coordinate
system with a given gyrostatic forque and given principal central moments of inerfia. The
conditions of equilibria are obtained depending on four dimensionless parameters of the
system.

The evolution of the domains in the study of equilibria and stability is carried out in great
detail. All bifurcation values of parameters at which there is a change of numbers of
equiliorium orientations are determined with great accuracy. For each equilibrium
orientation the sufficient conditions of stability are obtained as a result of analysis of the
generalized integral of energy used as a Lyapunov's function.

It is shown that the number of equilibria of a gyrostat satellite in the general case must be
between 8 and 24, and that the number of stable equilibria changes from 4 to 2.
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1 INTRODUCTION

Attitude control of space bodies has been one of the most interesting and challenging
problems in aerospace systems from the first half of the twentieth century to present time.
A modern spacecraft is a mulfi-body system, composed of structure, hardware,
anftennas, mirrors, propulsion systems, etc., connected together by flexible rods or other
kinds of attaching links, and do not feafture simple geometric shapes or inertial
distributions like the ones used in the early satellite designs.

Modern satellites are designed to use different kinds of tforque to achieve and keep
stabilization, for example, one side of the satellite pointing towards Earth if it has an
antenna or camera. There are several ways to induce external torque to improve the
equilibria and stability. The passive methods can use a gravitational field, magnetic field,
aerodynamic drag, solar radiation pressure or the properties of rotating bodies, and the
active methods which uses flywheels or thrusters for example. The passive methods are
recognized to have an extended operating live than the active ones, due to the last
ones carry ouf limited quantity of propellant or also due to the reliability of the spinning
rotors.

It has long been recognized that infroducing a source of angular momentum (for
example, a constant speed symmetric rotor) into such a satellite can significantly
improve its attitude stability properties. Special cases have been studied where the
angular momentum is not aligned with a principal axis, and in such a configuration this
causes another side of the satellite to face towards Earth when the satellite is in
equilibrium relative to gravitational torques. This approach requires selecting the angular
momentum vector or a set of angular momentum vectors, then finding some or all of the
associated satellite equiliorium orientations and determining whether they are stable or
unstable.

It was shown in by Sarychev et al that a panoramic view of all the possibilities involved
can be obtained by adopting a different approach, and rise what is the set of satellite
orientations which can be made into equilibrium orientations by proper choice of an
internal angular momentum vector within the satellite, namely if this choice lie down in
the special cases considered in [11], [12], [13] and [14]. Since the studied approach
identifies all the possible equilibria, it is of considerable interest to perform an exhaustive
study of stability to give the most complete point of view of the general case.

Regarding the subject in study, is carried out a detailed equilibria and stability of equilibria
analysis for such gyrostat satellites families. The parameters involved are the gyrostat
inertias and the parameters of angular momentum, including internal and orbital. The
boundaries in which the equilibria parameters change are identified using the theory of
bifurcation!. Regarding the stability analysis the Lyapunov’s? stability scheme (using the
Hamiltonian3 as a Lyapunov's function) is the best way to identify this regions due fo ifs
simplicity.

There are two ways to focus on the gyrostat general case. The first way, also called the
direct problem, which the principal moments of inerfia and the projections of the

lTheory of Bifurcation is a mathematical approach widely used in the study of dynamical systems, in which
small and smooth changes in the parameters values of a system cause a qualitative change in its behavior.
2Alexander Lyapunov (1857-1918) was a notable Russian mathematician and physics responsible for the
development of the stability theory of dynamical systems and also several other important contributions to
mathematics, physics and probabilities theory.

3Hamiltonian mechanics was developed by Wiliam Rowan Hamilton (1805-1865) as a reformulation of classical
mechanics, which later was used in the formulation of quantum mechanics.

9]
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gyrostatic motion vector are given and there is the need to determine all nine directions
cosines (or the three Euler-angles4) to find all the equilibrium positions of the gyrostat
satellite. The second way or the inverse problem principal moments of inertia and three
direction cosines are given, and there is the need to find the remaining six direction
cosines that satisfies the equilibria conditions.

The inverse problem has already been solved in the general case by various methods
(See Bibliography [1] to [4]). The direct problem only has been solved for special
conditions were the total angular momentum of the rotors coincides with one of the axes
or lies in one of the coordinate plane of the frame Oxyz (See Bibliography [9] to [15]).

The goal is then to achieve the unknown conditions of the direct method, it is expected
to encounter equations with high level of complexity which will be responsible for
countless hours of high level computation. If simple results are achieved, an enormous
leap info the understanding of the gyrostat general case will bring to the satellite
construction industry new an optimized solutions which will give birth to new and more
opfimized spacecraft’s.

44The Euler angles are three angles introduced by Leonhard Euler (1707 — 1783) to describe the orientation of
a rigid body in a rotation scheme.

[ 10
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2 LITERATURE REVIEW

Since the beginning of the space exploration and the understanding of gyrostatic
systems, scientists have fried to solve the general case of equilibria and stability of
equilibria. But due to the complexity of the calculations involved the general case direct
method has never been deeply explored. With the advance of the numerical
computation the task has become easier, as the calculations for specific situations
became more accessible, and applied to the construction of satellites and/or other
space systems. Nevertheless, the full understanding of the general case boundaries,
implications and consequences was not investigated due to the huge task and mulfiple
cases to take into account. Scientific investigations were focused first into special cases,
where it is much simpler to develop an analytical approach and achieve a set of rules
for those specific cases.

Much of the important authors regarding gyrostat dynamics have been reviewed. The
most relevant author for the accomplishment of this particular study was Sarychev et al.
The study of all the particular cases [12] to [15] has led to the accomplishment of a more
deep analysis info the general case of gyrostat satellite dynamics in a circular orbit
subjected to a gravitational forque.

It has been shown by Sarychev in 1965 [20] and Likins & Roberson in 1966 [21] that a
satellite in a central Newtonian force field in a circular orbit has no more than 24
equilibrium orientations with 4 of them stable. To the case in study was added inside the
body a static and balanced rotating rotors with constant speed relativity to the body,
this has led to new equilibria orientations which are very interesting for practical satellite
applications, such solutions can be used in the current space technologies to design
satellite active or semi-passive control systems.

Several authors have studied special cases for multiple equilibria of rotating rigid bodies
and gyrostats using both analytical and numerical methods. Sarychev et al in all the
studied cases from [12] to [15] has achieved the analytical equations for both equilibria
and stability of the equilibria, namely in [12], which Sarychev et al studied the dynamics
of a gyrostat satellite with a single nonzero component of vector of gyrostatic moment;
the researchers used a set of parameterizations that led them to confirm that for a
circular orbit a gyrostat satellite may have no more than 24 equilibrium positions, and that
the equilibria in this particular case can be described as function of just a couple of
parameterized factors. The study of the evolution of the regions of the necessary
conditions of stability was described by a numerical-analytical method in the plane of
the considered parameters. This work also described successfully the bifurcation values
corresponding fo the qualitative variation of the shape of the stability regions.

It was shown by Sarychev and Mirer in [13] the relative equilibria of a gyrostat satellite
with internal angular moment along the principal axis. Again, the rather complicated
system of equations was successfully reduced using a set of parameterized factors, it was
shown that nine domains exist in the plane quadrant of the parameterized values, and
that a fixed number of equilibria solutions exist in every possible domain. The conditions
for stability of the equilibrium positions were also given for all the presented group of
solutions and estimated for several inertial configurations.

In [14], Sarychev et al studied the dynamics of a gyrostat satellite with the vector of
gyrostatic moment in the principal plane of inertia. Here all positions of equilibrium are
determined, and the conditions of their existence are analyzed. Also determined were
the bifurcation values of the parameterized dimensionless factors, at which the number
of equilibrium position changes. Moreover, and as result of the analysis of the generalized
integral of energy, the sufficient conditions of stability for each equilibrium orientation

11|
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were derived. The evolution of the regions where the sufficient conditions of stability are
valid were investigated under the variation of the systems parameterized dimensionless
parameters.

In [15] Sarychev and Gutnik studied the relative equilibria for the general case of a
gyrostat satellite. The approach used is very similar fo the one in this work, for the
calculation of equilibria the authors use Euler angles instead of dimensionless parameters
as used on the current study. It was a first approach to the study of the gyrostat general
problem, the authors infroduced a method to parameterize the different coefficients in
order to make the analysis easier. However, no results on equilibria, stability of equilibria
and bifurcation are given.
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3 GENERAL GYROSTAT CONCEPTS

3.1 DIRECTION COSINES

To describe a motion of a spacecraft with respect to the orbital reference system there
is the need to infroduce a proper coordinates system. The coordinate need to be
carefully selected, as can be seen later, if proper chosen, the coordinate system will
simplify the gyrostat both equilibria and stability calculations.

Euler observed in [24] that the generalized displacement of a rigid body with one fixed
point is a rotation about an axis through that point. In the present context, Euler’'s angles
theorem requires that the displacement of one point with respect to other be a rotation
about some axis through their common origin, like figure 3.1 shows.

Subsequently can be said that Euler angles can represent a sequence of three elemental
rotations, i.e. rotations about the axes of the coordinate system.

In mathematical terms, Euler angles are represented by rotation matrices, which are used
to perform a rotation in the three dimensional space. Rotational matrices also provide a
mean of numerically representing an arbitrary rotation of the axes about the origin
without appealing to the angular specification.

Figure 3.1 Representation of the Euler angles. Adapted from McGraw-Hill Concise Encyclopaedia of Physics.

Euler angles [24] can be achieved by several different set of rotations, the first rotation
can occur in any of the three axes, covering three choices. Because two consecutive
rotations cannot take place on the same axis, two alternatives are possible for the
second rotation and two choices are again possible for the last rotation. With this we
have 3x2x2 possibilities. The 12 Euler angles configurations corresponds to the sequences
labeled as 1-2-1, 1-2-3, 1-3-1, 1-3-2, 2-1-2, 2-1-3, 2-3-1, 2-3-2, 3-1-2, 3-1-3, 3-2-1 and 3-2-3.

Peter C. Hughes in Spacecraft Attitude Dynamics [23] made a further analysis to the Euler
rotation possibilities, is shown that can be divided into two different groups, there are 6
sets of symmetric rotations or classic Euler angles, 1-2-1, 1-3-1, 2-3-2, 2-1-2, 3-1-3 and 3-2-

13|
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3, and é setfs of asymmetric rotations or also called Cardan or Tait-Bryan angless, 1-2-3,
1-3-2, 2-3-1, 2-1-3, 3-1-2 and 3-2-1.

After setting the proper rotation scheme is highly desirable to create the direction cosine
matrix. This maftrix represents the cosines of the angles between a certain vector and the
three coordinate axes.

Further on the study of stability, is necessary to use the direction cosines intfo the energy
scheme in the form of an expanded Taylor seriesé. This means that the directions cosines
will then represent small displacements from the equilibrium position.

As seen previously, there are plenty of sequences to represent any kind of system, the
option of which set of rotations belongs exclusively to the designer itself.

The system base change matrix corresponds fo:

X X

[Y = [A] yl (3.1)
Z y/

Because [A] is the cosine direction matrix, system (3.1) becomes:

X d11  d12 A13] X

Y| =[a21 a2z 4dz3 [yl (3.2)
Z dz1 dzz dzzllz

The angular orientation of the body-fixed base is thought to be the result of three
successive rofations. Taking figure 3.1 as reference, the first rotations is carried out about
the axis Oz through an angle ¥, the second rotation is through the axis OX and gives
origin to the angle 9, and finally the third rotation is around the axis Oz and gives origin
to the angle ¢.

Applying the matrix notation scheme, the first rotation is represented as:

cosyp —siny O
Ay =|sinyy cosyp 0 (3.3)
0 0 1
The second rotation is represented as:
1 0 0
Ay =10 cos9 —sind (3.4)
0 sin9 cos?
And the third and final rotation is represented as:
cosp —sing 0
A, =|sing cosep 0 (3.5)
0 0 1

5 Named after Peter Guthrie Tait (1831-1901) and George H. Bryan (1864-1928) which differ from Euler angles by
the replacement by non-homologous planes (perpendicular when angles are zero).

6 Taylor series is a represents a function as an infinite sum of terms which are calculated from the values of the
function's derivatives at a single point. This mathematical concept was discovered by the Scottish

mathematician James Gregory (1638-1675).
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Multiplying out the matrix’s (3.3) by (3.4) by (3.5) gives the direction cosines (3.6).

X X

Y| =Aydgdy, X |Y| ©

VA z

X cosPcos@ —sinPcosdsing —cosyPsing —sinPcosdcosep sinyPsind 7rx

Y| =|sinWcos@ + cos Ycosdsin@ —sinWsin P+ cosWPcosdcos® —cosyYsin 19] [y] (3.6)
Z sin9sin ¢ sin 9 cos @ cos 9 z

Where the angle of precession can be defined as the change of orientation of the
pivotal axis and analytically represented by i, the angle of nutation is defined as the
nodding motion in or inclination in the axis of rotation and analytically represented by 9,
and the angle of rotation can be defined as the rotation around its axis and analytically
represented by .

Therefore the direction cosine expressions, also might be referred as the result of a 3-1-3
rotation is described as, and confirmed in [17] to [19]:

a,, = COSy COS @ —Siny CoS Jsin ¢

a,, =—CO0Sy Sin ¢ —siny C0S 9Cos ¢

a, =sinysin g

a,, =Siny coS @ + CoSy COS $sin ¢ (3.7)
a,, =—Siny sin ¢ + CoS y C0S 3 COS @

a,,;=—Cosy sin 9

ay=singsing

a;, =Sin$cos ¢

Ay, =C0S Y

It is often necessary to calculate the rotation angles, as can be seen in chapter 7, to
obtain the stability results, the values of the angles are needed. Therefore, is necessary to
achieve a simplified mathematical expression for (3.7) which covers all the angle
expressions. It is the derived from (3.7) the expressions which permit us to achieve all the
angles expressions.

C0S 4 = ag,

CoOSy =—ay/sing
cos@p=a,,/sin g

sin ¢ = ov1-cos® 9,(o = +1)
siny =a;,/sing

sinp=a,, /sing

If (v, ¢)are the angles associated with o = +1, then the angles associated with
o=-1are (v +7,—3,¢+7r). Both triplets as will be seen further ahead will produce
one and the same final result.

The choice of this kind of representation and specific rotation angles is because the
stationary rotation of a spacecraft corresponds to a fixed position of its axis with respect

15 |
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to the orbital reference system defined by angles ¢ = i, = const. and 9 = 9, = const. and
also from the uniform rotation of the spacecraft about this axis.

Figure 3.2: Representation of the Euler angles in a two-gimbal suspension.
* The upper coefficients represent rotation sequence.

Adapted from McGraw-Hill Concise Encyclopedia of Physics.

The matrix (3.6) and system of equations (3.7) are orthogonal maftrixes, so they obey to
the following properties:

[Al* =[A]

det([A]) =1
; &, 9
[AF =8y 8y Ay
A3 dyp Ay

Because [A][A]™" =[1] it follows:

8, 8, dag|ld; 8, a;
a21 a22 a23 a‘21 a22 a23

8 8p Agp[|8; dp a5

(3.8)

o O B+
o - O
= O O




GYROSTAT DYNAMICS ON A CIRCULAR ORBIT

Performing the calculations of system (3.8):

2 2 2
ar; +aj; tajs a11dz1 T aq2a22 + 13323  A113d31 T A12a32 + A13a33 1 0 O
2 2 2 _
dz1dqq T azzaqp +az3a13 azy taj; +as; azjazy +azas; +azazz| =0 1 O0f (3.9)
2 2 2
azqdqq tazpagp +azzd13  Azqdpg T azpdzy taAzzdls azy tajs; +as; 0 0 1

From system of equations (3.9), the following expressions are achieved:

( a3, +a%, +aj; =1
aj; +aj; +a3; =1
a%; +aj, +as; =1
1 a11821 + @128z, + 813853 = 0 (3.10)
ai1d31 +agpa3; +ag3a33 =0
dp1d31 T aza3; +az3a33 =0

\

Now the remaining orthogonal conditions can be found by:

_, _ Adj[A]
A7 = det[A]
Where:
det[A] =1
[A]7! = [A]"

Taking into account the algebra properties the remaining orthogonal conditions can be
calculated having into account the following system:

Adj[A] = Q23031 — A21033 Q11033 — A13A37 13021 — A11023
(1037 — App0317 (Aq12031 — A11032 A11037 — Aq1207q

dzq1 dpz dp3

Q2033 — Ap303, Aq13037 — Aq12033 a12a23_a13a22] [311 aip 313]
dzq; dzz dss

Which lead to the following equations:

(A11 = Az2033 — Az3032
Q12 = Q30431 — A10d33
= Q1033 — Ap2031
21 = Q13032 — A12033
{ Q22 = Q11033 — A130A3; (3.11)
Qz3 = Aq12031 — A11433
(31 = Q12023 — A13d32
3z = 13031 — A11d73
La33 = a114d22 — A120A21

Q
[N
w

I

Because a satellite fixed reference frame is undergoing a rotation, the elements of the
rotation matrix will be in function of fime. The functional relationships between the

17 |




GYROSTAT DYNAMICS ON A CIRCULAR ORBIT

direction cosines and their rates are detailed by Jens Wittenburg in Dynamics of
Multibody Systems [26] and are known as the kinematic equations of Poisson?, which can
be applied to the studied system in the following form:

(A11 = Q127 — Q43G9 + W3A1 — W2A3q

A1z = Q13D — Q117 + W30z — W2A3;
(13 = a119 — A12P + W3dy3 — W2A33
(1 = Qo7 — A3q + W1A31 — W3Aqq
{ Q22 = Q3P — Az 7" + W1A3; — W3Aq2 (3.12)
(3 = Ap1q — AP + W1A33 — W3Aq3

a31 = Q37 — A339 + WA11 — W1Apq
A3z = A33P — A317 + WA — W14y
\d33 = A310 — A32P + w043 — W1Ay3

Were p, g and r are the projections of the angular velocity intoX, Yy and z axis and @, ,

w, and @, are the projections of the orbital angular velocity.

Because the satellite is small when compared with the size of its orbit can be considered
that the angular velocity in relation to X and zZ axis be w, = w; = 0, and the angular

velocity in the plane y be @, = @ . Because the study is conducted in a circular orbit then

W, = @, . Taking this considerations, the system (3.12) take the following form:

(G171 = Q127 — G439 — WA3q
(12 = Q43P — Q117 — WAz,
13 = 0119 — A12P — WA33
(y1 = Qo7 — Ap3q
{ Ayy = Ay3P — AxqT (3.13)
A3 = Ap1q — AP
d31 = Azp7 — A33q + waqq
A3y = Az3p — A317 + WAy
\d33 = A31q — A32p + Waq3

The system of equations (3.13) is the kinematic equations of Poisson for the presented
system.

The Poisson kinematic equations are used for solving the problem of determining the
body position for a certain given angular velocity. Poisson kinematic equations possesses
an advantage when compared with Euler kinematic equations, this ones are linear and
present no singularities. The drawback is that the former equations have a higher
dimensionality when compared with the Euler equationss.

7 Developed by the French mathematician Siméon Denis Poisson (1781-1840) and gives the functional
relationships between the orientation angles and their rates of change.

8 Developed by the Swiss mathematician Leonhard Euler (1707-1783) which in classical mechanics describe the
rotation equations of a rigid body, using a rotating reference frame with its axes fixed to the body and parallel

to the body's principal axes of inertia.
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3.2 INERTIAL INEQUALITY TRIANGLE

Taking into consideration the general definition, the inertia matrix for a general body is
symmetric and the terms along the diagonal are called inertiac moments. The inertia
matrix must respect the constraints among its elements, it is possible to define 3 triangular
inequalities and 6 inertial distributions that relates the inertia moments, which represent
constraints on the admissible values of inertia moments. These constraints are the sum of
two inertfia moments, as the following example can demonstrate.

| :A:jjj(y2+zz)dm
Iy =B=Ijj(x2+zz)dm
l,, :Czﬂj(x2+y2)dm

Where |y, 1y, 15, A Band C are the inerfia moments of a given general shape.

Taking for example the calculus of | :

| = A:jjj(y2+zz)dm + jfj(x2+zz)dm - Iﬂ(xz +y2)dm >0 <

@fﬁ(yz+zz+x2+22—x2—y2)dm >0

c>2ﬂjzz dm>0

The remaining inequalities are obtained by a simple rotation of the axis x, y and z, and
doing so, the inerfiac moments configurations can be described by the following
inequalifies.

A+B=>C
A+C>B

B+C>A

Taking info account the previous demonstrated three friangle inequality rules, it is possible
to achieve the six inertial distributions. Each inertia distribution can be applied to actual
design properties. The Inertia distributions which rise from the triangle inequality are:

A>B>C
A>C>B
B>A>C
B>C>A
C>A>B
C>B>A

It has been shown by Sarychev et alin [1] and [2] that exists all the inertial configurations
above mentioned. The choice of such configuration is because this inertfial distribution
has a gravitic gradient possible stability scheme and also by the designer choice.

19|
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4 GENERAL GYROSTAT EQUATIONS OF MOTION

Let us consider the problem of rotational motion of a gyrostat satellite representing a solid
body (also called platform) with rotors inside, which are balanced both statically and
dynamically. We assume the angular velocity of rotation of these rotors to be constant
relative to the satellite mainframe, while the center of mass of the satellite moves along
a circular orbit in a homogeneous gravitational field.

We infroduce two right-handed Cartesian reference frames with an origin at the
satellite’s center of mass O. OXYZ is the orbital reference frame whose axis OZ is
directed along the radius vector connecting the centers of mass of the satellite and the
Earth; the OX axis is directed along the linear velocity vector of the center of mass O .
Oxyz is the satellite-fixed reference frame; where Ox, Oy and Oz are the satellite’s

principal axes of inertia.

Let us define orientation of the Oxyz reference frame relative to the orbital reference

frame by the angle ¥ (angle of precession), 4 (angle of nutation), ¢ (angle of rotation),
(See figure 3.1 and figure 4.1).

0) Earnn bt {Circular)

Figure 4.1: Spacecraft and Orbital Coordinates Representation.

Adapted from McGraw-Hill Concise Encyclopedia of Physics.

The installation of rotors (may also be called flywheels) will change the equilibria scheme
of a solid body to positions more favorable for practical applications. The use of the
gravitational-gradient torque effect in conjunction with flywheels will improve
significantly the accuracy and orientation of such space application.

The total angular velocity of a gyrostat satellite @ is described as the sum of the angular
velocity components, and is defined by:

O=pPX+aQy+rZ =0, + @, (4.1)

Were P, q and r are the projections of the angular velocity into X, Y and z axis, @ the

internal gyrostat angular velocity and &30 the orbital angular velocity.
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And by definition the gyrostat angular velocity mentioned in [23] and [26]:

w5 = (Yay, + @)X + (Yay, +Ising)y + (Yay; + I cos )z (4.2)
And the orbital angular velocity is:

wg = wo¥ (4.3)
Writing @, in matricidal format, (4.3) is presented as:

Woy d11 412 aA13][ 0
woy| =|az21 azz a23||w, (4.4)

Woz d3; dzz2 assllo

Wox Wodz;
[woyl _ [woazzl (4.5)
Woz Wodz3
Re-writing back equation (4.3):

= (woAz1)X + (Waz,)Y + (Woaz3)Z (4.6)

Replacing equations (4.2) and (4.6) into equation (4.1), can be obtained the several
components of absolute angular velocity (rotational - around itself and translation —
around a central attracting body) projections of the gyrostat satellite in the axis Ox, Oy

and Oz:

p= V/331+‘9C03¢’+0)0 1 = P+ @3y,
q=yay,— ‘95m§”+a)o 22 = + @8, (4.7)
F=yag+@+ 08y, =T +@yd,,.

Where the dot designates the derivative as function of fimet.

ﬁ1 = Z‘]k‘/}k(bk
k=1

ﬁz = Z‘]kekgbk (4.8)
k=1

I‘_‘3 = Z‘]k@k(bk
k=1

Being Fll, ﬁz and }’_13 the projection of the gyrostatic motion vector, J, is the axial moment
of inertia of k-th rotor; a,, B, ¥, are the constant direction cosines of the symmetry axis

of the k-th rotor in the coordinate system OX; X, X, and ¢, is the constant angular velocity
of the k-th rotor relative to the gyrostat.
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4.1 KINETIC ENERGY

The kinetic energy of a body and/or system can be simply described as the energy which
possesses due to its mofion.

According fo Koenig's theorem?, the kinetic energy of a rigid body is equivalent to the
sum of the kinetic energy of a mass point located at the center of mass and the kinetic
energy relative to the center of mass.

The kinetic energy of a gyro-wheel with moment of inertia |5, rotating with angular
velocity @y is described OS%ISwf. So aslong as @ remains constant, the kinetic energy

due fo rotation is constant, whether there is precession or not. If a mass m is applied to
one end of the rotation-axis of the gyroscope the rotation-axle will dip through an angle
@ and a forque will be developed about the tforque-axis.

It is known that a torque produce kinetic energy to a rotating body only when the torque
produces angular velocity about the torque-axis, in this case the tforque is responsible for
producing the dip ¢; this physical modelis the basic concept behind the restoring torque
for stabilization of gyrostat platforms.

