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1. Introduction

Spectral transformations of orthogonal polynomials is a widely known theme
in the literature of special functions and applications (see, for instance,
[11, 16, 17, 21] and references therein). The canonical linear spectral transfor-
mations are related to the Christoffel, Geronimus, and Uvarov modifications,
that is, the modification of the orthogonality measure by a polynomial, a
rational function, and the addiction of a mass point, respectively. A basic
topic of research concerns the modification of real weights and the formulae
expressing the new orthogonal polynomials in terms of the original system.
The seminal references on this topic are traced back to [5, 9, 10, 19, 20]. More
recent literature can be found, amongst many others, in [3, 16, 17, 21, 22].

The main motivation for the present work relies on studies concerning the
Christoffel, Geronimus, and Uvarov transformations related to semi-classical
measures. The semi-classical character is preserved under such transforma-
tions [22]. Basic structures, such as the recurrence relation for the orthogonal
polynomials, the spectral derivatives of the system, and the class of the cor-
responding linear functional, have been extensively studied (see [3, 16, 21]
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and its references). Generalizations and extensions of semi-classical fam-
ilies of orthogonal polynomials are well-known, their study can be placed
within the so-called Laguerre-Hahn families. Similarly to the semi-classical
case, the Laguerre-Hahn class is also closed under the Christoffel, Geronimus,
and Uvarov transformations [6, 8, 13, 14]. A systematic study of Laguerre-
Hahn orthogonal polynomials on the real line was initiated in [7], showing
some basic properties such as the so-called structure relations, that is, sys-
tems of difference-differential equations involving the orthogonal polynomi-
als, { P, }n>0, and the associated polynomials, {PT(LU}@O (cf. Section 2). In
the matrix form, these systems are given by

T

AV, = MU, + NoW, oy, n>0, W, = {Pnﬂ Pﬂ )
Here, A is a polynomial and M,,, N, are 2 x 2 matrices whose entries are
polynomials [1]. In such a setting, in the present paper we study the Christof-
fel, Geronimus, and Uvarov transformations for Laguerre-Hahn orthogonal
polynomials within the modifications of systems of type (1). The main goal
is to study the derivatives of the system (1) under rational modifications of
the orthogonality weight and, as a consequence, to analyse the correspond-
ing modifications on the three-term recurrence relation coefficients of the
polynomials.

The reminder of the paper is organized as follows. In Section 2 we give
the basic results on Laguerre-Hahn orthogonal polynomials and we introduce
notation to be used in the sequel. In Section 3 we deduce formulae in the
matrix form, involving the modified polynomials in terms of the original
system. The modifications in the Laguerre-Hahn class are studied Section 4.
The semi-classical class is analysed in Section 4.2.

2. Preliminary results and notations

Let P = span {z* : k € Ny} be the linear space of polynomials with complex
coefficients, and let P* be its algebraic dual space. We will denote by (u, f)
the action of u € P* on f € P. Given the moments of u, u, = (u,z"), n >0,
where we take uy = 1, the principal minors of the corresponding Hankel
matrix are defined by H,, = det(u;4;);;_o, where, by convention, H ; = 1.
The functional u is said to be quasi-definite (respect., positive-definite) if
H, # 0 (respect., H, > 0), for all n > 0.

Let u € P* and let { P, },,>0 be a sequence of polynomials such that deg(P,) =
n. The basis { P, },,>0 is said to be a sequence of orthogonal polynomials with
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respect to u if
(u, PoPp) = hppm, hn #0, n,m >0, (2)

Throughout the paper we shall take each P, monic, that is, P,(z) = 2"+
lower degree terms, and we will denote {P,},>0 by SMOP.

The equivalence between the quasi-definiteness of v and the existence of
a SMOP with respect to w is well-known in the literature of orthogonal
polynomials [4, 18]. Furthermore, if w is positive-definite, then it has an
integral representation in terms of a positive Borel measure, i, supported on
an infinite point set, I C R, such that

uy, = (u, x") = /Ix” du(z), n>0, (3)

and the orthogonality condition (2) becomes
/Pn(x)Pm(a:)du(x) = hppm, hn >0, n,m>0.
T

If 1 is an absolutely continuous measure supported on I, and w denotes its
Radon-Nikodym derivative with respect to the Lebesgue measure, then we
will also say that {P,},>0 is orthogonal with respect to w.

