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Resumo

Esta tese apresenta aspetos inéditos da formação de buracos negros primordiais (PBHs)

a partir de instabilidades presentes no Universo primitivo, bem como da produção asso-

ciada de ondas gravitacionais (OGs) induzidas. As principais contribuições inovadoras

descritas neste trabalho são:

• A inclusão de efeitos significativos de perturbações em pequenas escalas que per-

manecem dentro do horizonte durante a inflação, frequentemente negligenciadas

na literatura.

• Umaestimativa refinadada abundância dePBHsque vai alémdo formalismopadrão

de Press-Schechter, incorporando a abordagem de Khlopov-Polnarev. Este último

método, particularmente adequadopara eras dominadas pormatéria, captura efeitos

cruciais como a supressão pela pressão e o impacto da não esfericidade na dinâmica

das perturbações.

O foco principal recai sobre a fase de pré-aquecimento pós-inflacionária, predominante-

mente dominada por matéria, durante a qual o inflatão oscila em torno do mínimo de

seu potencial antes de decair em partículas ultraleves (fase de reaquecimento). Essas

oscilações induzem instabilidades paramétricas nas perturbações escalares por meio da

equação deMukhanov-Sasaki. Emparticular, em pequenas escalas e com grandes desvios

do potencial inflacionário em relação à forma quadrática, estas perturbações amplificam-

se fortemente, podendo levar à formaçãodePBHs. Para caracterizar esse colapsode forma

mais precisa, aplicamos três critérios complementares: (1) Os modos devem estar dentro

de uma faixa de escalas específicas (banda de instabilidade) para serem afetados pelas

instabilidades, (2) o tamanho físico dos modos deve ser maior do que o comprimento de

Jeans, e (3) a definição de um limiar crítico baseado no tempo mínimo de colapso dessas

perturbações. Cada um destes critérios permite melhorar a estimativa da fração demassa

em PBHs.

As OGs induzidas, influenciadas por essas instabilidades em pequenas escalas por meio

do acoplamento escalar-tensor de segunda ordem, apresentam uma amplificação rápida

e significativa da densidade de energia em altas frequências. Adicionalmente, exploram-

se as implicações de uma época de sobreprodução de PBHs e de dominação temporária

da densidade de energia do Universo. Esta fase dominada por PBHs deixa também uma

marca distintiva no espectro de OGs, fornecendo uma poderosa ferramenta para testar

cenários com PBHs usando detetores atuais e futuros de ondas gravitacionais.

Estes resultados aprofundam a nossa compreensão da física do Universo primordial e

abrem novas perspetivas para testar modelos inflacionários através da formação de PBHs

e dos sinais de ondas gravitacionais.
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Abstract

This thesis explores new aspects of primordial black hole (PBH) formation from scalar

perturbation instabilities in the early Universe and the associated production of induced

gravitational waves (GWs). The key contributions of this thesis are:

• The inclusion of significant effects from small-scale perturbations that remain sub-

horizon during inflation, which are often neglected in the literature.

• An alternative estimation to the standard Press–Schechter formalism for the PBH

abundance is provided by the Khlopov–Polnarev formalism. This approach is par-

ticularly well-suited for inflaton matter-dominated era and accounts for critical ef-

fects such as pressure suppression and the influence of non-sphericity in the dynam-

ics of perturbations.

The central focus is on the nearly matter-dominated post-inflationary preheating phase,

where the inflaton oscillates at the minimum of its potential prior to its decay into ultra-

light particles (reheating phase). These oscillations drive parametric instabilities in the

scalar perturbations via the Mukhanov-Sasaki equation. Particularly, at small scales and

with large deviations of the inflaton potential from a quadratic shape, these perturbations

strongly amplify, potentially leading to PBH formation. To further characterize how these

perturbations collapse into PBHs, we apply three complementary criteria: (1) the modes

must lie within some specific range of scales (instability band) to be affected by the insta-

bilities, (2) the physical size of the modes must be larger than the Jeans length and (3) a

critical threshold based on the minimum time for collapse of these perturbations. Each of

these criteria improves the estimation of the PBHs mass fraction.

The inducedGWs, influencedby these small-scale instabilities through second-order scalar-

tensor coupling, exhibit rapid and significant energy density amplification at high fre-

quencies. Additionally, we explore the implications of an epoch of PBHs overproduction

and the temporary domination of the energy density of the universe. This PBH-dominated

phase also leaves a distinctive imprint on the GW spectrum, providing a powerful probe

of PBH scenarios with current and future GW detectors.

These results enhance our understanding of early Universe physics and establish new av-

enues for testing inflationary models through PBH formation and gravitational wave sig-

nals.
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1

Introduction

There never was a time when there was no motion, and there never will be a

time when there will not be motion.

– Aristotle, Physics (Book VIII)

Aristotle viewed the universe as eternal, with no true beginning, governed by a continuous

cycle and an “unmoved mover” that set it in motion. He saw the cosmos as without origin

or end, reflecting a view of an eternal, unchanging order. In contrast, modern cosmology,

through the Big Bang and Inflation theories, describes the early universe beginning in a

well-defined initial state and evolving naturally into the cosmos we observe today. The

study of the early universe is one of the cornerstones of physics, as it holds the key to the

understanding of the origin and evolution of the cosmos.

1.1 The early universe

In 1915, Einstein formulated the field equations [7], which relate the geometry of space-

time to its matter content:

Rµν −
1

2
gµνR =

8πG

c4
Tµν . (1.1)

Here, G is the gravitational constant, c is the speed of light, Rµν and R denote the Ricci

tensor and scalar, respectively, gµν is the metric tensor and Tµν the energy-momentum

tensor1. The left-hand side encodes spacetime curvature, whereas the right-hand side

represents its energy content. In 1922, A. Friedmann showed that Einstein’s equations

naturally allowed for a dynamically evolving cosmos [8, 9], contrary to the static Uni-

verse model preferred by Einstein at that time. Friedmann found a solution to the Ein-

stein equations that describes how the universe expands or contracts depending on its

density, curvature, and energy content, which is known as the Friedmann equations. In

1927, and independently of Friedmann’swork, G. Lemaître derived an expanding universe

model based also on Einstein’s Relativity and connected it to observations of galaxy red-

shifts [10]. Both proposed that the universe started from a small, dense state that has been

1Throughout the thesis we followed the metric signature (− + ++) and used the reduced Planck mass

MPl =
√

h̄c
8πG

= 2.4× 1018GeV = 4.34× 10−6g with units of h̄ = c = 1.
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expanding ever since. However, despite the profound implications of this idea, their work

was unrecognized until E. Hubble’s discovery in 1929, which provided direct observa-

tional evidence for an expanding universe. Using the 100-inch telescope at MountWilson

Observatory, Hubble studied the emitted light from distant galaxies and found that they

were receding from us. He formulated a relationship (Hubble’s Law) showing that the ve-

locity at which a galaxy moves away is directly proportional to its distance from us. This

provided the first strong empirical evidence that the universe is expanding, validating the

early works and ideas of Friedmann and Lemaître. H. P. Robertson and A. G. Walker also

studied this problem in great detail during the 30’s [11–14], offering a systematic classi-

fication of all possible metrics that are homogeneous and isotropic. Today, this result is

known as the Friedmann-Lemaître-Robertson-Walker (FLRW) metric and describes an

expanding, homogeneous, and isotropic universe. In spherical coordinates, the line ele-

ment of the FLRWmetric is given by

ds2 = −dt2 + a(t)

[
dr2

1− kr2
+ r2dθ + r2 sin2(θ)dφ2

]
, (1.2)

where t represents cosmic time, a(t) is the scale factor of the Universe, and k = ±1, 0 is

the spatial curvature for a closed, open, or flat universe, respectively. This set a turning

point in cosmology and paved the way for a theory of the origin of the Universe, what we

know today as the Big Bang Theory2. But it was not until 1948 that these ideas came to

solid grounds when G. Gamow, R. Alpher & R. Herman [15] predicted the existence of

the cosmic microwave background radiation (CMB) as a remnant of this hot, dense, early

stage, which was later discovered in 1965 by A. Penzias and R. W. Wilson [16]. In the

early 70’s, even before a concrete mechanism for generating fluctuations in the early Uni-

verse was known, E. Harrison and Y. Zeldovich independently proposed [17, 18] that the

spectrum of these initial perturbations, a measure of their statistical distribution, should

be scale-invariant. This assumption, based on simplicity and consistency with large-scale

observations, led to what is now known as the Harrison-Zeldovich power spectrum. It

describes a universe where fluctuations have equal amplitude on all logarithmic scales,

an essential ingredient for the formation of cosmic structure. These precise discoveries,

together with the development of Grand Unified Theories (GUTs) in the late 70’s, posed

several conceptual challenges to the Big Bang theory, such as:

• The horizon problem: The observed statistical isotropy in the CMB suggests that

regions of the universe separated by large distances share the same temperature.

However, due to the finite nature of the speed of light, these regions should never

have been in causal contact [19,20].

2Actually, this name was coined by F. Hoyle, a defender of the Steady State theory. In a 1949 BBC radio
broadcast, he mockingly referred to Lemaître’s idea as the ”Big Bang”. However, despite Hoyle’s skepticism,
the term stuck and became widely accepted.

2
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• The flatness problem: The current density of the universe is close to the critical

one for a flat (k = 0) geometry [20]. This seems to be an extremely rare situation

without any deeper explanation.

• The magnetic monopole problem: The Grand Unified Theories predict the

production of magnetic monopoles in the early universe [21]. Yet, none have been

observed.

Remarkably, a phase of exponential expansion (also known as de Sitter or inflationary

expansion) preceding the Big Bang offers an elegant solution to these three cosmological

problems. This idea can be realized through specific modifications to General Relativity

(GR). In a pioneering work from the late 1970s, K. S. Stelle demonstrated that including

curvature-squared terms such as R2 renders gravity renormalizable [22, 23]. However,

this approach introduces a massive tensor ghost, which violates unitarity. In response,

various physicists explored alternative formulations, notably A. A. Starobinsky [24, 25].

In 1980, Starobinsky proposed a model in which the universe began in a highly symmet-

ric state and, through the dynamics of an additional degree of freedom, evolved into the

standard Big Bang cosmology [26]. This extra degree of freedom, known as the scalaron,

naturally emerges in a renormalizable extension of gravity, often referred to as quadratic

gravity [27,28], which includes an R2 term in the action. Unlike models that introduce a

scalar field by hand, the Starobinsky theory of cosmic inflation is deeply rooted in the prin-

ciples of quantum gravity, as the R2 term arises from requiring that the theory is strictly

renormalizable at high energy. By doing this, it avoids the use of parameters and recovers

GRat low energies, stillmaking strong predictions about the early universe. Moreover, the

scalaronmass and themain inflationary observables (like the spectral index or the tensor-

to-scalar ratio) seem to align well with the results from the Planck mission [29–31] (a

space observatory that measured the cosmic microwave background with high precision).

This primordial state can be described by a de Sitter phase, which represents a maximally

symmetric spacetime that consists of a solution to the Einstein field equations in vacuum

with a positive cosmological constant, effectively producing exponential expansion [26].

Yet, there was another challenge, such as the transition from the inflationary phase to

the Big Bang expansion, often referred to as the “graceful exit of inflation”. To address

this, the cosmological expansion is presumed to be almost exponential, thereby defining

a quasi-de Sitter spacetime. However, it was not until 1981 that A. Guth [32] unified all

these ideas into a consistent framework of Cosmic Inflation. This was later addressed by

A. Linde, who proposed in 1982 the New Inflation Theory [33], and established inflation

as a compelling paradigm for the description of the early universe. Later in 1983, Linde

proposed the Chaotic Inflation [34], which made Inflation a more generic theory.

During the inflationary phase, the scale factor of the universe increases nearly exponen-

tially, and the Hubble rate, defined as H(t) = ȧ
a , remains almost constant. Here and in

what follows, an overdot represents differentiation with respect to cosmic time t. The ba-

sic idea of Inflation is that the exponential expansion is driven by the potential energy of a
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Chapter 1. Introduction

scalar field, which is introduced in Einstein’s field equations either as a hypothetical mat-

ter field, called inflaton or, similar to Starobinsky’s theory, as a modification of gravity,

in which case it is called scalaron. Furthermore, inflationary cosmology naturally incor-

porates elements of quantum theory in the form of metric and matter fluctuations in the

quasi-de Sitter expansion. The simplest model of inflation can be described by minimally

coupling this scalar field to gravity through the following action

S =

∫
d4x

√
−g

[
M2

Pl

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
, (1.3)

where g is the determinant of the metric gµν , ϕ is the scalar field, V (ϕ) its potential, and

MPl the reduced Planckmass (see Footnote 1). Typically, we utilize the flat FLRW to char-

acterize the spacetime during exponential expansion, as any initial deviation from a flat

universe would be washed away by the inflationary expansion. To specifically reproduce

such a period of exponential expansion, we need the potential term V (ϕ) to dominate over

the kinetic term 1
2g

µν∂µϕ∂νϕ, which is achieved by what is called slow-roll approximation,

where the equation of motion of the field

ϕ̈+ 3Hϕ̇+
dV (ϕ)

dϕ
= 0, (1.4)

is simplified by neglecting higher-order derivatives such as ϕ̈. The validity of this approx-

imation is usually controlled by two slow-roll parameters, defined as [35]

ε =
d

dt

(
1

H

)
= − Ḣ

H2
≪ 1, η =

ε̇

Hε
≪ 1, (1.5)

where ε essentially measures the change in the Hubble horizon 1/H and η the change in ε.

The smallness of these parameters (and thus the slow-roll approximation) is what char-

acterizes the quasi-de Sitter spacetime. For exact de Sitter, the Hubble rate is constant,

which implies ε = η = 0, and thus the universe never stops expanding exponentially.

Therefore, ε = 1 and |η| ∼ 1 constitutes the graceful exit of inflation. Under these as-

sumptions, one can easily compute the power spectrum of curvature perturbations R,

defined as

PR(k) ≃
H2

8π2εM2
Pl

∣∣∣∣
k=aH

, (1.6)

where k represents the wavenumber of the perturbation (in Fourier space) and the evalu-

ation is performed at the moment each mode enters the Hubble radius RH = H−1, when

the relation k = aH holds. As anticipated earlier, these curvature perturbations, gener-

ated by quantum fluctuations of the inflaton during inflation, are the seeds of all large-

scale structures and constitute one of the key observables from inflation. Appendix A

shows the standard computations carried out during the inflationary phase to obtain the

power spectrum of curvature perturbations. One can check that this power spectrum is al-
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Chapter 1. Introduction

most scale-invariant, which is essentially what Harrison and Zeldovich observed, now ex-

plained within the inflationary context, but more importantly, it implies that all the scales

experience the same expansion, a prediction of many inflationary models and one that is

also consistent with observations of the CMB [29–31]. The power spectrum represents

one of the key predictions of the inflationary theory and one of the most relevant concepts

in cosmology. Furthermore, the theory of inflation has not only solved the observational

challenges of the Big Bang model but also provided a framework for understanding the

origin of cosmic structure: The quantum fluctuations of the scalar field during inflation

were stretched to macroscopic scales, seeding the density perturbations that eventually

grew into galaxies and large-scale structures, as studied by V. Mukhanov, G. Chibisov,

and S. Hawking [36,37] in the 80s.

After inflation, and in many single-field models, the scalar field reaches the minimum of

its potential and begins to oscillate. At this point, exponential expansion halts and the

universe transitions to a phase that is nearly matter-dominated, i.e. mainly characterized

by an (averaged) negligible pressure. This period, called preheating3, was first studied in

the 90s by A. D. Dolgov, D. P. Kirilova, J. H. Traschen and R. H. Brandenberger [38–40]

and some years later extended in the seminal papers of L. Koffman, Linde, and Starobin-

sky [41, 42], where the oscillations of the scalar field were found to lead to the growth

of density perturbations through parametric resonance4 [2, 43–46] that, under certain

conditions, may collapse to form primordial black holes (PBHs). These black holes, be-

lieved to be formed in the early universe, are a powerful probe of the earliest moments

of the universe, providing information about the conditions that prevailed immediately

after inflation, and constitute one of the central elements of the thesis, see Section 1.2

for further details. The formation of PBHs during preheating can also leave behind im-

prints that may be detectable through gravitational wave (GW) signals. For instance, as

density perturbations are amplified, they can generate scalar-induced gravitational waves

(SIGWs) [47–50] which, although not necessarily, could serve as proof of the forma-

tion of PBHs. Moreover, PBHs can merge [51], cluster [52–56], accrete [57, 58], evap-

orate [45,59], or dominate [60–63] the energy density budget of the Universe, producing

also a characteristic signal in the form of GWs. These GWs, potentially detectable by fu-

ture or even current high-frequency detectors, would provide a unique signature of the

physics of the early universe and are therefore of particular interest. For this reason, it

also constitutes one of the main focuses of this thesis, see Section 1.3 for further details.