Indicating the coordinates of the satellite’s center of mass in inertial frame as X, Yy and

Z , the mass of the satellite as M and using expression of rotational kinetic energy about
the center of mass, the kinetic energy of satellite is described as:

1 1 . . .
T= E(Ap2 +Bg° +Cr2)+§m(qpk2X + P, +¢kzz)
Then the kinetic energy of a gyrostat satellite is defined by [15] as:

T =%(Ap2+Bq2+Cr2)+ hp+hq+hr (4.9)

Where the first term of equation (4.9) is due to the rotation around itself and translation
around the central attracting body, and the second term is due to the rotation of the
rotors inside the gyrostat platform.

Because the studied gyrostat is confined to a circular orbit, the projections of the
gyrostatic motion vector can be manipulated in function of the orbital velocity as follows:

W
@,
ot
2
-
2

? Developed by Johann Samuel Kénig (1712-1757) the theorem expresses the kinetic energy of a system of
particles in terms of the velocitfies of the individual particles. Specifically, it states that the kinetic energy of a
system of particles is the sum of the kinetic energy associated fo the movement of the center of mass and the
kinetic energy associated fo the movement of the particles relative fo the center of mass.
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Taking info account the system of equations (4.7), equation (4.9) can be simplified as
follows:

7., _ _ _ _
T= E[A(p+600321)2 + B(q + @y3y )2 +C(I’ 4‘“’0":123)2]+ a’o[hl(p +a)0a21)+ hz(q +a)0a22)

+hy(F + 0y, )] Aad

T= %[A(ﬁz +wial, + 2ﬁw0a21)+ B(c_]2 +wial, + 2c‘1a)0a22)+ C(F2 +wial, + 2T wyd,, )]+

+ @, [hl(ﬁ + a)03-21)+ h, (q + @3y, )+ hz(r + woazs)] At

T= %(Aﬁz +Bg?+CPF?)+ %wg(Aa; + BaZ, +CaZ )+ w,(APay, + Bla,, + CFa,; )+ 10

+ @, (h1ﬁ +h, g+ h3l7) + a)g (h1a21 +h,a, + hsazs)

Equation (4.10) represents the total kinetic energy of the gyrostat satellite along its orbit
around a central gravitating body, and is described in function of the principal’s
moments of inertia, the projections of the gyrostatic motion vector, the projections of the
angular velocity and the direction cosines.
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4.2 FORCE FUNCTION

The force function can be defined as the moment created around the center of gravity
of the gyrostat due to the gravitational effects created on the gyrostat, and has the same
magnitude that the potential energy but differs from it in sign, which can be quantified
with (4.11).

U= jdu@u_—GMz”dm all (4.11)

i=l pR

With U being the Force Function, and considering a uniform dense spherical body
where G is the universal gravitational constant 6.67259x1024 Nmz2/kg?, M the mass of the
central attracting body, m, and Mg the mass of the platform and the mass of the rotors

respectively and R, the radius from the satellite center of mass to the central graviting

body center of mass.
Because the gravitational forces acting upon the platform and the rotors are
approximately the same, we can treat it as a unique body with massm .

dm dm
U=-GM|—<U=-k <U=-k —<:>U——k S
!Rp -B[R Z z\/R2+2ROr,+r
1
U :—kmi = U Z—kmi—
JRZ +2R 1/ + 12 Ryvl+e
2RI + 12
With & =—>——— and k =GM
0
So the equation U = —kZ—i < U= ——M represents the gravitational force function
i 0 CM

of a particle with the rigid body mass located at its centre of mass, and the term:

1 2R 1/ +1? K k
U=-k —Zoi 0 i 2R Y mr + m.r/?
Z |: Rg :| Ros Ozi: it 2R03IZ iti

The first sum on the right hand side gives the dipole term, which vanishes because the
origin of the body fixed frame system is at the centre of mass of the rigid body.

The second term on the right hand side is from an order of R~ and for consistency, it must

be added it to the contribution from &2 term in the Taylor series expansion, as shown
below.

U=

k 3 2
— —(2R.1’ =
ZRSZmIS( Orl) ZRSZ

To simplify the above equation, we need to find the centripetal forces which the gyrostat
is subjected to, for that the Centripetal Force F. and Gravity Forced F; are equalled.

2 2
F.=F; <:>maC:Gm|\2/I ©mv—=6w©@=Gﬂz©sz:Gﬂz@
R R R R R R
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@0)2=G¥

k
Being k = GM we can make @® = Fand so the equation U = —E?Zmi (fr) can
0 i

be simplified to:
3 2 a2
U= _Ewo Zmi(rori)
1

Applying our terminology it came:

5 A 0 O
U= _Ewg [a3l a3, a33] 0 B O [a3l A a33]T <
0 0 C
_ 3 2 2 2 2
U= _Ewo (Aa3l +Ba,, + Cas3) (4.12)

Equation (4.12) represents the force function of the gyrostat satellite along its orbit around
a cenftral gravitating body in function of the orbital velocity, principal moments of inertia

and direction cosines.
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4.3 INTEGRAL OF ENERGY

The integral of energy or also called the Hamiltonian, is equal to the total energy of the
system, kinetic plus potential (in our case, but can involve other forces such as magnetic
or solar pressure for example).

The Hamiltonian mechanics is much closed linked with the Lagrangian Mechanics'0, the
fact that the Hamiltonian is an important physical quantity, whereas the physical
meaning of the Lagrangian is more “obscure”, is one of the appealing features of the
Hamiltonian approach. Both the Lagrangian and Hamiltonian have the dimensions of
energy and both approaches can be called energy methods. They are characterized
by the use of scalar quantities rather than the vectors encountered in the direct use of
Newton's second law!!. This has both the theorefical advantage of leading to very
general formulations of mechanics and the practical benefit of avoiding some vector
manipulations when changing between coordinate systems (in fact, Lagrangian and
Hamiltonian methods were developed before modern vector notation was developed).
In the problem of attitude motion of a gyrostat satellite in a circular orbit, the Hamiltonian
of our system is described by H and mathematically described as:

H=T,-T,-U =const. (4.13)

The existence of Tjis due to the fact that the orbital coordinate system OXYZ is not
inertial.

From (4.13) it follows that:

T, = %(Aﬁz +Bg? +Cr?)
(4.14)

1
T, = Ea)(f (Aa§1 +Bal, + Ca§3)+ ot (ha,, +h,a,, +ha,,)

Now substituting (4.12) and (4.14) intfo equation (4.13) is obtained the integral of energy
for the studied system.

1, _ _ 1
H= E(Ap2 +Bg? +Cr?) - Ea)g(Aagl +Bal, + Ca§3)— ot (hay, + hya,, +ha,)+
3
+ Ea)g (Aa§1 +Bal, + Ca§3)

Having info account (3.10), the integral of energy becomes:

2 2 2 2 2 2
{azl +a; +ay =1<:> {azz =1- Ay — Ay

2 2 2 2 2 2
Ay +agp +ag =1 Ag =1- Az —ag

10 peveloped by the Italian-French mathematician Joseph-Louis Lagrange (1736-1813) the Lagrangian
mechanics is a re-formulation of classical mechanics using the principle of stationary action (also called the
principle of least action). Lagrangian mechanics applies fo systems whether or not they conserve energy or
momentum, and it provides conditions under which energy, momentum or both are conserved.

11 The vector sum of the forces F on an object is equal to the mass m of that object multiplied by the
acceleration vector a of the object.
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H = % (Ap® +BG + CFz)—% o[ AaZ, + Bll—aZ — a2 )+ Cal |- w2 (hay, + h,ay, + iy, )+
+ga)§[Aa§1+ BaZ, + ClLl-a2 a3 ||
H= % (Aﬁ2 +Bg? +CF2)—% wg[a;(A— B)+a%(C-B)+ B]—a)(f(hla21 +h,a,, + ha,, )+

+> aflal (A-C)+ 2, (B-C)+Cles

H= % (Aﬁz + qu + Crz)_% wg [azzl(A_ B)+ a223(C - B)]_ a)g(hlaﬂ +h,a, + h3823)+
+§w§[a§1(A—C)+a§2(B—C)]+%a)§B+§a)§C

Because of in our system we defined that B> A>C, the above integral of energy
becomes:

% (Aﬁz +Bg’+ CFZ)"" % a’oz [azzl(B - A)+ a223(B - C)]_ a’g(h@zl +h,a, + h3a23)+

+ga)§[a§1(A—C)+ a%(B—C)|=H +%w§B+ga)§C

%(Aﬁz + qu +CF2)+%(0§ [azzl(B - A)+a223 (B _C)]_woz (h1a21 +h,a,, + h3823)+

+§a)§[a§1(A—C)+a322(B—C)]= H +%a)§B+ga)§C

%(Aﬁz +Bq® +CF )+ % offal (B - A)+a% (B —C)|- 0 (hay, +hyay, + hia )+ (4.15)

3 _
+= offal(A-C)+a5(B-C)|=H
Were H = H +%a)§‘B+ga}§C

It can be easily seen that the integral of energy H (4.15) is constant during our entire
path because all the parameters are constant in time, and because so, can be used as
a Lyapunov's function in the basic Lyapunov's stability theorem.
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5 GENERAL GYROSTAT EQUILIBRIUM ORIENTATIONS

The study of equilibria can be defined as the identfification of the conditions under which
the considered system is either at rest or in uniform motion. Each such equilibria position
suggests a potential aftitude stabilization scheme, especially if the equilibrium is stable.
The term general gyrostat appears several times during this investigation, and it means
that is an asymmetrical inertial distribution gyrostat satellite subjected to a gravitational
torque.

To find the equilibrium orientations with respect to the orbital reference frame it is needed
to find the solutions where the system is either at rest or in uniform motion, to find such
results, the conditions must be developed from Lagrange general equation, or more
precisely called the Lagrangian, which can be roughly called as a method of least
energy of a system. Regarding the system in study, the Lagrangian is in function of Kinetic
Energy, Force Function and system coordinates.

i(ﬂj_ﬂ_ﬁ
dt\ dn on on

Where n is the generalized coordinate. Now expanding the Lagrange equation into the
studied coordinate scheme:

d(oT oT oT ouU ouU
ol AT | TV s A5 =8 — Az
dt\ op oq or 0a,, 0a
Jafor) ot ot _4 8 _, Y
dt| &g or  op  toa,, O oay (5.1)
90T T, OT Ay o
dt\ or op oq P oay, O oa,,

In the above set of equations T and U are the equations defined in (4.10) and (4.12).

The differential equations of (5.1) are:

oT Foar il h

ap p Ohl aq q 072 ar 03
N g N ga Y g
aa3l a32 a33

Replacing the derivations above calculated into the set of equations (5.1):
d ) =
a(Ap) —rBg+qCr +3w;a,3a,,(B-C)—h,r+h,q=0

%(Bq)— pCr + rAp —3mZa,a, (A—C) —h,p+hr=0 IEN

d _
a(cr) —QAp + pBqg + 35‘)53-313-32 (A-C)- 30)53-313-32 (B-C)-hg+h,p=0
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Ap —rBq+qCr +3w’a,,a,,(B—C)-h,r+h,q=0
Bg — pCr + rAp —3mla,a,, (A-C)-h,p+hr=0 <
Cr —gAp + pBq +3w;aza; (B— A)—hg+h,p=0

Ap +(C —B)ar —3wZa,,a,,(C - B) - (ﬁzr - ﬁsq): 0
BG+ (A—C)rp—3w2a,a, (A—C) —(h,p—h,r)=0 (5.2)
Cr+ (B - A)pq _30)023316‘32 (B-A)- (ﬁlq - F‘z p): 0

The set of equations (5.2) represents the gyrostat angular velocity projected into the
principal axis of inertia Ox, Oy and Oz.

Having info  account w=y,=const., =Y, =const., ¢@=¢,=const.,
W= =9=8=0=p=0,p=w,a, . =m,a, and I = ®,a, we get:

- (B - C)wgazzazs + 30)5 (B - C)aszass - r_]2500‘5‘23 + r_‘30’0‘5‘22 =0
- (C - A)a)g Ay 8y + 30)§ (C - A)a31a33 - ﬁ3(00 a, + I‘_lla’o 3, =0 <

- (A_ B)a’ozazlazz + 3(002 (A_ B)aslasz - I‘_lla’oazz + ﬁzwoazl =0

(B _C)a)02 (a22a23 — 38,85 )+ Iszwoaz‘?, - ﬁ36‘)0322 =0
(C - A)a)o2 (a21a23 — 383,85, )"‘ hy,@ya, —hwya,, =0

(A_ B)a)g (a21a22 —3a;,8;, )"’ ﬁ15"03-22 - ﬁ:zUooa?_l =0

Simplifying the above set of equations with hi =1 (i=1,2,3) it is obtained the stationary
@y

solutions of the integral of energy (4.15), which describes the equilibrium positions of the

spacecraft with respect to the orbital reference system. Replacing thenthe P=Q =R =

0 and the constant angles ¥ =y,, $=39,, ¢ = @, in (4.15), the dynamical equations of
the spacecraft in scalar form are presented as follows:

(C- B)(azzazs - 3a32a33) - hzaz3 + h3a22 =P=0

(A-C)(ayay, —3aza,)—ha, +ha,=Q=0 (5.3)
(B- A)(a21a22 - 3a313-32) - hlaZZ + h2a21 =R=0

The direction cosines presented in (3.7) can now be infroduced into the studied system,

with this, can now be defined the spacecraft angular positions with respect to the orbital
reference system as follows:

X | 3 | & A3 (5.4)
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The projection into the orbital coordinate frame between X and X is @;;, between X

and yis d;,, and so on.

Projecting equations (5.3) into the axis's of the orbital coordinate system:

OX :Pa, +Qa, +Ra, =0
OY :Pa,, +Qa,, +Ra,, =0
OZ :Pa, +Qa,, +Ra,; =0

The above system is equivalent to the system (5.3) and can be transformed:

4(Aa21a31 + Ba22 a32 + Ca23a33) + (h1a31 + h2a32 + h3a33 ) = O
Aa a, + Ba,,a;, +Caj a,, =0 (5.5)
Aa‘llaZl + Ba12a22 + Ca13a23 + (hlall + h28‘12 + hSa‘lS ) = O

It can be seen that equations (5.5) depend on 6 dimensional parameters (h,h,, h,, A,

B and C). The goal is now to transform system of equations (5.5) into dimensionless
parameters to reduce the number of parameters in order to simplify the calculations.

Infroducing (3.10) into (5.5):

4(Aa21a31 + B(_ Ay ay — a23a33)+ Cazsass) + (h13-31 + h2‘3‘32 + h3a33 ) =0
Aanasl + B(_ a;; 85 — ‘3‘133-33)+ Ca13a33 =0 (5.6)
Aalla21 + B(_ a8, — a13a23)+ CalS Ay + (h1a11 + h2a12 + h3a13 ) =0

B-A h.
And simplifying by means of V = u and H, = ———, system (5.4) is transformed

(B-C) - (B-C)

info:

- 4(‘/‘121331 + azsass)+ (H1a31 + Hzasz + H3as3) =0
Va,85 + 3853 = 0 (5.7)
[‘@113-21 + a13a23]_ (Hlail + H2a12 + HSa:LB) =0

The system of equations (5.6) and (5.7) corresponds to the studied system represented in
the referential OXYZ . It can be seen now in (5.7) that the gyrostat satellite equilibria in

the orbital coordinate system depends only of 4 dimensional parametersH,, H,, H,
and v.

Now, is convenient to make a small remark, remembering chapter 3.2 — Inertfial inequality
triangle, we have made a choice that our inertial parameters are B > A> C, having this

into account, it can be seen that for the parameter v 0 when B~ Aand v ~1 when
A=~ C, following this can be assumed that 0 <v <1.
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Taking (5.4) into account, the system (5.6) and (5.7) is considered a system of three
equations with unknownsy, &, and ¢, . In order to solve it, is necessary to add the six

orthogonally conditions, which then is used fo study the equilibrium orientations of the
gyrostat satellite system.

From equation 2 on (5.5), equation 1 and 5in (3.10) the following system of equations is
achieved:

_ A;,a3, (C - B)
T 2 52 2 2,2 2 2 42 2-%
_a323-33 (C - B) +a5a5; (A_C) +azas (B - A) ]
a, = - aslasa(A_C) _ (5.8)
_a322 a§3 (C - B)Z + a321‘3‘323 (A_C)2 + a:fla;z (B - A)2 %
a, =- 3-313-32(8 B A) i
_a§2 a§3 (C - B)2 + a§1a§3 (A_C)2 + a§1a§2 (B - A)2 %
niroducing Z = [a%,a% (C - BY +a%al,(A-C)* +ajal (B~ AF]*:
_ A3, 853 (C - B)
11— 7
- 2282 (A=0) o)
a. = a313-32(8 B A)
13 7

Going back to the determinant solutions (5.4) (which corresponds to equations 3.11),
andintroducing |, = Aa321 + Ba322 + Ca323 to facilitate the developing of the calculations,
the remaining direction cosines take the following form:

l,—-A

Ay a31(3Z )
(I, -B)

Ay = Ay, BT (5.10)
(I, -C)

a23:a333T

Now with the complete set of equations, is infroduced Aa, a,, + Ba,,a,, +Caga,, =2

=
and F =h,a,, +h,a,, +h,a,;, by the first equation of system (5.7) we have: Z =7

doing so, the set of direction cosines can be presented as:
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C-B
3-11 — 4 a32a33|(: )
_ a31a33(A C)
12 — 4 F
_ 4 a31a32(B A)
13
F (5.11)
(I 3 A)
a‘21 - 4a31 F
l.-B
a22 4a32 ( 3F )
1,-C
a23 4a‘33 ( : F )

As it was shown in Sarychev and Gutnik (1984) [15], a system with the second equation
of (5.7) and the first, second, fourth, fifth and sixth equations in (3.10) can be solved for

Qy1,8y,,843,8y,8y,8, if A#B=C, using dimensionless parameters H;, H,, H,, 0.

Let us notice also that solutions of system (5.11) exist only whena,,, a5, and ag;with

none two of them could vanish simultaneously, otherwise we get some special cases'2,
These special cases have been solved when the vector of gyrostatic momentum is

located along the satellite's principal central axis of inerfia OX2 and when
h, =0,h, # 0,h, = 0in Sarychev and Mirer (2001) [13] and Sarychev et al. (2005) [12],

Longman et al. (1981) [22], and when the vector of gyrostatic moment is located in the
satellite’s principal centfral plane of inertia OX X, of the frame OX;X,X; and

h, #0,h, =0,h, # 0, Sarychev et al. (2008) [14].

Replacing equations (5.11) in the first and third equations of (5.5) and adding the third
equation of (3.10) it gives origin to the following three equations:

16[33223-323(8 - C)Z + a3218‘:53 (C - A)2 + a321a322 (A_ B)Z]: (h1a31 + h2a32 + hsass )2

4(B - C)(C - A)(A_ B)a3lasza33 +
+ [hl(B - C)aaz Az t hz (C - A)aslasa + h3 (A - B)a31a32 ](h1a31 + hzaaz + h3a33 ) =0

a2 +al +a% =1

To determine the remaining direction cosines @, , a;, and ag,, if system (5.12) is solved,
then relations (5.11) allow us to find the other six director cosines.

12 see bibliography [12], [13] and [14].

(5.12)
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Following the simplification process, multiplying the right side of the first equation by

a§1+a§2+a§3:1'

16[3322 a323(B - C)Z + 33213323 (C - A)2 + a321a322 (A - B)z ] = (h1a31 + hzasz + h3a33 )2 (a321 + a322 + a323)

4(B-C)C - AN A-B)a,a,a,, +
+ [hl(B - C)aszaas + hz (C - A)aalaas + ha(A_ B)a31aaz ](hla3l + hzaaz + h3333)= 0

a2 +a2 +a’ =1

And infroducing the dimensionless parameters:

X:&, y:&, v:ﬂ, H, :L, (1=12,3). and divide the first equation of
Ay Ay, B-C B-C

the above set of equations by (B—C)?a3,, and the second equation by (B—-C)*a’, .

With this, we get the following system:
16[y2 +x2(v 1) +v2x2y2]= (Hx+H,y+ Hs)z(x2 +y? +1)

dv(L—v)xy +[H,y +H,(v —Dx = Hoxy|(H,x+ H,y + H;)=0 (5.13)

a2 +al +a =1

It can be seen that:

a
-
a a,, = Xa
B { 31 33 (5.14)
_ as, Az, = Yag,
y=—%
83
I ) ) 5 B-A
Reminding thatF =ha, +h,a, +ha,,, I, =Aaj +Baj, +Ca;, . V= B_C and
h.

H; = B-C' (I =1'2’3), equations (5.11) can be manipulated as shown below.
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a, = _4asza33
Hla31 + H2a32 + H3a33
a, = 43-313-33(1_‘/)
1
Hla3l + H2a32 + H3a33
a13 — 4\@.31a32
H1a31 + H2a32 + H3a33 (5 ]5)
_ 4a31[‘/d§2 —a323(1—v)] '
21 —
H1a31 + H2a32 + H3a33
822 — B 4a32 [‘a§1 + a§3
HlaSl + H2a32 + H3a33
_ 4a,, [a321(1_v)+a322]
23 T
H1a3l + H2a32 + H3a33
Replacing equations (5.14) into the third equation of system (5.13):
16[y2 +x2(v-1)° +v2x2y2]: (Hx+H,y+ Hs,)z(x2 +y? +1)
(l—v)xy+[H,y+H,(v—1x - Hoxy[Hx+ H,y + H,)=0 <
x’al, +y’al, +az =1
16[y2 +x2(v-1)° +v2x2y2]= (Hyx+H,y+ HS)Z(XZ +y? +1)
dv(L—v)xy +[H,y + H,(v —1)x — HoyH,x + H,y + H,)=0 (5.16)
1
aL, =——
A |

Converging our attention only in the first two equations of system of equations (5.16), and
expand them in function of X andy, (5.16) can be presented as follows:

yz[Hz(Hl o HSW)]"' Y{Hle +[(1_V)(4V_ sz)+ Hl2 o H;v]x}%— [_(1_V)H2X(H1X+ Hs)]: 0

yHH2 b y2 2H, (Hox+ Hy )+ y2{(H2 + HZ2 —16)+ 2H Hox + (HZ + H2 —16v2 2 j+ - (517
+ y{ZHZ(H1x+ H3)(1+ xz)}+ {(Hlx+ H3)2(1+ XZ)—16(1—V)2X2}: 0
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Equations (5.17) will be the re-ordered to easily obtain the Yy coefficients as:

a,y’+ay+a, =0,

(5.18)
by +by®+b,y* +b,y+b, =0,

The first equation of (5.18) corresponds to the second equation of (5.16) and the second
equation of (5.18) corresponds to the first equation of (5.16).

Where the coefficients are:

a, =H,(H, -vH;x),

a =HH,+[4v(1-v)+ H -(-v)H? —VH32]X—VH1H3X2,
a, =—1-v)H,(Hx+H,)x;

bo = H22'

b =2H,(H,x+H,),

b, =(H? +HZ -16)+2H,H x+ (H] + H —=16v*)x?,

b, = 2H, (H x+ H,)(1+x?),

b, = (Hx+H,)*1+x%) -16(1-v)*x°.

(5.19)

The objective now is to apply the Sylvester matrix theorem?'3 together with the resultant
determinant theory to system of equations (5.18), this is done in order to eliminate the
variable y from the system of equations.

aaa 000

R(x) = (5.20)

The resultant of (5.20) in is described in the following form:
PoX™ + P X+ PuX 4 pax® + P xP + peX + PeX® + P X° 4+ pext 4+ pox® + (5.21)
2
PpoX™ + Py X+ Py, = 0
The known studies of the gyrostat general case applying the direct method end up in the

achievement of equation (5.21), see Sarychev and Gutnik in [15]. From now on all results
should be carefully interpreted.