Associated with any SMOP there exist sequences {~,}n,>0 and {8, },>0 of
positive real numbers and real numbers, respectively, such that the three
term recurrence relation holds [18]:

Poia(z) = (& = Bo) Po(@) = YnPoa(z), n 21, (4)

with Py(x) =1 and Pi(z) = x — fy.
Given a SMOP with respect to u, the sequence of associated polynomials
of the first kind is defined by

Poa(z) — Pria(t)

>7 TLZO,
r—1

where u; denotes the action of u on the variable ¢.
The sequence {Pﬁl)}nzo also satisfies a three-term recurrence relation,

PU(x) = (z — Bo) P (2) = 3P y(), n>1, (5)

with Pfll)(:v) =0 and Pél)(:r:) = 1.
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oo

The Stieltjes function of u is defined by S(x) = Z " Note that if u is

xn+1 )

n=0

positive-definite, defined by (3), then S is given by

smyiﬁwmx reC\I.

r—1

The sequence of functions of the second kind corresponding to {P,},>0 is
defined as follows:

qn+1:Pn+1S_Pr(Ll)7 n207q0:S

Whenever u is positive-definite, defined by (3), the ¢,’s are given in terms of
an integral formula,

The Stieltjes function S is said to be Laguerre-Hahn if there exist poly-
nomials A, B,C, D, with A # 0, such that it satisfies a Riccati differential
equation [15]

AS'=BS*+CS+D. (6)

The corresponding sequence of orthogonal polynomials is called Laguerre-
Hahn. If B = 0, then S is said to be Laguerre-Hahn affine or semi-classical.
Note that equation (6) is equivalent to the distributional equation [7, 15]

D(Au) = Yu+ Bz 'u?), ¢v=A+C.

Furthermore, if u is positive-definite, defined in terms of a weight, w, then
the semi-classical character of u, D(Au) = vu, deg(v)) > 1, is equivalent to
w'/w = C/A with w satisfying the boundary conditions [15]

" A(x)w(r)],, =0, n>0,

where a,b (eventually a and/or b infinite) are linked with the roots of A. In
such a case, w is the weight function on the support I = [a, b].

Throughout the paper we will use the following matrices associated with
the SMOP {P,},>0:

T
S [P]gzl q’(}ﬁm’ n>0. (1)
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In the account of (4) and (5), we have the recurrence relations

U (x) = (& = Bn)¥n-1(z) = 1 ¥no(x), n=1, (8)
yn:Anyn—ly An:[x_lﬁn _gnlv n217 (9)

with initial conditions

T

T —
U, = [PO Pﬁll)] LWy = [Pl pgﬂ v bl ] .

ay():[ 1 0

As usual, A,, is called the transfer matrix.

The matrices (7) will play a relevant role in the sequel. Indeed, Laguerre-
Hahn orthogonal polynomials are characterized in terms of differential sys-
tems for {¥, },>¢: there holds the equivalence between (6) and

AV = MU, + N, 1, n>0. (10)

Here, A is the same as in (6) and M,,, NV, are 2 X 2 matrices whose entries
are bounded degree polynomials depending on the coefficients of the Riccati
equation [1, Theorem 1]. In the semi-classical case, that is, B = 0 in (6),
when dealing with weights, there holds the equivalence between the semi-
classical character of w, w'/w = C/A, and the differential system

AV =B, Y,, n>1. (11)

Here, B, is a 2 x 2 matrix whose entries are bounded degree polynomials
depending on the polynomials A, C' (see [2, Theorem 2| and [12]).

The three canonical transformations, the Christoffel, Geronimus and Uvarov
transforms, are defined as follows [22].
(a) Christoffel: the weight is modified as

w(r) = (z — uw(z), (12)

the polynomial modification is

(x —a)Py(x) = Poi(z) — anPo(x), a, = Pu(a)/Py(a). (13)

(b) Geronimus: the weight is modified as

w(r) = , (14)
the polynomial modification is

]5n(9c) = P,(z) — b, P1(x), by =qu(a)/gn-1(c). (15)
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(¢) Uvarov: the weight is modified as

w(x) =w(z) + da , (16)

the polynomial modification is

(l’ - Of)pn(x) = Pn+1($) + CnPn(x) + ann—1<x) ) (17)
with

_ P(a) Py (@) _ P (a)
o=@ Pt 1+ Ky (o)’ " L + K, 1(a, @)
n k
: Pi(z) Pe(y)

Here, K, is defined by K, (x,y) = ; o hj, = E%

)

Throughout the text, (X), ;) will denote the (i, j) entry in the matrix X.

3. The Christoffel, Geronimus, and Uvarov transforma-
tions: matrix relations

In this section we will write the matrix modifications for {¥,},>9 under
the Christoffel, Geronimus, and Uvarov transformations.