We will explore these PBH and GW effects through the remaining chapters of the thesis.

The preheating stage is not expected to be a long phase, since the Universe needs to tran-

sition into the standard hot and dense Big Bang picture. This is achieved by allowing

3Not to confuse with the reheating (radiation-dominated) period, defined below.
4The term parametric resonance originally referred to the scenario in which the inflaton field ϕ is cou-

pled to an external field χ, such that the oscillations of ϕ backreact on the equation of motion for χ, leading
to the exponential growth of its fluctuations and therefore to particle creation, as explained below. Today,
parametric resonance more broadly describes the phenomenon wherein the oscillations of the inflaton at the
bottom of its potential amplify perturbations through resonance effects.
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the energy transfer from the oscillations of the inflaton into particles throughout a de-

cay process into the Standard Model particles, a phase dubbed reheating [41] for obvious

reasons. This process, in general, is extremely efficient, as shown in [42]. In the simplest

model, where the inflaton couples to another scalar field χ through an interaction term

g2χ2ϕ2, the parametric resonance is very broad and occurs in a stochastic rather than

regular manner, due to the rapid expansion of the universe causing phase decoherence

between successive oscillations. Despite this stochasticity, the χ field fluctuations grow

exponentially. Preheating evolves through distinct stages [42]: initially, particle backre-

action is negligible, but it becomes significant later, increasing the oscillation frequency

of the inflaton and enhancing particle production before ultimately terminating the reso-

nance via rescattering processes. For a successful description of reheating, this decay has

to occur at a temperature higher than 4 MeV so that the first elements start to form in a

process called Big BangNucleosynthesis (BBN). If the temperature at which this decay oc-

curs is lower, then it will spoil the abundance of light elements such asHydrogen, Helium,

or Lithium, of which we have accurate measurements. Therefore, the temperature limits

the decay rates of the inflaton, which also has implications in the allowed abundance of

PBHs [64,65] or even in the energy density of GWs [66,67] produced during preheating,

as we will see in what follows.

Thesis synopsis

In this Section, we have provided a general overview of the early Universe, which serves

as the background framework for our discussion. Several key phenomena occur in this

context, as will be described in the following sections. However, before delving into the

details, we present a schematic illustration of these effects in Fig. 1.1. The blue cone rep-

resents the growth of the universe, with classical time flowing from left to right and going

through the different stagesmentioned in this introduction (inflation, preheating, reheat-

ing, and BBN). The latter standard radiation and matter-dominated eras are not shown

for simplicity, and the dark blue curves represent the production of GWs in three different

scenarios. First, during preheating, these correspond to the amplification of perturbations

via self-resonance (Chapter 3) that couple to the tensor perturbations at third-order in the

perturbed expansion of the action and induce a background of GWs (Chapter 5). Then,

the perturbations collapse into PBHs and, if these are produced abundantly, dominate

the universe (PBH domination). In this scenario, the Poissonian energy-density fluctu-

ations of the PBH fluid induce a gravitational potential that also produces a background

of GWs (Chapter 6), similar to the preheating case. This phase ends with the Hawking

evaporation of the PBHs, which also sources GWs and reheats the universe. These back-

grounds of GWs travel unperturbed after reheating until today (represented by the wave-

like blue curves) and potentially reach current and planned detectors. Below the blue

cone, we represent the evolution of the density perturbations, shown as the wave-like red

curves. During inflation, these are stretched to superhorizon scales, losing causal contact.

6
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Figure 1.1: Scheme of themain new features studied in this thesis. The red curves represent the inflationary
fluctuations that grow during inflation when the horizon (black circumference) remains fixed. These pertur-
bations induce GWs (blue curves) via two different mechanisms: (1) during preheating by coupling to tensor
perturbations, and (2) by collapsing into PBHs (black circles). The Hawking evaporation of PBHs also in-
duces GWs, and in the three cases, these GWs propagate freely until today. The blue cone represents the
growth of the universe, with time flowing from left to right. See text for details.

However, during preheating, the horizon (represented as a blue circle with black edges)

grows and these perturbations enter the horizon, being affected by parametric resonance

(Chapter 2) or self-resonance effects (Chapter 4), potentially collapsing into PBHs that

ultimately evaporate via Hawking radiation. This scheme tries to encompass the main

features of this investigation and therefore represents a heuristic picture of the universe

in terms of perturbations and their associated effects. Furthermore, it ignores other ef-

fects and/or stages in the early universe. In the following two sections, we give further

details about PBHs and GWs.

1.2 Primordial black holes: the birth of an idea

Usually, black holes are thought to have been theorized only after Einstein’s GR.However,

the concept of objects so dense that even light cannot escape from them can be traced back

to the 18th century. In particular, John Michell’s work [68], presented in the Philosophi-

cal Transactions of the Royal Society of London in 1783, introduced the idea of what he

called dark stars. Building upon Newtonian gravity and the corpuscular theory of light,
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Michell proposed that if a star were sufficiently massive, its escape velocity could exceed

the speed of light, making it effectively invisible to an observer. Independently, Pierre-

Simon Laplace reached a similar conclusion in his 1796 book Exposition du Système du

Monde [69]. He demonstrated that as the radius of a celestial body contracts while its

mass remains constant, its escape velocity increases. If this escape velocity exceeds the

speed of light, the object will no longer emit detectable radiation. Despite their intrigu-

ing nature, these ideas were largely abandoned in the 19th century as the wave theory of

light gained acceptance, casting doubt onwhether gravity could influence electromagnetic

waves.

It was not until the publication of Einstein’s GR in 1915 [7] that gravity was redefined

as the curvature of spacetime rather than a force, marking a significant departure from

Newtonian gravity. Shortly after, K. Schwarzschild discovered the first exact solution to

Einstein’s field equations [70]. This solution describes the spacetime around a spherically

symmetric, non-rotating, uncharged mass in a vacuum. At first glance, Schwarzschild’s

metric describes any isolated massive object, such as a star or a planet. However, a fun-

damental aspect of this solution is the existence of a critical radius, now known as the

Schwarzschild radius:

rS =
2GM

c2
, (1.7)

where M is the mass of the object. If the mass of an object is confined within this ra-

dius, an event horizon forms, beyond which any form of matter and light cannot escape5.

This corresponds to the modern realization of Michell’s dark star, now better understood

within the framework of GR. Further developments came in 1939 when R. Oppenheimer

andH. Snyder [72] revisited Schwarzschild’s solution and demonstrated that a sufficiently

massive star, upon exhausting its nuclear fuel, could undergo gravitational collapse to

form a singularity6. However, at the time, the implications of this result were not fully

appreciated, and many physicists regarded such objects as mere mathematical artifacts

rather than physical entities. This also occurred for another exact solution to the Einstein

equations, found in 1963 by R. P. Kerr [73]. The Kerr solution describes the geometry of

spacetime around a rotating object, a much more realistic model than the non-rotating

Schwarzschild black hole. In fact, most black holes observed in X-ray binaries or active

galactic nuclei are rotating.

The term black hole was not introduced until 1967 by J. A. Wheeler, as interest in the

subject resurged due to R. Penrose’s singularity theorem [74]. The theorem provided the

5In this sense, a black hole is a particular case of the Schwarzschild metric; a concept usually misunder-
stood in the literature. This is related to Birkhoff’s theorem [71], which states that any spherically symmetric
solution of the vacuum Einstein field equations must be static and asymptotically flat, and is uniquely given
by the Schwarzschild solution.

6We remark here that the star must be massive enough so that no known force can stop the collapse.
Otherwise, gravitational collapse can be halted by electron degeneracy pressure, leading to the formation of
a white dwarf, or, for more massive stars, by neutron degeneracy pressure, resulting in a neutron star.
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first rigorous, general proof that singularities were notmerely a peculiarity of special sym-

metric solutions but rather a fundamental feature of GR. This result was later extended to

cosmological scenarios in collaboration with Hawking in 1970 [75], clearing doubts about

the physical existence of black holes and providing strong theoretical evidence for their

formation in nature.

In 1971, Hawking proposed that black holes could also have formed in the early uni-

verse [76], an idea that had first been explored in 1967 by Y. Zeldovich and I. Novikov [77].

Initially, they argued that such PBHs could not exist, as they would have accreted mass at

extreme rates, rapidly reaching masses on the order of 1017M⊙, which would be inconsis-

tent with observations. However, their analysis ignored the role of the expansion of the

universe, an aspect that significantly suppresses accretion. This issue was addressed in

1974 by B. Carr and Hawking [78], who demonstrated that in General Relativity, there is

no self-similar solution in which a black hole can grow at the same rate as the cosmic hori-

zon. Furthermore, they systematically analyzed how density perturbations in the early

universe could give rise to small black holes, showing that if the overdensity in a region

exceeded a critical threshold, it would collapse into a black hole rather than expanding

with the universe. This clever idea laid the foundation for the concept of PBHs, and it is

still nowadays the standard criterion used in the literature to determine whether or not

PBHs can form. Although the precise estimation of the threshold is determined from the

specific details of the model, as we show next, it constitutes the first of the three criteria

we employ in the selection of perturbations able to collapse.

Fluctuations are usually characterized by the density contrast δk = δρk/ρ, where δρk is

the density perturbation and ρ the background energy density. The suffix “k” indicates we

are working with the Fourier components, where k is the wavenumber vector and k is its

modulus. As said above, the formation of PBHs depends on whether these perturbations

exceed a characteristic threshold δc. This, in a medium with an equation of state p = wρ,

is approximately w, which in essence defines what is known as Carr’s criterion [79] for

perturbations

δc ≃ w. (1.8)

It ismainly based on the Jeans length criterion, which establishes theminimumamplitude

the fluctuation must have so that gravity can counteract pressure and therefore collapse.

Additionally, since PBHs form before BBN, they behave as non-baryonic objects and can

span a vast range of masses, from the Planck mass (MPl ∼ 10−5g) onwards7, unlike astro-

physical black holes that form from stellar collapse and thus havemasses≳ M⊙. Since the

rate of accretion of a black hole depends on its mass, this implies that PBHs, in general8,

7Initially, the lower mass limit for PBHs was thought to be the Planck mass, but with the advent of infla-
tionary cosmology in the 1980s, this limit shifted to approximately 10 g, corresponding to the energy density
at the end of inflation. Any PBHs forming before this timewould have been exponentially diluted by inflation,
making their abundance negligible.

8The accretion rate depends both on the PBHmass and the density of the surroundingmedium. A smaller
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do not accrete enough to reachmasses of the order of the solarmass [57,58], and therefore

typically retain the mass they had at the time of formation. This is a crucial aspect as it

allows us to relate the mass of the PBHs with the time of formation, since the typical mass

of a PBH is determined by the Hubble horizon mass at the time the perturbation reenters

the horizon, given by:

M = γMH . (1.9)

Here, γ quantifies the fraction of the horizon mass that ends up in the PBH, which varies

depending on the model and the equation of state of the universe at the moment of col-

lapse, but usually is taken to be of order O(1). In this sense, the earlier the period we

consider, the smaller the PBHs that can be formed. Thus, the study of post-inflationary

scenarios, such as preheating, involves very small PBHs of 1015g or less.

Another way of characterizing PBHs is through their abundance, usually estimated via the

mass fraction. This is represented by β(k), and defined as

β(k) =
dΩPBH(k)

d lnM
, (1.10)

where ΩPBH = ρPBH/ρ is the fractional energy density of PBHs, that is, the fraction of the

energy density in PBHs, ρPBH, with respect to the total energy density ρ. The mass frac-

tion β(k) represents the fraction of the total mass in the form of PBHs per logarithmic

mass interval. Given some realization of the density field, the computation of the mass

fraction usually relies on (1) the identification of the regions where the perturbation can

potentially collapse and (2) the associated probability of collapse, that is, β(k) itself [81].

The first question is difficult to tackle without using some approximations. Usually, one

can consider the threshold criterion (1.8). The second question is typically addressed us-

ing the standard statistical Press-Schechter (PS) formalism [82], originally developed in

1973 for structure formation. This framework provided the first quantitative predictions

for PBH formation and has since played a crucial role in evaluating their potential abun-

dance and astrophysical consequences. After this, more formalisms followed, such as the

Khlopov-Polnarev (KP) one, as we will see next. These two formalisms, along with their

mathematical details, are detailed Appendices B.1 andB.2, as they constitute the twomain

mass fraction approaches used in this thesis.

The concept of small black holes captured Hawking’s attention and motivated him to in-

vestigate their quantum properties. This led, in 1974, to his groundbreaking discovery:

Hawking radiation [83]. Hawking demonstrated that black holes would not be entirely

black, but instead they could emit thermal radiation due to quantum effects near the event

black hole embedded in a dense environment can, in principle, accrete efficiently, although a large sound
speed in such media suppresses the inflow because gas pressure counteracts gravitational attraction. Recent
numerical-relativity simulations [80] show that even when primordial black holes form with non-negligible
initial spin, subsequent accretion of non-rotating background matter efficiently reduces their dimensionless
spin, illustrating how sensitive PBH evolution is to the properties of the ambient medium.

10



Chapter 1. Introduction

horizon. This implied that black holes would lose mass over time and eventually ”evapo-

rate” on a characteristic timescale given by:

τ ∼ 1064
(

M

M⊙

)3

s. (1.11)

Hawking radiation, although still highly theoretical, is widely regarded as one of the most

profound discoveries of 20th-century physics, as it elegantly combines general relativ-

ity, quantum mechanics, and thermodynamics. Prior to Hawking’s work, related ideas

had been explored. For instance, Zeldovich proposed in 1971 that a rotating absorbing

body could amplify incident electromagnetic waves, thereby extracting energy from its

rotation [84]. This phenomenon, now known as superradiance, was later extended to ro-

tating black holes. Building on this, Starobinsky in 1973 investigated the amplification of

waves scattered by rotating black holes and discussed the possibility of a quantum analog

involving spontaneous particle creation [85]. While not equivalent to Hawking radiation,

these earlier insights laid important conceptual groundwork for understanding quantum

processes in strong gravitational fields.

On the other hand, Hawking radiation implies that PBHswithmasses below 1015 g (which

we referred to as evaporating PBHs) would have fully evaporated by the present day, mak-

ing direct detection at present impossible. This includes, for instance, PBHs formed dur-

ing preheating. Nevertheless, based on the effects of Hawking radiation, their existence

can still be constrained through a pair of indirect observational methods. The first such

approach was proposed in 1976 by D. Page and Hawking [86], who noted that PBHs with

masses near 1015g would emit photons with characteristic energies of around 100 MeV.

This insight led to the idea of using constraints on the extragalactic γ-ray background

to limit their abundance. Their analysis showed that the fraction of the universe’s en-

ergy density contained in PBHs of this mass must be below 10−8 times the critical den-

sity, significantly limiting their potential contribution to dark matter (DM). However, for

lower-mass evaporating PBHs, these constraints are less stringent, allowing for a higher

abundance. This idea was further developed in 1979 by Novikov et al. [87], who com-

piled various constraints on PBH evaporation across different mass ranges. In particular,

evaporating PBHs can emit high-energy particles that affect the CMB and may alter the

production of light elements during BBN [88, 89]. These constraints are illustrated in

Fig. 1.2a, which shows, for example, that the abundance of PBHs is tightly constrained to

be less than β ≃ 10−25 forMPBH ≃ 1015 g. The second indirect method for probing evapo-

rating PBHs arises from the black hole information paradox [90], formulated by Hawk-

ing in 1976. The paradox stems from the fact that Hawking radiation is a thermal process,

meaning the emitted radiation is entirely random and carries no information about the

matter that formed the black hole. If a black hole evaporates completely, the information

it contained would be irretrievably lost, violating the principles of quantum mechanics.

This paradox sparked extensive debate and inspired further theoretical investigations.
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Figure 1.2: Constraints on the abundance of PBHs from (a) 1979 and (b) 1994 (Refs. [87,91], respectively)
as a function of the masses of the PBHs. The quantity β represents the mass fraction of PBHs.

