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Resumo

A fadiga é um fenómeno causado por cargas dinâmicas que se caracteriza pela propagação de fissuras

e pode culminar na rotura total de um material. No sector aeronáutico militar, particularmente na for-

mação de pilotos, este problema assume especial importância dada a diversidade demissões e manobras

que são levadas a cabo. O avião Epsilon TB-30 é utilizado na Força Aérea Portuguesa para instrução

básica de pilotagem na Frota 101, na Base Aérea nº11 em Beja. No âmbito da monitorização da inte-

gridade estrutural, uma aeronave da frota foi recentemente instrumentada com um sistema que inclui a

instalação de um acelerómetro no centro de gravidade da aeronave e cinco extensómetros em locais críti-

cos da aeronave, o que levou à definição dos principais objectivos deste trabalho: o desenvolvimento de

uma ferramenta de propagação automática de fenda para um local crítico na estrutura da aeronave, bem

como a comparação na propagação de uma fenda quando sujeita a um regime de voo severo e não-severo,

voos típicos na operacção da frota Epsilon.

A fim de simular a propagação da fenda, este trabalho incluiu um modelo de elementos finitos desen-

volvido no software Ansys para a obtenção dos valores do factor de intensidade de tensão para vários

tamanhos de fenda. Foi também realizado, com o recurso aMatlab, a modelação da propagação da fenda

utilizando as leis de propagação Walker e NASGRO para a obtenção de uma expressão para o factor ge-

ométrico, Y. Posteriormente, foi realizada uma análise comparativa do comportamento de crescimento

da fenda para diferentes regimes de severidade de voo, leis de propagação e tamanhos iniciais da fenda.

Finalmente, foi desenvolvida uma aplicação web que permite simular de forma simples e automática a

propagação da fenda para um voo real.

Palavras-chave

Propagação de fenda, Fator de intensidade de tensão, Fator geométrico, Leis de propagação, Ansys,

Regimes de voo.
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Abstract

Fatigue is a phenomenon caused by dynamic loads which is characterised by the propagation of cracks

and can culminate in the complete fracture of a material. In the military aeronautical sector, partic-

ularly in pilot training, this problem takes on special importance given the diversity of missions and

manoeuvres that are carried out. The Epsilon TB-30 aircraft is used in the Portuguese Air Force for basic

piloting instruction in the 101st Fleet, at the Air Base 11 in Beja. Within the scope of Structural Integrity

monitoring, a fleet aircraft was recently instrumented with a system that includes the installation of an

accelerometer at the aircraft’s centre of gravity and five strain gauges in critical locations of the aircraft,

,which led to the definition of the main objectives of this work: the development of an automatic crack

propagation tool for a critical location in the aircraft structure, as well as the comparison of the crack

growth rate when subjected to a severe and non-severe flight regime, typical flights in the operation of

the Epsilon fleet.

In order to simulate the crack propagation, this work included a finite elementmodel developed in Ansys

software to obtain the stress intensity factor values for several crack sizes. It was also carried out, with

the resource toMatlab, the crack propagationmodeling using theWalker andNASGROpropagation laws

to get an expression for the geometric factor Y. Subsequently, a comparison analysis of crack growth

behaviour for different flight severity regimes, propagation laws and initial crack sizes was conducted.

Finally, a web application was developed to straightforwardly and automatically simulate the crack prop-

agation for a real-world flight.

Keywords

Crack propagation, Stress intensity factor, Geometric factor, Propagation laws, Ansys, Flight regimes.
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Chapter 1

Introduction

1.1 Context

The Epsilon TB-30 aircraft manufactured by Daher and acquired by the Portuguese Air Force in 1989

is operated by Squadron 101 at the Air Base Nº11 in Beja, for basic and elementary pilot instruction. It

is a two-seat tandem aircraft with a low and short wing and retractable landing gear. The six-cylinder

horizontal engine is of automatic injection and has a feeding and lubrication device that allows inverted

flight and drives a propeller of constant speed. The configuration of its instrument panel, its cruising

speed, the robustness of its airframe, which supports from +6.7G to -3.35G, and the sensitivity of its

controls, give it characteristics similar to those of a small conventional fighter aircraft [1], Figure 1.1.

Figure 1.1: Portuguese Air Force Epsilon TB-30 Aircraft

Table 1.1: Aircraft Parameters

Dimensions

Wingspan Wing Area Aspect Ratio Height Length

7.92m 9m2 7 2.66m 7.59m

Performance

Maximum speed Cruising speed Maximum range Maximum autonomy Service ceiling

520 km/h 370 km/h 680 NM 03h45 24.000 ft

At the design stage of the aircraft, the manufacturer Daher based its maintenance program on full-scale

fatigue tests performed at the Centre d’Essais Aeronautique de Toulouse (CEAT) [2]. From these tests,

among other conclusions, the manufacturer found that the life limit of the aircraft is controlled by the

behaviour of the most critical location of the aircraft structure, which is at the frame cross-member, de-

picted in Figure 1.2 (a) and (b), which is the component of the fuselage where themain spar of both wings

connects. Considering the operation of the aircraft inmissionswith high load factors, it is fundamental to

understand if the operation assumptions considered by themanufacturer, when defining itsmaintenance
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plan, are applicable to the Portuguese Air Force, taking into account the operation regime performed.

Therefore, in order to review and update the most adequate maintenance plan, it becomes necessary to

provide fatigue life information so that it becomes possible to change the maintenance program in use.

Figure 1.2: (a) Detail of the frame area on the aircraft, Milharadas [3] (b) Frame crack detected by CEAT [2]

Through the aircraft’s instrumentation, consisting of the installation and integration of five strain gauges,

an accelerometer, and a Data Acquisition Unit (DAU), at critical locations on the aircraft such as the spar

and frame, it is possible to collect and store extension data and the load factor to which it is subjected

during the operating cycle. This allows fatigue life information to be obtained, thereby allowing moni-

toring the fleet operation and the validation of the analytical and computational models developed in the

design phase. The data obtained also allows an assessment of the severity of operation to which the fleet

is subjected through comparison with the results of full scale fatigue tests.

Numerous studies have been carried out as part of the TB-30 SHMproject, with the aim of implementing

a Structural Health Monitoring (SHM) system on the Epsilon TB-30 fleet. In 2003, Silva [4] proceeded

to the instrumentation of one of the aircraft, with 70 hours of flight time being monitored, allowing to

obtain values of acceleration at the centre of gravity (CG) of the aircraft and stresses in the main spar.

This was followed in 2004 by Milharadas [3] work where a representative specimen of the crossbeam of

frame C2 was designed and a crack propagation study was carried out, where it was concluded that the

operation spectrum of the Portuguese Air Force (FAP) fleet wasmore severe than the reference spectrum

considered by the manufacturer. In 2009, Serrano [5] performed a crack propagation study and a calcu-

lation of the accumulated damage with the data obtained from Silva’s instrumentation, also concluding

that the operation performed by FAP is more severe than the one considered by the manufacturer.

In 2017, due to the need to obtain data representative of the FAP operation regime, the Epsilon TB-30

fleet was instrumented with theMSR 165 equipment that allows to monitor the aircraft acceleration dur-

ing operation. At the time, Gameiro [6] carried out a study to calculate the accumulated damage and

concluded that FAP’s operational regime had a lower severity than that recommended by the manufac-

turer. This instrumentation allowed, between June 2017 andMay 2019, to obtain acceleration data in the

aircraft’s vertical axis for a time span of 1161.31 flight hours , characterising the fleet’s operating regime.

In the same year, a software was implemented for flight data processing, cycle counting and obtaining

the accumulated load spectrum of the FAP fleet.

In more recent studies, in 2018, Martins [7] performed a numerical analysis of crack propagation in the

transom of frame C2, concluding that FAP’s operation is more severe than the reference operation. In

2019, with FAP’s need to provide the manufacturer with flight data characteristic of the fleet operation,

Barros [8] carried out the instrumentation of an aircraft by installing an accelerometer in its CG and five

strain gauges in critical locations where data of 1000 Flight Hours (FH) of operation was collected . He
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also verified that the FAP fleet presents a more severe operating regime than the reference regime.

1.2 Objectives

Following these studies, and continuing within the scope of the SHM TB-30 project, this project arose

from FAP’s need to monitor the crack propagation in a location previously considered critical in the

structure of the Epsilon TB-30 aircraft.

Themain objective of this work is to provide FAPwith a tool to predict the crack size evolution in a critical

aircraft location through the development of an applicationwhere it is possible to insert flight data, select

the propagation model, initial crack size and points around it, being thus possible to simulate the crack

growth for several flight regimes, from aerobatic flights to more stable regimes.

To support this characterization, the following intermediate objectives were established:

• Develop a tool to predict automatic crack propagation using the Finite Element Method.

• Model one of the critical components of the aircraft using finite elements and estimate the propa-

gation based on the loads measured by the SHM-TB30 system.

• Validate the developed application through a flight data processing.

• Compare the crack growth for 2 different flight regimes, severe and non-severe.

1.3 Work Structure

This work is composed of 5 chapters. Chapter 2 is a literature review on the concept of fatigue, its histor-

ical evolution, causes and consequences. It is also given an explanation about fracture mechanics, more

specifically about linear elastic fracture mechanics (LEFM), as well as concepts that define its formalism.

It is also introduced the phenomenon of fracture propagation and the finite element method applied to

LEFM.

In chapter 3, the main focus is to obtain the geometric factor, Y, for the Epsilon airframe. To do so, a

simple cubic structure was initially modeled in order to validate the values of K (stress intensity factor)

obtained in Ansys software and comparing them with tabulated values. It was then proceeded to the

modelling of the aircraft structure in question and to the insertion of a semi- elliptical crack of various

sizes at the critical location of the geometry. With the values of K taken from this software, and resorting

to Matlab, the expression of Y was obtained.

In chapter 4, the development of an automatic crack propagation tool was conducted. In the first part

of this chapter it is given an introduction of its functioning, an explanation of the possible inputs to

select and a detailed explanation of the crack propagation algorithm. In the second part of the chapter

is provided a description and comparison of the different flight severity regimes in the Portuguese Air

Force Epsilon fleet operation. Then, several simulations were performed in order to study the behavior

of the crack for several different scenarios, using real flight data from the aircraft instrumentation.

Finally, Chapter 5 draws the final conclusions of this work, presenting themain results as well as the lim-

itations that restrict the validity of the study and also possible future research directions to be developed.
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Chapter 2

State of the art

Material fatigue refers to changes in properties resulting from the application of cyclic loads [9]. The field

of fracture mechanics, as it is known today, was practically nonexistent before World War II [10]. It was

believed that fractures were an insignificant phenomena and that they would never become real threats

to large structures such as ships and aircrafts. However, during the war, a large number of catastrophic

failures apparently occurred without explainable causes. Ship structures were welded to save time in

assembling due to the great demand for provisions that crossed the Atlantic Ocean. The effects of tem-

perature, stress concentrations and residual stresses were not well understood. Due to this metallurgical

ignorance of the weld and materials, the Liberty series ships are, until today, a classic example of acci-

dents caused by fatigue fractures. Many of them suffered such fractures on the high seas that they sank

before completing the crossing of the Atlantic. It was observed that the material lost the ductility nec-

essary to resist low temperatures. Since then, countless scientists and engineers have made pioneering

contributions to a better understanding of this phenomenon

In 1829 aGermanminingworker,W.A.J. Albert, studied and reported the failure ofmine elevation cables

resulting from cyclical loads, this is the first known record on metal fatigue. Albert showed that the

application of cyclic loads would cause failures with loads of less than expected intensity [11].

The use of ferrous materials has increased considerably over the years, particularly in railways and

bridges. This increase led to the number of accidents and victims reaching unknown levels. It is esti-

mated that, in Britain, between the 1860s and 1870s, they lost their lives on railway lines as a result of

derailments caused by fractures of wheels, axles and rails, about 200 people. The first detailed study

of metal fatigue took place in 1842, after a tragic railway accident near Versailles, France, in which the

cause of this accident was attributed to fatigue failure originating in the locomotive’s front axle [12] .