13 Named after James Joseph Sylvester (1814-1897) the theorem provides the necessary and sufficient
conditions to solve multi-polynomial by constructing an single variant expression such that all the roots of the

original multi-polynomial equation are represented in the roofts of the single variant expression.
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When calculating the resultant of (5.20), and simplified by a common factor of 16H?Z,
the following coefficients arise:

Py =- H14H'jv6
P, = 2H2H3A[2H2 — H2(v —1)—2v(HZ +2v - 2)|

p, =- HZHZHBH/ + HA(v —1F — H2(v —DL6(° - v )+ (v 1)+ H2-7v)]+
+ H2[-25v2 +26v —1)+ H2(v? ~16v +1)+ H2(v2 ~8v + 7|+ 2v2[3H + 8(v —1)
—4H2(2v? - v +5))

D, = 2H, Hyv* 2H? + HA[(-13v2 +14v —1)+ 2H2(v? — 61 +1)+ H2(2 = 5v + 4|+

+ R HE(W 17 (2v —1)+ H2( — I [H20- )+ (06 ~16v% + v —1)|+ 207 H +
+8(v ~1f (4v —5)+ 2H2(7 - 10 + 4v? )|~ HZ[H2 (v - 2)v ~1F + H2(v - 2)16v° - 16v2
v-1)+ H2(32 ~13v +3)|+ 2v[- 20 ~1f (5 ~1) + H2(v? — 6v +1)+ HZ(18v° ~ 5312 +
+38v -3)]]}

p, = —V{HE + HE[- 14100 — 9% + H2(3— v +v? )+ 2H2(3-8v + 302 ||+ H2|HE (v 1) +
+{HZ-16(v —1P P4 (- 4+ H2 + a0 + HE(w -1 v 8(v —1P(2v +1)+ H2(By — 2)}+ H2(v —1)
v {H2 @y ~1)+16(v —1P(1+8v)+ H2(0L7 - 49y + 64v? —32v° |+ HZ[HE(v —1)' + HE( —1)
E(v—1P@+8v)+ 2H2(4—9v + 4v? )+ H2(v 1) 8(v — 1P (1+ 2v)+ H2 14— 33 +13v?)+
H2(—4-+38y —98v% + 64v° )+ 22| 8(v —1)* + HO(3—8v + 3v2)+ AHZ(v —1F (7 - 63v + 5212 )+
HA(-23+134v ~187v2 + 760 |- HA[H2(v ~ 17 (2v - 3)+ H2(v ~1){- 2+ 4v —19v2 +17v* +
H2(13-33v +14v2 )+ v 8(v — 17 (3v —1)+ H(16-37v +16v )+ H2(- 32+ 209v — 298/ +
120°)]]

D = 2H,Hov - 2HS (v =1 + 2HE (2 v +1) - HEA(v 1P| ~ 1P L1+ 4v)+ H2(5-10v +
6v2)|- 2v°[40(v 1) (4v —1) + HE(2 —v + 1)+ 2HZ(v 17 (27— 79v + 56v? )+ HA(~15+ 46y
53v2 +220° |- HZ(v 12|~ 8(v ~1f (16v —1)+ H(6v? ~ 8y +5)+ H2(~ 33+131 — 1461 +
48 )|+ HA[H2(6—14v +13v* —5v° )+ v{l4— 61y + 9207 — 45° — 2H2(6 - v + 617 )|+
H2[H2( —1P(6 -10v + 502 )+ H2(v L {- 3+ 41 — 5612 +18v° + HZ(L7 - 26v +17v? )|+
202 {HA(6v2 — v +6)+ 2(v 1P (57 — 64v +11)+ H2(67v* ~15512 +125 —37)]}

37]
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Ds = —{HE(v =1 —2HE|H2 (1 2v)+8(v —1F p(v —1) + HE(2 +1)-

2H2(v 12|~ 84H2(y ~1F +128(v ~1f +17HZ (v 1 + HE(-1+v - 2v2)]+

V(- a4 H2+ v P17HE( -1F +16(v 1) + H2@+ o2 )+ HE( -1 v2[os(y —1) -
3H2(v —12(3+8v)+ H2(2—6v + 612 )|+ HE[- 2H2(- 24+ 3y = 202 + %)+ v |8 — 25y + 4207 -
— 2507~ 4H2(4—3v + av? )] H22HE (v — 2 —1)' + HA(v —1Pv By — 1P (8+3v)+
H2(20—34v +20v2 )+ HZ(v 12 £ 168(v —1Fv + H2(30— 40v + 342 )+ 17THZ(- 7+

+ 27y = 27v2+ Tv* 1+ 2By —1) (257 —8)+ HE(8— 61 + 812 )+ AHZ(v 1P (67 —122v +
67v2)+ H(-104+ 247y — 230v% + 87V |+ 2H2 [HE (v ~ 17 (3 31 +v2)+ HE(w L {-17v
(v—1)+ H27 - 20 + 1502 |+ v22HA(9 - 81 + 9v? )+ 4(v — 1P (4 — 22y + 210 )+
H2(-87+230v — 247v? +104° )]

p, = —2H1H3{—2H§(V—1)5 F2HS (2 — v 1) - A —1Pv]- (v —1P (4 +11v) +

H2(5 - 10v+6v |- H2(v - 22~ 8(v ~16)y —1) + HZ(5—8v + 612)+ H2(~18+56v -
412 +3° |- v*[Bo(v - 4)(v 1) + 2HE(2 v +1)+ 4H2(v —1)2(57 - 64 +11v° )+
H3(—45+92v 617 +14v° )|+ HA[H2(6 -14v +13v2 - 51°)— 2v - 22+ 53 — 462 +
150° + H2(6 - 7v +6v2 )+ HZ[H2 (v ~1P (6 ~10v + 5v2 )+ H2(v —L)v{- 48+ 1461 —
1312 + 337 + H2(7 - 260 + 17 )|+ 202 {HE(6 - 7w + 612 )+ 2(v —1F (56— 79v + 2702 ) +
H2(-67+1550—125/% +37v° )]

Dy = —{H? + HE[H2(3=4v +v?)+ 2{H2 3-8V + 3v2)- 4(2—5v + 32 ]|+

H2[HE (0~ 1 +v4[H2 = (v —1F (- 4+ H2 4 40 f — HA( —2PvfH2(2-30)+
(v—)( Fv)b H2( — 2B ~ 1 (2+v)+ HA By —1)+ H207 -19v + 4v% - 20° )|
HAHA( —12(2v - 3)+ H2(v —1){- 32+ 64 — 492 +17° + H2 (13- 33 + 1412 )} +
v{—la(v 17 (9 —8)+ H2(16 - 37v +16v2 )+ 2H2(- 76+ 187 —134v? + 23v° |+
H2HE (v — 1) + 2H2 (1P {H2(4—9v + 4v?)— 42— 3v +1* )} + HZ(v ~ 1) 16(v — 1)
(8+v)+ H2(14—33v +13v7 )+ H2(- 64+ 98 —38v2 + 4 )|+ 2| 256(y —1)f +
2H2(3-8v + 31 )+ 8H2(v —1F (52— 63v + 7v2)+ HA(- 121+ 298y — 2092 +32/° ]}

b, = —2H,H {2H? + H2|- H (v 1 (2v —1)+ H2(v — 1 {16+ H2(L— 4v)+16v
N B TR Fw -y 1) +H 21314y +v2 )]+ HE[H2(4—5v +12)+
2{-8+22v ~14v% + H2(1— 6v +v2)||- HZ[H2 (v - 2)(v ~1f + H2(v ~1)-16+16v —v2 +1° +
H2(3-13v +3v2 )+ 2v |- 8(v —1) (5v 4)+ H2(L—6v +12)+ H2(-18+53v ~38v2 +3° )|}

| 38
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Do = HZHZBH + HE(v —1F — H2(v —1)[(° —v2 +16v —16)+ H2(1— 7v)|+ v?[6H2 +
+16(v ~1F — HZ(2 — 26v + 25)+ HZ[H2(v2 ~16v +1)+ HZ(2 —8v +7)-8(5v% ~ 7v + 2]

Py =- 2HSH2HZ —HZ(v —1)—2v(HZ + 2v - 2)}

P, =- H14H34

All the above polynomials will be referred as (5.22).

Now the purpose is to find the real zeros of equation (5.21) with coefficient’s (5.22). The
number of real zeros from (5.21) is directly related with the number of equilibria positions.

The zeros from (5.21) are calculated as fallows, is fixed a value of v and H,, thenin the

plane H H, is built an 10™* average mesh in which for each point the number of zeros

is calculated, then is listed each point where the number of zeros change for graphical
representation. The software made for this analysis in described in Appendix A.2.

For each zero X can be found from first equation (5.17) two values of y , each root is then
tested on second equation of (5.17). From the two values of y one do not satisfy the
second equation (5.17) and is disregarded. Then for each (X, y) can be determined
from last equation of system (5.16) two values of @44, then with (5.14) the values of a5,
and ag, . Thus, each real root of the algebraic equation corresponds to two sets of values
ofay , a3 and a;; which, by virtue of (5.15), uniquely determines the remaining

direction cosinesa;, @5, &3, Ay, &, and a,;. Because exists two values of @55, can
be presumed that for each real root exists two equilibria positions.

From numerical calculations and confirmed in Sarychev and Al. [11] to [19], can be
verified that equation (5.21) do not have more than 12 and no less than 4 real zeros, and

because exists two values of a;;, when the gyrostatic moment is small enough, the

gyrostat general case cannot have more than 24 equilibria positions, which means that
the gyrostat satellite is close to the satellite rigid body. When the gyrostatic moment is big
enough, there is no less than 8 equilibria positions, which means that the vector of the
gyrostatic moment must be perpendicular to the orbital plane.

The following pictures of equilibria, Figure 5.1 to Figure 5.8, represent the several regions
where the number of real-zeros of equation (5.21) are the same, this means that the
several regions have the same number of equilibria.
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From the analysis of all the calculated inertia configurations, it can be easily seen that
with the increase of H, the several regions of equilibria become narrowed until they

completely disappear, the point when a region of equilibria vanishes is called bifurcation
point, which is more deeply studied in Chapter 6.1.

It can also be confirmed that in regions with smalll values of H; and H, exists 24 positions

of equilibria, as we increase the values from H, and H,, the 24 equilibria region will give

place to a 20 equilibria region, then to a 16 equilibria region, then to a 12 equilibria region
and finally only to a 8 equilibria.

There also can be found small regions of 16 and 12 equilibria outside their main region,
these regions were completely unknown to date and aft first were mistaken by “noise

data” due to the fact that are located very close to H; = 0. The calculations near the

axes can be rather problematic because it was assumed Hl, Hz, H3, hl, h2 and h3
were not equal to zero, so the regions near H; and H, axes have special peculiarities,

when using a very high precision for H, near the axis H, exists a huge difference

between coefficients of 12t degree polynomial. So, all numerical algorithms for solving
algebraic equations use a procedure with first step to normalize first coefficient from

POX™ to PO =1 by dividing all polynomial coefficients onPO. As known PO s
proportional to Hilo(i :1,2,3), so the precision of numerical algorithm to calculate roofts is

very sensitive to huge difference between the values of polynomial coefficients.
The method used to disregard the “noise data” is a Mathematica software algorithm
given in Appendix A.4 which consist in a point to point verification.

The previous mentioned 16 and 12 small equilibria regions can be found near H; =0 and
in relativity high values of H,, and as we increase H3, eventually the small region of 16

equilibria vanish, giving place to a second small region of 12 equilibria outside their main
region. As we increase the value of H, both these two 12 equilibria become smaller and

narrowed, but they never vanish, with the increase of H, also increases their position in
H,.

With the increase of v, the regions of 24 and 20 equilibria start very small and growing in

size until approximately v =0.5, decreasing then again to smaller areas, this behaviour is
compatible with the axially symmetric satellite. The remaining regions also present a
similar behaviour, nevertheless they don't disappear as the 24 and 20 equilibria regions.

With the increase of H,, the several equilibria regions become narrow and boundaries
of the different equilibria regions almost ftouch each other, the fact is that

3 2 2 2 . . .
‘H‘ = \/H1 +H ) T H3 . so with the increase of Hj, the vector comes close to the radius

vector and with that the equilibria will be narrowed with the growth of these parameters.
The same phenomena happen with the increase of H, or H, .

Regarding the areas where 2 points of different equilibria are very close, in mathematical

hl h”
+ - ——~0->h -h/~0.

meaning: H{—HlnzO—) B_C B_C
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Further studies are needed to explore the consequences of having a gyrostat system
designed in the vicinity of such similar inertial configuration.
It can be seen from coefficients of equation (5.21) that depends on 4 dimensionless

porome’rersV,Hl,Hz,H3. The system of stationary equation (5.5) depends on 6

dimensional parameters A, B, C, hl, h2 ) h3 . For numerical calculations, is very essential to
decrease of the number of system parameters. It is possible to show that the number of
real roots of equation (5.21) does not depend on the sign of the parameters Hl, H 21 H3
, it is easy to see that coefficients of equation (5.21) with odd X degree depend only on
odd degree of the parameters Hl, H 21 H3 . For the coefficients with even X degree it is
possible to represent them using factorization to the form of two factors, one factor
equals HlH 31 and the second factor depending only on odd degree of the parameters

HlH » and H3 . Thus, changing sign of Hl, H2 and H3, will change only the sign of
the factor H1H3 and therefore sign of real root of polynomial (5.21). Therefore, the

number of real roots does not change. Hence, the numerical analysis of the number of
real roots of the equation (5.21) is possible to do with positive values of Hl, Hz, H3 and

0 < v <1. Which for the numerical investigation of real roots of equation (5.21) will be
simplified.
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6 GENERAL GYROSTAT PARTICULAR ASPECTS

6.1 Hs BIFURCATION POINTS

As already mentioned, a bifurcation point is when a region of equilibrium vanishes per
complete giving place to other region with different number of equilibria. The bifurcation
analysis is perhaps one of the most important inputs that a designer should have in the
preliminary phase of a satellite construction.

Regions of equilibria
24/20 20/16 16/12 12/8
Vv

0,001 H1=0,0001 H1=0,0001 H1=0,0001 H1=0,0001
H2=0,0001 H2=0,0001 H2=0,0156 H2=0,049
H3=0,999 H3=1,000 H3=3,995 H3=4.651

0,01 H1=0,0001 H1=0,0065 H1=0,0001 H1=0,0001

H2=0,0001 H2=0,0001 H2=0,0006 H2=0,0001
H3=0,9%0 H3=0,999 H3=3,959 H3=3,995

H1=0,0001 H1=0,0740 H1=0,0001 H1=0,0001

0,1 H2=0,0001 H2=0,0001 H2=0,0682 H2=0,0001
H3=0,200 H3=1,021 H3=3,610 H3=3.995

H1=0,0001 H1=0,1400 H1=0,0001 H1=0,0001

0,2 H2=0,0001 H2=0,0001 H2=0,1809 H2=0,0022
H3=0,800 H3=1,048 H3=3,264 H3=3,960

H1=0,0001 H1=0,197 H1=0,0001 H1=0,0001

0,3 H2=0,0001 H2=0,0001 H2=0,3154 H2=0,0056
Hs=0,700 H3=1,082 H3=2,950 H3=3,926

H1=0,0001 H1=0,231 H1=0,0001 H1=0,0007

0,4 H2=0,0001 H2=0,0001 H2=0,4603 H2=0,0087
H3=0,600 H3=1,124 H3=2,669 H3=3,998

H1=0,0001 H1=0,224 H1=0,0001 H1=0,0039

0,5 H2=0,0001 H2=0,0001 H2=0,6132 H2=0,0001
H3=0,500 H3=1,182 H3=2,412 H3=3,995

H1=0,0001 H1=0,1236 H1=0,0001 H1=0,0041

0,6 H2=0,0001 H2=0,0001 H2=0,7778 H2=0,0001
H3=0,400 H3=1,186 H3=2,167 H3=3,995

H1=0,0001 H1=0,0144 H1=0,0001 H1=0,0017

0,7 H2=0,0001 H2=0,0001 H2=0,9675 H2=0,0001
H3=0,300 H3=1,105 H3=1,915 H3=3,996

H1=0,0001 H1=0,0001 H1=0,0001 H1=0,0034

0,8 H2=0,0001 H2=0,0155 H2=1,2107 H2=0,0001
H3=0,200 H3=0,909 H3=1,629 H3=3,995

H1=0,0001 H1=0,0004 H1=0,0001 H1=0,0037

0,9 H2=0,0001 H2=0,0989 H2=1,5915 H2=0,0001
Hs=0,100 H3=0,676 H3=1,245 H3=3,990

H1=0,0001 H1=0,0001 H1=0,0030 H1=0,0016

0,99 H2=0,0001 H2=0,2521 H2=0,0001 H2=0,0001
Hs=0,010 H3=0,168 H3=0,997 H3=3,985

0,999 H1=0,0001 H1=0,0001 H1=0,0002 H1=0,0001

H2=0,0001 H2=0,7713 H2=0,0008 H2=0,0171
Hs=0,001 H3=0,028 H3=0,969 H3=3,984

Table 6-1: Bifurcation points from several gyrostat configurations
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All the bifurcation points from Table 6-1 were calculated numerically, and can be seen
that the H, bifurcation points from the 24 equilibria region vanish in accordance with

equation Hg =1l-v.

For the 20 equilibria regions, the H3 bifurcation points increase linearly with the increase

of vup tov =0,6, decreasing after that with the decrease of v in what appears to be a
second degree equation.

For the 16 equilibria regions, the Hs bifurcation points always decrease with the increase
of v, and can be approximated to H; =4 -3v.

The 12 equilibria "main region" the bifurcation points can be described in the vicinity of
equation H, =4 for v >0.01.

AN
a\ [ NU

| |

H,

Figure 6.1 — 1st Quadrant General case bifurcation of equilibria
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Figure 6.2 — 4 Quadrants General case bifurcation of equilibria

The bifurcation results are very interesting and a very good disclosure, taking into
consideration the size and complexity of equation (5.21) with polynomials (5.22), such
simpler result was not expected.

This new results permit an all new approach to the satellite construction, new inertial
configurations more opfimized can be applied, as well the designers can have a new
insights from the vicinity from the desired systems.
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6.2 4-QUADRANT PICTURE

When analyzing the coefficients from equation (5.21), the coefficients with odd X
degree p,, depend only from odd degree parameters H,, H, and H3. For the

coefficients with even X degree p,,.; we can transfer them, using factorize function to
such form P, =H;H,a,,,,. where factor a,,, depends from only odd degree

parameters H,, H, and H;. So when is changed the sign for H, or H, , it changes
only the sign of real root of the polynomial but the number of real roots dos not changes.
As so, changing the sign of the real roofs has no impact on the number of equilibria
regions, and because so all the pictures are perfectly symmetrical in both H; and H,

axis, which is a huge simplification to the numerical simulations which can be made only
in one quadrant.

Because the distribution of equilibria is symmetric, the software could be tested to ensure
no flaws were detected, and so, to validate the numerical simulations software.

-3.5 -2.5 -1.5 -0.5 H 0.5 1.5 2.5 3.5
2

Figure 6.3 — 4-Quadrant View from V =0.2 and Hz=0.25 — Global View

\.

0.5

-0.5

Figure 6.4 — 4-Quadrant View from V =0.2 and Hz=0.25 - Inner View
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6.3 3-DIMENSIONAL PICTURE

Even that in terms of qualitatively a 3-D analysis is not interesting, in the point of view of
equilibria calculations, a 3-D picture is a very good way to visualize how the several
equilibria regions are distributed and respective evolutions into the spatial grid of Hi-Hz-
Has.

From the bifurcation of equilioria up to date there were no good 3-D graphical
illustrations. These new way of illustrating the bifurcation of equilibria will not bring new
insights, but is a great instrument to be both academically and industrially exploited, with
this tool can be easily seen which is the convergence of a certain system, as well to
obtain a certain degree of predictability.

=02
001<H3<15
Step H3=001

H2

H1

v=02
001<H3<15
Step H3=001
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v=02
001<H3<15
Step H3=0D1

T T s oo

H2

Figure 6.5 — 3D Representation for V =0.2

Here is perfectly clear all the concepts enunciated before. It can be visualized that all
regions get smaller and narrow with the increase of Hs, also can be seen the bifurcation
points from the 24 and 20 equilibria regions shown in black and blue respectively, and as
well in green and red the regions of 16 and 12 equilibria respectively.

A very interesting fact can be appreciated in this set of figures, can be seen the already
referred small 16 and 12 equilibria region which were unknown to date. These small

regions are illustrated in red and green and appear near H, = 0. Isimportant to mention

that the regions appear to have a linear evolution, which should be confirmed by further
studies in order to obtain the predictability of the evolution.
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7 SUFFICIENT CONDITIONS OF STABILITY OF
EQUILIBRIUM ORIENTATIONS FOR A GENERAL GYROSTAT

Before continuing developing the several concepts involved in the stability calculations,
is important to clarify what stability is and how it is calculated.

There are a lot of definitions for stability, and none of them completely clarify or make it
complete it clear. Part of the reason of the proliferation of stability theory is the diversity
of applications where stability is applied and studied. Perhaps one of the more accepted
definition of stability in celestial mechanics is given by Lagrange in [27], he stated that a
system is stable if none of the point masses escapes (i.e., it reaches an infinite distance
from the other point mass), further ahead in [27] Lyapunov’s add to Lagrange definition
that it can be stable just inside of a specific interval, i.e., the motion remains always within
a specific interval.

If a Lyapunov'’s function is not dependent from time, it can be said that it remain time-
invariant, stationary or even uniform.

The elegant feature of Lyapunov's method is reminiscent of the Routh-Hurwitz!4
approach to the stability of linear stationary systems, this method is from a quite simple
study and implementation, which is largely detailed in authors in [18], [20], [22] and [23]
and summarized below.

Let's consider a system:
x=1f(x) (7.1)
Where f is not necessary a linear function of X .

Let define that if X is an equilibrium point of system (7.1) then f ()_() =0.

Regarding this, a system is consider stable at an equilibrium point if it responds to small
changes from the equilibrium with only small changes in its subsequent states.

Then, an equilibrium point, X is said to be stable if for all & > 0, there exists § = 5(g ). such
that:

X(t,)-X| <5 = |x(t)-X|<e, V>t (7.2)

The Lyapunov's second method is one of the most effective technique to investigate
stability. The method here summarized provides the sufficient conditions to check the
stability of an equilibrium point of a dynamic system.

Generally, as it can be seen later, this theorem permits to detect the stability (or instability)
at a glance. However a set of sufficient conditions for stability is very desirable and this
criterion permit to do just that.

14 English mathematician Edward John Routh (1831-1907) developed a mathematical test that is a necessary
and sufficient condition for the stability of a linear time invariant. The Routh test is an efficient recursive algorithm
to determine whether all the roots of the characteristic polynomial of a linear system have negative real parts.
German mathematician Adolf Hurwitz (1859-1919) independently proposed to arrange the coefficients of the
polynomial into a square matrix, called the Hurwitz maftrix, and showed that the polynomial is stable if and only
if the sequence of determinants of its principal sub-matrices are all positive.

571




GYROSTAT DYNAMICS ON A CIRCULAR ORBIT

Let’s considerer the system:

Au/l// Aw-9 AW

A=Ay, Ay Ay,
A A A

oy 03 vp

Which for the curent configurations A ,=A,, . A, =A, andA, =A . then the
sufficient stability conditions can be determined as:

Aw/ AW AW
50 ang |Pve A Age>0 g
Aﬂo A9<p Acoco

Resuming, the following conditions must be meet in order to achieve the criterion of
sufficient stability conditions:

AW>O

Ay Psy = Ao >0 (7.4)
AWAM Afﬂ(ﬂ + 2Av/9AL9¢ A//t/) - ANAZ‘Q‘/’ = Ay AZW - AWAZ.,,Q >0

A//W A//S
‘Aw//‘ >0 A,/g A%

The first logical step is to locate the equilibria, that is, to identify conditions under which
the system is either at rest or in uniform motion. Each such equilibria suggests a potential
aftitude stabilization scheme, especially if the equilibrium is stable.

Since the Hamiltonian is constant it can be used as a Lyapunov's function in the basic
Lyapunov's stability theorem. Thus, a sufficient condition for an equilibrium orientation to
be Lyapunov's stable, the correspondent Hamiltonian must represents a positive definite
function as mentioned in (7.3) and (7.4).

Getting back to the integral of energy (4.15):

%(Aﬁz +BY? +CF2)+ga)02[(A—C)a312 +(B—C)a322]+%a)02[(8— M, +(B-Ca,’|-

- wO(HIaZI + If_lzazz + If_'3a23) =H

And reminding:
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Can be derived:

: 3
= _ H,(B-C)="" (i —H,a,(B-C)
oo N @{h.=Hi(B—C)© wo@{‘

" -0) )

Conveniently manipulating (4.15), the integral of energy can be presented as:

%(Aﬁz +Bg? +cr2)+%m02(3—(:){3[(1—v)a§l val |+ (vad +a%)-2(H,a, + H,a, + Hyay, )= H
The above equation is referred as (7.5).

It will be introduced in the set of equations small variations in the direction angles, i.e.
small displacements from the equilibria positions, or more exactly interpreted as small
orbital disturbances. Now the main purpose is to verify how the system will respond to this

disturbances in the vicinity of i/, ¢ and ¢ . Following this, the angles will then be present
as:

v=y,+, 3=9+3, o=, +o, (7.6)

Where 9,9, ¢ are small deviations from the equilibrium position ¥ =y, = const, 9 =9, =
const, and ¢ = ¢, = const, satisfying the system of equations (3.7). Then, integral of energy
(4.15) can be presented as follows:

;(Apz +Bg* +Cr?) +;a)oz (B-C)A,, 72+ A 32+ A, 5% +2A,,i79 +2A,, 75 +2A, 8 )+ X = const.
The above equation is referred as (7.7).

The Lyapunov's theorem tell that stability exists in case when Lyapunov's matrix be
positively defined, i.e., all the square triangular from our matrix must be positives.