In subsequent years, researchers proposed possible resolutions to the paradox, includ-

ing the idea that black holes might leave behind stable Planck-scale remnants. Works by

M. A. Markov and P. C. West [92] and J. H. MacGibbon and Carr [93], suggested that as a

black hole evaporates down to the Planckmass scale (MPl ∼ 10−5g, lPl ∼ 10−33cm), quan-

tum gravity effects could prevent complete Hawking evaporation, leaving behind a small

remnant that keeps the lost information. This possibility introduced a novel approach

to constraining evaporating PBHs, as these remnants could contribute to DM. Further

works [91, 94] extended these ideas and refined previous constraints, modifying the lim-

its originally proposed by Novikov et al., as illustrated in Fig. 1.2b. These developments

demonstrated that Hawking radiation not only provided a theoretical foundation for PBH

Hawking evaporation but also offered practical avenues for their detection and constraints

on their abundance. Note that the argument in favor of black hole remnants, though said

to be motivated by quantum gravity theories, emerges from multiple ad hoc assumptions

to resolve the information paradox. Alternatively, recent investigations of a unitary for-

mulation of quantum field theory in curved spacetime in consideration with gravitational

backreaction effects offer a potential resolution to the information paradox at the founda-

tional level [95,96].

PBHs gained renewed interest following the development of the theory of inflation in the

early 1980s. As shown in Section 1.1, inflation predicts that quantum fluctuations in the

early universe generate density perturbations, which, upon horizon re-entry, could be-

come sufficiently overdense to collapse into PBHs. This may provide a mechanism for

PBH formation. In fact, inflationary models can be constrained by requiring that they

do not overproduce PBHs, as different models predict different PBH mass spectra. This

allows PBHs again to serve as unique probes of the early universe [97], even if they are

not detected. Consequently, after the development of inflation, evaporating PBHs were

no longer seen merely as relics but as potential tracers of inflationary physics.

The amplitude of primordial fluctuations at CMB scales is approximately constrained to
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δk ∼ 10−5. This value is too low to lead to significant PBH formation on those scales.

Therefore, for PBHs to form in appreciable numbers, one of these two conditions must

be met: either the power spectrum of fluctuations has a blue tilt, meaning it increases

towards smaller scales [98], or it features a sharp peak at some sub-CMB scale, where

constraints on the power spectrum are weaker. In the standard literature, the latter sce-

nario can be realized if a period of ultra-slow-roll expansion occurs during inflation, lead-

ing to a drastic amplification of perturbations around a particular scale. This possibility

was explored in detail by P. Ivanov et. al. in 1994 [99] and summarized as follows. In in-

flationary models where the potential contains an intermediate plateau, the inflaton field

slows down significantly while traversing this region. As a result, its velocity ϕ̇ decreases

sharply, leading to a corresponding reduction in the first slow-roll parameter ε. Now,

since ε is related to the inflaton velocity through

ε =
ϕ̇2

2H2M2
Pl

, (1.12)

a small value of ε implies a significant enhancement in the power spectrum at the scales

that exit the horizon during this phase, see Eqn. (1.6). This amplification increases the

probability of PBH formation at those specific scales. Following Ivanov’s pioneeringwork,

numerous alternative mechanisms have been proposed to generate PBHs through infla-

tionary dynamics, including features in the potential, phase transitions, and non-standard

reheating scenarios. For a comprehensive review of these mechanisms, see [100]. How-

ever, in this thesis, we focus on a non-standard approach that considers the amplification

of perturbations during preheating, due to instabilities produced from the oscillations of

the inflaton at the bottom of the potential. Although this is a common feature in many

single-field inflationary models, it has not received much attention in the literature. This

last method is explained in Chapters 2, 3, and 4, whereas the standard inflation-amplified

perturbations scenario is studied in Chapter 6.

Although out of the scope of this thesis, massive (≳ 1015g) PBHs are also interesting from

the point of view of large-scale structure. This was motivated by the works of Mukhanov

and Chibisov (1981) and Hawking (1982) [36, 37], where it was proposed that massive

PBHs formed in the early universe could act as gravitational seeds for the rapid accumu-

lation of matter. These PBHs would grow by accreting surrounding gas and merging with

other black holes, potentially reaching supermassive scales over cosmic time [101–103].

This mechanism provides a natural explanation for the formation of supermassive black

holes (SMBHs) at high redshifts. However, recent observations from the James Webb

Space Telescope (JWST) have posed new challenges to our understanding of early SMBH

formation. JWST has identified SMBHs [104, 105] and quasars [106, 107] at redshifts

z ≃ 8.5−10.6, corresponding to roughly 500million years after the Big Bang. The inferred

masses of these objects appear to be too large for their formation epoch, given conven-

tional models of black hole growth through standard Eddington-limited accretion [108].

These findings suggest that alternative scenarios, such as the direct collapse of smaller
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primordial black holes into SMBHs or periods of super-Eddington accretion, may be re-

quired to explain the existence of such massive objects at such early times. An additional,

often-overlookedpossibility is that SMBHsmayoriginate from the collapse of “dark stars,”

hypothetical early-universe stars powered by darkmatter annihilation rather than nuclear

fusion [109–111].

The interest in PBHs continued to grow in the late 1990s and early 2000s due to their po-

tential role in explainingDM. PBHsnaturally exhibit properties compatiblewithDM: they

are non-luminous, non-baryonic, and stable over cosmological timescales. Consequently,

during this epoch, PBHs started to attract attention among traditional dark matter can-

didates, such as weakly interacting massive particles and axions, even though interest in

PBHs as DM had existed since the early days. During this period, PBH formation mecha-

nisms were studied in greater detail. A significant breakthrough came fromM. W. Chop-

tuik’s discovery of critical phenomena in gravitational collapse [112], which showed that

themass of a black hole depends on the amplitude of the perturbation fromwhich it forms,

following the scaling relation:

M = MHκ(δk − δc)
γ , (1.13)

where γ is a coefficient dependent on the equation of state and κ depends on the model.

This result was further explored through numerical studies by the works of J. C. Niemeyer

andK. Jedamzik [113,114], who computed the resultingPBHmass function, andby I.Musco

et. al. [115–117], who verified the mass scaling behavior for small (δk − δc) and studied

a range of equation-of-state parameters (0 < w < 0.6). However, an important remark

must be done here. This method applies to (δk − δc) ≪ 1, which is called critical regime,

whereas for (δk − δc) ≳ 1, perturbations enter the super-critical regime, where this esti-

mation fails.

In 2013, T. Harada et al. [118] refined the old threshold estimation from Carr (δc ≃ w) by

deriving a new analytical formula based onmore solid physical arguments. Their formula

expresses the threshold as a function of the parameter of the equation of state. It is given

by:

δc =
3(1 + w)

5 + 3w
sin2

(
π
√
w

1 + 3w

)
. (1.14)

This result (and Carr’s criterion) revealed that in a pressureless universe (w = 0), the

threshold vanishes, largely increasing the probability of PBH formation. However, this

special case required further investigation, leading to subsequent studies by Harada et

al. in 2016 and 2017 [119, 120], which built upon earlier works by M. Y. Khlopov and

A. G. Polnarev from the 1980s [121–125]. They demonstrated that in a matter-dominated

era (w = 0), pressure is negligible in preventing collapse. However, in realistic scenarios,

non-spherical effects such as inhomogeneities, anisotropies, or angular momentum play

a crucial role in halting collapse. Otherwise, perfectly spherical overdense regions would
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Figure 1.3: Constraints on the abundance of PBHs adapted from Refs. [126, 127] in 2020 as a function of
the masses of the PBHs. The quantity β represents the mass fraction, and the vertical dashed line at∼ 1015g
is the critical mass below which PBHs should have been evaporated by now. These constraints are based
on standard cosmologies, which assume that following inflation, there is the standard radiation-domination
phase. See [128] for updated constraints that assume non-standard cosmologies, such as an early matter-
dominated phase.

readily form black holes. This necessitated a modification of the standard PS formalism,

leading to what is now known as the KP formalism, which is particularly relevant for PBH

formation during the preheating phase, an aspect explored in subsequent chapters. For

mathematical details about the derivation of the KP formalism, see Appendix B.2.

Studies on PBH Hawking evaporation effects also intensified during this period, lead-

ing to refined and new constraints, as shown in Fig. 1.3. Particularly significant were

the improved constraints of CMB effects (entropy increase, distortions, and anisotropies)

[129–131], as well as the update on the γ-ray limits. These last were further categorized

into galactic and extragalactic backgrounds, labeled GGB and EGB in Fig. 1.3. Addition-

ally, constraints fromBBNwere improved, placing stringent bounds on evaporating PBHs

and their effects on the 4He and 2D abundances [64,131]. Further, new constraints based

on particle production from Hawking evaporation were added. This is the case of the

lightest supersymmetric particles (LSP) [132], motivated by theories beyond the standard

model, and dark matter [127]. For a comprehensive description of each of these con-

straints, see Chapter 4.

Since in this thesis we mainly focus on the production of PBHs from the collapse of per-

turbations during the preheating stage, we describe schematically this scenario in Fig. 1.4.

In the upper panel, we show the evolution of some representative comoving scales. Par-

ticularly, the instability band (IB) is the range of k where the instabilities occur and the

density contrast δk grows. It constitutes the second of the criteria we employ for the deter-

mination of the perturbations that can collapse, the first one being the threshold criterion
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Figure 1.4: Schematic representation of the collapse of perturbations into PBHs during preheating due to
instabilities in the scalar perturbations. The upper panel shows some particular comoving scales involved,
and the lower panel shows the evolution of the density contrast associated with two particular scales.

defined above. Essentially, the IB corresponds to the range between two characteristic

scales: kL (lower) and kU (upper). The lower bound, kL, corresponds to the last mode en-

tering the horizon during preheating and is defined as kL = a(trh)H(trh), where trh marks

the end of the preheating phase. The upper bound, kU , denotes the largest mode affected

by self-resonance and is determined using Floquet theory [2]. For a sufficiently long pre-

heating, the inflationary potential can be approximated by a parabola, so that kU can be

defined as follows [45]

(
kU
a

)−1

=
1

M

(
2

3ϕend

(
a

aend

)3
)1/4

. (1.15)

HereM is themass of the scalar fieldϕ, and the suffix “end” stands for evaluation at the end

of inflation. Also shown for comparison is the scale kend = a(tend)H(tend), defined as the

last scale to exit the horizon during inflation. Amplification is assumed to occur as soon

as a mode enters the IB, which is the region labeled self-resonance (green-shaded area)

in Fig. 1.4. Also shown as an example are the two scales k1 (red) and k2 (blue). The for-

mer enters the IB after the end of inflation, whereas the latter is already inside by the end

of inflation. Once inside the IB, their density contrast (plotted in the lower panel) grows

until it reaches non-linearity in a time∆tcoll. If the time they spent growing inside the IB

is long enough so that the collapse occurs during preheating, i.e. δk > δc(k), then we say
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that the mode has collapsed into a PBH (represented by a circle). The reason behind this

amplification essentially resides in the mathematical structure of the Mukhanov-Sasaki

(MS) equation, whose derivation is detailed in Appendix. A.2. Basically, the MS equation

is a wave equation, and instabilities in the MS variable, vk, occur when k2 ≃ z′′/z, where

z is given by z = a
√
2εMPl. The MS variable, as shown through Eqns. (A.11), (A.14), and

(A.16) is directly related to δk, implying that their instabilities are carried into the density

contrast. Still, there is one last criterion we employ to select the perturbations that can

collapse. As shown in Appendix A.4, the fluctuations that could lead to a collapse into

PBHs are the ones whose physical wavelengths are larger than the Jeans length. If this

is the case, the modes evolve by gravitational collapse instead of developing acoustic os-

cillations. This constitutes our last criterion to select the perturbations that can collapse,

which we summarize in what follows:

• Density Contrast Criterion: The density contrast δk must exceed the threshold

δc(k), to allow for the collapse of perturbations into PBHs. This threshold depends

on the specific model under consideration.

• Instability Band Criterion: Modes must lie within the IB to be affected by the

instabilities that favor the collapse.

• Jeans Length Criterion: The physical wavelength of the modes must be larger

than the Jeans length to ensure that during the collapse, the pressure does not coun-

teract gravity. The speed of sound and its derivation can be found in Appendix A.4.

During this whole dissertation, these three criteria are taken into account when consid-

ering the collapse of perturbations into PBHs. For more details about instabilities during

preheating and their collapse, see Chapters 2 and 3. To conclude the discussion on PBHs,

Table 1.1 summarizes the main differences between astrophysical and primordial black

holes. Still, an essential aspect of PBH physics remains to be explored: their connection

to gravitational waves. This topic is addressed in the next section.

1.3 Gravitational Waves: A window to the early universe

Before Einstein’s GR, there were some attempts to describe GWs as an analog to electro-

magnetic waves, as shown by the works of O. Heaviside andH. Poincaré [133–136]. These

were based on Maxwell’s electromagnetic theory, which treats the electric and magnetic

fields separately, and on Newton’s gravitation, where gravity is assumed to propagate at

infinite speed. Under these assumptions, a successful treatment of GWs is not possible.

Maxwell unified electricity andmagnetism into a single classical electromagnetic theory in

the 19th century, showing that electric and magnetic fields are interrelated components

of the electromagnetic field. Building on this, Einstein’s 1905 theory of special relativ-

ity [137] revealed that electric andmagnetic fields transform into each other depending on
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Feature Astrophysical black hole Primordial black hole

Time of formation
After the first generation of stars

(200 million years after the Big Bang)

Early universe

(before recombination)

Formation mechanism Stellar collapse
Collapse of primordial density

fluctuations

Mass range Stellar (1M⊙) to supermassive (1012M⊙) From ∼ 1g onwards

Role in cosmology Final state of massive stars
Potential dark matter candidates,

supermassive BHs at high redshift

Hawking radiation Negligible
Significant forMPBH < 1015g,

leading to Hawking evaporation

Accretion rates
Significant, forming bright

accretion disks

Negligible or compared to mass

loss from Hawking evaporation

Detection methods
Gravitational lensing, X-rays,

gravitational waves

Microlensing, γ-ray,

Hawking radiation signatures

Table 1.1: Summary of differences between astrophysical and primordial black holes.

the observer’s motion, demonstrating their unity from a relativistic standpoint. However,

after proposing his principle of equivalence in 1907 [138], Einstein recognized that special

relativity could not be straightforwardly extended to include gravity, motivating the de-

velopment of GR in 1915 [7]. After this, he thought, just as Poincaré did, that there could

be gravitational waves similar to electromagnetic waves. However, in the electromagnetic

case, what is usually found is dipole radiation, produced by the oscillations of two (positive

and negative) electric charges, which generate electromagnetic waves. In the gravitational

case, this analogy breaks down since there are no negativemasses. This failure of the anal-

ogy made Einstein remain skeptical about GWs, as he wrote in a letter to Schwarzschild

in 1916: “There are no gravitational waves analogous to light waves”. However, a few

months later, he published the work “Approximate Integration of the Field Equations of

Gravitation” [139], where he predicted GWs and (incorrectly) monopole radiation. It was

G. Nordström who pointed out Einstein’s mistake and led him to correct it in 1918 [140]:

gravitational waves are of a type technically known as quadrupole radiation, whichmakes

them incredibly weak. This, added to the inherent weakness of the gravitational force,

caused Einstein to remain skeptical about the reality of GWs. Further, this workwasmade

under some approximations, which he revised in 1936 in a work with N. Rosen [141], ar-

guing that the fully developed equations of the theory proved that GWs could not exist

after all. However, as pointed out by I. Robinson, this conclusion was made under a poor

choice of coordinates, showing that Einstein and Rosen correctly proved the prediction

of GWs. Despite all these events, this was not enough for Einstein, who still refused to

believe in the existence of GWs. He thought that, even if GWs were real, they would be so

faint and their interaction with matter so weak that they would never be detected. Much

less useful enough for science.
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The skepticism rubbed off on the scientific community until Einstein died in 1955. After

that, the seminal work of F. A. E. Pirani [142] in 1956 changed the general thought. He de-

veloped a mathematical formalism for the deduction of physically observable quantities,

such as the Riemann curvature tensor, applicable to gravitational waves. This turned the

attention toward the idea of whether or not GWs carry energy and thus if they could be de-

tected, which was discussed at the Chapel Hill conference in 1957. This conference played

a central role in the future development of classical and quantumGravity andmany of the

ideas discussed there are still up for debate nowadays. Motivated by this conference, J.

Weber, one of the attendees, proposed in 1960 [143] the first device for GWs based on the

vibrations they induce in a mechanical system, a sort of “antenna” that was completed in

1966. Although several detectorswere built across the globe, nonedetected a clearGWsig-

nal, producing some kind of disappointment in the scientific community. However, hope

was raised with the first indirect detection of GWs in 1974 by J. H. Taylor and R. A. Hulse.