Between 1852 and 1869, in Germany, A. Wöhler conducted systematic studies on fatigue failures at full

scale, created an experimental rotary flex fatigue machine and was able to determine the range of stress

for which the life of the rail steel he was testing would be ”infinite”.[13] His work also led to the charac-

terization of fatigue behavior in terms of stress versus number of cycles (S-N) curves, still known today

as Wöhler curves, thus introducing the concept of fatigue resistance limit stress.

In the second half of the 19th century, in 1864, Fairbarn concluded that, when subjected to cyclical

stresses, iron beams would rupture with only a third of the maximum force to be applied. In 1874, H.

Gerber, and Goodman, in 1899, developed methods for calculating fatigue with the aim of introducing

it into a project, as well as formulation proposals to modulate the effect of medium stress. In 1886,

Bauschinger demonstrated that the elastic limit of metals subject to reversible loads could be different

from that observed in the deformation in 2 constant cycles and also confirmed many of the results re-

ported by Wöhler. By the end of this century, about 80 articles had already been published in different

areas of application and, in 1910, Basquin proposed the first mathematical equation to represent the S-N

curves.

Griffith appears, in 1921, with one of the first contributions to the study of Fracture Mechanics. He

developed a failure criterion and related fatigue to crack growth[9]. Many other notable contributions
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from this period include names such as: Bairstow (1910), Moore & Seeley (1915), Ludwik (1919), Masing

(1926) and Soderberg (1939).

Years later, specifically in 1954, Coffin and Manson reformulated Basquin’s equation with the intention

of characterizing fatigue based on deformations. Palmgren, in 1924, and later Miner, in 1945, carried

out investigations in the modeling of fatigue damage accumulation. Langer, in 1937, carried out the first

work in the area of fatigue with shipments of variable amplitude.

In the postwar period, in 1956, G.R.Irwin concluded that the basic tools needed to study fractures were

already available. His first major contribution was to extend Griffith’s approach tometals. Irwin demon-

strated that the stress state in front of the failure could be expressed in terms of the scalar quantity known

as the stress intensity factor, K. With the arrival of the new approach to linear elastic fracture mechanics

(LEFM), attempts were made to characterize the growth of fatigue cracks in terms of stress intensity [13]

.

That same year, Wells used fracture mechanics to demonstrate that the catastrophic failures suffered in

the fuselage of several jet aircraft The Comet, of the company Havilland Aircraft, in England, resulted

from fatigue failures that would have reached their critical size. These fractures started in the windows

and were caused by insufficient local reinforcement, combined with the square corners of the windows

where a high stress concentration was produced. Since then, aircraft windows have taken oval or round

geometric shapes in order to decentralize stresses and, consequently, metallic fatigue. [9][10]

The Second World War separates two distinct epochs in the history of fracture mechanics, but there is

some ambiguity as to how the period between the end of the war and the present should be divided. A

possible historical frontier occurred around 1960, when the fundamentals of the elastic linear fracture

mechanics were well established, and the researchers redirected their attention to plasticity in front of

failure. [10]

In 1961, Paris, Gomez and Anderson were the first to suggest that the increase in fracture advance per

stress cycle, da/dN , could be related to the stress intensity factor (SIF) ∆K, during stress cycles with

constant load. [10] Linear Elastic Fracturemechanics (LEFM) is no longer valid when there is significant

plastic deformation in front of the crack.Between 1960 and 1961, researchers, including Irwin, Dugdale

, Barenblatt and Wells, developed analyses to correct the yielding at the front of the crack. In 1969,

Rice developed a parameter to characterize the nonlinear behavior of the material before the fracture

occurred. He managed to generalize the energy release rate for non-linear materials and showed that

this rate could be expressed as a line integral called J Integral [9].

The field of fracture mechanics underwent construction in the last decades of the 20th century. With

the massification of sectors such as the automobile, naval and aeronautics, scientific progress in this

area became imperative, as well as the application of more sophisticated models in fatigue analysis. The

continuous explosion of computational technology has made it possible to generate entirely new areas in

the research of fracture mechanics [9].
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2.1 Concept of fatigue

Fatigue is a process of localized damage to amaterial, caused by cyclical loads, where there is a reduction

in the load capacity of structural components. This reduction leads to a slow rupture of the material due

to the microscopic advance of the crack at each loading cycle [14]. The number of cycles to failure, nf , is

given by Equation 2.1 where ni represents the number of cycles leading to the initiation of the crack and

np, the number of cycles for the propagation of the crack until the component is completely broken.

nf = ni + np (2.1)

During these loads, in places of greatest tension, plastic deformations may occur. These deformations

lead to a deterioration of the material, inducing permanent damage and giving rise to the beginning

of a crack. As the component undergoes an increasing number of load cycles, the length of the crack

increases, eventually causing it to break completely. According to several authors, including Young-lee

Li [14] and Branco [15]. The fatigue process involves 4 main steps: (1) crack nucleation, (2) microscopic

crack growth, (3) crack propagation and finally (4) final rupture. This process is represented in Figure

2.1.

Figure 2.1: Fatigue process steps [16]

The conditions for the nucleation of micro defects and for the growth of the crack are strongly influenced

by discontinuities, porosities or inclusions. The cracks in the material tend to be originated in a cutting

plane or close to areas conducive to the concentration of stresses. This cutting plane usually occurs on

the surface or at the grain boundaries of the material. The surface is more prone to nucleation of fatigue

cracks due to the fact that the plastic deformation of the crystalline grains found there is more accessible

than those located inside. This occurs as a result to the fact that the surface grains are less constrained

to deformation, because they find the free surface of the structure, being able to deform without meeting

resistance. The crack nucleation phase, due to fatigue, depends on the cyclic shear stresses that act, while

for the crack propagation phase, it is the tensile stresses that lead to the gradual growth of micro cracks

until the final rupture.
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Bearing inmind that themechanisms that act on nucleation and propagation are different, it is necessary

to use different criteria to evaluate a failure due to fatigue in the nucleation and in the propagation phase.

The fatigue life can be divided into two phases: initiation period and a crack growth period, as can be

seen in Figure 2.1. The nucleation and microscopic growth of the crack represent the first phase, where

the propagation of the crack occurs in the order of two grains in the plane of shear stress. At this stage,

the plasticity of the crack front is severely affected by the sliding characteristics, grain size, orientation

and tension level. This is due to the fact that the crack size is comparable to thematerial’s microstructure

[15].

The crack growth period covers its macroscopic growth before rupture. The crack propagation in this

phase is normal to the plane of tensile stress and in the direction of local maximum shear stress. In this

period, the characteristics of the crack are less affected by the properties of themicrostructure than in the

first phase. This is because the plastic area in front of the crack is alreadymuch larger than thematerial’s

microstructure.

At this stage, there are three ways to propagate the crack: by coalescence of microcavities, by micro-

cleavage and by ductile striation. However, the latter mechanism should be highlighted, because due to

the successive positions of the front of the crack, the fracture surface will present streaks. These stri-

ations represent thousands or even millions of load cycles and point to the point of origin of the crack

propagation. The proportion between the propagation phase and the final break indicates the degree of

overload to which the component was subjected. As soon as the crack reaches a certain dimension, the

entire system becomes unstable and the remaining section of the component can no longer support the

applied load, leading to the final break [14].

2.2 General aspects of fatigue

The typical forms of cyclic loads that the components are subjected to are random in nature and vary in

magnitude over their useful life. These loads can have a constant or varying with time range with time

as shown in Figure 2.2 [14].

Cyclic loads where the amplitude and the average stress remain constant, are defined by 5 parameters

that characterize the load represented in Figure 2.2 (a). These parameters are: stress amplitude σa,

average stress σm, maximum stress σmax, minimum stress σmin and by R, which represents the ratio

between the minimum and maximum stress. However, it is possible to fully define the cyclic load with

only two of the referred parameters [17].

Figure 2.2: Cyclic loads of constant amplitude (a) and random amplitude (b)
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The stress range, ∆σ, is the difference between the maximum and minimum stress values. The average

of the maximum and minimum values gives the average stress, σm. Half of the stress range is called the

stress amplitude, σa, which is the variation over the mean. The mathematical expressions for these basic

definitions are given by the expressions 2.2 and 2.3.

σa =
∆σ

2
=

σmax − σmin

2
, (2.2) σm =

σmax + σmin

2
(2.3)

In turn, the maximum stress, σmax, and the minimum stress, σmin, can be expressed, respectively by:

σmax = σm + σa, (2.4) σmin = σm − σa (2.5)

The average stress can also be characterized in terms of the stress ratio,R, that is an important parameter

and is defined by the algebraic ratio of the minimum andmaximum cyclic stresses given by Equation2.6.

It is widely used to distinguish different conditions of cyclic loads of constant amplitude in fatigue anal-

ysis. Another less used parameter, in the fatigue load, is the algebraic ratio of the stress amplitude in

relation to the average stress, called A, given by Equation 2.7.

R =
σmin

σmax
, (2.6) A =

σa

σm
(2.7)

The case of a sinusoidal load cycle is called alternating or fully reversible with a stress ratio of R = −1.

In this case, the maximum andminimum cyclic stresses are equal, (σm=0). Loads with null ratio,R = 0,

are called pulsating, (σm=σmax/2).

Random loading is complex and can contain any combination of cyclical stresses and unlike the growth of

a fatigue crack in constant amplitude, its propagation in variable amplitude does not depend only on the

current load ∆R and R, being provided by the time course of the load. This phenomenon is attributed

to the sequence effect. Due to this fact, loads of variable amplitude can lead to accelerated or delayed

growth of the crack and consequently affect the service life, linked or prolonged. Random loads that

involve more than one amplitude and average stress represent, in a more realistic way, what a structure

is submitted to.

A real example of variable load sequences is the case of an aircraft flight. Each mission profile can be

divided into different phases: taxiing and take-off phase, ascent, cruise phase, aerobatics, descent and

landing. The load spectrum for each phase is dependent on a number of variables. For example, the

magnitude of the load at which a wing is encountered during ascents and descents depends on its speed,

weight and burst factor. Figure 2.3 shows the load environment to which a FAP Epsilon TB-30 aircraft

is subjected during a flight [17].

Figure 2.3: Time evolution of the load factor on a flight of the Epsilon TB-30 aircraft
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2.3 Linear Elastic Fracture Mechanics

One of the properties of solid materials is their ability to resist or transmit stresses. The response to

these efforts is closely related to the material’s ability to be able to deform elastically or plastically. In

this sense, LEFM is based on the assumption of a generalized linear elastic behavior of the solid.

The LEFM takes into account the effect of the tension in front of the crack and assumes, as an approxi-

mation, the crack as being perfectly elastic, with theoretically infinite stresses in front of the crack. This

theory is based on an analytical procedure that relates the magnitude and distribution of the stress field

in front of the crack, with the nominal stress applied to the solid, crack length and geometry, in order to

define the conditions for which the crack propagates. This field can be described in terms of K, stress

intensity factor and the similar to Material Mechanics , it assumes that the material in question is ho-

mogeneous, isotropic, continuous and that the stresses are proportional to the deformations. The LEFM

is implemented in the analysis of low-ductile materials, that is, in which there is no considerable plastic

deformation, before fracture.

2.3.1 Fracture modes in front of the crack

In general, a material can suffer loads from any direction in relation to the crack. The stress fields and

displacement modes in front of the crack can be classified into modes, I, II and III, represented in Figure

2.4 [12].

Figure 2.4: Breaking modes in front of the crack [9]

Mode I (opening mode), is characterized by being the most severe due to the displacement of the two

crack surfaces, moving away from each other directly. In this case, the applied load and displacement

are perpendicular to the crack surfaces. Mode II (sliding mode) occurs when the two cracked faces are

moved, sliding over each other. The applied direction and load are parallel to the crack plane. Mode

III (tearing mode), is characterized by the application of a load parallel to the plane and in front of the

crack. The displacements of the crack walls, in this case, are anti-symmetrical in relation to the x-y and

x-z planes.

Despite the existence of mixed loads, when there is a combination of the different propagation modes

mentioned, mode I represents the most frequent type of separation in the life of a structure, in which the
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propagation direction of the crack is always perpendicular to the direction of the applied load. Being the

most common in practical engineering applications and consequently themost studiedmode, it presents

a greater development in analytical and experimental methods compared to other modes [17] [9].