Expanding the direction cosines according a Taylor Series:

_ — _ 85” B aaij _ 8§ij .
aij(l//ﬂ,(o):ai,-(l//o+l//,190+19,(p0+gp):aij(z//o,go,goo)+(a V+—9+—0)+
Yo o, 0P,
1 825” — 825”_ _, 525”. , azaij L azaij o azaij _ (7.8)
+_( ?_l// + 219 +—2(0 +2—(//l9+2—(//(0+2—19¢)
2 oy, 09, 09, oy ,09, oW 0@, 89,00,

Then, to study the stability of small displacements, it must be applied the expanded Taylor
Series to the system of direction cosines (3.5), when applied the small displacements
described in (7.6), system (3.5) is fransformed into:
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a,, =CoSy, COS @, —Siny, C0S Y, Sin @,
a,, =—C0Sy, Sin g, —siny, Cos Y, COS ¢,

QD

13 =Sinysin Y,

QD

,1 =SINy, COS @, + COSY, COS I, Sin ¢,

QD

»» =—SiNy, sin @, + CoSy, C0S Y, COS @, (7.9)
,3=—COSY, SiN Y,
a1=S5InY, sing,

D Q)

a,, =Sin Y, cos ¢,

3 = C0S G,

QD

Now let’'s apply the Taylor Series described in (7.8) to the system of direction cosines (7.9).
We need to calculate the expanded Taylor Series to each direction cosine expression as
follows:

For @,, =C0Sy, COS @, —Siny, C0S Y, SiN @, :

Ay oa oa
5 = =-ay, 6; = a,, Cos @, a_ll ~a,

Yo ) ?s
625 _ aza ] ) azg B
a‘//l; =~y e L =siny, cos 9, sin g, - L-_a,

0 0 A

o’a 0%a. 2= B
P _523 cos ¢0 1= _522 8 1 _ a13 COS¢
oy ,0, oy, 0, 08,00,

Replacing the above coefficients into equation (7.8):
_ _ . _ 17 _ _ . . _
4y =ay + [_ Auy + l9(3-13 sin (00)"" a12(9]+ E[_ auy’ + (a33 SINy, SIN @, )‘92 —a,p° -

28,,9C0S @, — 28,/ + 28,90 COS |
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For &, =—C0Sy, Sin @, —Siny, C0SJ, COS @, :

oa,,

oy,

o‘a, _
oW,

2 _a12

azi =a.. CoS
w09, 13 LOS @

o0a, _
29 = 8,3 C0S 9,

0

ofa, _ . .
R = A, Siny, sin g,
o’a, _
=dy
Oy, 09,

—=—=-3,,5en
08,00, 135€N P,

Replacing the above coefficients intfo equation (7.8):

B 0550, B s 050,
a;, =, t\—axy +a,;7C0sQ, —a,;p +E_a12‘// + Ao SNy, COSp, —a,p +

+28,,y9C08 ¢ + 28, — 28,99 sin @)

For a,; =siny,sinY,:

oo,
oy,

e, _
aWoz B
o*a,
Oy ,05,

= a3 COSy,

a13

09,

=85 siny,

0’8, _

09,

o°a,
Y00,

Replacing the above coefficients into equation (7.8):

- - o 1 _ - -
Q3 = 85 + (_ Ay + agdsin ‘//o)"' E(_ Ay’ 8, 9" + 28,y 9cos ‘/’o)
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For @, =Siny, COS @, +COSy, COSJ, Sin g, :

0a,
oy,

=ay,

a21

=a8,,SiNQ,
0

0%a,,

= —8,, COSY,, Sin @,
09,°

2=
0°a,

=8,
Oy ,09, ?

a
2 =8, C0s 9,
08,09,

For @,, = —siny, sin g, + CoSy, C0S Y, COS ¢, :

0’a

Oy ,0%,

2~ =2, C0S ¢,

d,, _
= 8y, COS 9,

0

2 —
8 2 _  F
YR —a,, COS Y, COS @,
0

Replacing the above coefficients intfo equation (7.8):

=, + (B + 8,90050, — Byp)+ LAy -3, 8 _
22 = Ay W T, P C0SQ, —a,p +§_a22‘// —ag COSY, COS@, —aye +

+ 2513‘//‘9 Cos [ 25111//(0 - 252319¢Sin (R )
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For @,; = —CoSy,send,:

a. oa. oa
0y _ a, B = -q,,cosy, —2 -0
oy, 0, 09,
2= 2= o023
° 3.223 = —dy (3 8223 = —ay 223 =0
oy, o9, el
‘a : o’a o’a
0%ay = a, siny, 2 _ 28 _
Oy ,05, Oy, 09, 05,09,
Replacing the above coefficients intfo equation (7.8):
—a, +(a.pw+a,d ) 1(—— ? 7,97 + 2a,pIsiny,)
8y =8yt (a13V/ +aziu oSy, )+ 2 Any —ayu tiaxppusiny,
For @, =sin Y, sing,:
oa oa . oa, _
=0 %= a3 SIN @, *= 32
oV, 0% 99,
2= 25 2=
0 a3§ 0 0 a321 _-a, 0 a321 __a,
oy, 0% o9,
2= 25 2 —
078y _ 0 078y _ 0 "8y _ 4, CoS
Oy,0, Y100, 09,09,

Replacing the above coefficients intfo equation (7.8):

= (= au - 10 _ - -
8y =8y + (a3333|n Po + a32(0)+ E(_ 859" — 8" + 28,99 COS (Po)
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For @, =Sin9, oS, :

oa. oa oa.
P 2-0 5932 =84, COS @, 5 2 ay
Vo 0 2
0%a,, o o’a, - %8,
w2 09 6¢2_a32
0 0 0
2~ 2~ 2=
0 ds, _ &:0 & = _asssin ®,
0y ,0, oW ,0P, 08,09,

Replacing the above coefficients intfo equation (7.8):

- (= _ 10 _ _ _ :
8y, = 8y, + (89008 ) —8yy0)+ P (_ 89" 850" — 28;,9psin (Do)

For @;; =C€0sY,:

0dy 0 0d,, _sing, Odg, 0
oV, 0%, 09y

2= 2= 2=
0 a32 0 0 a323 _a, 0 a323 _0
oy, oY, 09,
Oy _ 0ay 8y _
oy ,0, Oy, 09, 05,00,

Replacing the above coefficients intfo equation (7.8):
_ . 10 _
8y = Ay + (- 9sin 9, )+ E(_ a,9°)

Adding the above calculated expanded Taylor coefficients and equations (4.7) into
integral of energy (4.15):
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2

%(Aﬁz +Bqg? +(:r2)+;woz(B—c)H(l—v)[a31 +(a,9sin @, +§32(p)+%(— a,9% —a,p° +2a,,9¢Cos ¢, )} +

L _ 1/ _ _ _ . 2 L _
{aaz +(333'9C05 P _331€0)+E(_ 3‘32'92 _azz(!’z —2a,9¢sin @, )} }4‘["(321 +(an‘//+a23‘95m P +azz(/7)+

+%(— A, % —8,9° COSy, SiN @, —a,,p° + 28,y 9+ 28,y @+ 28,,9¢ COS @, )jz +(§23 +(5131//+§3319COS 1//0)+

+%(— Ay’ —a,,9° +2a,pdsiny, )]2}—2[H1(a21 +(a,p +a,9sin @, +a,0)+

+%(— A, ° —8,9° COSy, SiN @, —8,,p° + 28,y G+ 28,y + 28,,9¢ COS @, )j+ H 2(522 +(§12W +a,,0cos ¢, —EZl(p)Jr
+%(— A,y —a,9° COSy, COS @, —a,,¢° +28,,y3C0S @, — 28,y —2a,,9¢Ssin ¢, )]'f‘

_ _ _ 1, _ _ _ .
+H {a% +(a,p +a,9c08 7, )+ > (~app? —8,,8° +2a,pIsiny, )ﬂ}

Re-arranging the above integral of energy in the following format:

;(Apz 4+ Bq? +Cr2)+;w02(B—C)(AWy/2 + AL+ A, B2 +2A 78 +2A, i7p+2A,, 35 )+X = const.
(7.10)

Where:
Ayy =V (af, —a3y) + (a%3 - a%3) + Hiaz, + Hyay; + Hzays

1
Ags = (3 + cos?Py)(1 — v sin? ¢y) cos 29, — 7V sin 2y, cosY, sin 2¢, +
+(H, sin ¢y + H, cos @) cos P, cos 9y + Hza,3

7.1
App =V [(a5; — a3;) — 3(a3, — a31)] + Hiay, + Hya,, (7.1

1 . .
Al/)ﬁ = —ESln 21’00 Sin 2190 + v (a11a23 + a13a21) — Sin ¢0(H1a31 + H2a32 + H3a33)
Ayp =V (a11a2; + a12a21) — Hyaqp + Hyaqq

3
Agy = —3 V sin 29, sin 2y + V (azq €os @y + a3)az3 — (Hy cos ¢y — Hy sin@g)ass

Symbol Z designates the terms of higher than the second order of smallness relative to
V.3, 0.
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Then, if the quadratic form:
1, oy o, 1 _ _ _ _ - _
S (AD" + BA” +CF) +Ea)02(B —C)A, 72+ A3+ A 5% +2A 73 +2A, 75 +2A,95) (7.12)

is definitely positive for some equiliorium solutions, then for these solutions the sufficient
conditions of stability will be fulfilled.

Numerically the stability is calculated as follows, first we set the system parameters (H,,
H,.H; and v), then calculate the real roots with equation (5.21), then for each real

root and using the first equation of system (5.18) is calculated the two corresponding
values of y1 and ya. Afteris tested the values y1 and y2 into the second equation of system
(5.18), one of the values does not satisfy the equation and is disregarded. Now, is known

the values x and y, and is rather easy to calculate the two values of a;; from the third
equation of system (5.16), and then the values of a; and a,, with the system of

equations (5.14), and therefore find the two sets of values for a,,,8,, and a,;. Afferis
necessary to prove the orthogonally conditions using the system of equations (3.10), and
after find the two sets of values a,;,8,,,85,8,,,8, and a,; with the help of the system of

equations (5.15).
To achieve the coefficients of equations described in (7.11) of the quadratic form (7.10)
we should define values of sin(y). cos(y).sin(4),cos($). sin(e), cos(e). of the Euler

angles such (0 <y < 27[), (O <9< 72'), (0 <@p< 27[).

Using direction cosines (3.7) it can be defined tg((p) = A = ﬁ. Then because ¢ is a
2 1
periodic function with period 7, if the value (or tfrend line) is negative we define ¢+ 7

just for a more practical graphical representation.

The angle 9(0< $<x) can be defined from the last equation of (3.7) (cosd = a,,). The
angle y/(Oﬁz// < 27z)is uniquely determined with the help of relations siny :% and
sin
cosy = _%. Thus, it can uniquely be deftermined the orientation angles v, 4,9, and
sin
calculate the coefficients of quadratic form (7.12) and finally check if they are positive
defined in accordance with (7.4).

X

Due to 0<¢p <2z, each real root tgep = — corresponds to two values of angle g (¢
1

and ¢, = ¢, + ). From the features of the quadratic form coefficients (7.11) it follows that

the sufficient stability conditions (7.4) for the values ¢, and ¢, are equal.

In addition, it is possible to prove that conditions (7.4) do not depend on the sign of the
parametersH,, H,, H,. Hence, the numerical analysis of the sufficient stability conditions

of equilibrium solutions of equations (5.11), are possible to achieve with only positive
values of H,,H,,H, and 0<v <1, and also a single value of ¢ (¢, org,) corresponding
to each real root of equations (5.18) and (5.21).

Each figure in Appendix D present the dependence of ¢ from H, and a variation in the
parametersy, H,andH,. Dashed lines indicate curves where stability conditions (7.4)
are valid and the full lines where stability conditions are nof fulfilled.
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Since the sufficient stability conditions (7.4) for the values ¢, and ¢ + 7 (0< @ <27) are

the same, the numerical results in the figures from Appendix D are presented only for the
range0<ep<r.

The stability calculations were made for the inertia parameters v =0.01, v =0.1, v =0.2,
v=03, v=04, v=05, v=06, v=07, v=08, v=09 and v =0.99. The results are
shown in figures from Appendix D.

From the analysis of all numerical calculations it follows that for the H, parameter values
less then 1—v and for small H,, H, there are 24 equilibrium arrangements of which 4 are
stable. There are also 2 stable equilibria for v > 0.5 and H, >1-v.

When the values of parameter H, increase, sequential mergers of equilibrium curves

occurs at points that correspond to the points of intersection of the straight lines
H, = const. with the borders of regions with fixed number of equilibria. For example, in

figure where (v =0.2,H,=0.4) there are 4 points of intersection of the straight line
H,=0.1 with the borders of regions with fixed number of equilibria
H, =0.039,H, =0.17,H, =0.531 and H, =2.077; in the figure (v=0.2,H,=0.1,H,=0.4)

these points the equilibrium curves are merging.
When values of parameters H,,H,,H, of the gyrostatic torque are greater than or equal

to 4, there are 8 equilibrium solutions, but only 2 of them are stable. For large values of
the parameters H,,H,,H,the equilibrium values of ¢ are close to the frivial solutions,

where some axis of the orbital coordinate system and some axes of the body coordinate
system coincide.
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Figure 7.1 - Stability and respective equilibria picture for V' =0.1, H3=0.2 and H2=0.05
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From the stability pictures of Appendix D we draw the following observations:

V =Constant, H3=Constant and H2=Varying

- With the increasing of H, the stable line decrease its maximum value of ¢, also
the unstable lines decrease in @ with the increase of H, . The regions of 12 and

10, described as “protuberances” with the increase of H, decrease in H, and
@ until completely disappear.

V =Constant, Hz=Varying and H.=Constant

- With the increasing of H; the position of the stable and unstable lines remain

approximately constant in ¢ with the exception of the “protuberances”. The
upper “profuberance” decrease in size with the increasing of H3 until it finally

disappear. Meanwhile the lower “protuberance” with the increase of H,
increases in size of ¢ and H, up fo a certain point then starts decreasing in ¢ and
H, unfil it finally disappears.

V =Varying, Hs=Constant and H.=Constant

- With the increasing of v the stable and the unstable lines remain approximately

constant in ¢ values. The relevant point with the increase of the parameter v is
that the “protuberances” increase in size of H; and .
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8 AXIALLY SYMMETRIC GYROSTAT EQUILIBRIA ANALYSIS

An axially symmetric gyrostat satellite is like in the first approach of this work, a solid body
with statically and dynamically balanced rotors located inside it, however unlike in the
first part, this kind of axially symmetric spacecraft has an inerfial symmetry axis. In this
second approach two of the three principal central moments of inertia will be the same.

The study of the axially symmetric case is important to better understand what happens
when v assumes values very close to zero or very close to one, and also important, to
validate our computer simulation model, because since equations were programmed
on the software, small errors could occur, but an as can be seen further ahead, the
general case model was validated setfting v very close to zero and to one and compare
with the well-known case of axially symmetrical case.

The analysis of the axially symmetrical cases can also improve the determination of the
boundary conditions and the behaviour of this kind of systems; it can also describe better
the transitory solutions between the almost axially symmetric and the completely axially
symmetric cases.

Relating this chapter with the study of the general case, it can be seen that with

B-A
V=

B-C
0 < v <1.From this arise a very important characteristic, the case wherev = 0.01 is very
close to the situation of v =0 (axially symmetrical satellite were A=B), and the case

and for the general case B> A>C the value of v can be described as

were v = 0.99 is very close to the situation of v =1 (the axially symmetrical satellite where

A=C).

As in the general case study of equilibria described in chapter 5, the study of equilibria
for the axially symmetric gyrostat can also be defined as the identification of the
conditions under which the considered system is either atf rest or in uniform motion. Each
such equilibria position suggests a potential attitude stabilization scheme, especially if the
equilibrium is stable.

Because the axially symmetric case is a simplification of the general case, we can start
from equation (5.6) and develop it to reflect the axially symmetric case.

For the studied axisymmetric case is defined as A# B =C the system of equations (5.6)
is fransformed into:

4(A_ B)azlasl + (h1a31 + hzasz + h3as3): 0
(A_ B)allaSl =0 (8.1)
(A_ B)a11a21 + (hlall + h2a12 + h3a13): 0

Replacing info (8.1) the expressions for direction cosines from (8.2), is obtained three
equations with unknowns «, B,and y,. A convenient method of closing equations (8.1)

consists o add six conditions of orthogonally of the direction cosines (3.10).
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a,, =Cosacos

a,, =sinasin y —cosasin fcos y

a,; =Sina cos y —cosa sin gsin y

a, =sin g

a,, = C0S BCoS ¥ (8.2)
a,,=—CO0S Ssin y

ay,=-sinacos g

a,, =Cosasiny +sinasin #cos y

a,; = COS x COS ¥ —sin e sin Asin y

Thus, proceeding to investigate the equilibrium positions of an axially symmetric gyrostat
satellite, using systems (8.1) and system of equations (3.10) and (3.11) depending on

parameters A—B, h, h,, h, (the direct problem). From this arises two consequences

from the second equation of system of equations (8.1), or a;; = 0 or ay = 0.
For the first case:

a, =0

4(A - B)a21a31 +hay +h,a, +ha, =0

h,a,, + h;a,; =0

a,, +a; =1

aZ, +a, +a’ =1 (8.3)
aZ +a’, +a =1

Q,,8,, + 8338, =0

;,85 + 83385 =0

8,83 + 885 +8y;85; =0

For the second case:

a, =0

h,a;, +hya,;, =0

(A_ B)a11a21 +ha,;, +ha, + h3a13 =0

a’+a;+a5 =1

az, +a’, +a, =1 (8.4)
az, +as =1

81,8, + 83,8y, + 8,38, =0

8,83 + 8,385 =0

85 + 885 =0
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From the third and fourth equations on (8.3) is obtained:

hs

\Jh? +h?

h,

Taking into account the above two equations and the adapted equations (3.10) and
(3.11), the system of equations (8.3) can be presented as:

a,==%

a, ==

a,; =0
h,
a, ==* > >
vhy +h;
h,
a3 ==+ > >
yh, +h;
Ay =838 (8.5)
Ay3 = a,85
Az =538,
Qg3 =—apay
aZ +a2 =1
4(A-B)aya, +ha, +a,.h?+h?=0

Determining then the direction cosines a,, and a,, from the last two equations of (8.5),

the solutions from system (8.3) are achieved. Considering the last two equations on (8.5),
it can be re-written in the following form:

4(;121a312+ agmzta,n=0 8.6)
ay +a; =1
Where:
h, h? +h?
m= and n=+2—_2
(A-B) (A-B)
Thus, system (8.6) can again be re-written in a slightly different form:
T na
%" +21m
2 (8.7)

16a;, +8maj, + (m2 +n? —16)61221 —8ma,, —m* =0

From system (8.7) it follows that the second equation can have no more than four real
roots a,,depending on m and n. Considering the first equation, the number of real

solutions a,;, &5, to system (8.7) cannot therefore exceed 8.
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The first equation of system (8.6) represents the equation of an hyperbola, with one
branch passing through the origin of the coordinate system (a,, =0,8,, =0) in the plane

of variables @,,, a,;, the second equation describes a unit circle in this plane.

The number of real solutions to system (8.6) depends on the character of the intersections
of the hyperbola branches with the circle.

It is clear that the two branches of the hyperbola, which pass through the origin of
coordinates, will obviously intersect with the circle at four points. If the two other branches
also intersect with the circle too, we have four additional solutions. In the case when
hyperbola branches touch the circle, four solutions merge into two (there are two
multiple roofts). Three different variants of mutual positions of hyperbola branches and the
circle are shown in figures 8.1, 8.2, and 8.3. Thus, system (8.6) and, hence, system (8.5)
have either eight or four solutions.

Figure 8.1 — Mutual positions of the circle and hyperbole from system (8.6) were M =N =1, which represents 8
real solutions

Figure 8.2 — Mutual positions of the circle and hyperbole from system (8.6) were m=n = \/E which represents
6 real solutions
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For picture 8.3, the value for m=n=+/2 satisfy the astroid equation (8.6).

al

L L / L L | L .11
0 -05

ni i
- L 3
03 1

=05k

\ =1—:._

Figure 8.3 — Mutual positions of the circle and hyperbole from system (8.6) were m =N =1.6, which represents
4 real solutions

Let's determine the boundaries in the parameter plane (m, n) separating regions with
different numbers of solutions fo system (8.6). Bifurcation points are the points of the plane
(m, n) belonging simultaneously to branches of hyperbolas, which do not pass through
the origin of coordinates and circle; tangents to the hyperbola and circle coincide at
bifurcation points. The condition of coincidence of the tangents has the form

0a, —4a,tn ay 2 2
o (@ =——2 or 4(a21 —a31)+ ma,, thay =0
aZl ( a21 + m) a31

(8.8)

From the first equation of (8.6) it can be obtained:
tna,

Ay = 4
d,, +m

Replacing the above expression for a,, into the second equation of (8.6) and equation
(8.8), the following system can be obtained:

n’ay 2
=]1-a
(4a,, +m)’ 2
- (8.9)
(4a,, +m)’ =-(42, +m)
21

Dividing the left side of the first equation of system (8.9) by the left side of the second
equation of system (8.9) and the right side of the first equation by the right side of the
second equation of system (8.9) we get:

M7 4n7 =42 (8.10)
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The equation (8.10) represents an astroid, and together with equations (8.8) we can
2 2 2
check that eight solutions exist inside the region mé + né < 4A , and four solutions in the
2 2 2
region mé +né > 4A )
Also, the astroid equation (8.10) represents the tangents points between the hyperbole
and circle from system of equations (8.6).

Investigating now the second case, from the second and sixth equations on (8.3) is
obtained:

+h,

JhZ +h?

+h
4. = 2

# hn?

Taking intfo account the previous equations and (3.10), (3.11), the system (8.4) can be
presented as:

as, =

a;, =—adyagy
a3 =a,4a,,
Ay, =3y a5
Ay3 = —ay;a,
a; =0
h
a; = 43
2 2 8.11
h, +h; (8.11)
hz
Qg =F——
2 2
Jh, +h;
4A-B)a,a, +ha, +a,h?+h?=0
aZ+a =1

When determining the direction cosines a,, and a,, from the last two equations of (8.11),

the solutions from system (8.4) are achieved. Considering the last two equations of (8.11),
they can be re-written in the following form:

{allaﬂ +a;mta,n= 0

8.12
a121+a§1:1 ( |
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Then can be re-written again in a slightly different format:

- a,,N
=t
8z +M (8.13)

ay, +2aym+ azzl(n2 +m? —1)— 2a,m-m? =0

From system (8.13) it follows that the second equation can have no more than four real
roots a,, depending on m and n . Regarding first equation, the number of real solutions

a,, . a, tosystem (8.13) cannot exceed 8.

For the first equation of system (8.12) for both signs before the last term in the left hand
side represents the equation of a hyperbola, whose one branch passes through the origin

of the coordinate system (&, =0,a, =0) in the plane of variables a;,, a,,, and the

second equation describes in this plane a unit circle.

The number of real solutions of system (8.12) depends on the character of intersections
of hyperbolas and the circle.

It is clear that two branches of hyperbolas, which pass through the origin of coordinates,
obviously intersect with a circle at four points. If two other branches intersect with the
circle too, we have four additional solutions. In the case when hyperbola branches touch
the circle, four solutions merge in two (there are two multiple roots). Three different
variants of mutual positions of hyperbola branches and the circle are shown in figures 8.4,
8.5, and 8.6. Thus, system (8.12) and, hence, system (8.11) have either eight or four
solutions.

B
=2

Figure 8.4 — Mutual positions of the circle and hyperbole from system (8.13) were m=hn = 0.3, which
represents 8 real solutions
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B

=}

Figure 8.5 — Mutual positions of the circle and hyperbole from system (8.13) were m = 0.5 and

3
n= (1_ 0_5% )A , which represents 6 real solutions

all

1
o ne ne 1
N, 05 5 \
lal lal - lal

-
15

=05 b

L

Figure 8.6 — Mutual positions of the circle and hyperbole from system (8.13) were m =n = 0.4, which
represents 4 real solutions

Is now determined the boundaries in the parameter plane (m, n) which separates regions
with different numbers of solutions to system (8.13). Bifurcation points are the points of the
plane (m, n) belonging simultaneously to branches of hyperbolas, which do not pass
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through the origin of coordinates and circle; tangents to the hyperbola and circle
coincide at bifurcation points. The condition of coincidence of the tangents has the form:

2

aall —a, N 8y 2
= ————or@u—@ﬁ+aﬁni%m:0 (8.14)

8a21 B <a21 + m) B all

From the first equation of (8.12) it can be obtained:
a;, ==+ %l

d,, +M
Replacing the previous expression for a,; into the second equation of (8.12) and
equation (8.14), the following system can be obtained:

azn’

=1-a’
(8 +m)’ :

2 (8.15)
mn

Z;;;;;ﬁy;::—(am_+'“)

Dividing the left side of the first equation of system (8.15) by the left side of the second
equation of system (8.15) and the right side of the first equation by the right side of the
second equation of system (8.15) we get:

M7 +n7 =1 (8.16)

The equation (8.16) represents an astroid, and together with equations (8.15) it can be
2 2
verified that exists 8 solutions inside the region mA + né <1, and then 4 solutions in the

2 2
region mé +n£ >1.

A very interesting analysis can now be made comparing the axially symmetric case with
the previous solutions for the general case. Taking into consideration the case v =0
which corresponds to the case where A= B, we have the fixed regions of equilibria:

h? +hZ = (4% - ha%f

3
h? + hZ :(1—h3%)

Taking into consideration the case v =1 which corresponds to the case where A=C,
we have the fixed regions of equilibria:

hys +(h2 +h2)* = 4%
his +(h2 +h2)* =1

Comparing the above two extreme cases with the general case, it can be verified
graphically in the following figure 8.7 and figure 8.8, that in the general case exists smaller
regions, these regions corresponds to higher equilibria not available in the axially
symmetric due to the parameter v be different from zero and from one.