They discovered a binary pulsar that was radiating gravitational energy, confirming the

prediction of Einstein’s GR. The announcement of the detection of gravitational radia-

tion was not made until 1979 [144], which led them to win the Nobel Prize in Physics in

1993. Also in 1979, Starobinsky [145] predicted for the first time a nearly scale-invariant

spectrum of relic GWs generated by quantum effects during a quasi-de Sitter phase of

the early universe, laying the foundation for the modern search for stochastic GW back-

grounds (GWBs). From this year on, the construction of newGWdetectors was proposed.

Among them, the most promising ones were the ones based on laser interferometry, such

as the European Virgo and American LIGO collaborations, whose constructions began in

1993 and 1994, and started acquiring data in 2003 and 2002, respectively. These detec-

tors joined in 2007 in a collaborative search for GWs, but again, none of these detectors

reported any observation of GWs, and in 2011, both were shut down for some improve-

ments. LIGO finished its improvements in February 2015, and by September of the same

year, the first direct observation of a GW was made [146], which came from a pair of 30

solar-mass black holes orbiting around their common center of mass, slowly coming to-

gether and releasing gravitational energy. The peak of the signal was the end of this event

when both black holes merged in the inspiral process. In 2017, Virgo also finished their

improvements, and some months later, the LIGO-Virgo collaboration reported the first

detection of GWs [147], also coming from a binary black hole merger. These two ground-

breaking detections enabled Wiss, Thorne, and Barish to win the Nobel Prize in Physics

in 2017 for their contribution to the detection of GWs. Further, in 2020, the Japanese

KAGRA detector joined the LIGO-Virgo collaboration (from now on LVK collaboration).

These three detectors operate on the High-Frequency Band (HF, 10 Hz-100 kHz) of the

spectrum (see [148] for the classification of GWs in terms of their frequency), and thus

they are restricted to GWs on that frequency range. This limitation arises mainly because

detecting lower frequencies requires larger detectors, which already span 3–4 km for the

LVK collaboration.

In 2016, the International Pulsar TimingArray (IPTA) collaboration released its firstmea-
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Figure 1.5: Sensitivity curves of several GW detectors as a function of the frequency, from the VLF to the
VHF bands. The quantity ΩGW represents the fractional energy density in the form of GWs. Continuous
(dashed) curves represent current (planned) detectors. The image is reproduced from [148, 149].

surement of the amplitude of the GWB, which is a continuous, stochastic signal resulting

from the superposition of numerous unresolved GW sources. This is the kind of signals

that PBHs produce in the early universe and contrasts with the discrete and resolvable

signals detected by the LVK collaboration, which originate from compact object mergers.

While LVKmeasures transient, high-frequency GW events, the IPTA is sensitive to a per-

sistent, low-frequency background signal, analogous to the CMB in the electromagnetic

spectrum. Although not a GWdetector in the conventional sense, the IPTA employs a dis-

tinct detectionmethodology based on identifying correlated deviations in the arrival times

of pulsar signals, induced by passingGWs. Additionally, due to its detection approach and

the spatial scale over which it operates, the IPTA is sensitive to the Very-Low-Frequency

Band (VLF, 300 pHz–100 nHz), significantly lower than the frequency band accessible to

LVK.

Still, there is a gap in frequencies between IPTA and LVK, which corresponds to the Low-

Frequency-Band (LF, 100 nHz-0.1 Hz) and the Middle-Frequency-Band (MF, 0.1 Hz-

10 Hz). Upcoming space-based detectors are planned to fill the gap: the Laser Inter-

ferometer Space Antenna (LISA) [150], planned for 2035, and others such as ASTROD-

GW [151], BBO [152], and DECIGO [153], which are still in the design phase. Other third-

generation ground-based detectors will also operate in the HF band, such as the Einstein

Telescope (ET) [154], planned for 2035, and the Cosmic Explorer (CE) [155], which is in

the design phase. These new detectors are expected to push the boundaries of GW de-

tection even further and test Einstein’s GR in the strong gravity regime. Fig. 1.5 shows

the sensitivity curves of all these current (solid lines) and planned (dashed lines) detec-
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tors, reproduced from the analysis made in Refs. [148, 149]. The ranges of the frequency

bands are represented at the bottom by black arrows, following the classification of [148].

The curves labeled aVirgo and aLIGO correspond to the updated sensitivities of Virgo and

LIGO after the improvement of 2011, while those labeled EPTA, SKA, and FAST corre-

spond to IPTA, the European Pulsar Timing Array, the Square Kilometer Array, and the

Five-hundred-meter Aperture Spherical Telescope.

The evaporating PBHs of interest in this thesis cannot be detected by a direct GW mea-

surement, as they have already evaporated. However, what ismeasurable is the GWB they

produce in the early universe when they are formed, which travels unperturbed through

spacetime after that moment. As we will see, the characteristic frequency of the GWB

produced by PBHs depends, in general, on their mass and production mechanism, with

smaller PBHs associated with higher frequencies. For the case of evaporating PBHs (≲
1015g) and the effects studied in this thesis, their associatedGWB spectrumwill lie, in gen-

eral, on the Very-High-Frequency Band (VHF, 100 kHz-1 THz) of the spectrum. There-

fore, the current IPTA and LVK collaborations, as well as the future planned detectors

meant to fill the gap in between, are excluded as possible candidates for detections of these

GWBs. For this reason and completeness, we also included the detectors in the VHF band

in Fig. 1.5 and direct the reader to Chapter 5, where these VHF detectors and the physics

they use for detection are explained in detail. Finally, let us explain under what circum-

stances these evaporating PBHs can produce a GWB that could be measurable by these

VHF detectors. Three scenarios are proposed in what follows; the first two of them are

studied in the thesis, and the last is left for future work:

Scalar-Induced GravitationalWaves (SIGWs). In the standard scenario, primor-

dial curvature perturbations, amplified during inflation, induce GWs at third-order in the

perturbed expansion of the action when they reenter the horizon. However, as explained

above, we consider a non-standard situation where the amplification of perturbations oc-

curs during preheating, which we also expected to induce GWs [47–49]. In fact, since

the density perturbations grow during this phase, the production of SIGWs is particu-

larly efficient [50]. The resulting spectrum of SIGWs provides indirect evidence of PBH

formation (since the amplified perturbations can collapse into PBHs) and is sensitive to

the shape of the primordial power spectrum, making it a crucial observational probe. A

schematic representation of this scenario is shown in Fig. 1.6. The key aspect is the def-

inition of the relevant scales involved in the instability, as in the case of Fig. 1.4, the IB.

When the modes enter the self-resonance instability (green shaded area), the scalar per-

turbations, such as Φk, grow. This is again related to the instabilities in the MS variable

vk, as shown in Appendix A through Eqns. (A.11) and (A.14). Their behavior is illustrated

in the bottom panel of Fig. 1.6 for two distinct scales, k1 and k2, separated by the scale

kend. The first, shown in red, remains approximately constant after reentering the Hubble

horizon (aH)−1 during preheating. Although this may appear as non-amplification, it ac-

tually counteracts the usual decay of the gravitational potential at subhorizon scales in an

expanding universe, ensuring Φk remains stable during this phase. The mode k2, shown
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Figure 1.6: Schematic representation of the production of SIGWsduring preheating. The upper panel shows
some particular comoving scales involved, and the lower panel shows the evolution of themetric perturbation
associated with two particular scales.

in blue, experiences stronger amplification as it spends more time within the region of

instability of self-resonance. It should be noted that the Floquet exponent, responsible

for amplification, is not the same for all modes within the IB [2], implying a stronger am-

plification for modes k > kend. For more details about the production of SIGWs during

preheating, see Chapter 5.

Primordial Black Hole Domination. If PBHs form with a sufficiently high abun-

dance, they can temporarily dominate the energy density of the universe, behaving as

pressureless matter. During this phase, the PBHs induce Poissonian (shot-noise) energy

density fluctuations, which act as an additional source of gravitational waves through

third-order perturbation effects, similar to SIGWs but arising from the discrete nature

of PBHs rather than a continuous power spectrum [60, 61, 63]. This mechanism gener-

ates a distinctive stochastic GW background that could be measured by detectors in the

HF-VHF band. If such a signal is observed, it would provide direct evidence of a PBH-

dominated era, although the details from the inflationary model generating these PBHs

would get diluted.

Primordial Black Hole Evaporation. When PBHs reach the final stages of their

evolution, they are theorized to evaporate via Hawking radiation, rapidly producing high-

energy particles that act as radiation. In fact, this process would induce a violent transi-

tion frommatter domination to radiation domination, leading to turbulent motion, shock

waves, and non-linear density perturbations [59]. Such sudden transitions, analogous to
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first-order phase transitions, act as powerful sources of gravitational waves [59–63], al-

though at smaller frequencies compared to the SIGWs andPBHs domination effects, since

this effect occurs later in time. Moreover, if PBHs undergo mergers before evaporating,

the resulting Kerr PBHs can radiate a significantly enhanced fraction of their mass into

high-energy gravitons, producing a “hot graviton background’’ and potentially contribut-

ing to the effective number of relativistic species [156].

1.4 Overview of the thesis

In this thesis, we examine the following aspects of the formation of PBHs and some of

their associated GWBs:

• Chapter 2. PBH formation during preheating in Starobinsky inflation

One plausible formation scenario for PBHs is the post-inflationary preheating stage,

where the field oscillates at the bottom of the potential, causing the universe to be-

have as nearly matter-dominated. These oscillations induce instabilities in the den-

sity perturbations, referred to as Mathieu instability, and, consequently, the per-

turbations are amplified at a rate proportional to the scale factor. We study the

two formalisms for studying the collapse of perturbations into PBHs presented in

Section 1.2: PS and KP. Results for the mass fraction of PBHs are provided for the

Starobinsky model. This chapter is primarily based on [1].

• Chapter 3. Self-Resonance during preheating in Starobinsky-like models

When the inflationary potential deviates from a quadratic shape, theMathieu insta-

bility becomes particularly strong, leading to perturbations that grow exponentially

rather than linearly in the scale factor. In this context, the instability is commonly

referred to as self-resonance. This chapter examines this effect for a generic poten-

tial expanded in powers of the inflaton field ϕ. It emphasizes the importance of in-

cluding additional terms in the expansion beyond the quadratic term ϕ2. We present

results for the Starobinsky-likeα-attractormodels of inflation, where self-resonance

is significantly stronger for small values of α, and propose two applications of this

effect, studied in Chapters 4 and 5. This work builds on [2].

• Chapter 4. PBH formation from self-resonant preheating in Starobinsky-like

models

The self-resonant effectsmake perturbations grow faster as the value of α decreases,

which translates into a lower threshold and, consequently, into a higher mass frac-

tion andPBHmasses. In this chapter, we explore these effects also for theα-attractor

models, following again the PS and KP formalisms for the mass fraction, which can

be seen as an extension of Chapter 2. This study is based on [3].

• Chapter 5. SIGWs from self-resonant preheating in Starobinsky-like models
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In this chapter, we study the GWs induced from the amplification of the scalar per-

turbations during preheating also via the self-resonancemechanism. The results are

shown for the α-attractor models. By varying the parameter α, we propose a lower

bound based on the energy density of SIGWs constrained by BBN, which ultimately

translates into a lower bound on the tensor-to-scalar ratio that differs from the one

derived in previous works. The chapter is mainly based on [4].

• Chapter 6. GWs from PBH dominance: The effect of the inflaton decay rate

When the fractional energy density of PBHs is the dominant one, it is usually called

a PBH-dominated era, duringwhich the Poissonian density fluctuations of the PBHs

can induce GWs in a similar way as during preheating, due to thematter-dominated

behavior. We propose a simple parametrization of the power spectrum based on a

Starobinsky-like inflationary model, where the perturbations are amplified during

inflation. Further, we assume that the PBHs are formed during preheating under

the KP formalism, and that the field decays into radiation via a decay rate Γϕ. By

studying the parameter space of the model, we show that these assumptions help

relax previous constraints. This chapter is mainly based on [5].
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2

Primordial black hole formation during
preheating in Starobinsky inflation

A luminous star, of the same density as the Earth, and whose diameter should

be 250 times larger than that of the Sun, would not, in consequence of its at-

traction, allow any of its rays to arrive at us; it is therefore possible that the

largest luminous bodies in the universe, may, through this cause, be invisible.

– Pierre-Simon Laplace [69] in 1796.

Laplace’s proposition of massive celestial bodies whose gravitational pull prevents light

from escaping is one of the studies that laid the conceptual groundwork for what would

later be understood as black holes. Although formulated within Newtonian mechanics,

this idea foreshadowed the implications of GR and quantum gravity in describing extreme

astrophysical phenomena. In themodern era, these considerations have extended beyond

stellar remnants to the early universe, where the formation of PBH is of significant inter-

est. Moreover, since the inflationary phase constitutes the most important phase of the

primordial Universe [24–26, 32], it is vital to understand if the PBH formation makes a

significant contribution within the scope of inflationary cosmology.

The latest observations of the CMB from Planck data [30] are compatible with the single-

field inflationary scenario. Thus, it is adequate to restrict ourselves to the detailed study

of the primordial Universe within a single-field setup. Based on the available Planck data,

Starobinsky and Higgs inflationary scenarios have become the favorite models as they

fit so far, with the spectral index and tensor-to-scalar ratio constraints. The success of

Starobinsky inflation, in particular, has gained a lot of attention because it is the first

model of inflation in the modified gravity context, which has emerged from the foun-

dations of quantum gravity [24, 157]. Starobinsky-like models have become a basis for

building UV-completions around them because exponentially flat potentials happen to

explain more naturally the observation of near scale-invariance of the CMB power spec-

tra [157, 158]. For these reasons, we choose to work within the framework of Starobinsky

inflation.



Chapter 2. Primordial black hole formation during preheating in
Starobinsky inflation

Recently, the preheating stage has been explored and projected to give small-scale PBH

formation [43–46]. However, these studies only consider the possible collapse of (type

I) modes that are super-horizon during inflation and experience resonance instabilities

when they enter the horizon during the preheating stage. The fate of the other (type

II) modes that remain in the subhorizon evolution after inflation is argued to be highly

quantummechanical. Thus, their contribution to PBH formation is an open question and

therefore not considered in those studies. However, our primary aim here is to study all

the fluctuations that can experience preheating instabilities and potentially collapse into

PBH. This includes both type I and type II modes. The relevance of quantum-to-classical

effects in generating preheating instabilities and collapse dynamics is important to men-

tion. In the preheating stage, we may have a situation where classical modes can coexist

with quantum ones. Whether quantum modes can trigger instabilities and contribute to

classical collapse is a broader and non-trivial question. Without any indication that this

can be the case, one valid approach would be to ignore them, as it is commonly done in

the standard literature. However, we choose not to do so to estimate the impact of type II

modes in PBH formation.

Furthermore, we identify a subclass of type II modes (type IIa) that, for all purposes, be-

have exactly as type I ones by growing and experiencing instabilities during the preheating

phase. Thus, to be more precise, our focus is on all the modes that can become unstable

and lead to the universal growth of density perturbations. Therefore, one motivating idea

of this chapter is to revisit the preheating stage carefully and explore these type I and

type IIa modes that evolve identically during preheating despite their evolution history

during inflation. The other subset of modes (type IIb) remains unimportant, as they are

unaffected by the instabilities or do not satisfy the criteria we define for the collapse into

PBH.

Regarding the collapse of perturbations into PBH, one of these criteria is the considera-

tion of a threshold (Eqns. (1.8) and (1.14)) above which the perturbations collapse [159]

and then one applies the PS formalism [82] (Appendix B.1). This threshold is defined in

terms of the pressure, as this is what stops the collapse. However, the preheating stage is

characterized by negligible pressure, and thus the threshold estimation should be recon-

sidered. This is done in [45], where a scale-dependent threshold δc(k) is defined in terms

of the time a perturbation needs to collapse compared to the time the reheating stage lasts.

We, although closely following this work, also consider the KP formalism and compare

both formalisms. This, as explained in Appendix B.2, suits better for a matter-dominated

scenario, as it considers non-spherical effects that indeed restrict the probability of forma-

tion. Further, to determine the PBH masses, we consider the scale-dependent threshold

δc(k) in the critical collapse framework (1.13).

The contents of this chapter are organized as follows: In Section 2.1, we review the dynam-

ics of the scalar perturbations during preheating in the Starobinsky model. Section 2.2

describes the numerical procedure used to compute the background and perturbations
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equations, exploring some range of comoving wavenumbers k meaningful to the density

perturbations amplification. The process of PBH formation is explained in Section 2.3,

where, for the Starobinsky potential, we present numerical estimations of the PBH mass

fraction and associated mass. A summary is presented in Section 2.4.