2.3.2 Stress intensity factor

The concept of stress intensity factor K, introduced at the beginning of this chapter in general terms, fully

characterizes the conditions at the crack front in an elastic and isotropic linearmaterial. Figure 2.5 shows

a coordinate system that describes the stresses in the areas close to the crack. The polar coordinates r

and θ are in the x-y plane, which is normal to the crack plane.

Figure 2.5: Stresses in front of the crack [18]
Figure 2.6: Approximate distribution of stress in front of

the crack, including plastic zone [12]

For mode I loads, the state of the stresses at the crack front can be described by the set of Equations

above in which, σx, σy and σz correspond to the axial stress components, τxy,τxz and τyz represent the

shear stress components and θ refers to the angle in front of the crack. Analyzing the set of equations,

it is possible to state that this linear elastic stress analysis presents a singularity, since it predicts that

the non-zero stresses tend to an infinite value at the end of the crack, when the parameter r tends to

0, due to the fact that these stresses are proportional to the inverse of
√
r, which represents a physical

impossibility, see Figure 2.6.

In real materials, these stresses are limited by the localized flow that occurs in a region in front of the

crack, called the plastic zone. The effects that this zone causes are shown in figure 2.6. The LEFM princi-

ples are valid as long as the size of this plastic zone is reduced, when compared to the overall dimensions

of the crack and the solid, that is, when rp is small in relation to a, being rp the radius of the plastic zone.
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σx =
KI√
2πr

cos(
θ

2
)[1− sin(

θ

2
)sin(

3θ

2
)] (2.8)

σy =
KI√
2πr

cos(
θ

2
)[1 + sin(

θ

2
) sin(

3θ

2
)] (2.9)

τxy =
KI√
2πr

cos(
θ

2
) sin(

θ

2
) cos(

3θ

2
) (2.10)

σz = 0 (Plane stress) (2.11)

σz = ν(σxx − σyy) (Plane strain) (2.12)

τxz = 0 = τyz (2.13)

It is also possible to state that the stresses in the vicinity of the crack front are proportional to the KI

parameter and the remaining factors depend only on the coordinates r and θ. . In this way, themagnitude

of the stress field in front of the crack can be characterized by assigning a value to theKI , factor, which

is an indicator of the severity of the crack. For this loading mode, mode I, the stress intensity factor can

be calculated according to the expression 2.14, where Y is the geometric factor, a is the crack size and σ

is the nominal stress value [19].

KI = Y σ
√
πa (2.14)

2.3.3 Fracture toughness

Since the stress intensity factor,K, characterizes the stress distribution in front of the crack, it is assumed

that, from a critical value, the crack resistance limit is exceeded. This value is defined as KIC , called

fracture toughness. This critical value is a property of the material and depends on characteristics such

as load rate, temperature and stress state in front of the crack. The failure criterion in this case is given

by Equation 2.15:

KI ≥ KIC (2.15)

Fracture toughness can then be defined as the ability of a material to resist cracking without suffering a

total rupture. Ductile materials under normal load rates have the ability to absorbmore energy and plas-

tically deform before breaking, thus having higher fracture toughness. Fragile materials, on the other

hand, suffer, instantly breaking under low stresses, presenting low fracture toughness. It is important to

note that the load capacity or residual strength of a structure is significantly affected by the presence of

cracks and is substantially less than the strength of a structure undamaged [17]. This parameter is de-

pendent on the thickness of the material and defines three distinct regions called: plane state of stresses,

transition behavior and plane state of strain [15]. These regions can be seen in Figure 2.7.
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Figure 2.7: Stress state at the crack front for plane stress and plane strain [20] (adapted)

As the thickness of the material decreases, the restriction to the plastic flow decreases and the plane

stress state is reached. When the thickness reaches a certain dimension, when the size of the plastic

area of the crack’s slot is in the order of the thickness of the material, the value of fracture toughness

reaches a maximum value, KC(max). As the thickness increases, the size of the plastic zone decreases

and therefore the toughness gradually decreases until it is reached a plateau. The apparent asymptote

observed in the graph is represented by KIC , used to denote fracture toughness under the condition of

plane strain. TheKIC measurement standards were established by the American Society for Testing and

Materials (ASTM). In the plane strain state, toughness behaves independently of the increase in thickness

[10] [21].

Figure 2.8: Crack front rupture modes [22] (adapted)

For thick components, that is, in a plane strain state and considering mode I of loading, the fracture

surface is typically flat and normal to the direction of load application. In this state, it would be expected

that the material found in the plastic zone would flow freely and that there would be deformation in the

direction of the thickness. However, the surrounding material, of an elastic nature, is unable to keep up

with this contraction and a phenomenon of plastic contraction is observed, at the same time a triaxial

state of tension is established.
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The plane stress state is characterized by the absence of tension perpendicular to the component sur-

face σz. These two conditions are outlined in Figure 2.8, where a specimen with a moderate thickness

is represented, containing a crack where they are two cubes, A and B are positioned. These cubes are

positioned close to the surface and in the center of the specimen, respectively. A consequence of these

two conditions is the way in which the material presents deformation, since the plane of maximum shear

stress varies. This difference causes fracture in 45◦ planes with the load application axis, when in a plane

stress state, and normal to the load application axis ,when in a state of plane strain. It is verified, there-

fore, that the energy necessary to produce fracture in the plane stress state is higher, since a large part is

used in the deformation of the material.

2.3.4 Energy considerations

Griffith invoked the first law of thermodynamics to formulate a fracture theory based on a simple energy

balance. According to this theory, a crack becomes unstable and, therefore, fracture occurs, when the

change in deformation energy resulting in an increase in crack growth, is sufficient to overcome the

surface energy of the material. Griffith was the first to propose the energy criterion for fracturing fragile

materials, such as glass. He suggested that the rupture occurs when the energy release rate, resulting

from the propagation of a crack, is greater than a critical value of the GC [10].

However, it is Irwin who is primarily responsible for developing the current version of this approach:

the rate of energy releaseG, which is defined as the rate of change in energy (W) with the crack area, for

a material linear elastic. For a crack of length 2a in an infinite plate subjected to an applied stress, the

energy release rate is given by the expression 2.16:

G =
d(F − U)

dA
=

dW

dA
=

πσ2a

E
(2.16)

Where F represents the work done by an external force, U is the elastic energy contained in the material,

E is Young’s modulus and σ is the applied stress. Later Irwin proposed extending Griffith’s approach to

metals and used the stress intensity factor, K, to characterize fracture conditions. Irwin related the stress

intensity factor to the energy release rate, two parameters that describe the behavior of cracks. While G

describes the global behavior, K is a local parameter [10] [12]. For linear elastic materials, under loading

mode I, K and G are listed as follows:

For plane stress:

G =
K2

E
(2.17)

for plane strain:

G =
(
1− ν2

) K2

E
(2.18)
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2.3.5 Integral J

The LEFM is only valid as long as the non-linear deformation of a material is confined to a small dimen-

sion surrounding the crack. Since it is virtually impossible to characterize the fracture behavior in many

materials with the LEFM, an alternative model of fracture mechanics was needed. In this segment, Rice

introduces the concept of J Integral.

The J integral contour has had great success as a fracture characterization parameter for non-linear ma-

terials. By idealizing elastic-plastic deformation as a nonlinear elastic, Rice provided the basis for extend-

ing the methodology of fracture mechanics far beyond the limits of LEFM validity [23]. The expression

of the energy release rate for an elastic two-dimensional case can be expressed as:

J =

∫
Γ

Wdy − T · ∂u
∂x

ds (2.19)

Where Γ represents an arbitrary contour surrounding the crack, as can be seen in Figure 2.9, u is the

displacement vector, y is the distance along the normal direction to the crack plane, s is the arc length

along the contour, T is the tensile vector at the contour points andW is the deformation energy density

of the material. This last parameter is defined by:

W =

∫ εij

0

σijdεij (2.20)

Where σij and εij are the stress and strain tensors, respectively. The components in the traction vector

are:

Ti = σijnj (2.21)

Where nJ are the unit components of the normal vector to Γ.

Figure 2.9: Arbitrary contour around the crack front [9]
Figure 2.10: Independence of integral contour[24]

Rice demonstrated that the value of the integral J is independent of the integration path in front of the

crack, thus assuming the same value for any contour of the crack, as shown in Figure 2.10. Additionally,
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the parameterG and the J are related, since they represent the same amount, rate of change of potential

energy in relation to to the crack advance [9]. However, these two parameters are applied to different

regimes: while J can be applied to both linear and non-linear materials, G can only be applied in the

LEFM regime. It should be noted, then, through the relation 2.22, that for linear elastic solids:

J = G =
dW

dA
(2.22)

2.4 Crack propagation

The fracture mechanics aims to estimate the number of cycles that lead to a crack with initial length ai,

reaching its final length af . As mentioned in section 2.3.2,K is an essential parameter in addressing the

crack’s growth behavior, as long as it is in an elastic situation and the plastic deformation is limited to

a small region in the crack front [17]. A fatigue loading introduces a cyclic stress in the crack front that

varies between Kmax and Kmin, the interval between these two extremes is given by ∆K, as expressed

below:

∆K = Kmax −Kmin

= Y σmax

√
πa− Y σmin

√
πa

= Y∆σ
√
πa

(2.23)

In general, results obtained experimentally show that a crack propagates slowly with each loading cycle

and that the crack growth will increase as the amplitude of the loading increases [15]. This loading am-

plitude can be related to the stress ratio, R, and this parameter also applies to the corresponding K values

as expressed in 2.24:

R =
σmin

σmax
=

Kmin

Kmax
(2.24)

The crack propagation study can be done through the relationship between the crack growth rate of

da/dn, the variation of the stress intensity factor ∆K and the stress ratio R, expressed in 2.25 . For

each crack length, a, ∆K can be calculated by equation 2.23 and the results can be expressed in da/dn

vs. ∆K curves [25].

da

dn
= f (∆K,R) (2.25)

In order to find a model that best fits the set of experimental data, several crack propagation laws were

formulated, in order to represent the evolution of cracks as a function of the number of cycles. Through-

out this section a more refined analysis of some of these models is made, exploring their characteristics

in detail and their domains of validity.
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2.4.1 Paris Law

The first relation obtained that describes the behavior of da/dn and∆K was formulated by Paris, having

been determined experimentally. This relationship of empirical origin is given by Equation2.26

da

dn
= Cp∆Knp (2.26)

In this equationCp and np are material properties and np represents the slope in the bi-logarithmic scale

curve, specifically in region II of Figure 2.11 (a). The sigmoidal curve represented contains three distinct

regions: I, II and III. Phase I of the curve is characterized by discontinuous growth mechanisms and the

existence of a propagation threshold ∆Kth, below which the applied loads do not cause damage to the

cracked part and the crack does not propagate. The propagation of cracks in this area is controlled by the

microstructure of the material, medium tension, frequency and environmental conditions.

The propagation region II corresponds to the stable crack propagation zone and is characterized by an

exponential relationship between da/dn and ∆K, this region is described by the Paris law. The crack

propagation rate in this area is influenced by environmental conditions, however, it is less influenced by

the average tension and the microstructure.

Region III includes the highest∆K range, at this stage there is an unstable crack propagation where the

growth rate increases rapidly leading eventually to the final rupture [15] [10].

Figure 2.11: (a) Experimental data on the growth rate of a fatigue crack [19] (b) Influence of R on the crack growth

rate in experimental data [19]

However, the Paris law does not accurately reflect the da/dn and ∆K relation since it does not apply to

regions I and III where the crack growth is slow or fast. Using Equation 2.26 to model regions I and

III can result in a life estimate that does not reflect reality. In addition, this equation does not take into

account the effects of the stress ratio. By varying this parameter, as shown in figure2.11 (b), it is possible

to observe distinct curves for each R value, with an increase in the growth rate of the da/dn crack [17]
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2.4.2 Walker’s Law

Another attempt to provide an empirical relationship to describe the crack growth data was made by

Walker. The crack growth rate equation proposed is similar to the Paris relationship, but takes into

account the effect of the stress ratio R in region II [14]. He proposed a parameter ranging from zero to

the maximum SIF, (Kmax) for R=0, expressed in Equation 2.27.