3.1. Christoffel transformation.

Theorem 1. Let {P,},>0 be a SMOP related to a weight w and let {P,},0
be the SMOP related to the modified weight (12). Denote by {V,},>0 and

{0, }=0 the corresponding sequences defined through (7). The following re-
lation holds:

~

(x — a)¥yu(z) = Sp(; ) Vi1 (@) + Tolz; ) ¥p(z), n>0, (18)
where

1 0

sma)= |1y 0] e = caasma). 9

Proof: Let us first prove the identity

——

(z = )PV (2) = tns1 Pasi () — Paya(2)
+(x =) (P (@) = aun PO(@)) . (20)
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——

Using the definition of Pél), we get
(0= @) P) = (2 = a) [Pttt = Lol

I r—t

(t — a)w(t)dt.
The use of (13) in the equation above gives us

(& — )PV (z) = / - a)dnw) = (&= Al gy

r—1

with A, () = Pyao(z) — apr1Pns1(z). Thus, we get

B [t A A) = A
(& — )PV (x) / (1)t / (t)dt

x—t r—t
Note that
/tAn(:c) — Al gy / (t=2)Auf@) = (@ = OAO)
7 r—1t I T —1
rAn(x) —tAL(t)
N /I S,
thus,
/tAn(x) . :;An(t)w(t)dt = _An(x) + xprgi)l(x) o an+1xp7§1)(l') ) (21)
I €r =

where we have used /(—An(x) — A (t)w(t)dt = —A,(z) together with the
T
recurrence relation (4). Also,

/ ) = Al it = PO () — i PV (). (22)

r—t
Therefore, (21) and (22) yield (20).
Equation (18) is the matrix form of (13) and (20). m

In what follows we will see how the recurrence coefficients of the trans-

formed orthogonal polynomials can be obtained through the matrix relations
(18).

Corollary 1. Under the notation of (13), the recurrence coefficients of the
SMOP {P,},>o related to (12) are transformed according to the formulas

an

Bn = ﬁn-i-l + apt1 — Qp i/n = Tn (23)

An—1
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Proof: Multiply the recurrence relation
{i}n — (l’ - Bn){i}n—l - &nﬁ}n—Qy n Z 1 )
by (x — «) and use (18), thus obtaining

Su¥nit + TuWo = (= ) (Su-1¥n + Tom1 W)
— Y (Sn—2Wn_1 + Tn2V, 2) .
The use of the recurrence relation (8) in the above equality yields
MV, =M, 2V, 1, n=>0, (24)

where

Mor = (& = Bus))Su + To — (x — Bo)Sn1 — 22Tr s, (25)

n

Mo = Yp1Sp + (v — Bu)Tnt — AnSn_2 — ﬁ(m — Bn)Tn—2. (26)

Tn
Taking into account (19), then (Mp1) 4 = (My2),4 = 0. Hence, (24)
yields
(Mn,l)(l,l) P = (Mn,Z)(LU P, .
As P, and F,;1 do not share zeros (see, e.g., [4]) and the degrees of (M., ;) ),
j = 1,2, are uniformly bounded, there follows

(M) = Mn2)q,) =0,
Furthermore, in the account of (19), we have (M”vl)(ll) - — (Mn’l)(u)’
(./\/ln,l)@g) = (r — «) (Mn,l)(Ll) . Thus, M,,; is the null matrix. Therefore,
(24) reads
(Maz)ig1) B = = (Mn2) ) Pr51—)1 :

As P, and Pél_)l do not share zeros (see, e.g., [4]) and the degrees of (My2), ;) ,
j = 1,2, are uniformly bounded, there follows

(Mn,Q)(Q,l) - (Mn,2)(2,2) =0,

that is, M, 2 is also a null matrix. Therefore, we get

(55 - ﬁn—i—l)Sn + 7;L - (SU o Bn)sn—l - %7;—2 - O, (27)

n

’Yn—i—lsn + (l' - Bn),ﬁz—l - ﬁ/nSn—2 - ﬁ(l‘ - BN)E—Q =0. (28)

Tn
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Equation (27) yields only one non-trivial equation,

B = Bar1 + Gns — . (29)

n
Equation (28) yields only one non-trivial equation, from which we get
a, = ﬁan,l . (30)

In

Equations (29) and (30) yield (23). n

3.2. Geronimus transformation.

Theorem 2. Let {P,},>0 be a SMOP related to a weight w and let {P, Y0
be the SMOP related to the modified weight (14). Denote by {V,},>0 and