2.1 Inflation and preheating in Starobinsky inflation

The inflaton potential, according to Starobinsky’s R+R2 theory, is given by

V (ϕ) = V0

(
1− e

−
√

2
3

ϕ
MPl

)2

, (2.1)

where V0 = 3
4M

2M2
Pl is related to the scalaron mass M ∼ 1.3 × 10−5MPl in the Jordan

frame, obtained by normalizing V0 to the amplitude of the inflationary power spectrum

from Planck results [29–31]. ϕ is also expressed in units of Planck mass, MPl. The main

mathematical details about inflation and preheating can be found in Appendix A. Here,

we give the intuition about the new elements of our investigation. To do so, we start with

the equation for the evolution of the comoving curvature perturbation, Eqn. (A.14). This

can be solved numerically, although it requires some suitable initial conditions for Φk.

These are obtained by considering the behavior of the curvature perturbation Rk in two

different regimes of k. The first one (type I modes) is defined by the modes that exited the

horizon during inflation and entered the particle horizon during preheating. The second

one (type II modes) involves wavenumbers that have never exited the horizon. For the

former, we can define the last scale to enter the Hubble radius during preheating, kmin,

which, using the Hubble radius crossing condition, can be computed as

kmin = a(trh)H(trh). (2.2)

Since the preheating duration depends on the inflaton coupling tomatter fields and its de-

cay process, we will consider various arbitrary periods of preheating. These type I modes

belong therefore to the interval k ∈ [kmin, kend].

Regarding type II, these usually are not considered in the literature because of their sub-

horizon (quantum-mechanical) evolution during inflation. Our investigation reveals that

despite their history, a subclass of type II modes during preheating gets amplified like

type I, which we call type IIa. The collapse of type I modes is considered as they enter the

particle horizon and fall into the IB during preheating. Meanwhile, type IIa modes never

exit the horizon during inflation but still can fall into the IB and get amplified. Therefore,

both type I and IIa modes are on equal footing when inside the IB and can potentially

contribute to PBH formation, as explained in the later part of the section. The remaining

type II modes are labeled as type IIb. For illustration, in Fig. 2.1, we have plotted the evo-

lution of the MS variable vk and the density contrast δk for a type I and a type IIa mode,
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Figure 2.1: (a) Time evolution of the Mukhanov-Sasaki variable for a type I mode (k ≃ 0.7kend). Vertical
gray lines mark the points where the mode exits the horizon during inflation (left one) and where it reenters
back (right one). (b) The same but for a type IIa mode (k = 1.35kend). Vertical gray line marks, in this case,
the point where the mode enters the RB, and thus, it starts to amplify. (c) Time evolution of the density
contrast for the same type I mode. (d) Time evolution of the density contrast for the same type IIa mode.

both real and imaginary parts. We assumed the standard Bunch-Davies initial conditions,

described in the next section. The question of the quantum aspects of these modes that

could potentially collapse remains, we nonetheless explore all themodes classically in this

work leaving the quantum treatment for future investigations. We fix an upper limit kmax

(based on our numerical evaluation of density perturbations for the Starobinsky model)

for the type II modes, given by

kmax = 10−30MPl, (2.3)

where the density perturbations typically reach the non-perturbative regime, at least

for the Starobinsky model, see Fig. 2.6. These type II modes belong to the interval k ∈
[kend, kmax]. In Fig. 2.2, these scales are shown, as well as the Hubble radiusH−1. Bear in

mind that H−1 is a physical scale (in contrast to the conformal scale (aH)−1) and, there-

fore, when plotted together with the scales a/k, those scales must be physical too. We

define physical scales as

k−1
phys =

a

kcom
, (2.4)

where kcom is the comoving wavenumber.
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Figure 2.2: Physical scales of interest for the Starobinsky model as well as the physical Hubble radiusH−1

as a function of the number of e-folds from the beginning of inflation. The small oscillations in H−1 after
N = 60 are part of the solution, not an artifact. The Blue shaded area corresponds to the type I modes,
whereas the orange shaded area corresponds to the type IIa and type IIb modes, separated by the last scale
to enter the RB, the hatched area.

One last remark is needed before solving for the equation for the evolution of the comoving

curvature perturbation, Eqn. (A.14), the effect of parametric resonance. This will help us

gain a clearer understanding of how curvature perturbations behave during preheating

and explicitly define the IB, a concept that is further studied in Chapter 3. Since, during

this phase, the inflaton field oscillates around the bottom of the potential (2.1), one can

approximate it by a quadratic one9, that is, V ∼ M2

2 ϕ2. Doing so, and neglecting fast-

decaying terms, makes it possible to rewrite the Mukhanov-Sasaki equation (A.9) as a

Mathieu-like equation of the type

d2ṽk
dz2

+
[
Ak − 2q(z) cos (2z)

]
ṽk = 0, (2.5)

where ṽk = a1/2vk is the re-scaled MS variable, z = Mt+ π/4 and the parameters

Ak = 1 +
k2

a2M2
,

q =
1

MPl

√
3

2
ϕend

(
aend
a

)3/2

,

(2.6)

depend on the background solution [43, 45, 46]. Now, since q ∼ ϕend < 1 we are in the

narrow resonance regime, and the first IB is given by the condition 1−q < Ak < 1+q [43],

which corresponds to

0 <
k

a
<

√
3HM

Mϕend√
6HendMPl

≃
√
3HM. (2.7)

9It is important to mention that approximating the potential (2.1) by a parabola reflects the true behavior
of the Starobinsky model for prolonged preheating stages. However, during the first moments of preheating,
the Starobinsky potential differs from the quadratic one (see Fig. A.1 for high values of ϕ). This difference is
further explored in Chapter 3.
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Figure 2.3: a) Instability band (red shaded area) (2.8) aswell as some examples of physical scales during the
end of inflation and the beginning of preheating. b) Curvature perturbation for the physical scales selected.
The vertical purple dashed line marks the end of inflation. The ε parameter is set to ε = 3/2 for visual
purposes due to its high oscillating behavior.

If we now consider physical scales (in length units) and the fact that the mode has to be

inside the horizon so that causality applies, we have that for a mode to be in the IB means

the following

1

H
>

a

k
>

1√
3HM

. (2.8)

The important thing here is that for the modes satisfying (2.8), the re-scaled MS vari-

able grows as ṽk ≃ e
∫
µ(z)dz ≃ a3/2, where µ(t) ∼ q(z)

2 is the so-called Floquet exponent.

All this is equivalent to vk ≃ a, which implies a constant curvature perturbation by the

definition of (A.11). That is: modes satisfying (2.8) (inside the IB) have a constant cur-

vature perturbation. Fig. 2.3 confirms numerically this fact, where we depict the IB with

some examples of physical scales (Fig. 2.3a), and the curvature perturbation associated

with those physical scales as a function of the number of e-folds (Fig. 2.3b). For the type

I mode labeled as k1, the curvature perturbation decays during inflation until it exits the

horizon and gets fixed to a constant value even after entering the horizon (or, equiva-

lently, entering the IB). We also observe the curvature perturbation for type IIa modes k2
and k3, which enter the IB at different times. The mode k2 decays until the end of infla-

tion, and as it enters the IB at this point, it evolves towards constant value. On the other

hand, themode k3 decays until approximatelyN = 62, then it enters the IB and eventually

approaches a constant value.

Now that we have specified the two ranges of k and understood the behavior of the curva-

ture perturbation during preheating, we can solve (A.14) analytically. For type I, since the

modes exit the horizon during inflation, the curvature perturbation becomes and remains

nearly constant evenwhen themode reenters the particle horizon during preheating, since

it enters the IB, see Fig. 2.3 for k1. We can thus fix the value ofRk toRhc
k ∼ Rend

k , themag-

nitude it had when it crossed theHubble scale (hc stands for Hubble crossing). Therefore,
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(A.14) can be solved analytically to give

|Φk| =
3

5
|Rend

k |+ C1(k)

(
aend
a

)5/2

, (2.9)

where C1(k) is a constant of integration and we have consideredH ∼ 2
3t and weff ∼ 0 dur-

ing preheating (see Appendix A.3). Ignoring the decayingmode, we see that the perturba-

tionΦk also remains constant during preheating in this interval. Regarding the derivative

of Φk, by direct inspection of Eqn. (A.14) one can deduce that |H−1Φ̇k| ≪ |Φk|, so that

|Φk| = 3
5 |R

end
k | applies. Using this into (A.16) (ignoring the decaying term), we have that

the density perturbation during preheating and for the type I modes is given by

|δIk| ∼
2

5

(
k2

a2H2
+ 3

)
|Rend

k |. (2.10)

If the mode is super-Hubble, the term k2/a2H2 is negligible, and the density perturbation

is constant. However, once the mode enters the particle horizon during preheating, this

term grows as

k2

a2H2
∼
(

k

kend

)2( a

aend

)
, (2.11)

which implies the growth of density perturbation as δk ∼ a [46]. This increase will depend

on both the value of k with respect to kend and a with respect to aend. For example, if

the mode enters the particle horizon at the beginning of preheating, then k ∼ kend, and

therefore the increase will be maximum. However, if the mode enters the particle horizon

by the end of preheating k ≪ kend, then the increase will be minimal. Therefore, among

the type I modes, those that enter the particle horizon closely after the end of inflation

(k ≈ kend) are more likely to create overdense regions that can potentially collapse and

form PBH. These are the modes studied earlier by [45].

Let us now study type IImodes. In this case, theMSvariable is still approximately given by

the vacuum solution during inflation. However, as thesemodes enter the IB, the curvature

perturbation sets to a constant value, andwe retrieve solutions (2.9) and (2.10) again. This

would be the case of mode k2 in Fig. 2.3, the mode k3 afterN ∼ 62 or, in general, any type

IIa mode that falls into the IB, for which the density perturbation grows as

|δIIak | ∼ 2

5

(
k2

a2H2
+ 3

)
|Rend

k |. (2.12)

For the remaining type IIb modes, the curvature perturbationRk decay as

|Rk| ∼
(
aend
a

)
|Rend

k |, (2.13)

which translates into an also decaying Φk. Using (2.13) into (A.14) and solving for Φk we
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obtain

|Φk| ∼
(
aend
a

)
|Rend

k |+ C2(k)

(
3H

2

)5/2

, (2.14)

where again C2(k) is a constant of integration. Using this into (A.16) and ignoring the

decaying term, the density perturbation is approximately given by

|δIIbk | ∼ 2

3

k2

a2H2

(
aend
a

)
|Rend

k | ∼ 2

3

(
k

kend

)2

|Rend
k |, (2.15)

where in the last step, we have used (2.11). Equation (2.15) tells us that the density pertur-

bations corresponding to the type IIbmodes remain constant in time and therefore do not

suffer from instabilities, so we exclude them10. In essence, the modes that are of interest

to us are the types I and IIa, which as we saw are the ones affected by the instabilities

(δIIak ∼ δIk ∼ a).

Now that we know the relation betweenRk and δk we can use (2.10) and (2.12) to obtain

the density perturbations. This is done by numerically solving for vk, shown in the next

section.

2.2 Numerical approach

This section presents the numerical procedure used to compute the background evolution

and scalar perturbations, along with their respective initial conditions.

2.2.1 Background solution and initial conditions

To solve for the background, usually, one substitutes the first Friedmann equation from

(A.5) into (A.2) so that there is just one second-order ordinary differential equation at

the end. This kind of equation needs two initial conditions to be completely solved, one

for ϕ and one for ϕ̇, which we derive from the slow-roll approximation. First, from the

Friedmann equations (A.5) we obtain the relation

Ḣ = − ϕ̇2

2M2
Pl

. (2.16)

Now, the first slow-roll parameter ε is defined in termsof theHubble factor as ε = −Ḣ/H2.

Substituting this into (2.16) we have

H

ϕ̇
=

1√
2εMPl

. (2.17)

10Actually, these modes can be further excluded by other criteria we define in the next sections.
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This implies that the number of e-folds can be expressed as dN = Hdt = H
ϕ̇
dϕ and thus,

substituting this into (2.17) we obtain

dN =
1√

2εMPl
dϕ. (2.18)

Another common way of defining the first slow-roll parameter is in terms of the inflation-

ary potential, given by

εV =
M2

Pl

2

(
V,ϕ

V

)2

, (2.19)

where the subscript “,ϕ” refers to derivation with respect to the field ϕ. During inflation,

the slow-roll parameters can be approximated, ε ≃ εV , so substituting (2.19) into (2.18)

gives us an integral relation between the field and the number of e-folds, that is:

N = − 1

M2
Pl

∫ 0

ϕ

(
V

V,ϕ′

)
dϕ′. (2.20)

Usually, the number of e-folds is counted backward, with N = 60marking the beginning

of inflation, and N = 0 the end. To obtain ε(N), we have to go back to (2.17) and use the

relation dN = Hdt again to transform the derivative with respect to t to a derivative with

respect to N . Then, using (2.20) we obtain

ε(N) =
1

2M2
Pl

(
dϕ
dN

)2

=
1

2

(
V,ϕ

V

)2

. (2.21)

Let us finally see how to obtain dϕ
dN . Using the Klein-Gordon equation (A.2), neglecting ϕ̈

and transforming ϕ̇ into a derivative with respect to N we have

dϕ
dN

= −
V,ϕ

3H2
. (2.22)

Now, using (A.5) to substitute H2 and using the slow-roll approximation (V ≫ ϕ̇2) we

obtain:

dϕ
dN

= −M2
Pl
V,ϕ

V
. (2.23)

For the Starobinskymodel with potential given by (2.1), we have the following expressions

ϕ ≃
√

3

2
ln
(
4N

3

)
MPl,

dϕ
dN

≃ −
√

2

3

MPl

N
, ε ≃ 3

4N2
, (2.24)

valid during the slow roll regime, and whereN = 60marks the beginning of inflation and

N = 0 its end. We can now use (2.24) as initial conditions for the background equations

(A.5) and (A.2). Even though our computations are made in cosmic time, it is more intu-

itive tomake the plots with respect to the number of e-folds, for whichwe use the standard
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relation

N(t) = ln
(

a(t)

a(t0)

)
, (2.25)

where a(t0) is the scale factor at the beginning of inflation, labeled as t0. This is evaluated

by using the Hubble-crossing condition at the pivot scale (kpivot = 0.05Mpc−1 = 1.33 ×
10−58MPl), that is:

a0 =
kpivot
H(t0)

, (2.26)

where H(t0) is the Hubble rate evaluated at the beginning of inflation, obtained via the

normalization of the power at the pivot scale. From the Planck data [30,31] we have

PR(kpivot) ≃ 2.2× 10−9 ≃ H2

8π2M2
Plε(Ninf)

. (2.27)

Notice that one should not confuse t0 with the initial time ti of the computations. The

times ti and t0 do not necessarily need to coincide. Imposing initial conditions from the

slow-roll approximation gives an approximate (but somewhat accurate) estimation of the

initial conditions for the field and seldom produces exactly 60 e-folds of inflation. This

means that imposing initial conditions at ti can givemore or less than 60 e-folds, but then

we normalize the scale factor at t0 (so that from t0 to the end of inflation we have exactly

60 e-folds). If this cosmic time is expressed in Planck mass units, it is enough to take

ti = 105M−1
Pl to be accurate, but numerically there is no difference so that we can take

ti = 1M−1
Pl as initial computational time. The scale factor a(t) can be obtained by solving

Friedmann equation (A.5) with an arbitrary initial condition. After that, it is just a matter

of defining a rescaling using (2.26).

2.2.2 Scalar perturbations and initial conditions

As previously explained, we study perturbations with the MS equation written in cosmic

time (A.9). Following [160], it is better (for numerical purposes) to solve this equation

separately for the real and imaginary parts of theMS variable. Thismeanswemust specify

real and imaginary initial conditions when solving Eqn.(A.9) in addition to an initial time.

We derive these quantities in what follows.