∆K = Kmax (1−R)
γ

(2.27)

Where γ is a constant proposed by Walker to assess the effect of R on the crack growth rate. According

to Dowling [19], this constant can vary between 0.3 and 1, so the above equation can be rewritten as:

∆K = ∆K (1−R)
γ−1

=
∆K

(1−R)
1−γ (2.28)

Substituting∆K for∆K K in the Paris equation (2.26), the expression relative toWalker Law is obtained:

da

dn
= CW

(
∆K

)nW
= CW

(
∆K

(1−R)
1−γ

)nW

(2.29)

In the expression above, nW andCw are constant and represent in a bi logarithmic reference, respectively,

the slope and the ordinate at the origin. The following graphs represented in the figure 2.12 show the

crack growth rates, in an example material, for various stress ratios R and for various values of γ: 0.3,

0.5 (typical value for metals) and 0.9 respectively.

Figure 2.12: Walker equation for several values of γ [20] (adapted)
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It is possible to observe that for low values of γ, the value of R causes a great impact on the growth rate

of the crack, on the contrary, with the increase of γ the effect of R is attenuated. When γ takes the value

of 0.9, in the third graph, the stress ratio ceases to have any effect on the crack growth rate. When γ = 1,

simply, ∆K = ∆K is obtained, from equation 2.27. It is important to note that the value of γ, for a

material may depend on whether the stress ratio is positive or negative. When R takes a negative value

it means that there is a compressive load in the cycle.

For fragile materials, it appears that the compressive load does not significantly contribute to the growth

of the crack, the value of γ for these materials presents values close to zero, resulting in a delay in the

rate of da/dN . Therefore, for R < 0 and with γ = 0,∆K = Kmax, is obtained from Equation 2.27 [26].

For ductile materials, however, the value of γ for R<0 may be approximately equal to R ≥ 0 0 since,

compressive loads contribute to crack propagation. Due to this fact, Walker’s law appears with a modi-

fication in order to adjust to the experimental data applying a correction for values of R<0 expressed in

Equation 2.30:

{
∆K = ∆K(1−R)1−γ

Kmax = ∆K(1−R)γ−1
=⇒


da
dn = CW

(
∆K

(1−R)1−γ

)nW

R ≥ 0

da
dn = CW

(
Kmax

(1−R)γ−1

)nW

R < 0
(2.30)

2.4.3 NASGRO equation

In the early 1980s, NASA developed a model for performing fracture control in manned space programs

called NASGRO [27]. This model, contrary to the law from Paris and Walker, is able to model regions I

and III, of da/dn curve, represented in figure 2.11, to take into account the effect of the stress ratio R and

the effect of opening the crack. The NASGRO equation is given by:

da

dn
= CN

[(
1− f

1−R

)
∆K

]nF [1− ∆Kth

∆K ]p

[1− ∆Kmax

∆KC
]q

(2.31)

In the expression above, CN is a specific parameter for the NASGRO equation, although its value is the

same as CW in the Walker equation and CP in the Paris law, it represents the ordinate at the origin, in a

logarithmic reference, when R = 0. The parameter p is dimensionless and assists in modeling the da/dn

curve for∆K values close to the non-propagation limit (region I), q is also a dimensionless parameter that

has an influence on the modeling of the propagation rate whenKmax approaches the fracture toughness

of the KC material, (region III). The crack opening function, f , for the plasticity that induces the crack

closurewas defined byNewman. ThisR dependent function, is given by the fraction between the opening

stress intensityKop and the maximum stress intensityKmax during a cycle as shown in expression 2.32.

f =
Kop

Kmax
=


max

(
R,A0 +A1R+A2R

2 +A3R
3
)

R ≥ 0

A0 +A1R − 2 ≤ R < 2

A0 − 2A1 R < −2

(2.32)
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The crack closure effect was discovered by Elber when investigating fatigue failures in load cycles of

constant amplitude [28]. He observed that, during unloading, the crack was already closed before the

minimum load was reached, or that the crack was kept closed until a certain level was reached, Kop as

can be seen in Figure 2.13. The phenomena of crack closure has the consequence that not all the load

∆K contributes to the spread of the crack, but only an effective cyclic stress intensity,∆Keff .

Figure 2.13: Crack closure effect [28] (adapted)

The dimensionless coefficients A0, A1, A2 and A3 are given by:

A0 =
(
0.825− 0.34α+ 0.05α2

) [
cos
(π
2
Smax/σ0

)] 1
α

(2.33)

A1 = (0.415− 0.071α)
Smax

α
(2.34)

A2 = 1−A0 −A1 −A3 (2.35)

A3 = 2A0 +A1 − 1 (2.36)

In the above equations, α is the stress / strain constraint factor and Smax/σ0 is the ratio between the

maximum applied stress (considering a cyclic external load) and the yield stress. In Equation 2.31, the

non-propagation limit value∆Kth is calculated by the following expression:

∆Kth = ∆K0

(
a

a+a0

)0.5
(

1−f
(1−A0)(1−R)

)(1+CthR)
(2.37)

In the following expression,∆K0 represents the non-propagation limit value whenR = 0, a0 is the initial

crack length, around 3.81 × 10−5[m] and Cth represents the coefficient initiation and assumes different

values, depending on whether the stress ratio R is positive or negative.

The NASGRO model has the particularity that, through the critical value of the stress intensity factor

Kcrit, it includes the effect of thickness t, defined by the following expression:

KC

KIC
= 1 +Bke

−(Ak
t
t0

)2
(2.38)

20



Where KIC is the fracture toughness in a plane state of deformation for Mode I, Ak and Bk are adjust-

ment parameters of the da/dN , and t0 is the reference thickness, which corresponds to the plane state of

deformation, given by:

t0 = 2.5

(
KIC

σY

)2

(2.39)

2.5 Finite element method applied to fracture mechanics

The finite element method (FEM) is currently one of the most efficient methods of numerical calculation

to solve problems in the engineering field, namely, it allows to model cracked components, calculate the

stress intensity factor, K, and define boundary conditions. Their basic mathematical concepts are based

on the work of Ritz et al in the early 20th century. The advancement of modern computer science in

the 1960s allowed these approaches to be successfully implemented with this method. This development

arose in large part due to structural analysis tasks in aviation, construction and mechanical engineering.

The formulation of the finite elementmethod as it is known today, was developed thanks to the pioneering

work of Turner et al [28].

In the FEM, the geometry that is subjected to loads and restrictions is subdivided into small parts, called

elements, which start to represent the continuous domain of the problem. This division into smaller ele-

ments allows to solve complex problems, subdividing them in simpler problems, allowing the computer

to perform tasks efficiently. These divisions can have different geometries, such as triangular, quadratic

among others, depending on the type and size of the problem.

As its definition suggests, as the elements have finite dimensions, they are called finite elements, a term

that names the method. The elements are connected to each other by points, which are called nodes

or nodal points. The set of all these elements and knots is called mesh. Due to these subdivisions of

geometry, the mathematical equations that govern physical behavior will not be solved exactly, but ap-

proximately by this numerical method. The accuracy of the FEM depends on the number of nodes and

elements, the size and types of elements of themesh. That is, the smaller the size and the greater the num-

ber of them in a given mesh, the greater the precision in the analysis results, although with an increased

computational cost.

2.5.1 Crack tip elements

According to Kuna [28], to obtain the best topology of a mesh, it must contain at least two regions with

different refinements: the region surrounding the crack, defined by a refined mesh, and the remaining

region of the material defined by a coarser mesh, called a regular mesh.

The unsatisfactory quality of the solution of the regular elements led to the development of special el-

ement formulations, in which the shape functions contain unique crack-specific functions, whose free

parameters are related to the K factor, called crack tip elements. These are used to discretize the envi-

ronment directly from the front of the crack, while regular elements are used to model the rest of the

structure. For this model to allow good estimates of the stress intensity factor, there must be sufficient

elements at the front of the crack ideally discretized in radial lines, usually in the form of a spider web

made up of several concentric rings centered on the crack front as can be seen in Figure 2.14.
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Figure 2.14: Mesh refinement in the crack front

At the crack tip, however, a singularity is observed in the stress field, as the radial distance in front of the

crack r decreases, the local tension tends to infinity. The level of computational effort capable ofmodeling

such a distributionwith linear quadratic or hexahedral elements would be too high to obtain approximate

results. Decisive progress has been made in this regard by the discovery of the so-called Quarter Point

Elements. The basic idea is: in two-dimensional problems it leads to quadrilateral elements collapsing

in triangles, as can be seen in Figure 2.15 (a). This switching leads to a convergence of nodes, leading to

three nodes occupying the same position. In three-dimensional problems, there is a transformation of

hexahedral elements into elements in wedge as shown in Figure 2.15 (b).

Figure 2.15: (a) Triangular element generated by collapse of quadrilateral element (b) transformation of

hexahedral element into a wedge element [10] (adapted)

Considering only the elastic regime in the crack front, the nodes in the front of the crack (1,2 and 5) are

normally collapsed and the intermediate nodes (6 and 8) are displaced at a distance L/4 of this, being L

the lateral element length, as shown in Figure 2.16 . Thus, it is possible to model the singularity using

the Jacobian transformation given by expression 2.40, which relates the variation of the displacement

function u, in order of the x axis, with the radial distance r in front of the crack, in which c0 and c2 are

constants that concern the geometry of the elements.
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Figure 2.16: Element with elastic singularity

[10]

du

dx
=

c0√
r
+ c2 (2.40)

Such modification results in a singularity 1/
√
r, which increases the numerical accuracy.

In the case of the existence of a plastic zone, the singularity 1/
√
r is no longer applied to the crack front.

The element in this regime, like the elastic, is collected in a triangle, however, the knots in front of the

crack are not collapsed and the location of the middle points (8 and 6) remains unchanged, at an L/2

distance as shown in Figure 2.17. The Jacobian of the transformation is given by the expression 2.41,

where a singularity 1/r is generated [10].

Figure 2.17: Element with plastic singularity

[10]

du

dx
=

c0
r

+ c2 (2.41)
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Chapter 3

Finite Element Modelling

When dealing with three-dimensional and complex structures, its study through analytical methods be-

comes a complicated or even impossible task. The need to circumvent these restrictions led to the cre-

ation of numerical methods, which seek to present approximate solutions through the attribution of ap-

proximate functions, using error minimization criteria in detriment of exact solutions. Computers have

revolutionized the practice of engineering, more specifically in design and analysis, with a large number

of software, commercial and non-commercial, being developed in this sense.

Among all the computational tools for computer-aided engineering (CAE), the FEM is the most widely

applied method or one of the most powerful modern ”calculators” available in the study of non linear

structures. Softwares such as ANSYS®, ABAQUS®, NASTRAN®,BEASY®, StressCheck®, MODULEF®,

among others, stand out in the use in Fracture Mechanics. In carrying out this dissertation, the author

ended up choosing ANSYS®R19.2 due to the fact of being more familiar with the use of this software.

3.1 Methodology

In the context of the TB30 structural health monitoring (SHM) program, there remains a strong interest

in the rigorous estimation of the accumulated damage to the Epsilon aircraft. Semi-elliptical surface

cracks are among the most common failures in aircraft structures [29]. The growth of superficial cracks

is responsible for a significant part of the fatigue life, requiring analyses of fatigue crack growth (FCG)

pertinent to superficial cracks. In order for the FCG study to be reliable, it is essential to obtain an

accurate stress intensity factor (SIF) expression that characterizes the geometry of the bulkhead.

The FEmodeling aims to obtain the geometric factor of the Epsilon C2 reference that will later be used in

the various propagation laws. Beforemoving on to the real structure, a simple experimentwas performed

with a cubic structure, which was previously conducted by Newman, in order to compare the results of

the FEM with the analytical ones. This way we could prove whether our tool would give results with

minimal error and thus move on to a more complex geometry.