From the analysis of figure 8.7 and figure 8.8 the numerical model can also be validated.
The resemblance between the axially symmetric and the asymmetrical are notorious.
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Figure 8.7 — Above the two Equilibria picture for the General case were y =(.01/ H,=001 and below the

picture for Axially Simmetric case were y =Q/ H3 =0.01
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Figure 8.8 — Above the two Equilibria picture for the General case were vy =099/ H3 =0.01 and below the

picture for Axially Simmetric case were v =1/H, =0.01
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The astroids (8.10) and (8.16) separating in the plane m, n three regions with different
numbers of equilibrium positions of an axially symmetric gyrostat satellite represent the
equations of the bifurcation points. There are 16 equilibria solutions in the region

2 2 2 2 2
mé +nA <1, 12 equilibria solutions in 1< mé +né 344 and finally 8 equilibria

2 2 2
solutions in the region mé + nA > 4A.
Taking into account equations (8.10) and equations (8.16) we can plot the following
picture:

4t

Figure 8.9 — Astroids (9.14) and (9.26) which represents the bifurcation equations of our system
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? SUFFICIENT CONDITIONS OF STABILITY OF EQUILIBRIA
ORIENTATIONS FOR A AXIALLY SYMMETRIC GYROSTAT

As in chapter 7, we will use the same Lyapunov's method and the integral of energy as
a Lyapunov's function, and for an axially symmetric satellite the integral of energy is:

H = %[Aﬁz +B(q? + P2+ %(A— B)3a2 — a2 )— (hay, + h,a,, + hya,, ) = const. (9.1)
Lets present ¢, fand y as follows:
a=o,+a B=p+P Y=ty

Where «, Bond y are small deviations from the equilibrium position a = ¢, = const.,

B =, =const.and y =y, =const., safisfying the system of equations (3.10) and (8.1).
Then the integral of energy (9.1) can be presented as follows:

%[Aﬁz + B(cT2 + Fz)]+%{3(8 - A)( 2 — afl)az + [(B - A)(3$;in2 a, +1)cos 23, +ha, +h,a,, +

hyay, |82 — 2a, (h, siny, + h, cos y, ) B7+ (h,a,, + h3a23);72}+ ¥ = const. (92)

Where X represents the terms of higher than second order of smallness with respect to
a,pand y.

For case 1, a, =cosa,sing, =0and hence, cosg, =0. From the second and third
equations of system (8.3) the following relations are obtained:

4(A—B)sin f3, cos 3, + h, cos B, —sin S, (h, cos y, —h, sin y,)=0 (9.3)
h, siny, + h,cosy, =0

Eliminating with the help of system (9.3), expressions h,siny,+h,cosy, and
h, cos y, —h, sin y, from the integral of energy (9.2) the following expression is obtained:

17, 2. 3 _, 1| 4(A-B)sin® g, +h, |
E[Apz+B(q2+f2)]+E(B‘A)C°SZﬁ°a2+E{( linﬂﬂo ﬂﬁ” (9.4)

[4(A-B)sin B, +h,|cos? B, _,
: e
sin j3,

+ 2 =const.

1
+_
2
From (9.4) is obtained the sufficient stability conditions of equilibrium position for case 1.

(B—A)>0
[4(AB)sin’ 4, + b Jsin 5, > 0
[4(A~B)sin 4, +y]Jsin 5, > 0
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Because (B—A)>0 and M= rlB) the above system is transformed into:
(B-A)>0
(m-+4sin® 4, )sin B, <0

9.5
(m+4sin g,)sin g, <0 7

For case 2, a,, =—sin«, cos B, =0and hence, sina, =0. From the second and third
equations of system (8.4) the following relations are obtained:

{(A— B)cos f3, sin A3, + h, cos 3, —sin SB,(h, cos 7, —h,siny,)=0

. (9.6)
h, sin y, +h,cosy, =0

Eliminating with the help of system (9.6), expressions h,siny,+h,cosy, and
h, cos y, —h, sin y, from the integral of energy (9.2) the following expression is obtained:

Ifn2  ofs2  =2)] 3 2 o—2 L (A=B)sin® B, +h |-,
E[Ap +B(g2+7 )]+E(A—B)cos Bt +5[ sin 5 }ﬂ + o

- 2
1 [(A-B)sin fBO +hyJoos® 72 +3 =const.
2 sin 3,

From (9.7) is obtained the sufficient stability conditions of equilibrium position for case 2.

(A-B)>0
[(A=B)sin® g, +h, Jsin g, >0
[(A—B)sin g, +h,]sin g, >0

h
Infroducing the parameter m = A—lB the above system is transformed info:

(A-B)>0

(m+sin3 ,Bo)sin B, >0 (9.8)
(m+sin B,)sin 3, >0

The stability conditions (9.5) for case 1 were a11=0 represents the following curves:

{m+4sin3ﬂO =0 - {m =—4sin® g,

m+4sin B, =0 m = —4sin g,
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Which represent the following curves:

]

-10 -03

-4}

Figure 9.1 — Curves for the stability conditions of case 1 were an1=0

Investigating the following conditions:

- For O0<sing, <1

m+4sin® g, <0
m+4sin g, <0

- For =1l<sin g, <0

m+4sin® g, >0
m+4sin g, >0

Resuming we have:

Case 1-an=0 —1<sing, <0 O<sing, <1
m+4sin® B, >0 m+4sin 3, <0
m+4sin B, >0 m+4sin® B, <0

Table 9-1: Stability Conditions for Case 1 - an=0
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6L
Figure 9.2 — Stability Conditions for case 1 were an=0

With the help figure 9.2 we can see that the mutual stability conditions are:

Case 1-an=0 —-1<sin g, <0 O<sing, <1

m+4sin g, >0 m-+4sin 5, <0

Table 9-2: Stability Conditions for Case 1 - an=0

The stability conditions (9.8) for case 2 were as1=0 represents the following curves:

m-+sin g, =0 m = —sin f,

{m+sin3ﬂ0 =0 - {m =—sin® g,

"
F

=1 L

Figure 9.3 — Curves for the stability conditions of case 2 were az=0
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Investigating the following conditions:

- For O<sing, <1

{m+sin‘°’,80 >0

m+sin g, >0

- For=1<sinfg, <0

m+sin® B, <0
m+sin g3, <0

Resuming we have:

Case 2 - as1=0 —-1<sin g, <0 O<sing, <1
m+sin® B, <0 m+sin 3, >0
m+sin 3, <0 m+sin® B, >0

Table 9-3: Stability Conditions for Case 2 - a31=0

-aL

Figure 9.4 — Stability Conditions for case 2 were az1=0

singy

With the help of figure 9.4 we can see that the mutual stability conditions are:

Case 2 - az1=0

-1<sing, <0

O<sing, <1

m+sin® B, <0

m+sin® g, >0

Table 9-4: Stability Conditions for Case 2 - az=0
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With the help of figure 9.2 and figure 9.4, it can be verified that the conditions which
saftisfy the stability conditions of an axially symmetric gyrostat are:

—1<sing, <0 O<sing, <1
Caose 1 -an=0 m+sin3ﬂ0<0 m-+4sin g, <0
Case 2 - a31=0 m+4sin g, >0 m+sin® 3, >0

Table 9-5: Stability Conditions that satisfy an Axially Symmetric gyrostat

So the regions of fulfilment of the sufficient stability conditions of equilibrium orientations
of an axially symmetric gyrostat satellite are illustrated by figure 9.5.

m

0.5 1.0

4t

Figure 9.5 - Regions of fulfilment of the sufficient stability conditions of
equilibrium orientations of an Axially Symmetric gyrostat satellite

The blue regions are the regions of fulfilment of the stability conditions of equilibrium
orientations of an axially symmetric gyrostat satellite and the white regions the unstable
regions.




GYROSTAT DYNAMICS ON A CIRCULAR ORBIT

10 CONCLUSIONS

The study conducted along these several chapters have led to new and very interesting
results regarding the gyrostat dynamics on a circular orbit subjected to a gravitational
torque. Due to the colossal task of working with huge equations like equation (5.21),
scienfists were discouraged fo proceed further than (5.20), much because the
complexity involved in such calculations and the most probable impossibility to find a
simple analytical solution to the gyrostat satellite general case.

To overcome the problem to deal with the enormous equations, it was developed a
numerical simulafion software which was properly validated using to the well know case
of the axially symmetric gyrostat, which after was used to obtain the numerical results
from the general gyrostat case.

With the variation of the known parameters, the first results obtained already lead us to
a certain predictability or at least to suspect that at least a small and simple rules could

arise. The first results confirmed that with the increase of H;, the various regions of
equilibria narrow until they completely disappear.

With the increase of v, the regions of 24 and 20 start very small, growing then in size until
approximately v =0.5, decreasing then again to smaller areas. It was also confirmed that

the variation of the system with the parameter v is compatible with the axially symmetric
satellite.

Was also verified that in regions with small values of H, and H, exists 24 positions of

equilibria, and when is increased the values from H, and H,, the 24 equilibria region

will give place to a 20 equilibria region, then to a 16 equilibria, then to a 12 equilibria and
finally only fo a 8 equilibria positions region.
Also unknown up to now, it was revealed small regions of 16 and 12 equilibria outside

their main regions. These small regions can be found near H, =0and in relatively high
values of H,. Then, and with the increase of H,, is noticed that eventually the small
region of 16 equilibria vanish, giving place to a second small region of 12 equilibria
outside their main region. As we further increase the value of H3 these 12 equilibria
become smaller and narrower, but they never disappear altogether, with the increase
of H; also increases their positionin H, .

After conducting a huge an exhaustive numerical study, it is easy to find the bifurcation
points for the evolution of the inertia parameters. After a carefully organization of the
bifurcation points, surprizing results immediately arise, the numerical calculations show
that the complex gyrostat general case has a surprisingly simple bifurcation distribution.

For the 24 equilibria the bifurcation is described by H3 =1-v. The 20 equilibria

bifurcation region can be described by a first degree equation and after a certain point
a second degree equation. The 16 equilibria bifurcation region can approximately be

described by H, =4 —3v . And finally for the 12 equilibria bifurcation be described in the
vicinity of Hy = 4.
The next step is to study the stability of equilibria, after the unexpected simple results

obtained in the study of equilibria, there is hope that such simple results can also be
obtained on the stability calculations.
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First results show that when the values of parameter H, increase, sequential mergers of

equilibrium curves occurs af points that correspond to the points of infersection of the
straight lines H, = const. with the borders of regions with fixed number of equilibria.

After analysis of the numerical calculations, again surprising simple results arise from the
rather complicated equations. It follows from the conducted numerical simulations that
for H, values less then 1—-v and for small H,, H, there are 24 equilibrium arrangements

which 4 are stable. Exist also 2 stable equilibria for v > 0.5 and H, >1-v.
When values of parameters H,,H,,H, of the gyrostatic torque are greater than or equal

to 4, there are 8 equilibrium solutions, but only 2 of them are stable. For large values of
the parameters H,,H,,H,the equilibrium values of ¢ are close to the frivial solutions,

where some axis of the orbital coordinate system and some axes of the body coordinate
system coincide.

It was again confirmed that for a given gyrostat satellite subjected to a gravitational
tforque in a circular orbit, and when the gyrostatic moment is small enough, the gyrostat
general case cannof have more than 24 equilibria positions, which means that the
gyrostat satellite is close to the satellite rigid body. When the gyrostatic moment is big
enough, there is no less than 8 equilibria positions, which means that the vector of the
gyrostatic moment must be perpendicular to the orbital plane. Also, the stable equilibria
are no less than 2 and no more than 4.

It was not expected such simple solutions for the system in study, much because the
complexity of the equations involved. The results found for the bifurcation and stability
are so simple that will permit for space applications designers to evaluate, even in the
preliminary phase of a project, how many equilibrium positions such system will have, and
how many will be stable.
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11 FUTURE PROJECTS AND RECOMMENDATIONS

This work was rather complex but several issues were left behind. The first and perhaps
the most important was the introduction of damping in our general system for the energy
dissipation.

Another interesting study would be performing an equivalent analysis for an elliptic orbit,
in such case, a gyrostat satellite will not have equilibrium orientations, but periodic
solutions. This study will give even more general point of view for this kind of systems, and
cover more possible spacecraft missions, much because of most space applications
used today use a polar quasi-circular orbits.

Regarding the small regions of 16 and 12 equilibria, further analysis of how these regions
change and how can they be managed would be very interesting, especially for

projects where high values of H; will be needed. Also, and since the evolution of these

small regions appears to obey a first order equation, to compute the evolution of these
small regions would be a plus o the general understanding of the general case.

It would also be interesting to perform new calculations of the bifurcation points in
function of H,/H;andH,/H,, and of course to perform the stability calculations in

function of the remaining configurations.

For a more complex study, and because this study was conducted having into account
only the gravitational torque, it would be challenging to involve more forces, such as the
magnetic, solar pressure and aerodynamic for instance.
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APPENDIX A - SOFTWARE

During the accomplishment of this investigation several sofftware's were used to better
and fast achieve, understand and also calculate the desired equations or set of
equations.

The software for the calculation of the equilibria described in Appendix A.2, obtain the
calculation inputs from keyboard, namely the initial and final values of Hi, H2, and the

constant values of Hz and v and also the steps (increase from the initial values) of Hi, Ha.
With all this data, the software goes through all the equations until there is a change in
the number of zeros is detected, after that records the coordinates of that change and
the number of zeros present. In the end, presents all the changes of number of zeros with
the correspondent number of zeros in a txt output format that can be easily exported
into excel for a graphical analysis.

The software presented in Appendix A.3, does the stability calculations of pre given Hi
values and calculates if they are stable or unstable. With the output of this soffware in a
txt format, it can be imported rather easily into excel for plotting the respective picture
of stability.

In Appendix A.4 is software performed in Mathematica, which is a rather simple way to
confirm if a certain value is stable or not.

In Appendix A.5 is the software used in the calculations of the Axially Symmetric case, this
software was used to plot the pictures of the different equilibria and stability conditions.

In Appendix A.6 is a simple software performed in MSDOS in order to merge all the
equilibria calculation files info only one txt file. This is useful for plotting the 3D picture.
Then this unique file is converted into a Matlab readable format by the means of software
described in Appendix A.7, and after plot the equilibria 3D picture with the software in
Appendix A.8 or in Appendix A.9 depending which is the choice.

A.1 - C++ LIBRARIES

Besides the standard C++ libraries in this work was used the LIBBLAS32.lib and the
liblapack32.lib. These libraries are auxiliary or linker libraries from the general LAPACK++
library. The LAPACK++ library is a library for high performance numerical linear algebra
computations. This library includes support for solving linear systems using LU, Cholesky,
QR matrix factorizations, and symmetric eigenvalues problems between other methods.
The library liblapackpp.dil.a is a development library which is required to link applications
that use the several specific and dynamic libraries.
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A.2 - EQUILIBRIA COMPUTATION (C++)

#include <iostream>
#include <fstream>
#include <math.h>

#include <lapackpp/laslv.h>

using namespace std;

/* Main Program */
int main(){

/* Global Variables*/

double H1, H1_final, H2, H2_final, H2int, H3, v, escalon, escalonH1, p[13];
int first_time=0, n_de_raices_actual = 0, n_de_raices_anterior = 0;
double H2_dummy;

ofstream fichero;

LaVectorDouble real(12);

LaVectorDouble imaginario(12);

/* Create the file where the results will be stored*/
fichero.open ('testdata.txt");

/* Obtain values from keyboard */
cout<<"H1 inicial: ";
cin>>H1;
cout<<"H1 final: "
cin>>H1_final;
cout<<"H2 inicial: ";
cin>>H2;
cout<<"H2 final: ";
cin>>H2_final;
cout<<"H3: ",
cin>>H3;

couts<"v: ",
cin>>v;
cout<<"Step H1:";
cin>>escalonH1;
cout<<"Step H2:";
cin>>escalon;

/* store H2 value for future use */
H2int=H2;

/* Create a cicle for H1 and H2*/
for (; H1 <= H1_final; H1 = H1 + escalonH1){

for (; H2 <= H2_final; H2 = H2 + escalon){
/* Calculate the 12th grade equation */
p[0] =-16*pow(H1.4)*pow(H2,2)*pow (H3,4)*pow(v,6);
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p[1] =
32*pow(H1,3)*pow (H2,2)*pow (H3,3)*pow (v,5)*(2*pow(H1,2)-pow (H2,2)*(v-1)-
2*v*(pow (H3,2)+2*v-2));

p[2] =-
16*pow(H1,2)*pow(H2,2)*pow (H3,2)*pow(v.4)*(6*pow(H1,4)+pow(H2,4)*pow((v-1).2)-
pow (H2,2)*(v-1)*(16*(pow(v,3)-pow(v,2))+(v-1)+pow (H3,2)*(1-7*v))+pow(H1,2)*((-
25*pow(v,2)+26*v-1)+pow(H3,2)*(pow(v,2)-16*v+1)+pow(H2,2)*(pow(v,2)-
8*v+7))+2*pow(v,2)*(3*pow (H3,4)+8*pow (v-1,2)-4*pow (H3,2)*(2*pow (v,2)-7*v+5)));

p[3] = 32*H1*pow(H2,2)*H3*pow (v,3)*(2*pow (H1,6)+pow(H1,4)*((-
13*pow(v,2)+14*v-1)+2*pow (H3,2)*(pow(Vv,2)-6*v+1)+pow(H2,2)*(pow(v,2)-
5*v+4))+pow(H3,2)*(-pow(H2,4)*pow (v-1,2)*(2*v-1)+pow (H2,2)*(v-1)*v*(pow(H3,2)*(1-
4*v)+(16*pow(v,3)-16*pow(v,2)+v-1))+2*pow(v,3)*(-pow (H3,4)+8*pow (v-1,2)*(4*v-
5)+2*pow (H3,2)*(7-11*v+4*pow(v,2))))-pow (H1,2)*(pow (H2,4)*(v-2)*pow (V-
1.2)+pow(H2,2)*(v-1)*((16*pow(v.3)-16*pow (v,2)+v-1)+pow(H3,2)*(3*pow(v.2)-
13*v+3))+2*v*(-2*pow (v-1,2)*(5*v-1)+pow(H3,4)*(pow(v,2)-
6*v+1)+pow(H3,2)*(18*pow(v,3)-53*pow|(v,2)+38*v-3))));

p[4] = -16*pow(H2,2)*pow(v,2)*(pow (H1,8)+pow(H1,6)*(-1+10*v-
?*poow(v,2)+pow(H2,2)*(3-4*v+pow(v,2))+2*pow (H3,2)*(3-
8*v+3*pow (v,2)))+pow(H3.2)*(pow(H2,6)*pow(v-1,4)+(pow(H3,2)-16*pow (V-
1.2))*pow(v.4)*pow (-4+pow (H3,2)+4*v,2)+pow(H2,4)*pow (v-1,2) *v*(-8*pow V-
1,2)*(2*v+1)+pow(H3,2)*(3*v-2))+pow(H2,2)*(v-1)*pow(v,2) *(pow (H3,4)*(3*v-
1)+16*pow(v-1,3)*(1+8*v)+pow(H3,2)*(17-49*v+é64*pow(v,2)-
32*pow(v,3))))+pow(H1,2)*(pow(H2,6)*pow(v-1,4)+pow(H2,4)*pow (v-1,2)*(-1*pow v-
1,2)*(1+8*v)+2*pow (H3,2)*(4-9*v+4*pow (v,2)) ) +pow(H2,2)*(v-1)*v*(8*pow (v-
1,.3)*(1+2*v)+pow(H3,4)*(14-33*v+13*pow(v,2) ) +pow(H3,2)*(-4+38*v-
98*pow (v,2)+64*pow(v,3)))+2*pow (v,2)*(-8*pow (v-1,4)+pow(H3,6)*(3-
8*v+3*pow (v,2))+4*pow (H3,2)*pow (v-1,2)*(7-63*v+52*pow (v,2) ) +pow (H3,4)*(-23+134*v-
187*pow (v,2)+76*pow(v,3))))-pow(H1,4)*(pow (H2,4)*pow (v-1,2)*(2*v-3)+pow (H2,2)*(v-
1)*(-2+4*v-19*pow(v,2)+17*pow (v,3)+pow(H3,2)*(13-33*v+14*pow(v,2)))+v*(-8*pow v-
1,2)*(3*v-1)+pow(H3,4)*(16-37*v+16*pow(v,2))+pow(H3,2)*(-32+209*v-
298*pow(v,2)+121*pow(v,3)))));

p[5] = 32*H1*pow (H2,2)*H3*v*(-2*pow (H2,6)*pow (v-
1.5)+2*pow (H1,6)*(pow (v,2)-v+1)-pow(H2,4)*pow (v-1,2)*v*(pow (v-
1.2)*(11+4*v)+pow (H3,2)*(5-10*v+é*pow(v,2)))-2*pow (v,3)*(40*pow (v-1,4)*(4*v-
1)+pow(H3,6)*(pow(v.2)-v+1)+2*pow (H3,2)*pow (v-1,2)*(27-
79*v+56*pow(v,2))+pow (H3,4)*(-15+46*v-53*pow(v,2)+22*pow(v,3)))-pow (H2,2)*(v-
1)*pow(v,2)*(-8*pow (v-1,3)*(16*v-1)+pow(H3,4)*(6*pow(v,2)-8*v+5)+pow (H3,2)*(-
33+131*v-146*pow(v,2)+48*pow(v,3)))+pow(H1.4)*(pow (H2,2)*(6-14*v+13*pow(v,2)-
5*pow(v,3))+v*(14-61*v+92*pow(v,2)-45*pow (v,3)-2*pow (H3,2)*(6-
7*v+6*pow(v,2))))+pow(H1,2)*(pow (H2,4)*pow (v-1,2)*(6-
10*v+5*pow(v,2))+pow (H2,2)*(v-1)*v*(-3+41*v-56*pow(v,2)+18*pow (v,3)+pow(H3,2)*(17-
26*v+17*pow(v,2)))+2*pow(v,2)*(pow (H3,4)*(6* pow(V,2)-7*v+6)+2*pow (v-
1,2)*(57*pow(v,2)-64*v+11)+pow (H3,2)*(67*pow (v,3)-155*pow(v,2)+125*v-37))));

p[é] = -16*pow(H2,2)*(pow(H2.8)*pow(v-1,6)-
2*pow (H2,6)*(pow (H3,2)*(1-2*v)+8*pow(v-1,2))*v*pow(v-1,4)+pow(H1,8)*(pow(v.2)+1)-
2*pow (H2,2)*(v-1)*pow(v,3)*(-84*pow (H3,2)*pow (v-1,3)+128*pow (v-
1,5)+17*pow (H3,4)*(v-1)*v+pow (H3,6)*(-1+v-2*pow(v.2)))+pow(v.4)*(pow(-
4+pow (H3,2)+4*v,2))*(-17*pow (H3,2)*pow (v-1,2)+16*pow v-
1,4)+pow(H3,4)*(1+pow(v,2)))+pow(H2,4)*pow (v-1,2)*pow(v,2)*(96*pow (v-1,4)-
3*pow (H3,2)*pow (v-1,2)*(3+8*v)+pow(H3,4)*(2-6*v+6*pow(v,2)))+pow(HT1,6)*(-
2*pow (H2,2)*(-2+3*v-2*pow (v,2)+pow(v,3) ) +Vv*(8-25*v+42*pow(v,2)-25*pow(v,3)-
4*poow (H3,2)*(4-3*v+4*pow(v,2))))-pow(H1,2)*(2*pow (H2,6)*(v-2)*pow (v-
1,4)+pow(H2,4)*pow (v-1,2)*v*(3*pow (v-1,2)*(8+3*v)+pow(H3,2)*(20-
34*v+20*pow(v,2)))+pow(H2,2)*(v-1)*pow(v,2)*(-168*pow (v-1,3)*v+pow(H3,4)*(30-
40*v+34*pow (v,2))+17*pow (H3,2)*(-7+27*v-
27*pow(v,2)+7*pow(v.3)))+2*pow(v,3)*(8*pow/(v-1,4)*(25*v-8)+pow(H3,6)*(8-
6*v+8*pow(v,2))+4*pow (H3,2)*pow(v-1,2)*(67-122*v+67*pow (v,2))+pow (H3,4)*(-
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104+247*v-230*pow(v,2)+87*pow(v,3))))+2*pow (H1,4)*(pow (H2,4)*pow(v-1,2)*(3-
3*vtpow(v,2))+pow(H2,2)*(v-1)*v*(-17*v*(v-1)+pow(H3,2)*(17-
20*v+15*pow(v,2)))+pow(v,2)*(2*pow (H3,4)*(?-8*v+9*pow (v,2) ) +4* pow (v-1,2)*(4-
21*v+21*pow (v,2))+pow (H3,2)*(-87+230*v-247*pow(v,2)+104*pow(v,3)))));