Generally, initial conditions for all the fluctuations during inflation are imposed when the

modes are deep inside the horizon k ≫ aH , where the MS variable is usually expanded as

v̂(η,x) =
∫

d3k

(2π)3/2

[
akvke

ik·x + a†kv
∗
ke

−ik·x

]
, (2.28)

and where ak, a
†
k are the creation and annihilation operators that satisfy the canonical
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commutation relations. In this regime, the general solution of the MS equation (A.8) is

given by

vk(η) =
Ak√
2k

(
1− i

kη

)
e−ikη +

Bk√
2k

(
1 +

i

kη

)
eikη, (2.29)

whereAk, Bk are theBogoliubov coefficients and η represents conformal time. The canon-

ical commutation relation of the MS field leads to [35]

vkv
∗′
k − v∗kv

′
k = i, (2.30)

where a primedenotes differentiationwith respect to conformal time. This equation yields

conditions on the coefficients

|Ak|2 − |Bk|2 = 1. (2.31)

The Bunch-Davies vacuum, usually assumed for inflationary initial conditions, is defined

as the one for which Ak = 1 and Bk = 0, which corresponds to the positive energy state

when the mode is subhorizon k ≫ aH , that is

vk

∣∣∣
k≫aH

=
1√
2k

e−ikη. (2.32)

To understand the choice we make for the real and imaginary initial conditions of vk, this

equation is written in a trigonometric form as:

vk(η) =
1√
2k

[
cos (kη)− i sin (kη)

]
. (2.33)

Let us further define the following two conditions:

i) Real and imaginary parts must be synchronized, in the sense that

cos (kη)2 + sin (kη)2 = 1,

so that the amplitude does not get affected.

ii) The initial computational time must be such that we let the mode evolve for a suffi-

cient number of e-folds before the freezing (Hubble-crossing) point is reached.

As long as these two conditions apply, then the choice of initial computational time (con-

formal or cosmic) should have no impact on the final result for themodulus ofMukhanov’s

variable |vk| (see Fig. 2.4 for details). This is because the freezing point acts as an attractor
and always occurs at the same time and with the same amplitude, provided conditions i)

and ii) are satisfied and that we refer to |vk|. We will choose the following simple initial
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Figure 2.4: Evolution of the Mukhanov variable for two different choices of conformal time and for k =

10−34MPl. Hubble-crossing occurs at approximately 54 e-folds. In blue, conformal time is set to zero at the
end of inflation η(tend) = 0 and in orange η(tend) = π

4
. In (a) the real part is plotted, in (b) the imaginary

part, and in (c) the modulus |vk|. In this last plot, both plots are superimposed, showing that the choice of
conformal time does not affect |vk|, but indeed, it affects the real and imaginary parts. vk is rescaled to have
unitary amplitude while sub-Hubble.

condition11 for all modes:

vk(ti) =
1√
2k

. (2.34)

This, of course, satisfies condition i) (see footnote 11) and, if ti is such that it lets themode

evolve for some e-folds, then also condition ii). Following [160,162], the starting time for

the computations can be set for each mode to just a few e-folds before Hubble crossing,

usually 2 or 3. This is because, at this point, the mode is still well described by the Bunch-

Davies vacuum. Also, in doing so, we avoid the computation of unnecessary oscillations

that the mode does. This consumes memory, which translates into more waiting time.

Let us see now how to obtain the initial condition for v̇k. Using the definition of conformal

time we have

dη =
dt
a(t)

→ η̇(t) = a(t)−1. (2.35)

Differentiating (2.32) with respect to cosmic time and using (2.35) we have

d
dt

vk(η(t)) = − ik

a(t)
vk(η(t)). (2.36)

Evaluating again at the same initial time ti than in (2.34) we have, for all modes, that

v̇k(ti) = − i

a(t)

√
k

2
e−ikη(t). (2.37)

Therefore, from Eqns. (2.34) and (2.37) we have the following real and imaginary initial

11In essence, this is like setting ti such that kη(ti) = 2nπ, with n ∈ N. This fully satisfies condition i). We
can always do that since conformal time is defined up to a constant and therefore is rather arbitrary [161].
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Figure 2.5: Averaged values of curvature perturbation as a function of the comoving wavenumber k evalu-
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grey line at kend separates the type I from the type II modes. This plot is entirely evaluated numerically.

conditions

Re
[
vk(ti)

]
=

1√
2k

, Re
[
v̇k(ti)

]
= 0, Im

[
vk(ti)

]
= 0, Im

[
v̇k(ti)

]
= −1

a

√
k

2
.

(2.38)

Using these as initial conditions for (A.9) allows us to solve for the MS variable vk and

then for the curvature perturbation Rk, defined in (A.11). Fig. 2.5 shows the evolution

of the comoving curvature perturbation for the two types of modes. In figures 2.5 and

2.6, time grows from the curve marked as N = 60 to the curve N = 65. Also, all quan-

tities represented in the figures are averaged and normalized with the factor k3/2 [35].

We can observe in Fig. 2.5 how, for type I modes, the curvature perturbation is constant

(the curves are superposed). This happens because those modes have exited the horizon

during inflation. Therefore, the value of the curvature perturbation is frozen, remaining

nearly constant even after they enter the particle horizon during the preheating stage. For

some type II modes, the curvature perturbation decays as a−1, but as they enter the IB, it

evolves towards a constant value (type IIa), whereas for others, the curvature perturbation

always decays (type IIb).

Once we have computed Rk, we can numerically obtain the density perturbations using

Eqns. (A.14) and (A.16). The results are presented inFig. 2.6. For type Imodes, we observe

that δk grows proportionally to the scale factor as they enter the particle horizon, con-

sistent with Eqn. (2.10). As previously discussed, modes with smaller wavenumbers (k)

spend less time inside the horizon, leading to minimal amplification. In contrast, modes

with k close to the last scale that exited the horizon, kend (indicated by the vertical grey

line in Fig. 2.6), remain sub-Hubble for a longer period, resulting in greater amplifica-

tion. For type II modes, smaller wavenumbers also experience amplification because the

curvature perturbation remains nearly constant while they reside inside IB during pre-

37



Chapter 2. Primordial black hole formation during preheating in
Starobinsky inflation

10-36 10-35 10-34 10-33 10-32 10-31
10-5

10-4

0.001

0.010

0.100

1

k(Mpl)

δ
k

N=60

N=70

Type I modes Type II modes

Figure 2.6: Averaged values of density perturbations δk as a function of the comoving wavenumber k eval-
uated from N = 60 (darker blue) to N = 70 (lighter blue). The vertical grey line at kend separates the type I
from the type II modes. This plot is made numerically up to N = 65. Then, since at this point the potential
(2.1) is well approximated by a quadratic one, we have used the parametric instability described in [45] to
extrapolate the evolution of the density perturbations by using the definition of RB.
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Figure 2.7: a) Evolution of Rk, Φk and δk during the end of inflation and preheating for a type I mode
with comoving wavenumber kI = 3 × 10−33MPl. b) The same but for a type II with comoving wavenumber
kII = 10−31MPl.

heating. However, as k increases, the perturbations remain approximately constant over

time since they are outside the RB, in agreement with Eqn. (2.12).

To have a better understanding, Fig. 2.7 illustrates the evolution ofRk, Φk, and δk for two

specific modes: a type I mode with wavenumber kI = 3 × 10−33MPl and a type II mode

with kII = 10−31MPl. For the type I mode (Fig. 2.7a), both the curvature perturbationRk

and the potential perturbation Φk remain constant, whereas the density perturbation δk

grows. On the other hand, for the type II mode (Fig. 2.7b), Rk and Φk decay, while δk

remains nearly constant.
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Figure 2.8: Time evolution of Jeans length for two modes (left panel corresponds to a type I mode while
the right panel corresponds to a type II mode.

2.3 Numerical characterization of PBH formation

In this section, we give an account of PBH formation in the Starobinskymodel, employing

numerical calculations. First, we discuss the PS and the KP formalisms and compute the

mass fraction. Then, we compute the PBH masses using the critical scaling method for

both formalisms.

2.3.1 Mass fraction estimations

We have already defined the IB criterion. However, before going into details on the mass

fraction and defining the threshold criterion, we introduce in detail the second criterion

used for the selection of modes that can potentially collapse: The Jeans length criterion.

From the definition of the Jeans length in Appendix A (see Eqn. (A.30)), we have that

perturbations collapse if the following criterion is satisfied

RJ <
λp

2
< RH ⇒ RJ

π
<

a

k
< RH . (2.39)

This condition means the only modes that can potentially collapse are those with physical

wavelengths two times larger than the Jeans length, and this is what we call the Jeans

length criterion. This gives us a lower bound on the wavenumbers we must consider,

which might collapse during the preheating. In Fig. 2.8, we show the evolution of RJ/π

as a function of the number of e-folds for two different wavenumbers k in the Starobinsky

inflationary scenario. We observe that for modes with small k, Jeans length is unimpor-

tant since it is too small for them, and thus, as soon as they enter the horizon, they can

potentially collapse. However, as we increase k, we see that it takes some time for the

mode to grow and be able to collapse. We can notice from Fig. 2.8 that the Jeans length

grows at a smaller rate thanH−1. This makes some type II modes take some time before

they grow enough and can collapse, which provides a physical mechanism to separate the
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non-linear regime induced by the smallest scales (high k) from our considerations.

Press-Schechter formalism: This formalism is givenbyEqn. (B.13), where the power

spectrum for the density perturbations, Pδ(k), is defined as

Pδ(k) =
k3

2π2
|δk|2, (2.40)

and evaluated at the end of preheating for each mode. As previously said, we will explore

different preheating spans. Regarding the threshold values, as stated in Chapter 1, from

the original analysis by Carr [79] and Harada [118], one obtains an analytical formula for

the threshold as a function of w. However, this is valid just for a perfect fluid formulation

and forw ̸= 0. Since our context is a scalar field during preheating, we will use the formu-

lation given in [45], based on time assumptions, to estimate the threshold. Following the

spherical collapse model, the time a perturbation δk needs to collapse into a PBH is given

by [45, 163]

∆tcoll =
π

H[tbc(k)]δ
3/2
k [tbc(k)]

, (2.41)

where tbc(k) is the time at which each mode (type I or II) enters the RB. Now, requiring

that this time is equal to the time the mode is inside the RB, ∆tin = tr − tbc(k), where

tr is the end of preheating, one can obtain an estimation for the threshold, the minimum

value of δk that can produce a PBH, which we call the threshold criterion. Assuming that

δk ∼ a, one obtains [45]

δc(k) =

(
3π

2

)2/3 [
e3(Nrh−Nbc(k))/2 − 1

]−2/3
, (2.42)

whereNrh is the number of e-folds at which preheating ends andNbc(k) is the number of

e-folds at which a perturbation enters the IB. Note that this equation assumes that δk ∼ a

inside the IB, which is close to the Starobinsky case. However, this growth can be larger

for other Starobinsky-like scenarios, such as α-attractors, as shown in Chapters 3 to 5.

Using the PS formalism from (B.13) we have computed in Fig. 2.9 the mass fraction of

collapsed objects. We have taken the threshold defined through time constraints using

(2.42), and only modes that satisfy (2.39) have been selected. Evaluation is made at dif-

ferent numbers of e-folds, from N = 71 to N = 73. As can be seen, as we increase the

duration of preheating, the mass fraction increases since the modes have more time to

collapse. Vertical dashed lines correspond to the smallest scale able to collapse for each

duration of preheating and are computed using Jeans length argument. The vertical gray

linemarks the last scale to exit the horizon during inflation, kend. We see that for k < kend,

we recover the results of [45]. However, in our case, a shorter preheating is enough to ob-

tain a similar mass fraction because of the contribution from type II modes.
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Figure 2.9: Mass fraction of collapsed objects for different durations of preheating, computed using PS
formalism. The threshold is obtained through time constraints with (2.41), and onlymodes that satisfy (2.39)
have been selected. Vertical dashed lines correspond to the smallest scale able to collapse at each evaluation
step (with the same color code), computed using Jeans length argument.

Khlopov-Polnarev formalism: This formalism, suited for matter-dominated sce-

narios, is described in Appendix B.2. For small perturbations, we use the anisotropy es-

timation βKPaniso(σk ≲ 10−2), Eqn. (B.27), whereas for large amplified perturbations we

instead use the estimation from inhomogeneity βKPinhom(σk ≳ 10−2), Eqn. (B.32). To be

more consistent, one could use instead the estimation for large perturbations from the

anisotropy criterion βKPaniso(k), Eqn. (B.28). However, at the moment this investigation

was done, the authors were not aware of how this last estimation could be achieved.

Although considering βKPinhom(σk ≳ 10−2) instead of βKPaniso(k) does not take into account

the anisotropy effects, which are the dominant ones, it captures the main differences with

the PS formalism, which is what we try to show here. Furthermore, both approaches do

not differ too much in this regime, so the results are valid in this sense. The estimates

are depicted in Fig. 2.10, where we plot the estimates from KP formalism using both ap-

proaches (B.27) (continuous) and (B.32) (dahsed). We can notice that the KP formalism

is very sensitive to the number of e-folds of preheating. The mass fraction drastically in-

creases as we increase the number of e-folds during the preheating. It is worth noting that

the KP formula only applies to the exactmatter-dominated era, and the preheating cannot

be strictly taken as that. However, given the smallness of the effective equation of state

during preheating (see Appendix A.3), we get estimates subjected to negligible effects of

non-zero pressure, providing reasonable bounds of PBH formation using the KP formal-

ism. We can see in Fig. 2.11 that for lower values of σk the KP formula (B.27) (orange

continuous) gives a higher estimate than the PS formalism (B.13) (blue). However, as σk
increases, the latter has a higher estimate for the PBH abundance, unless the expression

for high σk, Eqn. (B.32) is used (orange dashed).
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Figure 2.10: KP formalism evaluated for different lengths of preheating. Vertical dotted-dashed lines corre-
spond to the comoving Hubble radius (left) and smallest scale able to collapse (right), computed using Jeans
length argument. The color code is the same as for the time steps.

2.3.2 PBH associated mass

Let us turn to determining the mass associated with these PBHs. As shown in Chapter 1,

for δk ≥ δc, and δk ≃ δc, the PBH mass follows a scaling relation with δk given by

MPBH(k) = MHκ(δk − δc)
γ , (2.43)

where κ, γ are constants (γ being dependent on the equation of state parameter w), and

MH is the horizon mass at the time of PBH formation, which is given by

MH =
4π

3
ρH−3 ≃ 4π

3
ρenda

3
end

(
1

aH

)3

. (2.44)

We have used the fact that the energy density, during matter-domination, decays as

ρ ≃ ρend

(
a

aend

)−3

. (2.45)

References [113–117, 164–166] present a vast account of numerical studies where (2.43)

was derived. Parameter κ ranges from κ ≃ 2.4 to κ ≃ 12 [114]. We will consider κ = 4

to estimate the mass. Regarding the exponent γ, the scenario where w = 0 corresponds

to a singular point, in the sense stated in [164]. However, in the present case, γ seems to

approach a non-vanishing value when w → 0. This situation was first analyzed in [166],

where a γ = 0.1057 was obtained. We will use this value in our numerical evaluation of

the PBH-associated mass, accounting for the smallness of our effective equation of state

weff (see App. A.3).

In Fig. 2.12, we illustrate the mass fraction as a function of PBH mass, obtained using

(2.43) for the PS and KP frameworks. The modes chosen to create this plot must fulfill
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Figure 2.11: Comparison between Press-Schechter formalism (blue) and Khlopov-Polnarev for small σk

(orange continuous) and for high σk (orange dashed). The vertical grey line is at kend, marking the limit
between type I and II modes. The vertical grey dashed line is at the smallest scale and can collapse, following
Jeans length argument.

two criteria. First, only modes with δk ≳ δc are considered, allowing (2.43) to be applied.

Second, we must adhere to the Jeans instability requirement, which entails satisfying the

inequality (2.39). Further, in Fig. 2.12, it is evident that the mass fraction is somewhat

broadly distributed for PS compared to the KP formalism. As we prolong the preheating

duration, the PBH mass increases as horizon mass grows over time (see (2.44)), and the

shape of β(k) does not appear to change notably. We conclude that PBH formation ex-

ceeds previous estimates [45] by more than 5 orders of magnitude, even with a reduced

preheating duration. This results from the additional non-negligible contribution from

the type II modes, which is somewhat anticipated in [45].

2.4 Summary

In this chapter, we carefully revisit the PBH formation criteria during the preheating stage

and extend the study made previously in [45]. There, the authors studied PBH formation

for type I modes in the context of chaotic inflation, which is ruled out by observations.

We instead consider a more realistic scenario, such as the Starobinsky model, and further

extend the formation of PBHs to type II modes (smaller scales), see Fig. 2.2 for details.

Particularly, we found a subclass of these, type IIa, which behaves identically to type I,

since these also fall inside the IB (2.8) and their density contrast grows as δk ∝ a. The

difference between them is that type I modes become super-horizon during inflation and

reenter during preheating, whereas type II remain in the subhorizon regime (see the dis-

cussion at the beginning of this chapter about their quantum nature). This extension to

smaller scales (higher k) highlights the need for a criterion to select the modes able to

collapse, and thus to avoid the non-linear regime. To do so, we employ the Jeans length

argument (2.39).
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Figure 2.12: Mass fraction of collapsed objects evaluated at different points after inflation for the two es-
timations under consideration, Press-Schechter (B.13) (a) and Khlopov-Polnarev (B.32) (b). Thresholds are
obtained by imposing time constraints by (2.41), and only modes that satisfy (2.39) have been selected. The
vertical dotted lines represent the horizon mass at the evaluation time, following the same color code of the
mass fractions.