Through the finite element method using the Ansys software, the crack propagation of the test structure

was studied. For this purpose, the stress intensity factor K was calculated for various crack lengths, al-

lowing to obtain the expression that describes the geometric factor Y ,represented in equation 2.14, as

a function of the crack length. Subsequently, a propagation model carried out by J.Newman for NASA

[30] was implemented in MATLAB in order to compare the obtained K´s in Ansys®with theoretical ex-

pressions, as well as the geometric factor Y.

3.1.1 Theoretical approach

An empirical solution of stress intensity factors for request mode I obtained from three-dimensional

analysis in FE is proposed by Newman et al [30]. The equations were developed for a constant stress

remotely applied to an elastic linear model and the front of the crack was modeled with elements that

portray the singularity there. The stress intensity factor according to Newman for the geometry of Figure
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3.1 is calculated according to the equation 3.1, valid for a a/b between 0.2 and 1 where St is the remote

uniform tension stress,Hs is the bending multiplier for surface crack in a plate, Sb is the remote bending

stress on outer fiber, Q represents the shape factor for elliptical crack and Fs the boundary-correction

factor for surface crack in a plate under stress. The same source states that the empirical equations have

an error of less than 5%.

Figure 3.1: Newman nomenclature for semi-elliptical

superficial crack, Newman et al[30]

KI = (St +HsSb)

√
π
a

Q
Fs

(a
c
,
a

t
,
c

b
, θ
)

(3.1)

In order to apply the expressions for calculating KI it is necessary that these conditions are met: 0 6

a/c 6 1, c/b < 0.5 and 0 6 θ 6 π. Thus, the KI parameters are calculated according to expressions

below3.2where g is a fine-tunlng curve-fitting function, fθ is an angular function derived fromembedded

elliptical crack solution and fw is a flnlte-width correction factor.

FS =

[
M1 +M2

(a
t

)2
+M3

(a
t

)2]
gfθfW (3.2)

M1 = 1.13− 0.09
(a
c

)
(3.3)

M2 = −0.54 +
0.89

0.2 + a
c

(3.4)

M3 = 0.5− 1

0.65 + a
c

+ 14
(
1− a

c

)24
(3.5)

g = 1 +

[
0.1 + 0.35

(a
t

)2]
(1− sinθ)

2
(3.6)

fθ =

[(a
c

)2
cos2φ+ sin2φ

] 1
4

(3.7)

fW =

[
sec

(
πc

2b

√
a

t

) 1
2

]
(3.8)

Q = 1 + 1.464
(a
c

)1.65
(3.9)

3.1.2 CAD modelling

The simulation process, carried out using this software, is subject to three distinct stages, consisting on

the Pre-Processing phase, followed by the Solution phase and, finally, the Post-Processing phase. In the

first phase the geometry to be analyzed, the material model, the boundary conditions and the applied

loads, the geometry and the crack parameters, as well as the finite element meshes are defined. In the

solution phase, different types of analysis can be carried out. In the case of the present work, several

static type analysis have been carried out. In this step, the program proceeds to obtain solutions of the

systemof equations usingmatrix calculation. Finally, in the Post-Processing phase, the results calculated

in the Solution phase are presented.
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3.1.3 Mechanical proprieties

Aluminum alloy is one of the leading materials in aeronautics due to its high strength, high elastic mod-

ulus and thermal resistance properties. In FEmodel, the material used for both structures is Aluminium

alloy 2024-T351. Thematerial‘s properties usedwere extracted fromavailable bibliography and are listed

in Table 3.1 [31].

Table 3.1: Material properties used on all calculations involving AA 2024-T3

Young‘s Modulus Poisson‘s ratio Density

73100MPa 0.33 2540.2 kg/m3

3.1.4 Boundary conditions and Loads

The main purpose of the boundary conditions is to constraint the model, thus influencing the degrees of

freedom, which are generally characterized by translation and/or rotation. Since it is a static analysis, the

boundary conditions must take into account that the body may suffer deformation with the application

of loads, avoiding the occurrence of rigid body movement. For this, it is necessary to establish boundary

conditions otherwise the model will generate a singular stiffness matrix, preventing its resolution, and

stopping the simulation at the solution stage. The application of loads and boundary conditions affect the

balance between the different elements that make up the mesh, inducing stress and deformation fields.

3.1.5 Finite Element Mesh

The results obtained through the FEM are severely influenced by the finite element mesh applied to the

model. Factors such as number, distribution and geometry are crucial in the solution stage. At the same

time, geometric features such as the presence of irregular shapes, notches, holes and sectionswith sudden

changes in geometry should also be taken into account when applying the mesh to the model. The mesh

must then be adapted to the type of analysis to be carried out and the geometric model to be studiedmust

take into account details related to its construction so that the calculations are as reliable as possible.

3.2 Cube Model

A 10mm edge cube was initially modeled. A mesh was then generated where it was decided to use 10-

node tetrahedron elements, these elements, have four corner nodes and six mid-edge nodes. Each node

has three degrees of freedom (DOF), making a total of thirty DOFs in each element, as shown in Figure

3.2. Several studies show that tetrahedron elements may fit complex geometries very well with simpler

computations with high level of accuracy [32] [33]. General meshing strategy using 10-node tetrahedron

elements around the crack region is illustrated in Figure 3.4
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Figure 3.2: 10-node tetrahedral element

Once the mesh is defined and with the mechanical properties defined in Table 3.1 assigned, the structure

acquires degrees of freedom of translation and rotation. The bottom of the cube was then fixed, i.e all

degrees of freedom of the nodes in that face were totally restricted and a remote uniform tensile stress of

10MPa was applied on the top face of the cube.

With the primary conditions already defined, a semi-elliptical fracture was inserted in one face as shown

in Fig3.3. Due to the nature of the geometry of this crack, it is important to describe the position of a cer-

tain point on its front in a polar reference, where, (r, θ) are radial and angular coordinates, respectively,

with the origin located at the crack-front. In order to comply with the requirements presented in Section

2.6.1, regarding the elements in front of the crack and taking into account the geometry of the crack and

the structure, a circular offset of 0.2mm around the crack was created. This offset includes eight contours

that allow obtaining eight estimates for stress intensity values related to the failure mode I.

Figure 3.3: (a) Finite Element mesh cube (b) crack mesh and contours
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Figure 3.4: Meshing strategy around the crack front

A range of crack lengths between 0.5mm and 1.4mm was also defined in 0.1mm increments, making

a total of 12 crack lengths. In this way, it was assumed that the shape of the crack remains constant

throughout the propagation, forming a crack with the shape of a semi-ellipse, in which the angle θ varies

between 0 rad and θ rad. From the ANSYS simulation, the different K values for the several countours

were averaged, in order to obtain more reliable values for the stress intensity factor, for the different

crack lengths. These values were compared with the model developed by Newman [30], illustrated in

Fig 3.5, for a surface crack and subject to a tensile load. It was assumed that c = 2a to maintain the crack

in a semi elliptical shape.

Figure 3.5: Comparison of K value with Newman’s model along the crack front of a semi-elliptical surface crack.
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The results shown in Figure 3.5 show the expected increase in the value of KI with the growth of the

size of the crack. It is also possible to observe that the curve referring to theKI values for both analyses

presents a relatively similar behavior. In both curves there is a symmetric behaviour relative to θ = π
2

due to the fact that it has been assumed that the shape of the crack remains constant. TheK-value at the

deepest point (θ = π
2 ) is significantly larger than at the material surface. The fatigue crack growth in the

depth direction will then be faster than along the crack front.

Comparing the values of the SIF, the deviation between the results of the FEM and the Newman model

is shown in Table 3.6. In general, the results are satisfactory since the error does not exceed 5% between

the two analyses. That said, it is possible to validate the proposed methodology, when compared with

the model developed by Newman.

Figure 3.6: Error between Newman’s and Ansys K values

3.2.1 Geometric parameter Y

With the values of stress intensity factor obtained, which characterize the conditions of geometry and

stress in front of the crack, the geometric parameter Y was determined. Assuming that the shape of the

crack remains constant, presenting a crack length independent of the angular position θ, it was decided to

calculate the average value of the stress intensity factorKI for each crack length. For the determination

of the geometric parameter Y , the values of the SIF for the various crack lengths were sized according to

the equation.3.10.

Y =
K

σ
√
πa

(3.10)

Then, using Matlab®Curve Fitting Toolbox, the expression of the geometric parameter along the front
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of the crack was determined through a 4th degree polynomial regression, due to the fact of being the

lowest degree that guaranteed a good fitting. In Figure 3.7 the 3D surface plot is depicted as well as the

corresponding expression of the geometric parameter Y in Equation 3.11. , being valid for crack lengths

between 0.5mm and 1.6mm. The quality of a fitting is ensured by the coefficient of determination R2,

which is proportional to the variance of the data. When R2 = 1 the variance is null therefore the fitting

perfectly adjusts to the experimental data. In this case the value for R2 obtained was 0.99, validating the

polynomial regression.

Figure 3.7: Surface Plot - Geometric Factor

Y (a, θ) = −0.0028644a4 − 0.00070748a3θ + 0.022928a3 + 0.00083483a2θ2 + 0.00021213a2θ

−0.0039489a2 + 0.00018322aθ3 − 0.015214aθ2 + 0.042094aθ − 0.0072162a

+0.009451θ4 − 0.059918θ3 + 0.037654θ2 + 0.18197θ + 0.6554

(3.11)

Then, in order tomake a comparison between the experimental and theoretical model, the statistical dis-

tribution of the experimental error was determined. To do so, a stochastic analysis was conducted, where

n random combinations of (a, θ) were generated. Afterwards, these values served as input to compute

both Y (a, θ) and Ytheor(a, θ) which is the theoretical expression obtained from Newman model values

then used to obtain the error distribution [30]. For the visualization of the error a box plot was created

as shown in Figure 3.8
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Figure 3.8: Box plot of %Error of experimental model

For the elaboration of this box plot, n = 10.000 of random combinations of (a, θ)were used. It is possible

to observe that the average error is placed at 2.4% and the interquartile range is comprised between

1.2% and 3.9%. Despite some values are shortly above 5%, they are placed at the tail of the distribution

and therefore are less likely to occur. These higher values occur at the free surface, θ = 0 and θ = π.

The respective box plots showing the error in these locations are shown in the Figure 3.9. According to

studies carried out, the singularity of the stress on the free surface, point P in Fig3.4, is not proportional

to
√
r (r being the distance from the crack tip). In concrete terms, the conceptK, and consequently Y , is

not completely valid at point P , therefore, explaining these obtained discrepancies [34]. In general, the

errors obtained between the twomethods areminimal and it is then possible to validate themethodology

developed by Newman regarding semi-elliptical cracks in the surface subjected to uniform load.

Figure 3.9: Box plot of % Error of experimental model

32



3.3 Real Structure

In Figure 3.10 a detailed airframe of the Epsilon TB-30 aircraft is depicted. This airframe is composed

by the wings, the fuselage and the stabilizers. The wing structure assembly is composed by the two wings

attached to frames in each wing mainly consists of a main spar, a rear small spar, 12 ribs and by an outer

metal skin. The fuselage structure assembly is composed of 11 frames, 4 spars and the outer metal skin.

After full scale tests carried out at CEAT, on this aircraft, it was determined that the critical component

for determining the aircraft’s useful life was Frame C2. This frame, helped by a smaller Frame C3, form

the main connection between the fuselage and the wing structure.

Figure 3.10: Epsilon TB-30 Airframe [35]

The CAD model of the spar and frame was obtained by Martins [7] through reverse engineering. It was

then imported into Ansys where the assembly of these two structures was done so that the study was as

close as possible to the real situation. The connection from wing to the fuselage must be highly durable

to withstand all the loads applied to it. This connection (lug structure) is also responsible for transfer-

ring the bending moment and shear loads acting on the wing to the fuselage. Lugs are connector type

elements used as structural supports for pin connections. Each side of the frame structure has three lugs

in which each consists of two holes together with an integrated upper flange and a lower flange that will

be connected to the two wing spar lugs, as so is depicted in figure 3.11. A tightly fitted 25 mm diameter

structural steel pin was then created and inserted through the aligned holes.
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Figure 3.11: (CAD model) Bolted connection between Frame C2 and Main wing Spar

3.3.1 Mechanical Properties

After defining the geometry to be studied, the mechanical properties of the material were defined. The

airframe of the aircraft under study is made of aluminum alloy 2024-T351, the properties shown in Table

3.2 were used [31] .