{‘T’n}nzo the corresponding sequences defined through (7). The following re-
lation holds:

(x — )V, (2) = Sp(z; ) Vg1 (z) + To(z;0) W, (), n>0, (31)

where
_1 _ (a_Bn+1)b’ﬂ+1 _ ﬁ/n-i-l + (x_ﬁn);)’/nJrlbn 0
Sn<:[;7 O[) — Tn+1 £+1 YnYn+1 anrl , (32)
L Tn+1 Tn+1
tn 0
771($; 05) - 1 — (@—Bnt1)bni1 1 — (T—Bnt1)bnt1 | s (33)
| Tn+1 Yn+1
where

= ~TL bTL
t, = —bn+2 + Bn+1 — Q-+ ot - ($ - ﬁnﬂ)((‘gn)(l,l) o 1) )

n

Proof: Let us first prove the identity

—_—

(z — )P (2) = P (@) = b Pu(w) + P () = b PPy (). (34)

n

Using the definition of Pél), we get

P _ Bopa () = Pon(t) w(?)
(x —a)Py (x)-(x—oz)/j P t—adt

:/pn+1($t):jn+l(t)w(t)dt+/Pn—i—l(x) _Pn+1(t)w(t)dt. (35)

r—1
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Note the first integral in (35),

[ 2t =Py (8 0) = Pras(o) [ 2

t—« t—«
P,..(t) — P,
_/ +1( ) +1(Q)w(t)dt
I t—«

= — (Pos1(2) = bna Fu(2) — Poja(@) + bna () S(a)
— P (@) + by Py (@) (36)

where we have used (15).
The second integral in (35) gives us

Therefore, (36) and (37) yield

—

(@ — )P (@) = = (Poir(®) = bus1 Pa(@) — Poir(@) + boy1 Pa()) S(a)
~PI(a) + b PV (@) + P (@) — by P, ()

—

As PV is monic, there must hold —S () = 1, thus,

—

(2 — )PV (2) = Ppir(2) = bpsr Po(z) + PO (2) = byt PV, (2) + An()

with A, (@) = —Puy1(@) + bur1 Pa(a) — PV (@) + byt PV, ().
Note that A, («) = 0, hence, we obtain (34).
Now let us write, in the matrix notation, (15) and (34), that is,

(I‘ - O‘){\I}n = Aq]n—l—l + Bn\Pn + quln—l + DV, 2 )

with
|10 _ 6n+1_bn+2_04 0
“4_[0 o]’B”_[ 1 1]’
_ (a - Bn—f—l)bn—&—l + ﬁ/n—i-l 0 L _;Yn—i—lbn 0
Cn B [ _bn+1 - anrl 7 Dn B 0 0]

The use of the recurrence relation (8) yields

(x — a)ﬁln =SV, 1+ TV,,



ON LINEAR SPECTRAL TRANSFORMATIONS AND THE LAGUERRE-HAHN CLASS 11

with
SnZ.A— 1 CH_MDH’
Yn+1 YnYn+1
- — — 1
7; — Bn + (x 5n+1)cn + ((I‘ Bn)(x 6n+1) . _) Dn
Yn+1 YnYn+1 n

Hence, we obtain (31) with the matrices S,,, 7,, given in (32) and (33). =

Corollary 2. Under the notation of (15), the recurrence coefficients of the

SMOP {P,},>o related to (14) are transformed according to the formulas
3 b,

Bn = Bn + bn+1 — by ) 5/71 = /Yn—lb : . (38)

Proof: Proceeding as in the proof of Corollary 1 we obtain (24),
Mn,lllln = Mn,Q\Ijn—l , N > 07
with M,, 1, M,, 2 given by (25) and (26), respectively.
Note that (M), = (Mn2) 4 = 0. Hence, following the same argu-
ments as in the proof of Corollary 1, there follows
(Mi1) gy = Ma2)q) =0

Furthermore, as (M), = (M) and (Mn2)p ) = (Ma2) ), after
some computations we obtain that M,, ; is the null matrix and, consequently,
M, 2 must also be null. Therefore, we have (27)—(28).

From position (2,1) in (27) we get the equation for the 4,’s in (38),

. bn
n—1
as well as ~
n ~n bn—
1+ﬁ—n—7—<1+ 1bn_1):0, (40)
Tn In Tn—1
thus, after some computations following from the use of (39) in (40), we get
A Tn—1 Tn
=3, _I 41
Bn = Bp-1 + b1 b, (41)
From position (2,1) in (28) we get
67171 + Tn-t - h = Bn + bn+1 - bn . (42)
bnfl bn

Therefore, (41) and (42) yield the equation for the f3,’s in (38). u
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3.3. Uvarov transformation.