To compute the mass fraction, we employ two formalisms, the standard PS one (B.13),

where the threshold is obtained via time assumptions (2.42), and the KP one, where we

take the estimations from (B.27) and (B.32), and which is independent of any threshold

and considers non-spherical effects. The differences between both formalisms are signifi-

cant (see Fig. 2.11), especially for small values of perturbations, where the PS rapidly drops

to zero. The PBH mass is computed under the critical collapse method (2.43), which is

supported by numerical simulations. We found that considering the collapse occurring at

the end of preheating, one obtains PBHmasses of the order of 109 − 1012g (see Fig. 2.12),

with not verymuch differences between formalisms, apart from a broader distribution for

the PS case. Although not large enough, thesemasses could impact the early history of the

universe by dynamical effects such as early accretion, clustering, or merging, as discussed

in Chapter 1. Other effects include PBH dominating the universe before evaporating, with

the consequent production of gravitational waves, which is the subject discussed in Chap-

ter 6.

This study gives more precise estimates for themass fraction of PBHs during the inflaton-

like matter-dominated era by extending the formation to smaller scales and, also, by con-

sidering non-spherical effects in their formation, achieved via the KP formalism.

In the next chapter, we extend the study of the preheating instabilities to the case when

the inflationary potential deviates from a quadratic (parabolic) shape. This is explored

for the case of the Starobinsky-like inflationary models of α-attractors. Where, for small

values of the parameter α, these instabilities are strong.
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Self-Resonance during preheating in
Starobinsky-like models

If you wish to understand the Universe, think of energy, frequency, and vibra-

tion.

– Nikola Tesla

At the fundamental level, the evolution of the early universe is governed by oscillations of

fields, densities, and perturbations. Particularly interesting is this concept for this chap-

ter, since the oscillatory behavior of the inflaton field at the end of inflation drives the

amplification of density perturbations through instabilities. In this way, the physics of

preheating resonates with Tesla’s vision. To describe these effects, we work in the frame-

work of the Starobinsky-like cosmologicalmodels known asα-attractors [167–170], which

show an excellent agreement with Planck data [30] and have universal predictions of ob-

servables. For this reason, they have gained a lot of attention, as well as from the point of

view of supergravity, where they aremost naturally formulated. Thesemodels are charac-

terized by the positive, real, dimensionless parameter α, where α = 1 recovers Starobin-

sky inflation. Furthermore, for large field values, where the inflationary phase takes place,

all these models behave identically to the Starobinsky model [158]. As we saw in Chap-

ter 2, during preheating and due to the oscillations of the scalar field at the bottom of

the potential, the density perturbations amplify due to parametric instabilities. This has

been extensively studied in the literature, see for instance [41–46], and particularly for

the case of the α-attractor models [171–181], where the potential is approximated by a

parabola (quadratic). However, as we decrease the value of α in these models, the poten-

tial starts to deviate from the quadratic behavior, and the instabilities can be so strong

that the non-linearity regime is reached in O(1) e-folds after the end of inflation, render-

ing the quadratic approximation as non-valid. In this scenario, the instabilities are called

self-resonance effects.

Specifically, and contrary to the usual procedure, our focus lies on the study of the am-

plification of curvature perturbations through the MS equation. We consider these per-

turbations to be more relevant from the observational point of view and thus we find it

necessary to develop the analytical tools necessary to explain its amplification during pre-

heating. We perform a series expansion of the potential and posterior transformation of

the MS equation into a Hill equation [182, 183], which gives us the Floquet’s exponents

governing the amplification of the perturbations. This Hill equation, which frequently
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emerges in the context of preheating, has never been solved (in the context of preheating)

including the terms coming from both the cubic and quartic contributions of the expan-

sion of the potential.

The contents of this work are organized as follows. We begin in Section 3.1 by revisit-

ing the α-attractor models. Then, in Section 3.2 we study the effect of self-resonance on

a generic potential and compute the Floquet’s exponents. Next, in Section 3.3 we show

specifically for a T- and E-model the amplification of curvature perturbations and com-

pare the results with a numerical computation. Section 3.4 focuses on the importance of

considering higher order terms in the expansion of the potential by comparing with the

parabola approximation. Then, Section 3.6 gives some applications and Section3.5 the

time until the non-linearity regime is reached. A summary is given in Section 3.7.

3.1 α-attractor models

There are two types of α-attractors, the so-called T- and E-models, whose potentials are

given, respectively, by [170]

VT (ϕ) = 3αM2 tanh2
(

ϕ√
6α

)
, (3.1a)

VE(ϕ) =
3αM2

4

(
1− e

−
√

2
3α

ϕ

)2

. (3.1b)

Here,M is the inflatonmass, to be fixed by CMB normalization, ϕ is the scalar field, and α

is the parameter characterizing the models, wich has some constraints12. Expanding the

potentials around ϕ = 0 we get

VT (ϕ) =
M2

2
ϕ2 +

λT

4
ϕ4 + . . . , (3.2a)

VE(ϕ) =
M2

2
ϕ2 +

λ3

3
ϕ3 +

λE

4
ϕ4 + . . . , (3.2b)

where the coefficients of the cubic and quartic terms, responsible for the anharmonic be-

havior of the field, are given in terms of the parameter α by

λT = −2M2

9α
, λ3 = −M2

(
3

2α

)1/2

, λE =
7M2

9α
. (3.3)

12In this chapter, we focus just on the mathematical description of the self-resonance. Thus, we do not
consider any specific value for α. The bounds on α are described in the next chapter, and here we just restrict
to α > O(10−4).
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This, as we pointed out above, indicates that decreasing the parameter α enhances the

importance of the cubic and quartic terms, even for relatively small values ofϕ. The results

obtained here can be extrapolated to any potential whose Taylor expansion is given by a

quadratic part + higher order terms.

3.2 Self-resonance for a generic potential

To obtain a general result for both T- and E-models, we will study self-resonance in po-

tentials of the form

V (ϕ) =
M2

2
ϕ2 +

λ3

3
ϕ3 +

λ

4
ϕ4. (3.4)

The analysis is general and valid for every potential that can be written in this form, re-

gardless of the presence of higher-order terms such as ϕ5, ϕ6, …

3.2.1 Perturbation theory for anharmonic oscillators

As shown in Appendix A, the background dynamics of the inflaton field ϕ are governed by

the equation of motion of the field (A.2) and Friedmann equations (A.5). After inflation,

the friction term in (A.2) is sub-dominant and thus we can neglect it. Later, we will revisit

the issue of considering the Hubble expansion. Under this assumption, Eqn. (A.2) can be

solved using perturbation theory [182, 183]. Among all the perturbative methods avail-

able, we choose to work with the Lindsted-Poincaré Method [182]13. First, we change the

differential equation (A.2) to a time domain where the solution is simple harmonic and of

period 2π. This is achieved by considering τ = ωt, where ω is the real frequency of oscilla-

tion of ϕ. Due to the presence of higher-order terms in the expansion of the potential, the

frequency is not simply given by ω2 = M2. Instead, we parametrize it as ω2 = M2(1−β2),

where β is a small, real parameter that carries the information about the departure of the

system from quadratic behavior. We are assuming a negative sign in the parametrization

of ω2 due to the negative sign in the parameters λT and λE , which makes the potential, in

general, wider than quadratic, thus decreasing the frequency of oscillations of the field.

Next, the field is expanded into powers of the same small parameter β as follows

ϕ = β ϕ1 + β2ϕ2 + β3ϕ3 + . . . , (3.5)

with initial conditions ϕi(τend) = Φi and ϕ′
i(τend) = 0 for i = 1, 2, . . . and where τend =

ω tend. If we now substitute this expansion into (A.2) and use (3.4), we find that at the

13Othermethods include the Time TransformationMethod [184], theModified Lindsted-PoincaréMethod
[185], the Multiple Scales Method [183], or some methods based on Jacobian elliptic functions [186]. We,
however, restrict ourselves to the Lindsted-Poincaré method due to its simplicity and good results.
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lowest order in β the system behaves as a simple harmonic oscillator

ϕ1 = Φ1 cos τ. (3.6)

Now, going to the next order, O(β2), we observe that ϕ2 is a combination of the zeroth,

first and second harmonics, that is

ϕ2 =
λ3Φ

2
1

6M2

(
cos(2τ)− 3 + 2 cos(τ)

)
+Φ2 cos(τ). (3.7)

Following the approach of the time transformation method [183–185], the initial con-

ditions for ϕi (i > 1) can be chosen arbitrarily, as long as the main initial condition

ϕ(τend) = ϕ0 holds. Thus, we can choose the amplitude Φ2 to cancel out the first odd

harmonic. In this sense, the second-order solution contains only even harmonics, which

enable us to obtain amore accurate solution [185]. Going now to the next order,O(β3), we

encounter that in the differential equation, there are some terms proportional to cos(τ)

depending on λ3 and λ, which produces a secular behavior [182]. This is because some of

the driving terms in the differential equation have exactly the fundamental frequency of

the system. To avoid this, we choose the following value for the amplitude

Φ1 =
2M√

3
∣∣∣λ− 10λ2

3
9M2

∣∣∣ , (3.8)

so that now the solution ϕ3 does not contain secular terms. Choosing again Φ3 so that it

cancels out the first odd harmonic, we obtain a solution for ϕ3 in terms of just the third

odd harmonic as

ϕ3 = Φ3
1

(
λ

32M2
+

λ2
3

48M4

)
cos(3τ). (3.9)

We find it enough for our purposes to work up to order O(β2), for which the solution is

ϕ = βΦ1 cos(τ) + β2λ3Φ
2
1

6M2
(cos(2τ)− 3). (3.10)

For the initial condition ϕ(τend) = ϕ0 to hold, we must solve for β at τ = τend which, as

previously said, is the correction to the frequency, which we defined as ω2 = M2(1− β2).

Once solved it will be given in terms of the anharmonic terms of the potential, namely λ3

and λ, and in terms of the amplitude of the field ϕ0. The larger the amplitude, the larger

the correction to the frequency since the anharmonic terms became more dominant. For

a small amplitude, we have ω2 ≃ M2 and thus we recover the quadratic case (parabolic

potential). In this sense, we see that including the friction term, and thus the decay of

the field, the correction term β decreases and the system moves towards the quadratic

approximation of the potential. Therefore, one can approximate this situation by choosing
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Figure 3.1: Amplitude of the field for E- and T-models with different values of alpha. In each case, the
perturbative expansion (3.10) is shown in dotted green and the numerical solution is in continuous black.

a β that decays at the same rate as the field. That is

β(τ) = βend

(
aend
a

)3/2

, (3.11)

where βend is obtained from (3.10) at τ = τend and aend = a(τend). To simplify notation,

we omit the argument of β and neglect its derivatives since it is assumed to vary slowly

compared to the rate of expansion of the universe. Fig. 3.1 shows the decay of the nor-

malized amplitude of the field for the T- and E-models with different values of α using

the perturbative expansion (3.10). For comparison, it has also been included the ampli-

tude of the numerical solution of the equation of motion of the field, eqn, (A.2), which has

been solved self-consistently with the Friedmann equation (A.5). As one can observe, the

agreement is good, but as we decrease the values of α the analytic and numerical solutions

deviate during the first e-fold of preheating. This is due to the lack of higher order terms in

the expansion (3.10), which contribute more as α decreases. However, as Fig. 3.2 shows,

working up to second order in β is enough for our purposes.

The term β2λ3Φ
2
1/2M

2 in the solution for ϕ2 is often called the drift or steady streaming

term [183], characteristic of systems with even non-linearities (λ3ϕ
2). It carries informa-

tion about the asymmetry of the potential, since as we observe it is directly proportional to

λ3. Thus we clearly see that the asymmetry of the potential is transferred to the solution of

the field, which will have a significant impact on the self-resonance effect, as we will see.

For symmetric potentials (λ3 = 0 ̸= λ), this self-resonance effect is not as pronounced as

in the asymmetric case, since the solution is given naturally in terms of odd harmonics,

49



Chapter 3. Self-Resonance during preheating in Starobinsky-like models

which is closer to the quadratic case.

3.2.2 Floquet theory for perturbations

As we saw in Chapter 2, theMS equation (A.9) allows one to study the perturbations thor-

oughly. In this chapter, we also work with this equation and transform the MS equation

to the time variable τ = ω t. Further, using the perturbative solution found in (3.10), and

the expansion of the α-attractor potentials, Eqns. (3.2a) and (3.2b) into (A.9) we obtain,

up to order O(β2)

d2ṽk
dτ2

+
(
Ak + 2q1 cos(z) + 2p1 sin(z) + 2q2 cos(2z) + 2p2 sin(2z) + h.h.

)
ṽk = 0, (3.12)

where we have used trigonometric power-reduction identities to express the powers of

sines and cosines as sums of harmonics. The term h.h. denotes higher harmonics14, and

the coefficients are given by:

Ak =
k2

a2M2
+ 1 +

1 +

(
3

2
+

3λ

2M2
− λ2

3

M4

)
Φ2
1

β2, (3.13a)

q1 =
λ3Φ1β

M2
, (3.13b)

p1 = −

(√
3

2
−
√

25

6

)
λ3Φ

2
1β

2

2M2
, (3.13c)

q2 =

(
3λ

2M2
+

λ2
3

3M4
− 3

2

)
Φ2
1β

2

2
, (3.13d)

p2 = −
√

3

2
Φ1β. (3.13e)

To derive (3.12) we have used that the Hubble rate is given up to O(β2) by

H2 =
1

3

(
ϕ̇2

2
+ V

)
=

β2M2Φ2
1

6
. (3.14)

Additionally, to eliminate the damping term, we rescale the MS variable as ṽk = a1/2vk

[45, 46]. Eqn. (3.12) is known as a Hill equation, a generalization of a Mathieu equation

(2.5) [188, 189]. Depending on the values of the parameters Ak, qi, and pi the physical

modes (k/a)−1 experience instability or stability as they evolve and thus using Floquet

Theory, we can study the amplification of perturbations.

Following Floquet’s theorem, the re-scaled MS variable evolves as ṽk ∼ exp
[∫

µk(τ)dτ
]

[43], where µk are the so-called Floquet exponents. For ℜ(µk) > 0 we have exponential

growth and the mode is said to be unstable. The Floquet exponents of the Hill equation

14Wedo not consider higher harmonics since doing sowould introduce a higher order in β when calculating
the Floquet exponent [187]
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are generally unknown but can be computed using the harmonic balance method [183],

where the MS variable ṽk is expanded into harmonics as

ṽk =

∞∑
n=0

einτCn(τ). (3.15)

By substituting this into (3.12) and expressing the trigonometric functions as complex

exponential functions, the following recurrence relation is obtained

C ′
n =

i

2n

[
(Ak − n2)Cn + q1(Cn+1 + Cn−1) + ip1(Cn+1 − Cn−1)

+q2(Cn+2 + Cn−2) + ip2(Cn+2 − Cn−2)
]
,

(3.16)

where we are neglecting the C ′′
n since we assume that Cn are slowly varying compared to

the rate of expansion of the universe. The first instability band emerges from examining

the fundamental frequencies n = ±1 in (3.16). Typically, to order β2, the coefficients C±1

are coupled just to each other. However, in our case, the presence of q1 and p1, along with

q1 and p2 being of order β, the coefficients C±1 are being coupled to C0, C±2 and C±3 to

order β2. This additional coupling complicates the computation of the Floquet exponents.

Nonetheless, we have found that it suffices for our purposes to consider the fundamental

frequencies n = ±1 and their corresponding couplings with the nearest harmonics n =

0, 2 and n = −2, 0, respectively, up to order β2. By doing this, we derive the following

differential matrix equation C ′
1

C ′
−1

 ≃ i

2

Ak − 1− q21+p21
Ak

− q21+p21
Ak−4 q2 − ip2 − (q1−ip1)2

Ak

−q2 − ip2 − (q1+ip1)2

Ak
1−Ak +

q21+p21
Ak

+
q21+p21
Ak−4

 C1

C−1

 . (3.17)

Finally, the Floquet exponents µk(τ) are given by the eigenvalues of this matrix. Up to

order β2, these are given by:

µk =
1

2

[
q22 + p22 − (Ak − 1)2 + 2q21

(Ak − 1

Ak
+

Ak − 1

Ak − 4
− q21

2(Ak − 4)2
−

− q21
Ak(Ak − 4)

)
+ 2p21

(
Ak − 1

Ak
+

Ak − 1

Ak − 4

)
− 2q21q2

Ak
− 4p1p2q1

Ak

]1/2
.