Table 3.2: Aluminum alloy 2024-T351 mechanical properties

Mechanical Properties Values

Tensile strength (σUTS) 469MPa

Young’s modulus (E) 73100MPa

Poisson coefficient (ν) 0.33

Fracture toughness - plane stress state (Kc) 84.611MPa
√
m

Fracture toughness - plane strain state (KIC) 37.361MPa
√
m

Yield stress (σY ) 324MPa

3.3.2 Considerations

In order to simulate and model aeronautical components correctly and close to the real, it is necessary

to take into account some principles of flight mechanics. The weight of the aircraftWa is always directed

to the center of the Earth acting on the aircraft’s center of gravity. Its magnitude depends on the mass of

all parts of the aircraft, the amount of fuel, plus any payload. For this case, the maximum service mass of

the aircraft is 1300kg so that the assumed weight of the aircraft should be in all flight situations for the

calculations performed, in order to achieve conservative results.

For this study we considered the case in which the aircraft is subject to a unit load factor and performing

straight-and-level and unaccelerated flight, that is when all the forces that act on the airplane are in static

equilibrium, Lift (L) equals Weight (Wa) and Thrust (T ) equals Drag (D), as is given by Equations 3.12

and 3.13. It was assumed that the vertical forces applied to the aircraft in level flight are those repre-

sented in Figure 3.12, in which we can observe the lift generated by the wings Lw that is applied to the

aerodynamic center of it, the lift generated by the horizontal stabilizer Lt, applied to its aerodynamic

center, and the weight of the aircraftWa that acts on the CG of it. The distances from the aerodynamic

center of the wing and the aerodynamic center of the horizontal stabilizer to the aircraft CG are, respec-

tively, lcgw=58mm and lcgt=4464mm. Since only vertical data will be provided, horizontal forces such as

Drag (D) and Thrust (T) will be of little interest for this study and thus their contribution to damage is to

be considered neglected.
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Figure 3.12: Aircraft Free Body Diagram in Steady Level Flight[8]

∑
Fz = 0 ⇔ L = Wa (3.12)

∑
Fx = 0 ⇔ T = D (3.13)

For the determination of the stress located in the critical zone previously mentioned, Frame C2, we

started by assuming that the wings are subject to an elliptical lift distribution Ld(x) as illustrated in

Figure 3.13 and described by the Equation 3.14

Figure 3.13: Elliptic Lift Distribution [8]

Ld(x) = L0

√
1−

(
x

bw

)2

(3.14)

In this equation there are two parameters: bw which is the length of one spar andL0 which is the lift value

at the root of the wings. For the obtention of L0 we set the equilibrium of the vertical forces, applied on

the aircraft, as well as the balance of moments, around the CG, considering that it is a level flight, the

load factor has a unit value of nz = 1. This equilibrium is described by the system of Equations 3.15.

Wa = Lw + Lt

Lwlcgw − Ltlcgt = 0
(3.15)

The lift of the wing Lt and of the horizontal stabilizer Lw are given by the Expressions 3.16 and 3.17

respectively.

Lt =
1

2
ρCLt

StV
2
e , (3.16) Lw =

1

2
ρCLw

SwV
2
e (3.17)

Substituting Expressions 3.16 in the Equation system 3.15 and knowing that the aircraft has an approxi-

mate mass of 1250 kg, the values of the lift force for the wing and for the horizontal stabilizer are respec-

tively Lw = 12105N and Lt = 157N . Then, through Equation 3.18 we obtain the value of L0 = 2527N .
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2×
∫ bw

0

L(x)dx = LW ⇒ L0 = 2527N/m (3.18)

3.3.3 CAD Model

Despite the powerful parametric tools available in CAD packages, the responsibility for creating efficient

and true-to-life models that can be easily modified still rests with the user. In this sense, identifying

which modeling best practise is most appropriate for a specific design situation and understanding how

the design tree can be structured are critical factors to ensure an efficient simulation. Therefore, it is

essential to select a well thought out modeling methodology to ensure an efficient functional model and

minimize the time and effort involved in making changes based on the characteristics and requirements

of the real model.

3.3.4 Loading conditions

Since the values of the horizontal forces acting on the aircraft cannot be easily determined with the data

available and considering that their influence on the structural integrity of the aircraft structure is re-

duced compared to vertical forces, only these last ones will be considered.

Taking into account that the lift on an aircraft is mainly generated on the wings, a force of variable mag-

nitude governed by Equation 3.14 was only applied on the upper surface of the spars, knowing however,

that part of the lift is created by the skin that involves the structure. Analyzing Equation 3.14, it is possi-

ble to observe that on an wing with an elliptical lift distribution, lift (L), reaches its maximum value, L0,

at the root of the wing and decays to 0 near the wing tip. Although an elliptical lift distribution has been

used, it may be very different from the real wing lift distribution, since it still does not take into account

several geometric factors, such as chord distribution, torsion and dihedral.

An axis was created whose origin was strategically placed in the wing root so that the x axis was pointing

along the span, in accordance with the equation, as represented in Figure 3.14.

Figure 3.14: Wing Spar CAD model

3.3.5 Constraints

With the load application conditions already defined, it was necessary to apply displacement restrictions

to produce a static analysis for Frame C2. In order to reduce the required computational power and thus
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facilitate each simulation and once the structure has a symmetry, it was decided to split the structure

under study in half. The simulation of boundary conditions and other forms of constraint is probably the

most challenging part of the accurate modeling of a structure for a finite element analysis. In specifying

constraints, it is relatively easy tomakemistakes of omission ormisrepresentation. It was then necessary

to test different approaches tomodel trustworthy constraints which required a lot of computational time.

The boundary conditions applied to the model were varied to obtain the results that most accurately

represented real observations.

The contacts between the wing spar, the frame and the pins were initially established. It was considered

that the spar structure would be somehow fixed to the frame and that is why fixed joint connections were

created to connect the components, but still allowing deformations to transmit through both structures.

Subsequently, with the loads and connections already established, it was necessary to impose restrictions

to prevent the model from behaving like a free body. As previously mentioned, once the model has a

symmetry, it was divided in half as shown in Figure 3.15, and so a remote displacement was applied to

the nodes in the green sliced facewhere the degrees of freedomof rotation and translationwere restricted.

Figure 3.15: Detail of the cut zone on the aircraft frame symmetry axis

3.3.6 Mesh

As stated before, in order to conduct a finite element analysis the structure must first be idealised into

some form of mesh. As the method is approximate it is necessary to have a good idea of the expected

solution, together with an understanding of the consequences of the assumptionsmade with the element

types to be used. This allows the effects of the approximation to beminimised within the solution. Before

a FE mesh can be specified the problem that is to be analysed must first be identified. This requires that

four blocks of information are defined: the geometry, the boundary conditions, the loadings and the

required results.

Mesh properties such as themesh density and the element shape quality are important factors that affect

the solution accuracy and efficiency. Finermesh is usually needed in areas where high stress/strain rates

are expected. The type of finite element employed also plays a vital role in the analysis. Most general

purpose FEprograms provide the userwith awide range of choice as to the element types that can be used

so that the user can usewhatever ismost appropriate for the problemat hand. However, for any program,

there are elements that are recommended for certain analyses. Since we are facing a problem of crack

propagation and the software in use is Ansys there are certain conditions that must be respected. This

software requires that in the body part of the structure where a crack is inserted a mesh with tetrahedric
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elements should be applied. As noted before, tetrahedral elements are amuchmore adaptable shape than

octahedral elements and allow to tailor the elementmesh inmanyways to suit any structural geometry or

to anticipate any likely distribution of stress concentration. For that reason, it was decided to apply the

same kind of elements throughout the all structure, and at least three elements through the thickness.

Mesh generation is the basic step in any simulation, although the software typically cannot obtain exact

solutions for models, it can find highly accurate approximations. In practice of finite element stress

analysis, first it is mandatory to know if key stresses are converging, and second if they have converged to

a reasonable level of accuracy. In order to achieve results that are reliable when using the finite element

method, it must be ensured that an acceptable mesh is used with respect to the shape and size of the

elements. A mesh convergence study is performed to make sure that element sizes are sufficiently small

such that the solution obtained using finite element analysis is accurate to a desired level. As we keep

on increasing the number of elements, the problem requires more and more computational resources,

so both the computational cost and desired accuracy were considered while generating a mesh. The

convergence study was conducted on several mesh sizes to obtain an estimate of the variation in Von

Mises stresses until it reached a point where the variation between the stress values had a difference

close to 1% as is depicted in Figure 3.16.

Figure 3.16: Convergence study performed on C2 Frame critical spot

The solution was found to be reasonably converged at overall mesh with 8mm elements in the main wing

spar and a 4mm mesh in the frame. Since this study focuses mainly on the frame structure, in sections

with more complex geometry bordering critical regions, the mesh has been refined to2mm elements and

even smaller in critical regions like represented in Figure 3.19.
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Figure 3.17: Finite element mesh of Frame C2

Figure 3.18: Finite element mesh of the Main wing spar with magnified area

Figure 3.19: Detail of the finite element mesh of the frame

3.3.7 High Stress Location

From the CEAT [2] report, crack growth was detected from a stress hotspot located at the root of the

innermost ribs in frame C2, as shown in Figure 3.20. In addition, previous works carried out in the

context of monitoring the fatigue of the PrtAF Epsilon TB-30 aircraft also supported this statement,

reaching the same conclusion and so confirming this result [7].
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Figure 3.20: Frame 2 CAD model [7]

While simulationswere being carried out, these results were always taken into account in order to achieve

similar and reliable results beforemoving on to the insertion and study phase of crack propagation in the

structure.

Figure 3.21: Principal Stress distribution on C2 Frame

Figure 3.21 represents the Ansys result that was considered acceptable, in part to those reported, in re-

lation to the stress distribution in the frame, taking into account, in particular, to the maximum stress

located at the root of the innermost ribs in frame C2where the crack will be inserted. Regarding the value

of the stress for this critical hot spot shown in Figure 3.22, the magnitude of the stress obtained was 33.7

MPa which was then compared with recent measured values retrieved from PRODDIA® AERO soft-

ware [36]. This software, developed by the firm Stratosphere SA, receives and handles flight data from

the instrumented aircraft within the scope of the SHMTB30 program. Then, a comparative study of the

stress intensity factor obtained in the simulation with those that are actually felt in the aircraft structure

was made. It was possible, with the results, to conclude that these showed a trusty behavior with a a
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relatively low error.

Figure 3.22: Maximum Principal Stress detail

3.3.8 Crack geometry

In the analysis environment, to ensure the exact position of the crack surface body and define the crack tip

and crack growth direction, a coordinate system ought to be set before analysis. The x-axis of the created

coordinate system should point to crack growth direction or crack tip and y-axis should be perpendicular

to the crack surface. Because of using contour integral method to calculate relevant property parameters

of crack is used, the number of contours and crack tip elements should be pointed in order to improve

computational accuracy so that the crack can be inserted into the whole structure body successfully. The

centre of the semi elliptical geometry of the crack should, ideally, be positioned in the exact point of

maximum stress but because of the complexity of the filleted area, an offset of 1mm was made along the

y-axis as depicted in Figure 3.23.

Figure 3.23: Location of the crack on the C2 Frame
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Similar to the study performed on the cubic structure, a semi-elliptical crack was created using the same

polar reference. It is important to note that this geometrywas created andparameterized in the sense that

it can be generated automatically for any crack value between 0.2mm and 6.4mm, since the region where

the crack was inserted has a thickness of 7.3mm. Due to the tolerances of the software, the precision of

the increments of the crack should not exceed a tenth of a millimeter.

Due to the crack tip singularity, a refined mesh should be generated surrounding this area in order to

derive reliable stress intensity factor results. To ensure that the crack surface was correctly modelled,

when it comes to size and shape, a mesh, represented in Figure 3.24, was created with a uniform size of

0.5mm and 1mm in the surrounding regions that are in contact with the region under study.