Theorem 3. Let {P,},>0 be a SMOP related to a weight w and let {P,},>0
be the SMOP related to the modified weight (16). Denote by {V,},>0 and

{\Tfn}nzo the corresponding sequences defined through (7). The following re-
lation holds:

(z — a)* W, () = Sp(2;0) V1 (2) + To(w;0) U, (z), n >0, (43)

where

Sp(zia) = (1—d”+1> [S‘JIO‘ 0 } , (44)

Yrn+1 r—

To(z; o) = (%H‘Fwdnﬂ) [xz& ’ } ' (45)

Yn+1 L — o
Proof: Let us first prove the identity

(x—a)? P (x) = (2 — ) P (2) + (2 — a)en i PO (@) + (2 — )y  PLY, (@)
+ Poya(w) + coy1 Pop1(z) + dny1 Po(x) . (46)

—

Using the definition of P,S”, we get

(:L‘—Of);;/l)(l') _ /(SU—O{) n+1(5€)_($_a) n—H(t)lZ)(t)dt

I r—1
_ / (.%’ T Oé)Pn—l—l(xx):t(t_ O‘)Pn—i—l(t)w(t)dt
_ / By (1) (1) dt
Note that
/ Por (£)id(£)dt = 0. (47)
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Also,

/ (ZL’ - O‘) n+1(5€) - (t T O‘) n+1(t) w(t)dt

r—1

/I (£C - a) Nn+1 (32 : t(t - Cl{) Nn+1 (t)w(t)dt

+ / (I’ — Oé)pn_|_1(.%') — (t — a)pn+1(t)5a(t) ' (48)

r—1

In account of (17), for the first integral in (48) we have

L/@—aﬁhﬂ@—@_&ﬁ%“ﬂwﬂﬁ
I

r—1

— P (@) + ot PV () + dyiy PV (1)

For the second integral in (48) we have

/ (2 — a)Poya(@) — (t — @) P (t)

- Salt) = Bria(z).

Hence, we obtain (46).
Now let us write, in the matrix form, (17) and (46). We get

($ - 05)2{1771 = A\I{n—kl +B,¥, +C,V, 4 )
with

1 Tr— «

A= [x_& X ]7 Bn:Cn—i—lA; Cn:dn—HA-
The use of the recurrence relation (8) yields
(x — )’V = 8 Viq + TV, |
with ,
C, 771:3”_,_%@”.

Tn+1 Tn+1
Hence, we obtain (43) with the matrices S, 7, given in (44) and (45). =

Sy = A

Corollary 3. Under the notation of (17), the recurrence coefficients of the
SMOP {P,},>o related to (16) are transformed according to the formulas

_ d,

Bn = Bnt1+ Cn—Cnt1, Fn = Wn—ld—l . (49)
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Proof: Proceeding as in the proof of Corollary 1 and Corollary 2 we obtain
equations (27)—(28). From position (1,1) in (27) we get the equation for the
An’s in (49), and after some computations we obtain, from (28), the equation
for the Bn’s. |

3.4. Iterations - General formulas. We denote the iterated Christoffel
transformation by

w(@) = ][ (@ — aj)w(), (50)

K
j=1

and the iterated Geronimus transformation by

1
Hle(x - v;5)

The monic orthogonal polynomials related to (50) and (51) will be denoted
by P, k. and P,.r, respectively. The corresponding vectors defined in (7)
related to w!! will be denoted by V. k.., and the ones related to wy; will be
denoted by ¥,,. 1. Recall that the vectors related to w are denoted by W,,.

wir)(v) = w(zx) . (51)

Theorem 4. For the modification of the weight (50), the following relation
holds, for alln > 0:

K
H(QZ’ - &j)\:[ln,K,-(x) - Sn(l', Ofy - ooy O‘l)\:[ln-l-l(x) + 771(%7 Aky - -y al)\:[jn(x) )

j=1

(52)
where the matrices S, (x; o, ..., 1), To(x; g, ..., 1) are defined recursively
through

Sn(z;ap,...,a1) = (x — Bpi2)Sn(T; ap)Sna1(x; ag_1, . .. 1)
+8n (x5 o) Tng1(x; a1, -y o) + Tn(x; ag)Sp(T; a1, - . -, (1),
To(xs g, ... 1) = —Yne2Sn (5 00)Spp1 (T3 01, - . -, 1)
+ T (z; o) To (25 g1, ..y 01)

with initial conditions

1 0
Sp(z;01) = [_1

Tr — 1

:| ) 771(1';041) = _an+18n(x; Ofl)-
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For the modification of the weight (51), the following relation holds:

L
H(ac — V)V r(z) = Sp(zive, . o)W () + Ta(zs v, .. v1) Vn(2)

j=1
(53)
where the matrices Sp(x;vp, ..., v1), To(x; v, ..., 1v1) are defined recursively
through
Sn(Tive, .. 1) = (2 — Buy2)Su(@;ve)Sna (T3 v, .- 11)
+ Sn(z;vp) Tnr (s vpa, - vn) + Tl vp)Su( v, -+ 1),
Ta(zsvr, .. 1) = —Yn2Su(@;vL) S (w5 vp 1, -, 11)

+7:L(x7 VL)7:1($7 Vp—1,.-+, Vl) )

with initial conditions

—1 _ (V1_5n+l)bn+1 . :Yn—&-l (-r_ﬁn)ﬁ’nJrlbn O

Sn(iE; Vl) — Yn+1 n_gnﬂ TnYn+1 b |
L Tn+1 Tn+1

tn 0

,ﬁl(xJ Vl) - 1 _ (x_ﬁn+1)bn+1 1 _ (x5n+1)bn+1] Y

L Yn+1 Yn+1
where
3 Yn+1b
tn = _bn+2 + ﬁn—kl — V1 + n,—;- = (ZC - Bn—kl)((sn(xa Vl))(l,l) - 1) .
n

4. Modifications within the Laguerre-Hahn class

4.1. The Laguerre-Hahn class: the Christoffel, Geronimus, and
Uvarov transformations. It is well known that the Laguerre-Hahn class is
closed under the Christoffel, Geronimus, and Uvarov transformations [13, 14].

Recall that Laguerre-Hahn orthogonal polynomials are characterized in
terms of a Riccati equation for the Stieltjes function,

AS'=BS*+CS+ D,
or, equivalently , through a structure relation (10) for the corresponding V¥,
AV = MU, + N, ¥, 1, n>0,

where M,,, N,, are matrices whose entries are bounded degree polynomials
[1, Theorem 1].
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Hence, there holds the equivalence between the Riccati equation for a mod-
ification of the Stieltjes function under the christoffel, Geronimus, Uvarov
transformations, say, .S, such that

AS'=BS*+CS+D,
and a structure relation for the corresponding \Tln,
AV = MU, + N, U,_,, n>0. (54)

In order to construct the difference-differential equation (54) for the trans-

formed W,, it is sufficient to know the difference-differential equation (10)
for ¥,, and the matrices S,,, 7,, which result from the Christoffel-Geronimus-
Uvarov transformations (cf. (18), (31), (43)), say,

Wﬁbzzzéiﬂpn+1+_7;q”w
Indeed, we have the following result.

Theorem 5. Let {P,},>0 be a SMOP related to a Laguerre-Hahn Stieltjes
function S satisfying AS' = BS? + CS + D, equivalently, the corresponding
{W,, >0 satisfying the difference-differential equation (10),

AV, = M0, + N, 0,1, n>0.

Let {P,},=0 be the SMOP related to the modified Stieltjes function under the
Christoffel or Geronimus transformations (12) or (14), say S satisfying

AS'=BS*+CS+D. (55)
Set the relations of the type given in (18), (31) written as
U, =8Vt + TV, . (56)

There holds the equivalence between (55) and the difference-differential equa-
tion

AV = M, U, + N, ¥, _, (57)
with A = Ar, and the matrices M,,, N, given by
. . 1 - 5 . .
M, = (sn + —N,ﬂ;_1> St No= (LT =SSVt (59)

Yn+1
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where
n+1
- 1 (x - ﬁn—kl) /
n+1
]. - n _
V, = 771—15,:1 + (Sn—l + ME—l) T, b (61)
Yn+1 Yn+1

Proof: Take derivatives in (56), multiply by the polynomial A, and use (10),
thus obtaining

Aﬂ',{ffn + Aﬂ'{i};l = Sn,lq/n—i—l + %’1\1171 , (62)

with
1

Yn+1

7;1,1 = A7;z/ + SnNn+1 + 771 (Mn + MNn) .

Yn+1

Multiply (62) by 7 and use again (56), thus obtaining
AV = 8,0, + TV, (63)
with
A=An? S, =78, — AT'S,, T, =T, — A7'T,,.