p[7] = -32*H1*pow (H2,2)*H3*(-2*pow (H2,6) *pow (v-
1,5)+2*pow (H1,6)*(pow(v,2)-v+1)-pow(H2,4)*pow (v-1,2)*v*(-1*pow (v-
1.2)*(4+11*v)+pow(H3,2)*(5-10*v+6*pow(v,2)) )-pow (H2,2)*(v-1)*pow (v,2) *(-8*(v-
16)*pow (v-1,3)+pow(H3,4)*(5-8*v+é*pow(v,2))+pow (H3,2)*(-18+56*v-
41*poow(v,2)+3*pow(Vv.3)))-pow(v.3)*(80*(v-4)*pow/(v-1,4)+2*pow (H3,6)*(pow(v,2)-
v+1)+4*pow (H3,2)*pow (v-1,2)*(57-64*v+11*pow(v,2))+pow (H3,4)*(-45+92*v-
61*pow(v,2)+14*pow(v,3)))+pow(H1,4)*(pow (H2,2)*(6-14*v+13*pow(v,2)-5*pow (v,3))-
2*v*(-22+53*v-46*pow (v,2)+15*pow(v,3)+pow(H3,2)*(6-
7*v+6*pow(v,2))))+pow(H1,2)*(pow(H2,4)*pow(v-1,2)*(6-
10*v+5*pow (v,2))+pow (H2,2)*(v-1)*v*(-48+146*v-
131*pow(v,2)+33*pow(v,3)+pow(H3,2)*(17
26*v+17*pow(v,2)))+2*pow(v,2)*(pow (H3,4)*(6-7*v+6*pow(v,2) ) +2*pow (v-1,2)*(56-
79*v+27*pow|(v,2))+pow(H3,2)*(-67+155*v-125*pow (v,2)+37*pow(Vv,3)))));

p[8] =-16*pow(H2,2)*(pow(H1,8)+pow(H1,6)*(pow(H2,2)*(3-
4*v+pow(v,2))+2*(pow (H3,2)*(3-8*v+3*pow (v,2))-4*(2-
5*v+3*pow (v,2))))+pow(H3,2)*(pow(H2,6)* pow(v-1,4)+pow(v,4)*(pow(H3,2)-1*pow/(v-
1.2))*pow/((-4+pow(H3,2)+4*v),2)-pow (H2,4)*pow (v-1,2)*v*(pow (H3,2)*(2-3*v)+pow v-
1,2)*(8+v))+pow(H2,2)*(v-1)*pow(v,2)*(8*pow (v-1,3)*(2+V)+pow(H3,4)*(3*v-
1)+pow(H3,2)*(17-19*v+4*pow(v,2)-2*pow(Vv,3))))-pow(H1,4)*(pow (H2,4)*pow (v-
1,2)*(2*v-3)+pow(H2,2)*(v-1)*(-32+64*v-49*pow (v,2)+ 1 7*pow(v,3)+pow(H3,2)*(13-
33*v+14*pow(v,2)))+v*(-16*pow(v-1,2)*(9*v-8)+pow(H3.4)*(16-
37*v+16*pow(v,2))+2*pow(H3,2)*(-76+187*v-
134*pow (v,2)+23*pow(Vv,3))))+pow(H1,2)*(pow(H2,6)*pow(v-1,4)+2*pow (H2,4)*pow (v-
1,2)*(pow (H3,2)*(4-9*v+4*pow(v,2))-4*(2-3*v+pow(v,3) ) ) +pow (H2,2)*(v-1)*v*(1 6*pow v-
1,3)*(8+v)+pow(H3,4)*(14-33*v+13*pow (v,2))+pow (H3,2)*(-64+98*v-
38*pow(v,2)+4*pow(v.3)))+pow(v,2)*(-256*pow (v-1,4)+2*pow (H3,6)*(3-
8*v+3*pow(v,2))+8*pow (H3,2)*pow(v-1,2)*(52-63*v+7*pow(v,2) ) +pow (H3,4)*(-121+298*v-
209*pow(v,2)+32*pow(v.3)))));

p[9] = -32*H1*pow (H2,2)*H3*(2*pow(H1,6)+pow(H3,2)*(-
1*pow (H2,4)*pow (v-1,2)*(2*v-1)+pow(H2,2)*(v-1)*v*(-16+pow (H3,2)*(1-4*v)+16*v-
pow(v,2)+pow(v,3))+pow(v,3)*(-2*pow (H3,4)+4*(v-5)*pow (v-1,2)+pow(H3,2)*(13-
14*v+pow(v,2))))+pow(H1,4)*(pow (H2,2)*(4-5*v+pow(v,2))+2*(-8+22*v-
14*pow(v,2)+pow(H3,2)*(1-6*v+pow(v,2))))-pow(H1,2)*(pow(H2,4)*(v-2)*pow (v-
1,2)+pow(H2,2)*(v-1)*(-16+16*v-pow(v,2)+pow(v,3)+pow (H3,2)*(3-
13*v+3*pow(v,2)))+2*v*(-8*pow (v-1,2)*(5*v-4)+pow(H3,4)*(1-6*v+pow(v,2) ) +pow (H3,2)*(-
18+53*v-38*pow (v,2)+3*pow(v,3))))):

p[10] =-
16*pow (H1,2)*pow(H2,2)*pow (H3,2)*(6*pow(H1,4)+pow(H2,4)*pow (v-1,2)-pow (H2,2)*(v-
1)*((lpow(v.3)-pow(v,2)+16*v-16)+pow(H3,2)*(1-7*v))+pow(v,2)*(6*pow(H3,4)+16*pow v-
1,2)-pow(H3,2)*(pow/(v,2)-26*v+25))+pow(H1,2)*(pow (H3,2)*(pow(v.2)-
16*v+1)+pow(H2,2)*(pow(v,2)-8*v+7)-8*(5*pow(v,2)-7*v+2)));

p[11] =-32*pow(H1,3)*pow(H2,2)*pow (H3,3)*(2*pow(H1,2)-
pow(H2,2)*(v-1)-2*v*(pow (H3,2)+2*v-2));

p[12] =-16*pow(H1,4)*pow(H2,2)*pow(H3.4);

/* Creamos la matriz asociada del polinomio caracteristico */

double A[]={0,0,0,0,0,0,0,0,0,0,0,-p[12]/p[0l.
1,0,0,0,0,0,0,0,0,0,0,-p[11]/p[0l,
0,1,0,0,0,0,0,0,0,0,0,-p[10]/p[O],
0,0,1,0,0,0,0,0,0,0,0,-p[9]/p[0],
0,0,0,1,0,0,0,0,0,0,0,-p[8]/p[0],
0,0,0,0,1,0,0,0,0,0,0,-p[7]/p[0],
0,0,0,0,0,1,0,0,0,0,0,-p[6]/p[0],
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0,0,1,0,0,0,0, -p[5]/p[0].
0,0,0,1,0,0,0, -p[4]/p[0].
0,0,0,0,1,0,0, -p[3]/p0].
0,0,0,0,0, 1,0, -p[2]/p[0].
0,0,0,0,0,0, 1, -p[1]/p[0]};

LaGenMatDouble matriz_asociada(A,12,12,frue);

LaEigSolve (matriz_asociada,real,imaginario,matriz_asociada);

/* check how many real toots exist*/
/* root counter */
n_de_raices_actual=0;
for (inti=0; i < 12; i++){
if (imaginario(i) == 0.0)
n_de_raices_actual++;

/*if there is a jump in the number of real roots the value is stored™/
if (first_fime == 0){
n_de_raices_anterior = n_de_raices_actual;
first_time = 1;
}

elsef

if (n_de_raices_anterior = n_de_raices_actual){
double H2_anterior = H2 - escalon;
H2_dummy = H2;

double escalon2=escalon/1000;
H2 = H2_anterior;

for(; H2 <= H2_dummy; H2 = H2 + escalon?2) {

/* calculate the 12th grade equation */

p[0] =-16*pow(H1,4)*pow(H2,2)*pow(H3,4)*pow(v,6);

pl1] =
32*pow(H1,3)*pow (H2,2)*pow (H3,3)*pow (v,5)*(2*pow(H1,2)-pow (H2,2)*(v-1)-
2*v*(pow (H3,2)+2*v-2));

p[2] =-
16*pow (H1,2)*pow(H2,2)*pow (H3,2)*pow (v.4)*(6*pow(H1,4)+pow(H2,4)*pow((v-1).2)-
pow (H2,2)*(v-1)*(16*(pow(v,3)-pow(v.2))+(v-1)+pow(H3,2)*(1-7*v))+pow(H1,2)*((-
25*pow(v,2)+26*v-1)+pow (H3,2)*(pow(v,2)-16*v+1)+pow(H2,2)*(pow(v,2)-
8*v+7))+2*pow(v,2)*(3*pow (H3,4)+8*pow (v-1,2)-4*pow (H3.2)*(2*pow (v,2)-7*v+5)));

p[3] = 32*HT*pow (H2,2)*H3*pow (v.3)*(2*pow(H1,6)+pow(H1,4)*((-
13*pow(v,2)+14*v-1)+2*pow (H3,2)*(pow(v,2)-6*v+1)+pow(H2,2)*(pow(v,2)-
5*v+4))+pow(H3,2)*(-pow(H2,4)*pow (v-1,2)*(2*v-1)+pow (H2,2)*(v-1)*v*(pow(H3,2)*(1-
4*v)+(16*pow (v,3)-16*pow(v,2)+v-1))+2*pow(v,3)*(-pow(H3,4)+8*pow (v-1,2)*(4*v-
5)+2*pow (H3,2)*(7-11*v+4*pow (v,2))))-pow(H1,2)*(pow (H2,4)*(v-2)*pow (v-
1,2)+pow(H2,2)*(v-1)*((16*pow(v.3)-16*pow(v,2)+v-1)+pow(H3,2)*(3*pow(v,2)-
13*v+3))+2*v*(-2*pow (v-1,2)*(5*v-1)+pow(H3,4)*(pow(v,2)-
6*v+1)+pow(H3,2)*(18*pow(v,3)-53*pow(v,2)+38*v-3))));

p[4] = -16*pow(H2,2)*pow(v.2)*(pow (H1.8)+pow(H1,6)*(-1+10*v-
2*pow(v,2)+pow(H2,2)*(3-4*v+pow(v,2))+2*pow (H3.2)*(3-
8*v+3*pow|(v,2)))+pow(H3.,2)*(pow(H2,6)*pow(v-1,4)+(pow(H3.2)-16*pow (v-
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1.2))*pow/(v.4)*pow (-4+pow (H3,2)+4*v,2)+pow (H2,4)*pow (v-1,2)*v*(-8*pow (V-
1,2)*(2*v+1)+pow(H3,2)*(3*v-2))+pow(H2,2)*(v-1)*pow(v.2)*(pow (H3.4)*(3*v-
1)+16*pow(v-1,3)*(1+8*v)+pow(H3,2)*(17-49*v+64*pow(v,2)-
32*pow(v,3))))+pow(H1,2)*(pow(H2,6)*pow(v-1,4)+pow(H2,4)*pow (v-1,2)*(-1*pow v-
1,2)*(1+48*v)+2*pow (H3,2)*(4-9*v+4*pow (v,2)) ) +pow (H2,2)*(v-1)*v*(8*pow (v-
1,3)*(1+2*v)+pow(H3.4)*(14-33*v+13*pow (v,2))+pow (H3,2)*(-4+38*Vv-
98*pow(v,2)+é4*pow (v,3)))+2*pow(v,2)*(-8*pow (v-1,4)+pow(H3,6)*(3-
8*v+3*pow (v,2))+4*pow (H3,2)*pow (v-1,2)*(7-63*v+52*pow (v,2) ) +pow (H3,4)*(-23+134*v-
187*pow (v,2)+76*pow(v,3))))-pow(H1,4)*(pow (H2,4)*pow (v-1,2)*(2*v-3)+pow (H2,2)*(v-
1)*(-2+4*v-19*pow (v,2)+17*pow (v,3)+pow(H3,2)*(13-33*v+14*pow(v,2)) ) +v*(-8*pow v-
1,2)*(3*v-1)+pow(H3,4)*(16-37*v+16*pow(v,2))+pow(H3,2)*(-32+209*v-
298*pow(v,2)+121*pow(v,3)))));

p[5] = 32*H1*pow (H2,2)*H3*v*(-2*pow (H2,6)*pow (V-
1,5)+2*pow (H1,6)*(pow(v,2)-v+1)-pow(H2,4)*pow (v-1,2)*v*(pow (v-
1.2)*(11+4*v)+pow (H3,2)*(5-10*v+6é*pow(v,2)))-2*pow (v,3)*(40*pow (v-1,4)*(4*v-
1)+pow(H3,6)*(pow(v.2)-v+1)+2*pow (H3,2)*pow (v-1,2)*(27-
79*v+56*pow (v,2))+pow (H3,4)*(-15+46*v-53*pow|(v,2)+22*pow(v,3)))-pow (H2,2)*(v-
1)*pow(v,2)*(-8*pow (v-1,3)*(16*v-1)+pow(H3,4)*(6*pow(v,2)-8*v+5)+pow (H3,2)*(-
33+131*v-146*pow(v,2)+48*pow(v,3)))+pow(H1,4)*(pow (H2,2)*(6-14*v+13*pow(v,2)-
5*pow (v,3))+v*(14-61*v+92*pow(v,2)-45*pow (v,3)-2*pow (H3,2)*(6-
7*v+é6*pow(v,2))))+pow(H1,2)*(pow(H2,4)*pow(v-1,2)*(6-
10*v+5*pow (v,2))+pow (H2,2)*(v-1)*v*(-3+41*v-56*pow (v,2)+18*pow(v,3)+pow(H3,2)*(17-
26*v+17*pow(v,2)))+2*pow(Vv,2)*(pow(H3,4)*(6*pow(v,2)-7*v+6)+2*pow (v-
1,2)*(57*pow(v.2)-64*v+11)+pow (H3,2)*(67*pow (v,3)-155*pow(v,2)+125*v-37))));

p[é] =-16*pow(H2,2)*(pow(H2,8)*pow (v-1,6)-
2*pow (H2,6)*(pow (H3,2)*(1-2*v)+8*pow(v-1,2))*v*pow(v-1,4)+pow(H1,8)*(pow(v.2)+1)-
2*pow (H2,2)*(v-1)*pow (v,3)*(-84*pow (H3,2)*pow/(v-1,3)+128*pow v-
1.5)+17*pow (H3,4)*(v-1)*v+pow (H3,6)*(-1+v-2*pow(v,2)) ) +pow(v.4)*(pow(-
4+pow (H3,2)+4*v,2))*(-17*pow (H3,2)*pow (v-1,2)+16*pow v-
1,4)+pow(H3,4)*(1+pow(v,2)))+pow(H2.4)*pow(v-1,2)*pow(v,2)*(?6*pow (v-1,4)-
3*pow (H3,2)*pow (v-1,2)*(3+8*v)+pow(H3,4)*(2-6*v+é*pow(v,2))) +pow(H1,6)*(-
2*pow (H2,2)*(-2+3*v-2*pow (v,2)+pow(v,3))+v*(8-25*v+42*pow (v,2)-25*pow(v,3)-
4*oow (H3,2)*(4-3*v+4*pow(v,2))))-pow(H1,2)*(2*pow (H2,6)*(v-2)*pow (v-
1,4)+pow(H2,4)*pow (v-1,2)*v*(3*pow (v-1,2)*(8+3*v)+pow(H3,2)*(20-
34*v+20*pow(v,2)))+pow (H2,2)*(v-1)*pow(v,2)*(-168*pow(v-1,3)*v+pow(H3,4)*(30-
40*v+34*pow(v,2))+17*pow (H3,2)*(-7+27*v-
27*pow (v,2)+7*pow(v,3)))+2*pow (v,3)*(8*pow(v-1,4)*(25*v-8)+pow (H3,6)*(8-
6*v+8*pow(v,2))+4*pow (H3,2)*pow(v-1,2)*(67-122*v+67*pow (v,2))+pow (H3,4)*(-
104+247*v-230*pow(v,2)+87*pow(v.3))))+2*pow(H1,4)*(pow (H2,4)*pow (v-1,2)*(3-
3*v+pow(v,2))+pow (H2,2)*(v-1)*v*(-17*v*(v-1)+pow (H3,2)*(17-
20*v+15*pow (v,2)))+pow(v,2)*(2*pow (H3.4)*(?-8*v+9*pow (v,2) ) +4*pow (v-1,2)*(4-
21*v+21*pow (v,2))+pow(H3,2)*(-87+230*v-247*pow (v,2)+104*pow(v,3)))));

p[7] =-32*H1*pow(H2,2)*H3*(-2*pow (H2,6) *pow (v-
1.5)+2*pow (H1,6)*(pow (v,2)-v+1)-pow(H2,4)*pow (v-1,2)*v*(-1*pow (v-
1.2)*(4+11*v)+pow(H3,2)*(5-10*v+é*pow(v,2)))-pow(H2,2)*(v-1)*pow (v,2)*(-8*(v-
16)*pow(v-1,3)+pow(H3,4)*(5-8*v+6*pow (v,2))+pow (H3,2)*(-18+56*v-
41*pow(v,2)+3*pow(v,3)))-pow(v.3)*(80*(v-4)*pow(v-1,4)+2*pow (H3,6)*(pow(v,2)-
v+1)+4*pow (H3,2)*pow (v-1,2)*(57-64*v+11*pow(v,2))+pow (H3,4)*(-45+92*v-
61*pow(v,2)+14*pow(v,3)))+pow(H1,4)*(pow (H2,2)*(6-14*v+13*pow(v,2)-5* pow(v,3))-
2*v*(-22+53*v-46*pow(v,2)+15*pow(v,3)+pow(H3,2)*(6-
7*v+6*pow(v,2))))+pow(H1,2)*(pow(H2,4)*pow (v-1,2)*(6-
10*v+5*pow (v,2))+pow (H2,2)*(v-1)*v*(-48+146*v-
131*pow (v,2)+33*pow (v,3)+pow(H3,2)*(17-
26*v+17*pow(v,2)))+2*pow(v,2)*(pow (H3,4)*(6-7*v+6*pow(v,2) )+ 2*pow (v-1,2)*(56-
79*v+27*pow(v,2))+pow(H3,2)*(-67+155*v-125*pow (v,2)+37*pow(v,3)))));

p[8] = -16*pow(H2,2)*(pow(H1.8)+pow(H1,6)*(pow(H2,2)*(3-
4*v+pow(v,2))+2*(pow(H3,2)*(3-8*v+3*pow(v,2))-4*(2-
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5*v+3*pow (v,2))))+pow(H3,2)*(pow(H2,6)*pow/(v-1,4)+pow(v,4)*(pow(H3,2)-1*pow v-
1.2))*pow/((-4+pow(H3,2)+4*v),2)-pow (H2,4)*pow (v-1,2)*v*(pow (H3,2)*(2-3*v) +pow v-
1,2)*(8+v))+pow(H2,2)*(v-1)*pow(v,2)*(8*pow(v-1,3)*(2+V)+pow(H3,4)*(3*v-
1)+pow(H3,2)*(17-19*v+4*pow(v,2)-2*pow(Vv,3))))-pow(H1.4)*(pow (H2,4)*pow (v-
1,2)*(2*v-3)+pow (H2,2)*(v-1)*(-32+64*v-49*pow (v,2)+17*pow (v,3)+pow(H3,2)*(13-
33*v+14*pow(v,2)))+v*(-16*pow (v-1,2)*(9*v-8)+pow (H3,4)*(16-
37*v+16*pow(v,2))+2*pow (H3,2)*(-76+187*v-
134*pow (v,2)+23*pow (v,3))))+pow(H1,2)*(pow(H2,6)*pow/(v-1,4)+2*pow (H2,4)*pow v-
1.2)*(pow (H3,2)*(4-9*v+4*pow(v,2))-4*(2-3*v+pow(v,3)))+pow (H2,2)*(v-1)*v*(1 6*pow (v-
1,3)*(8+v)+pow(H3,4)*(14-33*v+13*pow (v,2))+pow (H3,2)*(-64+98*v-
38*pow(v,2)+4*pow|(v,3)))+pow(v,2)*(-256*pow (v-1,4)+2*pow (H3,6)*(3-
8*v+3*pow (v,2))+8*pow (H3,2)*pow (v-1,2)*(52-63*v+7*pow (v,2) ) +pow (H3,4)*(-121+298*v-
209*pow(v,2)+32*pow(v,3)))));

p[9] = -32*H1*pow (H2,2)*H3*(2*pow(H1,6)+pow(H3,2)*(-
1*pow (H2,4)*pow (v-1,2)*(2*v-1)+pow(H2,2)*(v-1)*v*(-16+pow (H3,2)*(1-4*v)+16*v-
pow (v,2)+pow(v,3))+pow(v,3)*(-2*pow (H3,4)+4*(v-5)*pow (v-1,2)+pow(H3,2)*(13
14*v+pow(v,2))))+pow(H1,4)*(pow (H2,2)*(4-5*v+pow (v,2))+2*(-8+22*v-
14*pow(v,2)+pow(H3,2)*(1-6*v+pow(v,2))))-pow(H1,2)*(pow(H2,4)*(v-2) *pow (v-
1,2)+pow(H2,2)*(v-1)*(-16+16*v-pow(v,2)+pow/(v,3)+pow (H3,2)*(3-
13*v+3*pow(v,2)))+2*v*(-8*pow (v-1,2)*(5*v-4)+pow(H3,4)*(1-6*v+pow(v,2) ) +pow (H3,2)*(-
18+53*v-38*pow(v,2)+3*pow(v,3)))));

p[10] = -
16*pow (H1,2)*pow(H2,2)*pow (H3,2)*(6*pow(H1,4)+pow(H2,4)*pow (v-1,2)-pow (H2,2)*(v-
1)*((lpow(v.3)-pow(v,2)+16*v-16)+pow(H3,2)*(1-7*v))+pow(Vv,2)*(6*pow(H3,4)+16*pow v-
1,2)-pow (H3,2)*(pow (v,2)-26*v+25))+pow(H1,2)*(pow (H3,2)*(pow (v.2)-
16*v+1)+pow(H2,2)*(pow(v,2)-8*v+7)-8*(5*pow(v,2)-7*v+2)));

p[11] =-32*pow(H1,3)*pow(H2,2)*pow (H3,3)*(2*pow(H1,2)-
pow (H2,2)*(v-1)-2*v*(pow(H3,2)+2*v-2));

p[12] =-16*pow(H1,4)*pow(H2,2)*pow (H3,4);

DHQVDW]

., -p[11]/p[0],
. -p[10]/pI[0],
. -p[2]1/pI[0],
. -p[8]/p[0].
. -p[71/p[0],
-p[é]/p[0].
-p[5]/p[0].
-p[4]/pl[0],
-p[3]/p[0].
-p[2]/p[0].
-p[11/p[0]}:

Yy Yy Uy

///////

////////

/////////

’ r Vo Yy

0000000000~
©Ooo-000000O0
©CO—~00000000
©O—~000000000
—~0000000000

LaGenMatDouble matriz_asociada(A,12,12,frue);

/* Calculate the eigen values of the matrix*/
LaEigSolve (matriz_asociada,real,imaginario,matriz_asociada);

/* check how many real roots exist*/
n_de_raices_actual=0;
for (inti=0; i < 12; i++){
if (imaginario(i) == 0.0)
n_de_raices_actual++;

if (n_de_raices_anterior = n_de_raices_actual) {
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H2_anterior = H2 - escalon2;

fichero << H1 << "\t" << H2_anterior << "\t" << H3 << "\t" << v << "\t"
<< n_de_raices_anterior << "\n";

}
n_de_raices_anterior = n_de_raices_actual;
M /for
H2 = H2_dummy;
it
}/else
n_de_raices_anterior = n_de_raices_actual;
Y [for2
H2=H2int;
first_time=0;
n_de_raices_anterior=0;
} /forl

/* Closet he file */
fichero.close();
return O;
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A.3 - STABILITY COMPUTATION (C++)

/*
* main.cpp
*

/* Dependencies */

#include <iostream>
#include <iomanip>
#include <fstream>
#include <math.h>

#include <lapackpp/laslv.h>

#include <stdlib.h>

/* Namespaces */
using namespace std;
/* Global Definitions */

#define SA_EPS_6  1.0E-6
#define SA_EPS_ 8  1.0E-8
#define SA_EPS_10  1.0E-10

typedef enum Y_FLAG {SA_ZERO=0, SA_ONE=1, SA_TWO=2} SA_y_flag;

SA_y_flag SA_Y_FLAG;

/* Types Definitions */

typedefint  SA_int;
typedef char SA_char;
typedef double SA_floaft;
typedef double SA_double;

typedef ofstream SA_ofstream;
/* Function Definitions */

SA_int SA_Coordinates(SA_double A[][3], SA_double h1, SA_double h2, SA_double h3,
SA_double v, SA_double x, SA_double y);
SA_int SA_Orthogonality_Proof(SA_double al1, SA_double al12, SA_double al3,
SA_double a21, SA_double a22, SA_double a23,
SA_double a31, SA_double a32, SA_double a33);
SA_int SA_Coef(SA_double a[], SA_double b[], SA_double h1, SA_double h2, SA_double
h3., SA_double v, SA_double x);
SA_int SA_Polynomial(SA_double p[]. SA_double H1, SA_double H2, SA_double H3,
SA_double v);
SA_int SA_Polynomial_Roof(LaVectorDouble &Real_Part, LaVectorDouble &Img_Part,
SA_double h1, SA_double h2, SA_double h3, SA_double v);
SA_int SA_eqg_quad(SA_double Out_Vect[2], SA_float a, SA_float b, SA_float c);
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SA_int SA_Analyse_Root(LaVectorDouble &Real_Part, LaVectorDouble &lmg_Part,
SA_double y[], SA_int y_status]],