Figure 3.24: Crack surface (in red)

The contour radius, showed in Figure 3.25, define the size of the affected zone of the fracture by meshing

around the crack front and corner points. This radius was taken to be 0.5mm in order to generate ultra-

fine meshing around the crack front and 6 contours were included. Due to the stress singularity point at

the crack tip and the fact that ANSYS uses the integral contour method to calculate the stress intensity

factor, the accuracy of the solution is affected. Therefore, it is convenient to choose the results obtained

from the second to the sixth contour.

Figure 3.25: Detail of the 6 contours surrounding the crack
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3.3.9 Determination of Stress Intensity Factors and geometry factor

By averaging the K-values obtained at the various contours, for each crack size, it is possible to obtain

representative SIF values for each point along the crack front. Regardless of the modeling method of

the crack, for a superficial crack of semi-elliptical geometry, subjected to stress mode I, the total max-

imum stress position distributes on the deepest location of the crack tip and minimum stress position

distributes on the opening location at the two ends of the crack. A representation of this behaviour is

given by Figure 3.26 which provides the stress distribution along the crack for a = 0.6mm.

Figure 3.26: (a) K values obtained from Ansys for a=0.6mm (b) Distribution of stress along the crack front (Ansys)

Although theoretically this curve should have a symmetry at θ = π/2 and would present the maximum

stress at that angle, as shown on the left side, for any crack size, the truth is that as the crack size in-

creases, this curve no longer exhibits this behavior. In reality, for bigger crack lengths, the curve is not

symmetrical and reveals lower SIF values on the side of the crack nearest to the central rib of the struc-

ture and is likely caused from the apparent decrease in stress close to the rib since the structure is not

symmetrical with respect to the crack front 3.22.

Similarly to the study done on the cube, for the propagation analysis we simulated a variety of crack sizes

ranging from 0.2mm to 4mm in 0.2mm increments. It was also assumed, a priori, that the crack would

maintain its original semi-elliptical shape throughout. For each crack size, the values of K obtained in

Ansys were exported. Then, by resorting to Matlab, a surface plot in 3D for better visualisation of the

behavior of K in relation to the parameters θ and a was made.
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Figure 3.27: 3D Matlab plot of the variation of SIF along the front of the crack to 0.2mm ≤ a ≤ 4mm obtained in

Ansys

As one would expect, the value of K grows as the size of the crack increases, in an almost linear manner.

Additionally, we can see that the angle dependency does not affect the value of K, for small crack sizes.

However, as a increases there is a clear asymmetry, where K assumes smaller values near the crack tip

edges.

Asmentioned at the beginning of the chapter, themodelling of crack propagation in FE aims to determine

the expression of the geometric factor from the stress intensity factors for the geometry in question. Thus,

similarly to the previous study, for each crack size, an average of the SIF along the crack vicinity was done.

From the resultingKI values the geometric factor was then calculated using the nominal stress that was

previously mentioned of 33.7MPa since all the analysis used a loading situation of nz = 1 was used in

the analysis. The value of Y for the various crack sizes is then returned using Equation 3.10 previously

used. These values are used to plot a 3D surface and a density plot, as a function of the parameters a and

θ, using Matlab visualization toolbox.
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Figure 3.28: 3D Surface Plot - Geometric Factor

Figure 3.29: Density Plot - Geometric Factor

It is also observed that the peak ofmaximum stress as a increases tends tomove away beyond 90° further

from the rib, as explained above. This phenomenon can be better visualised in Figure 3.29.

Finally, it is possible to determine an expression for Y as a function of the parameters a and θ, by fitting

a 5th degree polynomial curve to a and 4th degree polynomial curve toΘ. The expression obtained is the

following:
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Y (a,Θ) = 0.3971 + 0.208a+ 0.1693Θ− 0.189a2 − 0.09791aΘ+ 0.03483Θ2 + 0.07573a3+

0.06419a2Θ+ 0.01082aΘ2 − 0.05099Θ3 − 0.01272a4 − 0.02152a3Θ−

7.301× 10−5a2Θ2 − 0.002054aΘ3 + 0.008033Θ4 + 0.0007324a5+

0.002319a4Θ+ 0.0001516a3Θ2 + 5.828× 10−5a2Θ3 + 0.000325aΘ4

(3.19)

Since the geometry dealt is complex, it is expected that a polynomial fit would not match exactly the be-

haviour of the data. However, this result can be validated, since the obtained coefficient of determination

is R2 = 0.982, where the optimal value is near 1 and a value for the root mean squared error (RMSE) of

0.0049, with optimal value equal to zero.
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Chapter 4

Implementation of Crack Propagation

In the previous chapter, an analysis was made on frame C2 in order to monitor the stress intensities

felt and to get a picture of fatigue damage, across the component. A crack was inserted in the place

of maximum stress where the value of the crack size was increased until an acceptable simulation was

possible. The SIF values obtained for each crack size were then used to determine the geometric factor.

In this chapter, within the scope of Structural Integrity monitoring of the Epsilon TB-30 aircraft, the

development of an automatic crack propagation prediction tool that simulates the crack propagation

using real flight data of the aircraft under study is performed.

The tools used to developed this application were Python and the Streamlit package. This choice was

made based on the fact that this package offers the ability to provide high quality applications, in an

user-friendly way.

4.1 Crack-Propagator Application

4.1.1 Overview

The Crack-Propagator Web Application developed in this work has the purpose to enable any user to

easily estimate and visualize the final crack size, allowing the user to configure several parameters that

are fed to an iterative propagation model, like depicted in Figure 4.1.

Figure 4.1: Algorithm block scheme

Below, a brief description of each input is provided:

• Initial Crack Size - numeric value in mm, ranging from [0,4]
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• Number of Dots - corresponds to the number of nodes along the crack.

• Load Sequence - file containing flight data stored in a .csv file, with peak/valley sequences.

• Propagation Model - Available Models: [ NASGRO, Walker]

Within the application, there is a Menu to select and configure these parameter options, in Figure 4.2 it

is possible to see the user interface:

Figure 4.2: Application parameter configuration window

Once all the parameters are configured, by pressing the button ”Get Final Crack Size”, the crack starts to

propagate, simulating a real-world scenario. This process terminates if the flight ends or if at least one

of the stopping criteria is met. The following diagram in Figure 4.3 summarizes the steps of the crack

propagation algorithm:
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Figure 4.3: Crack Propagation Mechanism Diagram
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For the next sections, a detailed description of the application functionality is provided for in-depth con-

text of all the mechanism working behind the scenes.

4.1.2 Data Input

As seen previously, there are four types of inputs, but the focus will be on the flight data file. This file

must obey a certain set of characteristics and formatting:

• Must be saved as a .csv file.

• Must contain only two columns: one representing elapsed time named ’time’ in seconds and an-

other representing the load factor suffered by the aircraft named ’load’ expressed in G’s.

• Each pair of rows should be in the form of ”Valley-Peak”, i.e. the first row of the file contains a

smaller ’load’ value than the second row and so on.

If all of these conditions are met, once the file is successfully uploaded, the flight spectrum is directly

ploted on the screen. This enables the user to analyze and inspect the type of flight to be simulated.

4.1.3 Propagation

In order to determine the final size of the crack, a method based on an iterative process is implemented.

To do so, it starts by defining the initial size of the crack and discretizing the number of points that define

it. In the example of Figure 4.4 there are 5 points and an initial length a for a crack initially semi-elliptical.

Figure 4.4: Initial crack

The crack propagation is an iterative process. At each iteration each of the points defining the crack

front will ”grow” in the radial direction. It was assumed that the points will move according to their

initial orientation, that is, the point that is at 0 degrees will always move with that orientation as well as

all the other points will have that behaviour, Figure 4.5. Thus, at each iteration an increment of the crack

size (Δa) is calculated for each of the points.

Figure 4.5: Increasing the crack length for a single point

At each iteration a crack size increment and a new crack length is calculated for each of the angular

50



positions, using the formula 4.1 below, where the next crack size is determined by incrementing the

previous crack size, with selected propagation law. This procedure is repeated like shown in Figures 4.6

and 4.8, until the maximum stress is reached.

Figure 4.6: Increase of the crack length for all points

Figure 4.7: Second iteration- Crack Propagation

In a general form, we obtain for each crack size ai,j:

ai+1,j = ai,j +∆ai,j i ∈ [0, 1, .., n.], j ∈ [1, ..., nnodes] (4.1)

where i represents the iteration index and j the angular index and spans from 1 to the number of points

in the crack npoints.

The increment is then calculated by choosing a propagationmodel. As seen previously in the inputs there

are several propagation models that can be selected. Taking for example, the Paris law in Equation 4.2,

we have:

da

dn
= C(∆K)n =⇒ ai+1,j = C(∆K)n + ai,j (4.2)

Then, the value of ∆K is calculated for each cycle by the value relative to the maximum and minimum,

i.e. the peak and valley.
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∆K = Kmax −Kmin (4.3)

To calculate the value of K, the expression of the stress intensity factor is used with the geometric factor

Y that we have deduced for our geometry and that depends on a and θ. This process is done individually

for each of the points that define the front of the crack.

Kmax = Y (a, θ)σmax

√
πa (4.4)

Kmin = Y (a, θ)σmin

√
πa (4.5)

The geometric factor was obtained at the end of the previous chapter by fitting a polynomial curve to

experimental data obtained in ANSYS. The σ values are calculated for each peak and valley of each cycle

using data collected in flight, as described in the Expressions 4.6 and 4.7 where the values of the load are

converted to stress when multiplied by a factor of 33.7. This value corresponds to the transfer function,

relative to the critical location under study, which was obtained based on the PRODDIA AERO software

fromStratosphere S.A. thatwas developedwithin the SHMTB-30project, and the respective strain gauge

installation on the aircraft [36]. The figure 4.8 shows the statistical distribution of the transfer function

values in a box plot where the transfer function value used for the case corresponds to the median value.

σmax = 33.7npeak (4.6)

σmin = 33.7nvalley (4.7)

Figure 4.8: Scattered boxplot of Transfer function values sourced from PRODDIA AERO software derived from the

aircraft instrumentation [36]
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4.1.4 Parameters and Stopping Criteria

In this section, a summary of the parameters and validation domains of each propagation law is provided,

along with stopping criteria, that happen when the crack reaches a certain size or a critical value of load

is applied.

The definition of the crack propagation models are presented in Chapter 2. However, since Walker’s

law is nothing more and nothing less than an improvement of Paris Law by including the stress ratio,

it was decided to proceed with the study only with the Walker and NASGRO models. Described by the

Equations 2.30 and 2.31, respectively, these crack propagation models require, as verified in Chapter 2,

parameters obtained through experimental tests, namely CW , γ and nW relative to equation 2.30 and p,

q, CN and nN relative to Equation 2.31 .

Given the lack of such parameters for the case of the geometry under study, it was decided to select the

parameters for an aluminum alloy 2024-T351 for Walker and NASGROmodels. Regarding their source,

propagation model parameters from the NASGRO® database of the document Fatigue Crack Growth

Database for Damage Tolerance Analysis [37] were used and depicted in the Tables 4.1 and 4.2.

Table 4.1: Parameters for the Walker propagation model

Parameter Values

Limit of no propagation (∆KthR=0) 2.835MPa
√
m

R limit values [−0.33; 0.74]

CW 1.1824 (m/cycle)/(
√
mnW /MPanW )

nW 3.815

γ 0.691

Table 4.2: Parameters for the NASGRO propagation model

Parameter Values

Limit of no propagation (∆KthR=0) 0.879MPa
√
m

R limit values [−0.3; 0.7]

CN 7.23× 10−11(m/cycle)/(
√
mnW /MPanW )

nN 3.6

p 0.5

q 1

Constraint factor α 2

Ratio Smax/σ0 0.3

Finally, the stopping criterion for crack propagation is established. It was decided to establish that the

crack propagation endswhen the fracture toughness valueKC , presented inTable 3.2, which corresponds

to the component failure, is reached. In case the referred value is not reached, the crack propagation ends

when its dimension reaches a depth of 4mm.

4.2 Flight Regimes

The need for flight regime recognition is crucial in aircraft maintenance and continuing airworthiness.