Let us now deduce (58). We consider the relation (57) with A = Ar, that

is,
AT{'{I\};L = ./\;ln{i}n —|—./\7n{1v]n_1 .

Multiplying the above equation by 7 and using (56) and (63), as well as the
recurrence relation (8), we get

Mn,lqln—kl - Mn,2\11n )
with
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Taking into account the structure of the matrices defining M,,; and M,, 9,
we conclude that M,,; and M,, > are null matrices. Hence, we obtain that

M., N,, are given by (58). m

4.2. The semi-classical class: the Christoffel and (Geronimus trans-
formations. The semi-classical class is closed under the Christoffel and
Geronimus transformations [15].

Recall that, whenever dealing with weights, there holds the equivalence be-
tween the semi-classical character of w, say w'/w = C'/A, and the differential
system (11) for the corresponding ),

qug:Bnyna ”lel,

where B,, is a matrix of polynomial entries having uniformly bounded degrees
[2, Theorem 2].

Let us now consider w, a modification of w under the Christoffel or Geron-
imus transformation. As w is semi-classical, there holds a differential system

Poy1 o1 /w
Py o |

AV, =BV, n>1. (66)

In what follows we see how B, in (66) and the transfer matrices of {J), }n=0,

henceforth denoted by A,, relate to B, in (11) and to the transfer matrices

An Of {yn}nZO-

Theorem 6. Let {P,},>0 be a SMOP related to a semi-classical weight w
with the corresponding {V, }n>0 satisfying (11),
AV, =B Y., n>1.

Let A,, be the transfer matrix of V,.

a) Christoffel case.

a.1) The sequence {Y,}n=o related to the modified weight (12), w(z) = (z —
a)w(x), satisfies

(1}—04)5}”: nyna Cn:An—i—l _An; n > 1; (67)

where A, — [ 0] 4y = Prara)/Pa(a):

for the corresponding YV, = [

0 a,
a.2) {VnYuso satisfies a linear system (66), AV, = B,Y,, n>1, where

A=(r—a)A, B,=((z—a)AC +C,B,) —AC,)C," (68)
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a.3) The transfer matrices of Y, and Y, are related through

A, =C,ACTY, n>1. (69)
b) Geronimus case.
b.1) The sequence {Y, Y=o related to the modified weight (14), w(x) = (;Uixié)
satisfies 3
Vn=GYn, Gn=Au1— By, (70)

where B, = [bngl ZSJ , b = qu(a)/gn-1(a);

b.2) {V, }nso satisfies a linear system (66), AY! = B,Y,, n>1, where

A=(r—a)A, B,=(r—a)(AG,+G.B,)G,"; (71)
b.3) The transfer matrices of Y, and Y, are related through

Proof: Christoffel case.
a.1) The sequence of functions of the second kind related to w, {g,}, satisfies

Cjn(x) = Qn—l—l(aj) - anQn(x) , n=>1. (73)
Thus, )
(.%‘ - Oé)yn = yn—i—l - Anyn
The use of (9), V11 = Ani1Vs, in the equation above yields (67).
a.2) Take derivatives in (67), then multiply the resulting equation by (x —
a)A and use (67) again, thus obtaining

(AC, + B.Co) Y, = (. — ) (AC. + C,BB) Vi -

Hence, we have the linear system (66) with the data (68).

a.3) Relation (69) follows from the use of the recurrence relation for ), as
well as for ), into (67).

Geronimus case.
b.1) The sequence of functions of the second kind related to w, {g,}, satisfies

(:C - Q)dn<x) - qn(aj) - annfl(x) , n>1.
Thus,

Vo = yn—H - B, .
The use of (9), Vi1 = An11Vs, in the equation above yields (70).
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b.2) Take derivatives in (70), then multiply the resulting equation by (x —
a)A and use (70) again, thus obtaining

Hence, we have the linear system (66) with the data (71).
b.3) Relation (72) follows from the use of the recurrence relation for Y, as
well as for ), into (70).

References

[1]

A. Branquinho, A. Foulquié Moreno, A. Paiva, and M.N. Rebocho, Second-order differential
equations in the Laguerre-Hahn class, Appl. Numer. Math. 94 (2015) 16-32.

A. Branquinho, A. Paiva, and M.N. Rebocho, Sylvester equations for Laguerre-Hahn orthog-
onal polynomials on the real line, Appl. Math. Comput. 219 (2013) 9118-9131.

M.I. Bueno, F. Marcellan, Darboux transformation and perturbation of linear functionals,
Linear Algebra Appl. 384 (2004) 215-242.