SA_double h1, SA_double h2, SA_double h3, SA_double v);
SA_int SA_Stability_Analysis(SA_double Angles[], SA_double AA[], SA_double Cond[],

SA_double A[][3], SA_double h1, SA_double h2, SA_double h3,

SA_double v);
/* Main Program */
int main()

{

/* Local Variables */
int Nd =12;
SA_double h1, h2, h3, v;

SA_ofstream Out_File;
SA_ofstream Out_File_lI;
SA_ofstream Out_File_lll;

LaVectorDouble Real_Part(Nd);
LaVectorDouble Img_Part(Nd);

SA_double y[Nd];
SA_int y_status[Nd];

SA_double A_Coord[3][3];

SA_double Angles[3];
SA_double AA[4];
SA_double Conditions[3];

SA_int Stability_Status;

SA_double
AP[]={0.0001,0.001,0.005,0.01,0.015,0.02,0.025,0.03,0.035,0.04,0.05,0.06,0.07,0.08,0.09,0.1,0
.11,0.12,0.13,0.14,0.15,0.16,0.17,0.18,0.19,0.2,0.25,0.3,0.35,0.4,0.45,0.5,0.55,0.6,0.65,0.7,0.75
,0.8,0.85,0.9,0.95,1,1.1,1.2,1.3,1.4,1.5,1.6,1.7,1.8,1.9,2,2.1,2.2,2.3,2.4,2.5};

/*SA_double h1_start = 0.005;
SA_double h1_end =0.04;
SA_int h1. N =7;

/* Open and Configure Data File */
Out_File.open ("DATA_L.ixt");
Out_File.setf(ios::left);
Out_File.setf(ios::showpoint);
Out_File.setf(ios::showpos);
Out_File.setf(ios::fixed);
Out_File.precision(5);

Out_File_ll.open ("DATA_IL.txt");
Out_File_ll.setf(ios::left);
Out_File_ll.setf(ios::showpoint);
Out_File_ll.setf(ios::showpos);
Out_File_ll.setf(ios::fixed);
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Out_File_ll.precision(5);

Out_File_lll.open ("DATA_IILIxt");
Out_File_lll.setf(ios::left);
Out_File_lll.setf(ios::showpoint);
Out_File_lll.setf(ios::showpos);
Out_File_lll.setf(ios::fixed);
Out_File_lll.precision(5);

/* Set Variables */
h2 =0.5;
h3=0.01;

v=0.1;

/*h1 =0.005; */

/*for (int i=0; i<h1_N; i++) */
for (int i=0; i<57; i++)

{

/*h1 +=(h1_end - h1_start)/h1_N; */

h1=APJi];

/* STEP | - Compute Roots of Equation (17) */

SA_Polynomial_Roof(Real_Part, Img_Part, h1, h2, h3, v);

/* STEP Il - Analysis Of Roots */
SA_Analyse_Root(Real_Part, Img_Part, y, y_status, h1, h2, h3, v);
/¥ STEP Il -> IV */

Out_File<<h1<<"\t";
Qut_File_ll<<h1<<"\t";
Out_File_lll<<hT<<"\1";

for (int j=0; j<Nd; j++)
{

SA_Coordinates(A_Coord, h1, h2, h3, v, Real_Part(j). y[jl);

if(fabs(Img_Part(j)) > 0.0)
{
Out_File_lll<<"\t";
}
else
{
Out_File_lll<<Real_Part(j);

}

Stability_Status = SA_Stability_Analysis(Angles, AA, Conditions, A_Coord, h1, h2,
h3, v);
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/1

if (Stability_Status == 1)
{

cout<<"Stability : "<<" Achieved'<<endl;

if(y_status[j] == SA_ONE )
{
Out_File<<Angles[2];
Out_File_lI<<" !
}

else

Out_File<<"
Out_File<<Angles[2];
Out_File_lI<<" "
}
}

else

{

cout<<"Stability : "<<" Not Achieved"'<<endl;

if(y_status[j] == SA_ONE)
{
Out_File<<" "
Out_File_lix<Angles[2];
1
else
{
Out_File<<"
Qut_File_lI<<"

}

}

if (j == (Nd-1))

{
QOut_File<<endl;
QOut_File_lik<end!;
QOut_File_llix<endl;

}

else

Out_File<<"\t";
QOut_File_lI<<"\1";
QOut_File_lll<<"\t";
}
}

}

/* Close File */
Out_File.close();
Out_File_ll.close();
Out_File_lll.close();

/* Use GnuPlot Bash File */
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//  system('chmod +x GNUPlot.sh");
/] system('sh GNUPlot.sh");

return (0);

}

/**/
SA_int SA_Coordinates(SA_double A[][3]. SA_double h1, SA_double h2, SA_double h3,
SA_double v, SA_double x, SA_double y)

{

SA_double all, al2, al3;
SA_double 021, 022, a23;
SA_double a31, a32, a33;

SA_int Proof_Check;
/* First Root */
a33 = sqrt(1/(1+x*x+y*y));

a31=x*a33;
a32=y*a33;

023=(4*a33*(pow(a31,2)*(1-v)+pow(a32,2)))/(h1*a31+h2*a32+h3*a33);
a22=(-4*a32*(v*pow(a31,2)+pow(a33,2)))/(h1*a31+h2*a32+h3*a33);
all=(-4*a32*a33)/(h1*a31+h2*a32+h3*a33);

al2=(4*(1-v)*a33*a31)/ (h1*a31+h2*a32+h3*a33);

al3=(4*v*a31*a32)/ (h1*a31+h2*a32+h3*a33);
a21=(4*a31*(v*pow(a32,2)-pow(a33,2)*(1-v)))/(h1*a31+h2*a32+h3*a33);

Proof_Check = SA_Orthogonality_Proof(al1, al2, a13, a21, a22, a23, a31, a32, a33);

if (Proof_Check == SA_ONE)

{
A[O][0] = all; A[O][1] =al2; A[0][2] =al3;
A[1][0] = a21; A[1][1] =a22; A[1][2] = a23;
A[2][0] = a31; A[2][1] =a32; A[2][2] = a33;

return (SA_ONE);
}

/* Second Root if First Root not verified*/
a33 = -sgrt(1/(1+x*x+y*y));

a31=x*a33;
a32=y*a33;

a23=(4*a33*(pow(a31,2)*(1-v)+pow(a32,2)))/(h1*a31+h2*a32+h3*a33);
a22=(-4*a32*(v*pow(a31,2)+pow(a33,2)))/(h1*a31+h2*a32+h3*a33);
all=(-4*a32*a33)/(h1*a31+h2*a32+h3*a33);

al2=(4*(1-v)*a33*a31)/ (h1*a31+h2*a32+h3*a33);

al3=(4*v*a31*a32)/ (h1*a31+h2*a32+h3*a33);
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a21=(4*a31*(v*pow(a32,2)-pow(a33,2)*(1-v)))/(h1*a31+h2*a32+h3*a33);
Proof_Check = SA_Orthogonality_Proof(all, al2, a13, a21, a22, a23, a31, a32, a33);

A[O][0] = all; A[O][1] =al12; A[O][2] =al3;
A[T][0] = a21; A[1][1] =a22; A[1][2] = 023;
A[2][0] = a31; A[2][1] = a32; A[2][2] = a33;

return (SA_ZERO);
}

SA_int SA_Orthogonality_Proof(SA_double al11, SA_double al12, SA_double a13,
SA_double a21, SA_double a22, SA_double a23,
SA_double a31, SA_double a32, SA_double a33)

//  SA_double Cond_| =all*all +al2*al12 +al13*al3-1;
//  SA_double Cond_ll =a21*a21 + a22*a22 +a23*a23 -1;
//  SA_double Cond_lll = a31*a31 + a32*a32 +a33*a33 -1;
//  SA_double Cond_IV =all*a2l + al2*a22 + al13*a23;
//  SA_double Cond_V =all*a31 + al2*a32 + al13*a33;
SA_double Cond_VI =a21*a31 + a22*a32 + a23*a33;

if( (fabs(Cond_VI) < SA_EPS_¢))
{
return (SA_ONE);

}

else

{
return (SA_ZERO);

}

}

/**/

SA_int SA_Coef(SA_double a[], SA_double b[], SA_double h1, SA_double h2, SA_double

h3. SA_double v, SA_double x)

{
a[0]=h2*(h1-v*h3*x);
a[1]=h1*h3+(4*v*(1-v)+pow(h1,2)-(1-v)*pow(h2,2)-v*pow(h3,2))*x-v*h1*h3*pow(x,2);
a2]=-h2*(1-v)*(h1*x+h3)*x;

b[0]=pow(h2,2);

b[1]=2*n2*("1*x+h3);

b[2]=(pow(h2,2)+pow(h3,2)-16)+2*h1*h3*x+(pow(h1,2)+pow(h2,2)-
16*pow(v,2))*pow(x,2);

b[3]=2*h2*(h1*x+h3)*(1+pow(x,2));

b[4]=pow(h1*x+h3,2)*(1+pow(x,2))-16*pow(x,2)*pow(1-v,2);

return (0);

}

/**/
SA_int SA_Polynomial(SA_double p[], SA_double H1, SA_double H2, SA_double H3,
SA_double v)

{
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p[0] = -16*pow(H1,4)*pow (H2,2)*pow(H3,4)*pow(v,6);

p[1] = 32*pow(H1,3)*pow(H2,2)*pow (H3,3)*pow(v,5)*(2*pow(H1,2)-pow (H2,2)*(v-1)-
2*v*(pow (H3,2)+2*v-2));

p[2] =-
16*pow(H1,2)*pow(H2,2)*pow (H3,2)*pow(v.4)*(6*pow(H1,4)+pow(H2,4)*pow((v-1).2)-
pow (H2,2)*(v-1)*(16*(pow(v,3)-pow(v,2))+(v-1)+pow(H3,2)*(1-7*v))+pow(H1,2)*((-
25*pow(v,2)+26*v-1)+pow(H3,2)*(pow(v,2)-16*v+1)+pow(H2,2)*(pow(v,2)-
8*v+7))+2*pow(v,2)*(3*pow (H3,4)+8*pow(v-1,2)-4*pow (H3,2)*(2*pow (v,2)-7*v+5)));

p[3] = 32*H1*pow(H2,2)*H3*pow(v,3)*(2*pow (H1,6)+pow(H1,4)*((-13*pow/(v,2)+14*v-
1)+2*pow(H3,2)*(pow(Vv,2)-6*v+1)+pow(H2,2)*(pow(v,2)-5*v+4))+pow (H3,2)*(-
pow (H2,4)*pow(v-1,2)*(2*v-1)+pow(H2,2)*(v-1)*v*(pow(H3,2)*(1-4*v)+(16*pow/(v,3)-
16*pow (v,2)+v-1))+2*pow(v,3)*(-pow(H3,4)+8*pow (v-1,2)*(4*v-5)+2*pow (H3,2)*(7-
11*v+4*poow(v,2))))-pow(H1,2)*(pow (H2,4)*(v-2)*pow/(v-1,2)+pow(H2,2)*(v-
1)*((16*pow(v,3)-16*pow(v,2)+v-1)+pow(H3,2)*(3*pow(v,2)-13*v+3) ) +2*v*(-2*pow (v-
1,2)*(5*v-1)+pow(H3,4)*(pow(v,2)-6*v+1)+pow(H3,2)*(18*pow(v,3)-53*pow(v,2)+38*v-
3))):

p[4] = -16*pow(H2,2)*pow(v,2)*(pow(H1,8)+pow(H1,6)*(-1+10%v-
?*poow(v,2)+pow(H2,2)*(3-4*v+pow(v,2))+2*pow (H3,2)*(3-
8*v+3*pow (v,2)))+pow(H3.2)*(pow(H2,6)*pow(v-1,4)+(pow(H3,2)-16*pow (V-
1.2))*pow(v.4)*pow (-4+pow (H3,2)+4*v,2)+pow(H2,4)*pow (v-1,2) *v*(-8*pow V-
1,2)*(2*v+1)+pow(H3,2)*(3*v-2))+pow(H2,2)*(v-1)*pow(v,2)*(pow (H3,4)*(3*v-
1)+16*pow(v-1,3)*(1+8*v)+pow(H3,2)*(17-49*v+é64*pow(v,2)-
32*pow(v,3))))+pow(H1,2)*(pow(H2,6)*pow(v-1,4)+pow(H2,4)*pow (v-1,2)*(-1*pow v-
1,2)*(1+8*v)+2*pow (H3,2)*(4-9*v+4*pow (v,2)) ) +pow(H2,2)*(v-1)*v*(8*pow (v-
1,.3)*(1+2*v)+pow(H3,4)*(14-33*v+13*pow(v,2) ) +pow (H3,2)*(-4+38*v-
98*pow (v,2)+64*pow(v,3)))+2*pow (v,2)*(-8*pow (v-1,4)+pow(H3,6)*(3-
8*v+3*pow (v,2))+4*pow (H3,2)*pow (v-1,2)*(7-63*v+52*pow (v,2) ) +pow (H3,4)*(-23+134*v-
187*pow (v,2)+76*pow(v,3))))-pow(H1,4)*(pow (H2,4)*pow (v-1,2)*(2*v-3)+pow (H2,2)*(v-
1)*(-2+4*v-19*pow(v,2)+17*pow (v,3)+pow(H3,2)*(13-33*v+14*pow(v,2)))+v*(-8*pow v-
1,2)*(3*v-1)+pow(H3,4)*(16-37*v+16*pow(v,2))+pow(H3,2)*(-32+209*v-
298*pow(v,2)+121*pow(v,3)))));

p[5] = 32*H1*pow (H2,2)*H3*v*(-2*pow (H2,6)*pow(v-1,5)+2*pow (H1,6)*(pow(v.2)-v+1)-
pow (H2,4)*pow(v-1,2)*v¥(pow(v-1,2)*(11+4*v)+pow (H3,2)*(5-10*v+6*pow(v,2)))-
2*pow(v,3)*(40*pow (v-1,4)*(4*v-1)+pow(H3,6)*(pow(Vv,2)-v+1)+2*pow (H3,2) *pow (v-
1,2)*(27-79*v+56*pow(v,2))+pow (H3,4)*(-15+46*v-53*pow (v,2)+22* pow(v,3)))-
pow (H2,2)*(v-1)*pow(v,2)*(-8*pow (v-1,3)*(16*v-1)+pow(H3,4)*(é6*pow(v,2)-
8*v+5)+pow(H3,2)*(-33+131*v-146*pow (v,2)+48*pow(v,3)))+pow(H1,4)*(pow(H2,2)*(6-
14*v+13*pow (v,2)-5*pow(v,3))+v*(14-61*v+92*pow(v,2)-45*pow(v,3)-2*pow (H3,2)*(6-
7*v+6*pow(v,2))))+pow(H1,2)*(pow (H2,4)*pow/(v-1,2)*(6-
10*v+5*pow(v,2))+pow (H2,2)*(v-1)*v*(-3+41*v-56*pow(v,2)+18*pow (v,3)+pow(H3,2)*(17-
26*v+17*pow (v,2)))+2*pow(v,2)*(pow (H3.4)*(6*pow (v,2)-7*v+6)+2*pow (v-
1,2)*(57*pow(v,2)-64*v+11)+pow (H3,2)*(67*pow (v,3)-155*pow(v,2)+125*v-37))));

p[6] = -16*pow(H2,2)*(pow(H2,8)*pow(v-1,6)-2*pow(H2,6)*(pow (H3,2)*(1-
2*v)+8*pow(v-1,2))*v*pow(v-1,4)+pow(H1,8)*(pow(v,2)+1)-2*pow (H2,2)*(v-
1)*pow(v,3)*(-84*pow (H3,2)*pow(v-1,3)+128*pow (v-1,5)+17*pow (H3,4)*(v-
1)*v+pow (H3,6)*(-1+v-2*pow(v,2)) ) +tpow(v.4)*(pow(-4+pow (H3,2)+4*v,2) ) *(-
17*pow (H3,2)*pow(v-1,2)+16*pow(v-1,4)+pow(H3.4)*(T+pow(v,2)))+pow(H2,4)*pow (v-
1.2)*pow (v,2)*(96*pow (v-1,4)-3*pow (H3,2)*pow (v-1,2)*(3+8*v)+pow(H3,4)*(2-
6*v+6*pow(v,2)))+pow(H1,6)*(-2*pow (H2,2)*(-2+3*v-2*pow(v,2) +pow(v,3) ) +v*(8-
25*v+42*pow (v,2)-25*pow (v,3)-4*pow (H3,2)*(4-3*v+4*pow(v,2))))-
pow (H1,2)*(2*pow(H2,6)*(v-2)*pow (v-1,4)+pow(H2,4)*pow (v-1,2)*v*(3*pow (v-
1,2)*(8+3*v)+pow(H3,2)*(20-34*v+20*pow (v,2)))+pow (H2,2)*(v-1)*pow(v,2)*(-168*pow v-
1,.3)*v+pow(H3,4)*(30-40*v+34*pow(v,2))+17*pow (H3,2)*(-7+27*v-
27*pow(v,2)+7*pow(v.3)))+2*pow(v,3)*(8*pow/(v-1,4)*(25*v-8)+pow(H3,6)*(8-
6*v+8*pow(v,2))+4*pow (H3,2)*pow(v-1,2)*(67-122*v+67*pow (v,2))+pow (H3,4)*(-
104+247*v-230*pow|(v,2)+87*pow(v.3))))+2*pow(H1,4)*(pow(H2,4)*pow (v-1,2)*(3-
3*vtpow(v,2))+pow(H2,2)*(v-1)*v*(-17*v*(v-1)+pow(H3,2)*(17-
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20*v+15%pow(v,2)))+pow(v,2)*(2*pow (H3,4)*(?2-8*v+9*pow(v,2) ) +4*pow (v-1,2)*(4-
21*v+21*pow (v,2))+pow(H3,2)*(-87+230*v-247*pow(v,2)+104*pow(v,3)))));

p[7] =-32*H1*pow (H2,2)*H3*(-2*pow (H2,6)*pow (v-1,5)+2*pow (H1,6)*(pow(v,2)-v+1)-
pow(H2,4)*pow (v-1,2)*v*(-1*pow (v-1,2)*(4+11*v)+pow(H3,2)*(5-10*v+6*pow(v,2)))-
pow (H2,2)*(v-1)*pow(v,2)*(-8*(v-16)*pow (v-1,3)+pow (H3,4)*(5-
8*v+é6*pow (v,2))+pow (H3,2)*(-18+56*v-41*pow(v,2)+3*pow(v,3)))-pow/(v,3)*(80*(v-
4)*pow (v-1,4)+2*pow (H3,6)*(pow(v,2)-v+1)+4*pow (H3,2)*pow (v-1,2)*(57-
64*v+11*pow(v,2))+pow(H3,4)*(-45+92*v-
61*pow(v,2)+14*pow(v,3)))+pow(H1,4)*(pow (H2,2)*(6-14*v+13*pow(v,2)-5*pow (v,3))-
2*v*(-22+53*v-46*pow (v,2)+15*pow(v,3)+pow(H3,2)*(6-
7*v+6*pow(v,2))))+pow(H1,2)*(pow (H2,4)*pow(v-1,2)*(6-
10*v+5*pow(v,2))+pow(H2,2)*(v-1)*v*(-48+146*v-
131*pow (v,2)+33*pow (v,3)+pow(H3,2)*(17-
26*v+17*pow(v,2)))+2*pow(v,2)*(pow (H3,4)*(6-7*v+6*pow(v,2) )+ 2*pow (v-1,2)*(56-
79*v+27*pow|(v,2))+pow(H3,2)*(-67+155*v-125*pow(v,2)+37*pow(Vv,3)))));

p[8] = -16*pow(H2,2)*(pow(H1,8)+pow(H1,6)*(pow(H2,2)*(3-
4*v+pow(v,2))+2*(pow(H3,2)*(3-8*v+3*pow(v,2))-4*(2-
5*v+3*pow(v,2))))+pow(H3.2)*(pow (H2,6)*pow (v-1,4)+pow(v,4)*(pow (H3.2)-1*pow (v-
1.2))*pow/((-4+pow (H3,2)+4*v),2)-pow (H2,4)*pow (v-1,2)*v*(pow (H3,2)*(2-3*v)+pow v-
1,2)*(8+v))+pow(H2,2)*(v-1)*pow(v,2)*(8*pow (v-1,3)*(2+V)+pow(H3,4)*(3*v-
1)+pow(H3,2)*(17-19*v+4*pow(v,2)-2*pow(Vv,3))))-pow(H1.4)*(pow (H2,4)*pow (v-
1,2)*(2*v-3)+pow(H2,2)*(v-1)*(-32+64*v-49*pow (v,2)+17*pow(v,3)+pow(H3,2)*(13-
33*v+14*pow(v,2)))+v*(-16* pow (v-1,2)*(9*v-8)+pow (H3,4)*(16-
37*v+16*pow(v,2))+2*pow (H3,2)*(-76+187*v-
134*pow (v,2)+23*pow(Vv,3))))+pow(H1,2)*(pow(H2,6)*pow(v-1,4)+2*pow (H2,4)*pow (v-
1,2)*(pow (H3,2)*(4-9*v+4*pow(v,2))-4*(2-3*v+pow(v,3) ) ) +pow (H2,2)*(v-1)*v*(1 6*pow v-
1,3)*(8+v)+pow(H3,4)*(14-33*v+13*pow (v,2))+pow(H3,2)*(-64+98*v-
38*pow(v,2)+4*pow(v.3)))+pow(v,2)*(-256*pow (v-1,4)+2*pow (H3,6)*(3-
8*v+3*pow|(v,2))+8*pow(H3,2)*pow (v-1,2)*(52-63*v+7*pow(v,2))+pow (H3,4)*(-121+298*v-
209*pow(v,2)+32*pow(v,3)))));

p[?] = -32*H1*pow (H2,2)*H3*(2*pow (H1,6)+pow (H3,2)*(-1*pow (H2,4)*pow(v-1,2)*(2*v-
1)+pow(H2,2)*(v-1)*v*(-16+pow(H3,2)*(1-4*v)+16*v-pow(v,2)+pow(v,3))+tpow(v.3)*(-
2*pow (H3,4)+4*(v-5)*pow(v-1,2)+pow(H3,2)*(13-
14*v+pow(v,2))))+pow(H1,4)*(pow(H2,2)*(4-5*v+pow(v,2))+2%(-8+22%v-
14*pow(v,2)+pow(H3,2)*(1-6*v+pow(v,.2))))-pow(H1,2)*(pow(H2,4)*(v-2) *pow (v-
1,2)+pow(H2,2)*(v-1)*(-16+16*v-pow(v,2)+pow(v,3)+pow (H3,2)*(3-
13*v+3*pow(v,2)))+2*v*(-8*pow (v-1,2)*(5*v-4)+pow(H3,4)*(1-6*v+pow(v,2) ) +pow (H3,2)*(-
18+53*v-38*pow (v,2)+3*pow(v,3))))):

p[10] =-16*pow(H1,2)*pow(H2,2)*pow (H3.2)*(6*pow(H1,4)+pow(H2,4)*pow (v-1,2)-
pow (H2,2)*(v-1)*((pow(v,3)-pow(v,2)+16*v-16)+pow(H3,2)*(1-
7*v))+pow(v.2)*(6*pow (H3,4)+16*pow(v-1,2)-pow(H3,2)*(pow(v,2)-
26*v+25))+pow(H1,2)*(pow (H3,2)*(pow(v.2)-16*v+1)+pow(H2,2)*(pow (v,2)-8*v+7)-
8*(5*pow(v,2)-7*v+2)));

p[11] =-32*pow(H1,3)*pow(H2,2)*pow (H3,3)*(2*pow(H1,2)-pow (H2,2)*(v-1)-
2*v*(pow (H3,2)+2*v-2));

p[12] =-16*pow(H1,4)*pow(H2,2)*pow (H3.4);

return (0);

}

/**/
SA_int SA_Polynomial_Root(LaVectorDouble &Real_Part, LaVectorDouble &Img_Part,
SA_double h1, SA_double h2, SA_double h3, SA_double v)

{
SA_double p[13];
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/* Polynomial Coefficients */
SA_Polynomial(p, h1, h2, h3, v);

/* Matrix Constfruction Based on Vieta's Formulas */
double A[]={0,0,0,0,0,0,0,0,0,0,0, -p[12]/p[0].