Having information about the events to which the aircraft has been subjected during its service life is

of great help for maintenance actions, failure prevention and life extension. The Epsilon TB-30 fleet is

used by the Portuguese Air Force for instruction purposes encompassing all instruction modules of a

pilot course which are:
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1. Contact = aerobatics + circuits

2. Formation flight

3. Navigation

4. Instruments

5. Maintenance

Part of the severe regime of this aircraft involves aerobatic flights, which is a specialized form of flight,

where the aircraft’s performance and attitudes change rapidly. The flight profile is beyond normal oper-

ations and may involve rolls, loops and stalls. Such regimes are especially demanding for aircraft struc-

tures and should enter into special consideration when monitoring flight loads on aircraft that perform

them on a regular basis. Although airframes are designed to withstand g-forces (both positive and neg-

ative) experienced during aerobatic maneuvers, g limitations are established to ensure that the aircraft

structure is able to withstand the maximum specified loading. The cumulative effect of deliberately im-

posing maximum or greater loads on numerous occasions can have an adverse effect on the fatigue life

of the aircraft by weakening the aircraft structure.

InFigure 4.9 2 examples of flight data corresponding to flights in severe regime, performedby this aircraft

are shown. It is possible to observe that high load peaks are reached numerous times during the spectra,

which is a strong indicator of aerobatics or abrupt maneuvers.

Figure 4.9: Aerobatic flight spectra

In contrast, in Figure 4.10 two examples of flight data for a less severe regime are shown. In these spectra

it is possible to observe a greater stability in the amplitude of the flight cycles keeping at lower load factor

values ending up never surpassing a value of 1.7.
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Figure 4.10: Instrument flight spectra

There is an upward graduation in the load factor with increasing severity of manoeuvre. In normal oper-

ations, non-severe types of flight, the required load factor (and consequently the weight of the aircraft) is

lower than if the aircraft is used in training or aerobatic manoeuvres, as these result in highermanoeuvre

loads.

4.3 Results and Analysis

In this section several experiments were performed consisting in varying a set of inputs namely initial

crack size, propagation model and flight severity regime. Through these approaches it is intended to

compare the behavior of the crack growth, more specifically the crack growth rate. For analysis purposes

it was considered relevant to select 8 simulations with the following parameter configuration shown in

Table 4.3.

Table 4.3: Crack propagation experiments parameters

Simulation Nº Propagation Model Type of Flight Initial Crack size (mm)

1 Walker Severe 1

2 NASGRO Severe 1

3 Walker Non-Severe 1

4 NASGRO Non-severe 1

5 Walker Severe 2

6 NASGRO Severe 2

7 Walker Non-Severe 2

8 NASGRO Non-Severe 2

Regarding the flight data used in these experiments it should be noted that these are only samples of real

flights corresponding mostly between 45 minutes and 1 hour and 30 minutes of flight. For simulation

purposes and since these times are notoriously short to verify a significant increase in crack size, the

same file was repeated n times in order to multiply the number of flight cycles. Additionally, in order

to mitigate the limitation inherent to the lack of diversity of the flight under study, it was decided to

agglomerate different samples, related to the same type of flight resulting in a file with more information

in an attempt to cover different scenarios encountered in the operation of this aircraft.
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4.3.1 Experiments

4.3.1.1 Part 1 - Comparing Propagation Models

This first part of the section shows the results corresponding to the first 4 simulations described above,

with the respective initial conditions. Firstly, the effect that each propagation model causes on the crack

size growth was studied, for the same flight regime. Below, the graphs that demonstrate this behaviour

for a non-severe and severe flight as a function of the number of cycles respectively in Figure 4.11 and

Figure 4.12 are represented. On both plots,the red line corresponds to Nasgro and the blue line toWalker

law, the initial crack size was set to 1mm and on the y axis the crack depth, which corresponds to crack

node θ = π
2 , is represented inmm.

Figure 4.11: Nasgro (Red) vs Walker (Blue) comparison of crack depth growth for non-severe flight

Figure 4.12: Nasgro (Red) vs Walker (Blue) comparison of crack depth growth for severe flight
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Analysing the two graphs above, there is an evident difference on the number of cycles to reach the same

crack size. In both cases, a steeper growth is observed earlier for the NASGROmodel than for theWalker

model, with a deviation from the maximum of approximately 33%. Therefore, as expected, it is noticed

that the NASGROmodel always presents a faster crack propagation thanWalker’s model. The deviation

obtained can be explained by the fact that the NASGRO model contemplates not only the average stress

effect described by the ratio R, but also the initial and final propagation regions which, by presenting the

asymptotic behavior of Figures 4.11 and 4.12, are responsible for an acceleration of the crack propagation.

By considering the initial and final stages of propagation, amore realistic andmore conservative behavior

from the point of view of crack growth prediction is obtained.

4.3.1.2 Part 2 - Comparing flight regimes

For the next two experiments a study on the influence of different flight regimes on the growth of the

crack was performed. Figures 4.13 and 4.14 compare the crack growth curves for 2 flight regimes of

opposite severity, when governed by the same propagation model.

Figure 4.13: Severe (Green) vs. non-severe (Orange) comparison of crack depth growth for Walker model
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Figure 4.14: Severe (Green) vs. non-severe (Orange) comparison of crack depth growth for Nasgro model

As expected, the crack growth rate is prominently higher for the more severe flight regime presenting a

deviation of approximately 60 %. This translates into the need to apply 2.5 times more cycles to the non-

severe flight to exhibit the same trend as in severe flight. This discrepancy in crack growth rate is due to

the drastic difference in load factor experienced in the two different flight regimes, as demonstrated in

the previous section in Figures 4.9 and 4.10.

It is important to mention that to obtain these results, the limits of no propagation showed in Tables

4.1 and 4.2 were omitted. After several simulations, for an initial crack size of 1mm, it was observed

that even for a flight in severe regime, ∆K values higher than the non propagation limit were rarely

obtained, preventing the crack increment and consequently the crack growth. With this in mind and

since is intended to study and compare the severity betweenmissions, it was decided to consider, for this

initial crack size, that the crack would always propagate, regardless of the value of∆K.

4.3.1.3 Part 3 - Comparing Initial Crack Sizes

For the third part of the study, it was considered relevant to study the influence that the initial size of the

crack has on its propagation speed. To this end, it was established that the initial crack size would be set

to 2mm and the experiments of Part 1 and 2 were repeated for the new initial crack size. In the first two

Figures it is possible to see the comparison of the crack growth behavior for non-severe 4.17 and severe

4.18 flight regime, for the two propagation models for two different initial crack sizes. Dashed lines and

full lines represent, respectively, initial crack size equal to 1mm and 2mm.
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Figure 4.15: Initial Crack size (full vs dash lines) and Propagation Law (Red vs Blue lines) comparison of crack

depth growth for non-severe flight

Figure 4.16: Initial Crack size (full vs dash lines) and Propagation Law (Red vs Blue lines)comparison of crack

depth growth for severe flight

Through the first two graphs represented above, it is possible to observe the expected behaviour in the

difference in the growth of the curves for the Walker and NASGRO model for a = 2mm, being the devi-

ation between the two models for the two initial crack sizes of approximately 30%. Then, in Figures 4.17

and 4.18 an insight into the crack growth rate by comparison for the two flight regimes for two initial

crack sizes is given.
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Figure 4.17: Initial Crack size (full vs dash lines) and Flight regime (green vs orange) comparison of crack depth

growth for Walker model

Figure 4.18: Initial Crack size (full vs dash lines) and Flight regime (green vs orange) comparison of crack depth

growth for Nasgro model

Regarding both graphs, there is a relative deviation between curves that correspond to an initial crack

size of 2mm of approximately 80% and for crack size 1mm it is 60.6%. It is also possible to observe that,

despite a smaller initial crack size, a severe flight reaches asymptotic behaviour faster than a non-severe

flight with a larger initial crack size, for both propagation laws.

In this part 3 of the experiments, the non-propagation limit was imposed since it allowed the crack to

increase and grow. This is explained by the fact that the crack depth a is proportional toK which conse-

quently implies a greater∆K, surpassing more easily the non-propagation limit.
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Chapter 5

Final Remarks

In this chapter, the conclusions of the present study are presented and recommendations are made for

possible future studies within the scope of structural monitoring in concrete in the propagation of frac-

tures due to fatigue of the Epsilon TB-30 fleet.

5.1 Conclusions

5.1.1 Finite Element Method and Modeling

Regarding the modeling of the crack in FE, using ANSYS, it is concluded that it is possible to establish

an automatic crack propagationmethodology through an interaction between ANSYS andMATLAB pro-

gram. It is also concluded that it is possible to determine stress intensity factors automatically for any

geometry with a semi-elliptical crack, since the results obtained from ANSYS show a small error when

compared to theoretical values from Newman’s model. Indeed it is possible to conclude that, despite the

complexity of the geometry under study and the difficulty of recreating the real conditions to which the

airframe is subjected, together with the time and computational resources required for each simulation,

the results obtained with ANSYS are quite satisfactory.

For the case under study, it is concluded that the geometric factor Y is well characterized by a fifth order

function of a and a fourth order function ofΘ. Despite the difficulties encountered inmodeling the crack,

due to the complexity of the geometry of the structure where it was inserted, it is possible to obtain good

results with ANSYS in three-dimensional Fracture Mechanics problems.

Regarding the parameters of the propagation laws, the nonexistence of crack propagation parameters

for the studied structure induced the use of parameters relative to a 2024-T351 aluminum alloy. The

fact that these parameters were not appropriate to the geometry of the structure under study, influenced

the crack propagation results and, consequently, the percentage difference in the severity comparison,

representing a limitation of this study.

5.1.2 Crack Propagation

There are 2 operating regimes that are used in the operation of the Portuguese Air Force Epsilon TB-30

aircraft that are used for instruction. Due to this amplitude in the severity of flight regimes it is essential

to monitor and predict the behavior of existing cracks in critical structures of the aircraft, specifically in

the frame that supports the twowing spars. In this sense, for this work an applicationwas developedwith

a crack propagation model that is specific for this critical area, where the user can simulate for a given

flight, regardless of themission type, the propagation of a crack, customizing a set of relevant parameters

- like propagation law, initial crack size and number of repetitions of a flight file. From this tool, it was

possible to perform the simulations that were the target of study in this work.

Through the results obtained it is concluded that, as expected, the growth of a crack for a severe regime is

notably more accelerated. For the case in which the initial crack size is 1mm, a relative deviation of 60%
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is observed between the different severity regimes, for both propagationmodels, i.e. in the case of severe

flight the crack takes 60% less cycles to reach the critical value. It is also concluded that the initial size of

a crack has a high influence on the growth rate. Comparing the deviation for 2 different initial crack size,

1mm and 2mm it was observed that the crack needs 55% and 63% less cycles to reach the crack’s limit

respectively for the severe regime and the non-severe regime, for a crack with larger initial size.

5.2 FutureWork

Due to constraints and limitations, there are several ways of extending and improving this study, in order

to have a more complete model that returns more realistic and broad results.

The fact that the geometric parameter Y is only valid for a crack when it reaches the value of 4mm implies

that this parameter is no longer valid for larger crack sizes, it would then be necessary to extend the

domain of validity of this parameter, performing additional simulations in Ansys, or in other identical

software, in order to contemplate larger crack sizes.

Regarding the study of automatic crack propagation it would be advantageous to quantify the uncertainty

of the flight data, so that a confidence interval can be provided for the number of cycles required to reach

a given crack size.

A future, andwithin possibilities, instrumentation ofmore aircraft of the Epsilon fleet with an extensions

(deformations) and accelerations (load factors) collection systemwould lead to awidermonitoring scope,

by allowing the assessment of the fatigue index to which they are subjected throughout their operation.

By taking into account data collected from different aircraft, belonging to the same fleet, it is possible to

make amore complete and reliable study of fatigue crack propagation. Therefore leading to the possibility

of establishing more accurately the inspection intervals of these aircraft.

It would also be advantageous to perform this same study for other critical locations of the aircraft and

even extend it to different aircraft fleets of the Portuguese Air Force whose operation covers different

severity regimes.
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