T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York,
1978.

E.B. Christoffel, Uber die Gaussische Quadratur und eine Verallgemeinerung derselben, J.
Reine Angew. Math. 55 (1858) 61-82.

J.S. Dehesa, F. Marcellan, A. Ronveaux, On orthogonal polynomials with perturbed recurrence
relations, J. Comput. Appl. Math. 30 (1990) 203-212.

J. Dini, Sur les formes linéaires et les polynémes orthogonaux de Laguerre-Hahn, These de
doctorat, Univ. Pierre et Marie Curie, Paris, 1988.

J. Dini and P. Maroni, La mulliplication d’une forme linnéaire par une fractton rationnelle.
Application aux formes de Laguerre-Hahn, Ann. Polon. Math. 52 (1990) 175-185.

Ya.L. Geronimus, On the polynomials orthogonal with respect to a given number sequence,
Zap. Mat. Otdel. Khar’kov. Univers. i Nil Mat. i Mehan. 17 (1940) 3-18.

Ya.L.. Geronimus, On the polynomials orthogonal with respect to a given number sequence
and a theorem by W. Hahn, lzv. Akad. Nauk SSSR 4 (1940) 215-228.

M. E. H. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable, vol. 98 of
Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge,
2005.

A.P. Magnus, Painlevé-type differential equations for the recurrence coeffcients of semi-
classical orthogonal polynomials, J. Comput. Appl. Math. 57 (1995) 215-237.

F. Marcellan, E. Prianes, Perturbations of Laguerre-Hahn linear funtionals, J. Comput. Appl.
Math. 105 (1999) 109-128.

F. Marcelldn, E. Prianes, Orthogonal polynomials and Stieltjes functions: the Laguerre-Hahn
case, Rend. Mat. Appl. 16 (1996) 117-141.

P. Maroni, Une théorie algébrique des polynomes orthogonaux. Application aux polynémes
orthogonaux semi-classiques, in: C. Brezinski, L. Gori, A. Ronveaux (Eds.), Orthogonal Poly-
nomials and Their Applications, IMACS Ann. Comput. Appl. Math., vol. 9 (1-4), J.C. Baltzer
AG, Basel, 1991, pp. 95-130.

V. Spiridonov, L. Vinet, A. Zhedanov, Spectral transformations, self-similar reductions and
orthogonal polynomials, J. Phys. A 30 (1997) 7621-7637.



ON LINEAR SPECTRAL TRANSFORMATIONS AND THE LAGUERRE-HAHN CLASS 21

[17] V. Spiridonov, L. Vinet, and A. Zhedanov, Difference Schrédinger operators with linear and
exponential discrete spectra Lett. Math. Phys. 29 (1993) 63-73.

[18] G. Szegd, Orthogonal polynomials, fourth ed., Amer. Math. Soc. Colloq. Publ., vol. 23, Prov-
idence Rhode Island, 1975.

[19] V.B. Uvarov, Relation between polynomials orthogonal with different weights, Dokl. Akad.
Nauk SSSR 126 (1959) 33-36.

[20] V.B. Uvarov, The connection between systems of polynomials that are orthogonal with respect
to different distribution functions, USSR Comput. Math. Math. Phys. 9 (1969) 25-36.

[21] N.S. Witte, Bi-orthogonal systems on the unit circle, regular semi-classical weights and inte-
grable systems - II, J. Approx. Theory 161 (2009) 565—616.

[22] A.Zhedanov, Rational spectral transformations and orthogonal polynomials, J. Comput. Appl.
Math. 85 (1997) 67-86.

K. CASTILLO
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, APARTADO 3008, EC SANTA
Cruz, 3001-501 COIMBRA, PORTUGAL.

E-mail address: kenier@mat.uc.pt

M.N. REBOCHO
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BEIRA INTERIOR, 6201-001 COVILHA, PORTUGAL;
CMUC, ApPARTADO 3008, EC SANTA CRUZ, 3001-501 COIMBRA, PORTUGAL.

E-mail address: mneves@ubi.pt



	1. Introduction
	2. Preliminary results and notations
	3. The Christoffel, Geronimus, and Uvarov transformations: matrix relations
	3.1. Christoffel transformation
	3.2. Geronimus transformation
	3.3. Uvarov transformation
	3.4. Iterations - General formulas

	4. Modifications within the Laguerre-Hahn class
	4.1. The Laguerre-Hahn class: the Christoffel, Geronimus, and Uvarov transformations
	4.2. The semi-classical class: the Christoffel and Geronimus transformations

	References