1,0,0,0,0,0,0,0,0,0,0, -p[11]/pI[0].
0.1,0,0,0,0,0,0,0,0,0, -p[10]/p[0].
0.0,1,0,0,0,0,0,0,0,0, -p[?]/p[O].
0.0,0,1,0,0,0,0,0,0,0, -p[8]/p[0].
0.0,0,0,1,0,0,0,0,0,0, -p[7]/p[0].
0,.0,0,0,0,1,0,0,0,0,0, -p[é]/p[O].
0,.0,0,0,0,0,1,0,0,0,0, -p[5]/p[O].
0.0,0,0,0,0,0,1,0,0,0, -p[4]/p[0].
0.0,0,0,0,0,0,0,1,0,0, -p[3]/p[0].
0,.0,0,0,0,0,0,0,0,1,0, -p[2]/p[0].
0.0,0,0,0,0,0,0,0,0, 1, -p[1]/p[O]}

/* Lapackpp Assignment */
LaGenMatDouble Aug_Matrix(A,12,12,true);

/* Eigenvalues Computation */
LaEigSolve(Aug_Matrix,Real_Part,Img_Part, Aug_Matrix);

return (0);

SA_int SA_eq_quad(SA_double Out_Vect[2], SA_float a, SA_float b, SA_float c)

{
SA_float d = b*b - 4*a*c;

if ((fabs((double)a) > SA_EPS_10) && (d > SA_EPS_10))

{
Out_Vect[0] = (-b + (SA_float)sart((double)d) )/(2.0*a);
Out_Vect[1] = (-b - (SA_float)sart((double)d) )/(2.0*a);

return (SA_TWO);

}
else if ((fabs((double)a) > SA_EPS_10) && ((d <SA_EPS_10) && (d >SA_EPS_10)))

Out_Vect[0] = (-b + (SA_float)sqgrt((double)d) )/(2.0*a);
Out_Vect[1] = (-b - (SA_float)sgrt((double)d) )/(2.0*a);
return (SA_ONE);

}

else

{
return (SA_ZERO);

}
}

SA_int SA_Analyse_Root(LaVectorDouble &Real_Part, LaVectorDouble &lmg_Part,
SA_double y[], SA_int y_status]],
SA_double h1, SA_double h2, SA_double h3, SA_double v)

{
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SA_double a[3];
SA_double b[5];
SA_double Root[2];

for (int i=0; i<12; i++)

{

SA_Coef(a, b, h1, h2, h3, v, Real_Part(i));
SA_eqg_quad(Root, a[0], a[l], a[2]);

SA_double Eq_2 = fabs(b[0]*pow(Root[0],4) + b[1]*pow(Root[0],3) +
b[2]*pow(Root[0],2) + b[3]*Root[0] + b[4]);

if( Eq_2 < .00001)
{

y[i] = Root[0];
}
else
{

y[i] = Root[1];
}

if (fabs((double) Img_Part(i)) > SA_EPS_é)
{
y_status[i] = SA_ZERO;
}
else
{
y_status[i] = SA_ONE;
}

return (0);

}

SA_int SA_Stability_Analysis(SA_double Angles[], SA_double AA[], SA_double Cond]],
SA_double A[][3], SA_double h1, SA_double h2, SA_double h3,
SA_double v)

{

SA_double varphi = atan(A[2][0]/A[2][1]);
if(varphi <0)

varphi+=M_PI;
SA_double theta = (acos(A[2][2]));

SA_double Psi = asin(A[0][2]/sin(theta));

SA_double A_Psi_Psi = v*((pow(A[0][0].2) - pow(A[11[0].2))+(pow(A[0][2].2) -
pow(A[1][2].2))) + h1*A[1]1[0] + h2*A[1][1] + h3*A[1][2];

SA_double A_theta_theta = (3 + pow(cos(Psi),2))*(1 -
v¥pow (sin(varphi),2))*cos(2*theta) - 1/4*v*sin(2*Psi)*cos(theta)*sin(2*varphi)
+(h1*sin(varphi) + h2*cos(varphi))*cos(Psi)*cos(theta) + h3*A[1][2];
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SA_double A_varphi_varphi = v*((pow (A[1][1].2)-pow(A[1]1[0].2))-3*(pow(A[2][1].2)-
PoW(A[2][0].2)))+hT*A[T][O]1+h2*A[T][1];

SA_double A_Psi_theta = -0.5%sin(2*Psi)*sin(2*theta) + v*(A[O][O]*A[1][2] +
A[O][2]*A[1][0Q]) - sin(Psi)*(h1*A[2][0] + h2*A[2][1] + h3*A[2][2]);

SA_double A_Psi_varphi = v*(A[O][O]*A[1][1]+A[O][11*A[1][0])-h1*A[Q][1]+h2*A[0][0];

SA_double A_theta_varphi =-3/2*v*sin(2*theta)*sin(2*varphi) + v*(A[1][0]*cos(varphi)
+ A[TI[1])*A[11[2] - (h1*cos(varphi) -h2*sin(varphi))*A[1][2];

SA_double Cond_|I = A_Psi_Psi;

SA_double Cond_Ill = A_Psi_Psi*A_theta_theta - A_Psi_theta*A_Psi_thetq;

SA_double Cond_lll = A_Psi_Psi*A_theta_theta*A_varphi_varphi +
2*A_Psi_theta*A_Psi_varphi*A_theta_varphi - A_Psi_Psi*pow (A_theta_varphi,2) -
A_theta_theta*pow(A_Psi_varphi,2) - A_varphi_varphi*pow(A_Psi_theta,2);

Angles[0] = Psi;
Angles[1] = theta;
Angles[2] = varphi;

AA[O] = A_Psi_Psi;

AA[1] = A_theta_theta;
AA[2] = A_varphi_varphi;
AA[3] = A_Psi_theta;
AA[4] = A_Psi_varphi;
AA[5] = A_theta_varphi;

Cond]0] = Cond_l;
Cond[1] = Cond_ll;
Cond[2] = Cond_llIl;

if ((Cond_l > 0.0) && (Cond_ll > 0.0) && (Cond_lll > 0.0))

return (SA_ONE);
}

else

{
return (SA_ZERO);

}
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A.4 - NUMBER OF EQUILIBRIA POSITIONS AND CORRESPONDENT
STABILITY CONFIRMATION (MATHEMATICA)

a0 = H2*(H1 - v*H3*x);
al = HT*H3 + (4*v*(1 - v) + HIA2 - (1 - v)*H2A2 - v¥*H3A2)*x -
V¥HT*H3*XA2;

a2 =-(1 - v)*H2*(H1*x + H3)*x;

b0 = H2A2;

b1 =2*H2*(H1*x + H3);

2 = (H2A2 + H3A2 - 16) + 2*HT*H3*x + (H1A2 + H2A2 - 16*vA2)*xA2;

3 = 2*H2*(H1*x + H3)*(1 + xA\2);

b4 = (H1*x + H3)A2*(1 + xA2) - 16*(1 - V)A2*xA2;

\Solve[{z1 == 0, z2 == 0}, {x, y}]

Rx = {{a0, al, a2, 0,0, 0}, {0, a0, a1, a2, 0, 0}, {0, 0, a0, al, a2,
0}, {0, 0,0, a0, a1, a2}, {b0, b1, b2, b3, b4, 0}, {0, b0, b1,
b2, b3, b4}};

eq = Det[Rx];

AA = Collect[eq, x, Simplify];

Clear[x]

Clear[v]

Clear[H3]

//x=1;

v=0.2;

H1 =1.6;

H2=0.1;

H3=0.4;

\AA;

Solve[AA ==0, X|;

CountRoofts[Collect[eq, x, Simplify], x];

yyl = a0*yA2 + al*y + a2;

Solve[yyl ==0, V]

yr =-0.07368374734103442

yy2 = bO*yrAd + b1*yrA3 + b2*yrA2 + b3*yr + b4

-8.60423*10N-16

fi = ArcTan[x/yr]
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A.5 — AXIALLY SYMMETRIC CALCULATIONS (MATHEMATICA)

plot1 = Plot[(4/(2/3) - xA\(2/3))M\3/2), {x, -4, 4},
PlotRange -> {-4, 4}, AxesOrigin -> {0, 0}, AxesLabel -> {n, m},
PlotStyle -> {Black}];
plot2 = Plot[-(4/(2/3) - xA(2/3))N(3/2), {x, -4, 4},
PlotRange -> {-4, 4}, AxesOrigin -> {0, 0}, PlotStyle -> {Black]}];
plot3 = Show[plotT,
plot1 /.
L_Line > {Black,
GeometricTransformation[L, ReflectionTransform[{1, 1}]11}.
PlotRange -> All];
plot4 = Show[plot2,
plot2 /.
L_Line > {Black,
GeometricTransformation[L, ReflectionTransform[{-1, 1}]]}.
PlotRange -> All];
plots = Plot[(1A(2/3) - xA\(2/3)) N (3/2). {x. -4, 4},
PlotRange -> {-4, 4}, AxesOrigin -> {0, 0}, PlotStyle -> {Black]}];
ploté = Plot[-(1A(2/3) - xA(2/3))M(3/2), {x, -4, 4},
PlotRange -> {-4, 4}, AxesOrigin -> {0, 0}, PlotStyle -> {Black}];
plot7 = Show|[plot5,
plot5 /.
L_Line > {Black,
GeometricTransformation|L, ReflectionTransform[{1, 1}]1}.
PlotRange -> All];
plot8 = Show/[ploté,
ploté /.
L_Line > {Black,
GeometricTransformation[L, ReflectionTransform[{1, -1}1]}.
PlotRange -> All];
Show/|plot1, plot2, plot3, plot4, plots, ploté, plot7, plot8]
m = 0.4;
n=0.4;
plot9 = Plot[(1 - xA2)A(1/2), {x, -1.2, 1.2},
PlotRange -> {-1.2, 1.2}, AxesOrigin -> {0, 0},
AxesLabel -> {021, al1}, PlotStyle -> {Black}];
plot10 =
Plot[-(1 - xA2)A(1/2), {x, -1.2, 1.2}, PlotRange -> {-1.2, 1.2},
AxesOrigin -> {0, 0}, AxesLabel -> {a21, a1},
PlotStyle -> {Black}];
plotll =
Plot[(n*x)/(x + m), {x, -1.2, 1.2}, PlotRange -> {-1.2, 1.2},
AxesOrigin -> {0, 0}, AxesLabel -> {a21, a1},
PlotStyle -> {Black}];
plot12 =
Plot[-(n*x)/(x + m), {x, -1.2, 1.2}, PlotRange -> {-1.2, 1.2},
AxesOrigin -> {0, 0}, AxesLabel -> {021, al11},
PlotStyle -> {Black}];
Show(plot?, plot10, plot11, plot12]
plot13 =
Plot[-4*x, {x, -1, 1}, PlotRange -> {-6, 6}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\[Beta]\", \"O\"]\)", "m"},
PlotStyle -> {Black}];
plot14 = Show [Plot[0, {x, O, 1}], Graphics[Line[{{1, -6}, {1. 6}}]1];
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plot15 =
Show/[Plot[0, {x, 0, 1}], Graphics[Line[{{-1, -6}, {-1, 6}1]1;
plot16 =
Plot[-4 xA3, {x, -1, 0}, PlotRange -> {-6, 6}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"]\)", "m'},
PlotStyle -> {Black}, Filling -> Top];
plot17 =
Plot[-4*x, {x, O, 1}, PlotRange -> {-6, 6}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];
plot18 =
Plot[-4 xA3, {x, 0, 1}, PlotRange -> {-6, 6}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];
plot19 =
Plot[-4*x, {x, -1, 0}, PlotRange -> {-6, 6}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"]\)", "m"},
PlotStyle -> {Black}, Filling -> Top];
Show([plot13, plot14, plot15, plot1é, plot17, plot18, plot19]

plot20 =
Plot[-x, {x, -1, 1}, PlotRange -> {-2, 2}, AxesOrigin -> {0, 0},
AxesLabel -> {'\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "'m"},
PlotStyle -> {Black}];

plot21 = Show[Plot[0, {x, 0, 1}], Graphics[Line[{{1, -6}, {1, 6}}111;

plot22 =
Show[Plot[0, {x, 0, 1}], Graphics[Line[{{-1, -6}, {-1, 6}}]11;

plot23 =
Plot[-xA3, {x, -1, 0}, PlotRange -> {-2, 2}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\[Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];

plot24 =
Plot[-x, {x, O, 1}, PlotRange -> {-2, 2}, AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\[Beta]\", \"O\"T\)", "'m"},
PlotStyle -> {Black}, Filling -> Top];

plot25 =
Plot[-xA3, {x, O, 1}, PlotRange -> {-2, 2}, AxesOrigin -> {0, 0},
AxesLabel -> {'\I\ (\*SubscriptBox[\"sin\[Beta]\", \"O\'"T\)", "'m"},
PlotStyle -> {Black}, Filling -> Top];

plot26 =
Plot[-x, {x, -1, 0}, PlotRange -> {-2, 2}, AxesCrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\[Beta]\", \"O\"T\)", "'m"},
PlotStyle -> {Black}, Filling -> Bottom];

Show|[plot20, plot21, plot22, plot23, plot24, plot25, plot26]

plot29 =
Plot[-4 xA3, {x, -1, 0}, PlotRange -> {{-1, 1}, {-5, 5}}.
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\(\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];
plot27 = Show[Plot[0, {x, -1, 1}], Graphics[Line[{{1, -5}, {1. 5}}111;
plot28 =
Show([Plot[0, {x, -1, 1}], Graphics[Line[{{-1, -5}, {-1, 5}111;
plot30 =
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Plot[-4*x, {x, 0, 1}, PlotRange -> {{-1, 1}, {-5. 5}}.
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\[Beta]\", \"O\"]\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];
plot31 =
Plot[-x, {x, -1, 0}, PlotRange -> {{-1, 1}, {-5, 5}}.
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Top];
plot32 =
Plot[-xA3, {x, O, 1}, PlotRange -> {{-1, 1}, {-5, 5}},
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Top];
Show([plot27, plot28, plot29?, plot30, plot31, plot32]

plot29 =
Plot[-xA3, {x, -1, 0}, PlotRange -> {{-1, 1}, {-5. 5}}.
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];
plot30 =
Plot[-4*x, {x, O, 1}, PlotRange -> {{-1, 1}, {-5, 5}}.
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"]\)", "m"},
PlotStyle -> {Black}, Filling -> Bottom];
plot31 =
Plot[-4 x, {x, -1, O}, PlotRange -> {{-1, 1}, {-5, 5}},
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Top];
plot32 =
Plot[-xA3, {x, 0, 1}, PlotRange -> {{-1, 1}, {-5, 5}},
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\ (\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}, Filling -> Top];
plot27 = Show[Plot[0, {x, 0, 1}], Graphics[Line[{{1, -5}, {1, 5}}11];
Show|[plot29, plot30, plot31, plot32, plot27]

plot33 =
Plot[-xA3, {x, -1, 1}, PlotRange -> {{-1, 1}, {-2, 2}}.
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\(\*SubscriptBox[\"sin\[Beta]\", \"O\"T\})", "m"},
PlotStyle -> {Black}];
plot34 =
Plot[-x, {x, -1, 1}, PlotRange -> {{-1, 1}, {-2, 2}},
AxesOrigin -> {0, 0},
AxesLabel -> {"\I\(\*SubscriptBox[\"sin\ [Beta]\", \"O\"T\)", "m"},
PlotStyle -> {Black}];
Show[plot33, plot34]
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A.6 — MERGE OF ALL EQUILIBRIA CALCULATION FILES (MSDOS)

type v*.ixt > salida.txt

Note: v is the common first letter of name of all files that are needed to be merged.
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A.7 = CONVERT INTO A READABLE FORMAT (MATLAB)

clear

clc

dat=load('c:\Home\u37244\MATLAB\salida.txt','-ascii'); %load file info ascii forma finto
the variable a

save 'c:\Home\u37244\MATLAB\dat.mat' dat -mat %save the variable a info .mat
estension

clear %
load 'c:\Home\u37244\MATLAB\dat.mat' %load variable a.mat loaded in the file

Note: Load into a Matlab readable format the merged txt file.
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A.8 - EQUILIBRIA 3D GRAPHICAL CALCULATIONS - SCATTER
(MATLAB)

clear
clc
load -mat datos.m; %for loading the variable dat

To707676 76 7070707076 76 To 707070 6 Jo To Jo 7070 6 Jo To Jo 70 To Jo Jo o To 70 o b Jo To To ToTo o Jo o To 70 o Jo Jo o ToToTo Jo To Jo
T670%07676 7070707076 Jo o 707076 J6 To To 7070 T6 T To Jo 7070 6 Jo Jo JoToTo 1o Jo Jo

roots=12;
res=1;% 1 is the complete resolution

H1=dat(dat(1:res:end,5)==roots,1);
H2=dat(dat(1:res:end,5)==roofts,2);
H3=dat(dat(1:res:end,5)==roofts,3);

%% %I ToToroot=dat(dat(:,5)==roots,5);double check
hold on

plot3(H1,H2,H3,"." ' MarkerSize',.1,'MarkerEdgeColor','k')

%[1 1 0]y yellow
%[1 0 1] m magenta
%[0 1 1] c cyan
%[100] rred

%[0 1 0] g green
%[00 1] b blue

%[1 1 1] w white
%[0 0 Q] k black

%676 %0707 To 7076 Jo 7070 Jo 070 /6 o706 To JoT6 Jo JoT0 Jo o 70 o Jo To 6 Jo JoT6 Jo Jo 70 Jo Jo To b To ToJ6 Jo JoJo Jo Jo To Jo o To Jo
767670707 To 7076 Jo 7076 To 070 T T 7076 ToTo70 Jo Jo 76 Jo o 70 Jo o 70 T o To76 Jo

roots=10;
res=1;% 1 is the complete resolution

H1=dat(dat(1:res:end,5)==roots,1);
H2=dat(dat(1:res:end,5)==roofts,2);
H3=dat(dat(1:res:end,5)==roofts,3);

%% %I TToroot=dat(dat(:,5)==roots,5);double check
hold on

plot3(H1,H2,H3,"." ' MarkerSize',.1,'MarkerEdgeColor','b’)

77670707 To 7076 Jo 7070 T o706 Jo70 76 Jo Jo 70 Jo 070 Jo o706 Jo Jo 76 Jo JoJ6 Jo Jo 70 Jo o ToT6 JoTo 76 Jo JoTo Jo o Jo e o T0 o
767670707 To70%6 Jo 7076 To 7076 Jo 7070 Jo o 7076 Jo 7076 Jo JoJ0 Jo JoJ6 Jo o Jo 6 Jo

roots=8;
res=1;% 1 is the complete resolution

H1=dat(dat(1:res:end,5)==roofts,1);
H2=dat(dat(1:res:end,5)==roofts,2);
H3=dat(dat(1:res:end,5)==roofts,3);
%%%Troot=dat(dat(:,5)==roofts,5);double check

hold on

plot3(H1,H2,H3,"." ' MarkerSize',.1,'MarkeredgeColor','g’)
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76767676 7076707676 To To 707076 76 To J0 70706 16 Jo 07070 J6 T Jo o 70 o6 Jo To 070 T0 J6 Jo To Jo 7o To b Jo Jo JoToTo b Jo Jo To 76
%6767 %6 707070 %676 To To 7070 T6 Jo To To 7070 o To To Jo To To Jo Jo To To To To Jo Jo To Jo

roots=6;
res=1;% 1 is the complete resolution

H1=dat(dat(1:res:end,5)==roofts,1);
H2=dat(dat(1:res:end,5)==roofts,2);
H3=dat(dat(1:res:end,5)==roots,3);
%%%Troot=dat(dat(:,5)==roofts,5);double check
hold on

plot3(H1,H2,H3,"." ' MarkerSize',.1,'MarkerEdgeColor','r')

%676 %0707 707076 Jo 7070 T o701 07076 Jo Jo 70 Jo Jo 70 Jo JoTo b Jo Jo 6 Jo JoJ6 Jo Jo J0 Jo Jo 706 Jo ToJ6 Jo JoJo Jo o To o o To o
%676 %070%6T0 7076 Jo 070 %6 o706 o 7076 Jo Jo 70 Jo To 70 6 Jo ToJ6 Jo JoJo Jo o 70 Jo Jo

roots=4;
res=1;% 1 is the complete resolution

H1=dat(dat(1:res:end,5)==roots,1);
H2=dat(dat(1:res:end,5)==roots,2);
H3=dat(dat(1:res:end,5)==roots,3);
%root=dat(dat(:,5)==roots,5);double check

hold on

plot3(H1,H2,H3,"." ' MarkerSize',.1,'MarkeredgeColor','m’)

%676 %070 76 To 7076 To 7070 Jo 070 /o o706 Jo To 76 Jo Jo 70 Jo Jo 6 To JoJ6 To JoJo Jo To 7o Jo o706 Jo ToJb Jo Jo Jo Jo o 70 Jo Jo To o To
%676 %070%6 %0 7076 Jo 7070 Jo o706 07076 To ToT0 Jo o 70 Jo Jo 70 6 Jo Jo 6 Jo JoJ0 Jo Jo T

legend('Black - 12','Blue - 10','Green - 8','Red - é','Magenta - 4')
title ({'v=0.2";'0.01<H3<1.5";'Step H3=0.01"})

xlabel('H1')

ylabel('H2')

Zlabel('H3')

grid on

box on
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A.9 - EQUILIBRIA 3D GRAPHICAL CALCULATIONS - SURFACE
(MATLAB)

clear
clc
load -mat datos.m; %load data into the variable dat

%6767 %6 7076707676 To 70707076 T To 7070706 Jo Jo Jo70 o 6 Jo Jo Jo 70 o b To To o Tb Jo o 767670 6 To To ToTo Jo Jo Jo o JoTo o Jo
76767676 7070707076 T To 707070 6 To JoT070 0 6 Jo o Jo 70 T0 6 To Jo To ToTo Jo Jo Jo

roots=12;
res=1;% 1 is the complete resolution

H1=dat(dat(1:res:end,5)==roofts,1);
H2=dat(dat(1:res:end,5)==roofts,2);
H3=dat(dat(1:res:end,5)==roofts,3);

%root=dat(dat(:,5)==roots,5);double check
%hold on
%plot3(H1,H2,H3,".",'MarkerSize',.1,'MarkerEdgeColor','k')

%[1 1 0]y yellow
%[1 0 1] m magenta
%[0 1 1] c cyan
%[100] rred

%[0 1 0] g green
%[00 1] b blue

%[1 1 1] w white
%[0 0 Q] k black

%%Iesurf command can Iso be
used%%%lhttp://www.mathworks.com/matlabcentral/newsreader/view_thread/21181

%tri = delaunay(H1,H2);

%Ir.c] = size(tri);

%disp(r);

%h = trisurf(tri, H1, H2, H3,'FaceColor','cyan','EdgeColor','none’);

xgrid = linspace(min(H1),max(H1),500);

ygrid = linspace(min(H2),max(H2),500);

[X,Y] = meshgrid (xgrid,ygrid);

Z = griddata(H1,H2,H3, X, Y);

figure;
surf(X,Y,Z,'FaceColor','cyan','EdgeColor','none’);
hold on

%surf(-X,-Y ,-Z,'FaceColor','cyan’,'EdgeColor','none');
%hold on
%surf(-X,-Y,Z,'FaceColor','cyan’,'EdgeColor','none’);
%hold on
%surf(-X,Y,-Z,'FaceColor','cyan’,'EdgeColor','none’);
%hold on
%surf(X,-Y,-Z,'FaceColor','cyan’,'EdgeColor','none’);
%hold on
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%surf(-X,Y,Z,'FaceColor','cyan','EdgeColor','none’);
%hold on
%surf(X,-Y,Z,'FaceColor','cyan’,'EdgeColor','none’);
%hold on
%surf(X,Y,-Z,'FaceColor','cyan’,'EdgeColor','none’);
%hold on

camlight left;
lighting phong;
hold on

%legend('Black - 12','Blue - 10'",'Green - 8','Red - 6','Magenta - 4
fitle({'v=0.2";'0.01<H3<1.5";'Step H3=0.01";'12s Region'})
xlabel('H1')

ylabel('H2')

Zlabel('H3')

grid on

box off
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APPENDIX B - NOMENCLATURE

@;: Constant angular velocity from the i-rotor relatively to the gyrostat body.
w’ Total angular velocity of the gyrostat satellite on the principal axis of inertia.

ws: Total angular velocity of the gyrostat satellite in relation with the principal axis of
inertia.

w,: Total angular velocity of the gyrostat satellite in relation with the central attracting
body.

a, By, v,0,p are the direction cosine between the principal axis and the gyrostat axis.

wox: Angular velocity in the coordinate x relatively to the inertial central attracting body.
wgy - Angular velocity in the coordinate y relatively fo the inertial central attracting body.
wy5: Angular velocity in the coordinate z relatively to the inertfial central attracting body.
hi: Projection of the Gyrostatic Motion Vector info axis Ox, Oy and Oz.

i: The gyrostat number of rotors.

m: Mass of the Satellite

p: Angular velocity in relation with the principal axis x.

g: Angular velocity in relation with the principal axis vy.

r: Angular velocity in relation with the principal axis z.

f: fime

A, B and C are the principal moments of inertia in relation to the gyrostat centre of inertia.
G: Universal Gravitic Constant - 6.67259x10-11 Nm2/kg?

H: Hamiltonian

Ji: Moment of inertia from the i-rotor.

M: Mass of the cenftral aftracting body

O = Gyrostat Centre of Mass

OXYZ: Orbital Reference Frame

OX: Axis aligned with the orbital plane, with the positive direction in the direction of
speed.

OY: Axis normal to the orbital plane.

OZ: Axis that connects the centre of mass of the planet with the centre of mass of the
gyrostat.

Oxyz: Gyrostat Coordinate System
T: Kinetic Energy

U: Force Function
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