(3.18)

Using (A.11), we can relate the MS variable to the comoving curvature perturbationRk by

Rk =
vk√
2εa

=
ṽk√
2εa3

, (3.19)

Eqns. (3.18) and (3.19) give us the time-evolution of the curvature perturbation as a func-

tion of the anharmonic coefficients of the potential. This allows us to efficiently give an es-

timation of the amplification of perturbations along with the position of the peak in terms

of the comoving wavenumber k. The Floquet’s exponents of the curvature perturbations

are, to our knowledge, shown for the first time for an inflationary potential presenting
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both cubic and quartic terms in its expansion. This implies a great advantage from the

numerical point of view since traditionally the codes designed to compute Floquet’s expo-

nentsmust deal with highly oscillatory functions that increase the computational time and

become rather inefficient. From (3.19) we see that when the amplification of ṽk exceeds

a3/2, the curvature perturbation will grow. Typically, for potentials close to parabolic,

this amplification is as high as a3/2, causingRk to remain approximately constant for the

modes inside the instability band [45].

3.3 Characterization of self-resonance

Here we present the specific Floquet’s exponents for both T- and E-models and compare

them with numerical results. These findings can be generalized to any potential whose

expansion around ϕ = 0matches either the expansion of a T- or an E-model.

3.3.1 T-model

In this case we have that λ3 = 0 and thus q1 = p1 = 0, which greatly simplifies the

expression for the Floquet’s exponent

µ
(T )
k =

1

2

√
q22 + p22 − (Ak − 1)2. (3.20)

To check the validity of this approximation, we have computed the curvature perturba-

tions numerically, using (A.9) with Bunch-Davies initial conditions and (3.19). Then, we

have used the Floquet theory derived here, where the scale factor, needed to parametrize

the decay of the field, is obtained by self-consistently solving the Friedmann equation

(A.5), together with the equation of motion of the field (A.2). This is important, since con-

sidering that the time dependence of the scale factor follows a matter-dominated power-

law, that is, a ∼ t2/3, is incorrect during the first e-folds of preheating, which is precisely

where this study mainly focuses. Both methods are evaluated 5 e-folds after the end of

inflation. Results are displayed in Figs. 3.2b and 3.2d for α = 10−2 and α = 10−3 and

it shows a good agreement between both methods. Going to smaller values of α implies

entering into the non-linear regime, where perturbations backreact and spoil the linear

evolution. See Section 3.5 for further details and a comparison with previous estima-

tions. The peaks to the right of the highest peak in Fig. 3.2 correspond to the amplification

in higher instability bands. One could study these bands by considering the frequencies

n = ±2,±3 . . . and their corresponding couplings. However, to do so, one has to increase

each time the order in ε, increasing the number of harmonics that come into play. We

find it sufficient for our purposes to focus on the first instability band, as it is where the

amplification is most pronounced. Finally, in Fig. 3.3a we display ℜ(µ(T )
k ) for α = 10−2.5

as a function of q2 and Ak, as well as the trajectories of some modes in the (q2, Ak) plane.
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Figure 3.2: Curvature perturbations for (a) E-Model α = 10−1.5, (b) T-Model α = 10−2, (c) E-Model
α = 10−2.5 and (d) T-Model α = 10−3 evaluated 5 e-folds after the end of inflation. Numerical computation
is shown in continuous black and Floquet theory as described in this work in dashed green. The vertical grey
line marks the scale that exits the horizon at the end of inflation, kend. For comparison, black dotted curves
show the numerical computation of curvature perturbations at the end of inflation.

We remark that in Fig. 3.3a, p2 = 0 and thus the µ(T )
k shown does not correspond to the

real time-evolution. However, it is enough to understand why the peak is produced for

scales around k ≃ 10 kend. Those scales cross the (q2, Ak) plane throughout the maximum

of µ(T )
k . Also, it is possible to give an analytical estimation of the position of the peak from

the Floquet’s exponent (3.20). For k < kend, all scales show the same evolution in the

(q2, Ak) plane. This is the reason why all of them are amplified by the same amount.

3.3.2 E-model

Now we have that λ3 ̸= 0 and thus the expression for the Floquet exponent is the full one

given in (3.18), we will call it µ(E)
k . Figs. 3.2a and 3.2c display the curvature perturbations

computed using the same method as in Figs. 3.2b and 3.2d (see previous section), this

time for the E-model and for α = 10−1.5 and α = 10−2.5. Despite a numerical factor

of O(1) of discrepancy between the numerics and Floquet theory, we find it enough to

explain at which scales occur the maximum amplification, which could be also obtained

analytically from the full expression (3.18). The discrepancy between numerics and the

analytical result could be because we are neglecting some higher harmonics, which in
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Figure 3.3: (a) Floquet chart for a T-model with p2 = 0 (just for graphical purposes) andα = 10−2.5. White
dashed lines correspond to the evolution of the modes in the (q2, Ak) plane and are, from bottom to top: 1,
10, 15, 20, 30, in units of kend. (b) Evolution of ℜ(µk,E) for an E-model with α = 10−2.5 as a function of the
amplitude of the field and for different values of k.

the case of the E-model could contribute more significantly than in the T-model, as well

as more couplings between them. We have observed analytically and also numerically

that the amplification of Rk is higher for the E-model compared to a T-model with the

same value of α. This is due to the asymmetry of the potential since the perturbative

solution for the E-model has even harmonics and, particularly, a drift term that appears

already at orderβ2. This factmakes theFloquet’s exponent (3.18) havemore contributions

that enhance the amplification of the perturbations. Additionally, we have also observed

that the position of the peak of maximum amplification is at higher k for the E-model,

compared to a T-model with the same α. Now, regarding the time evolution of µ(E)
k for

each k-mode, a plot like Fig. 3.3a would not be sufficiently illustrative, given that µ(E)
k

depends on 5 parameters. Thismakes it challenging to understandwhy the peak is around

k ∼ 11 kend. Instead, Fig. 3.3b showsℜ(µ
(E)
k ) for α = 10−2.5 as a function of the amplitude

of the field for different values of k, expressed in units of kend. Here, we observe that for

scales around k ≃ 11 kend, the Floquet exponent exceeds that of other k-modes, resulting

in higher amplification.

3.4 Contrast with quadratic approximation

During preheating, the potential is usually approximated by a parabola (λ3 = λ = 0),

where the solution for the field is just given by ϕ ≃ ϕend
(aend

a

)3/2 cos(τ) [42–46]. Con-
sidering this and keeping just the dominant terms, (A.9) is easily reformulated into the

following Mathieu equation

ṽ′′k +
(
Ak + 2p2 sin(2z)

)
ṽk = 0, (3.21)
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where now τ = Mt and

Ak =
k2

a2M2
+ 1, p2 = −

√
3

2
ϕend

(
aend
a

)3/2

. (3.22)

Following the steps of Section 3.2.2, the Floquet exponent is given by

µ
(Q)
k =

1

2

√
p22 − (Ak − 1)2. (3.23)

Let us now introduce the concept of instability scale, denoted as linst, which represents

the spatial scale above which ṽk experiences growth. For this growth to occur, the Floquet

exponentmust be real and positive. Imposing this in (3.23) and solving for
(
k/a
)−1 ∼ linst,

one obtains

l
(Q)
inst =

1

M

(
2

3ϕ2
end

(
a

aend

)3
)1/4

≃ 1√
3HM

. (3.24)

This is the standard preheating scenario. However, this approximation is not accurate

for some potentials, even if they behave as quadratic at first order, such as the case of α-

attractors with α ≪ 1. Fig. 3.4 corroborates this fact. It shows the Floquet exponent for

both the T- and E-models and compares, in each case, l(Q)
inst (dashed red) with the corre-

sponding spatial scale l(T,E)
inst (cyan) of the full expansion (3.4). For the T-model, imposing

again that ℜ
(
µ
(T )
k

)
> 0 in (3.20) we obtain

l
(T )
inst = 2

(
−(4M2 + 6M2Φ2

1 + 6λΦ2
1)ε

2 +
√
24M4Φ2

1ε
2 + 9(M2 − λ)2Φ4

1ε
4

)−1/2

. (3.25)

Looking at the expression for µ(E)
k , Eqn. (3.18), one can observe the difficulty in obtaining

an analytical expression for the instability scale in this case. For that reason, in Fig. 3.4b,

l
(E)
inst is obtained numerically. White dotted lines represent the evolution of the physical

modes (from left to right), and at themoment thosemodes cross the instability scale, they

start to amplify. These crossing points are different if one uses the full expansion (3.4) or

just the quadratic term, pointing out the importance of considering higher-order terms.

Moreover, the enhancement of perturbations can be physically explained with the nega-

tivity of the coefficients of the expansion, λ3 or λT . If we treat them as self-interactions

of the field, a negative coefficient implies an attractive force, which induces a negative

pressure andmakes somemodes unstable. Nonetheless, as the field decays, the cubic and

quartic terms of the expansion (3.4) became less dominant and one recovers the usual pre-

heating scenario [1, 42–46] where the potential is well approximated by a parabola and

ṽk ∼ a3/2. This can be seen in Fig. 3.4a, where for small amplitudes of the field l
(Q)
inst ∼ l

(T )
inst.

For Fig. 3.4b, one should go to smaller amplitudes to have this parallelism. Both of these

figures are made using α = 10−2.5. Lastly, it is important to note that not all perturba-

tions with
(
k/a
)−1

> linst undergo amplification. The upper limit is set by the Hubble
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(a) (b)

Figure 3.4: Floquet exponents for (a) T-model and (b) E-model with α = 10−2.5 as a function of physical
wavenumbers and field amplitudes. Red dashed lines represent the instability scale (3.24) and continuous
cyan lines the corresponding instability scales for the full expansion (3.4). For the T-model, this last is given
by (3.25), whereas for the E-model is obtained numerically. White dotted lines mark the evolution of the
physical k-modes. The black region represents the points where ℜ(µ(T,E)

k ) = 0.

radius RH = H−1 and the set of modes defined by RH >
(
k/a
)−1

> linst is what we have

been refering to as instability band (IB). Figs. 3.5a and 3.5b show the IB (blue shaded

area) for a T- and an E-model with α = 10−2.5, respectively. We see again that, for the

T-model, l(T )
inst approaches l

(Q)
inst sooner than in the E-model case. This is mainly because

the former one is closer to the parabola, given the absence of the asymmetric coefficient

λ3. Suppose we neglect the higher-order terms in the expansion of the potential. In that

case, we are not considering the amplification of some modes that enter the IB around

the beginning of preheating, indicated by the lower gray dashed lines, which could lead to

wrong estimations.

3.5 Backreaction and non-linearity

The α-attractor models have been studied in the context of parametric resonance. See,

for instance, [171–174]. Typically, these works employ lattice methods to compute the

growth of scalar field perturbations, δϕk. Once these perturbations reachO(1), they start

to backreact on the field evolution, leading to its rapid decay. However, a common limi-

tation of lattice methods is that, although they consider the non-linear evolution of δϕk,

they often neglect metric fluctuations,Φk, which can influence the overall evolution of the

perturbations. In contrast, the approach of this work is restricted to the linear regime but

considers both field and metric fluctuations.

The main intention of this section is twofold. First, we want to find the exact point where

the linear analysis of our approach becomes not valid and improve earlier estimations in

this context by considering the evolution of theMS variable vk, which contains bothmetric
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Figure 3.5: Instability band (blue shaded area) and instability scales, linst, for the quadratic case and for a
(a) T-model and (b) E-model. Also plotted are the Hubble radius RH and the evolution of some physical
modes ( k

a
)−1 (gray dashed lines). The horizontal axis represents the number of e-folds elapsed from the end

of inflation.

and field fluctuations, and is related to the curvature perturbation Rk (see Eqn. (3.19)).

Second, we want to highlight the limitations of some of the lattice methods that ignore

metric fluctuations.

For comparison, Fig. 3.6a shows the number of e-folds,∆Nnl, until non-linearity (backre-

action) is reached for both T- and E-models and different values ofα, computed using Flo-

quet theory. The evolution is tracked for 5 e-folds after the end of inflation and the results

in Fig. 3.6a demonstrate that the non-linearity regime is reached within O(1) e-fold, ex-

cept for α > 10−3. For such values, while self-resonance is still significant, perturbations

do not grow sufficiently to reach non-linearity, as can be seen from Fig. 3.2. Conversely,

for smaller values of α, the non-linearity regime is reached more quickly, within O(1) e-

fold. Although this estimation is similar to the one provided in [174], around Eqns. 10-14,

our analysis makes the distinction between the T- and E-models clearer, as it considers a

polynomial expansion of the potential instead of a monomial or parabolic approach (see

for instance Eqns. 2-4 of [174]). In this sense, Fig. 3.6a shows that, due to the asymmetry

in the E-model, perturbations amplify faster, reaching the non-linearity regime earlier.

Nonetheless, for α < 10−4, both models exhibit similar behavior.

To further clarify the point, we present in Fig. 3.6b the curvature perturbations for a T-

model, evaluated 0.5 e-folds after the end of inflation, for several values of the parameter

α. We observe that as α decreases, the growth of the curvature perturbations become

significantly more pronounced within the same time interval, reaching the non-linear

regime sooner (pointing where our analysis cease to be valid). While our semi-analytical

approach has limitations, as it ignores the non-linear interactions among the perturba-

tions, it is specifically designed to probe the linear regime, where the equations governing

the system remain tractable and the influence of metric perturbations can be consistently

included.
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Figure 3.6: (a)Number of e-folds,∆Nnl, until non-linearity (backreaction) regime is reached as a function
of the parameter α and for both T- and E-models. (b) Curvature perturbations for a T-model evaluated at
0.5 e-folds after the end of inflation for several values of the parameter α.

We performed a series of lattice simulations to shed some light on this argument. Due to

its ease of use, we choose toworkwith the publicly available CosmoLattice code [190,191].
In all simulations, we used a lattice size ofN = 128, with an infrared cut-off of k̃IR = 0.05,

and parallelized computations across 8 cores. To facilitate the numerical simulations, we

introduced the following dimensionless variables:

ϕ̃ =
ϕ

MP
, k̃ =

k

M
, dt̃ = M dt, dx̃i = M dxi, (3.26)

whereMP is the Planck mass andM the mass of the scalar field. For further details, refer

to the CosmoLattice documentation [190, 191].

Fig. 3.7 shows the computation of the field perturbations δϕk for two models, a T-model

with α = 10−4 in Fig. 3.7a, and a E-model with α = 10−2.5 in Fig. 3.7b. For the former

one, since α < 10−3, we see that at N − Nend ∼ 0.5 the non-linearity regime is reached

since the spectrum of perturbations loses its peaked shape and smooths, which confirms

our results from Fig. 3.6a in the sense of the time until non-linearity is reached. This is

explained as follows. Just after the end of inflation, the resonance is strong and around a

specific scale. However, as time evolves, and due to the backreaction, the modes start to

interact with each other, leading to a redistribution of the energy across different scales,

which flattens the spectrum. At this point, our analysis would not be valid anymore, since

we enter the non-linear regime. However, the lattice approach, which does go non-linear

is not valid either, because it ignores metric fluctuations. As we can see in Fig. 3.6b, cur-

vature perturbations are strongly amplified to O(1) for α < 10−3 and can influence the

dynamics during preheating. A full non-linear numerical treatment of both metric and

field fluctuations would clarify further this scenario. We leave this for future work.

For the E-model case, where α > 10−3, the non-linearity regime is not reached, consistent

again with our predictions from Fig. 3.6a. This is evident from the fact that the perturba-

tion spectrum retains its peaked structure as it evolves in Fig. 3.7b. This figure resembles
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(a) (b)

Figure 3.7: Lattice simulations during preheating for (a) a T-model with α = 10−4 and (b) an E-model
with α = 10−2.5. See text for specifications.

Fig. 3.2c, since the perturbations in both cases reach similar amplifications and around

the same wavenumber k/kend ∼ 10 − 20. Therefore, Fig. 3.7 suggests that the analytical

method developed in this work is in good agreement with the numerical lattice simula-

tions, when both approaches remain within linear perturbation theory.

3.6 Applications

Floquet theory offers a significant advantage: it allows us to forget about numerical com-

putations and use the analytical results to estimate how the curvature perturbations are

amplified. This approach accelerates computations, which typically imply long compu-

tational times associated with the highly oscillatory regime of preheating. Furthermore,

the amplification process can lead to intriguing phenomena, as we briefly outline in the

following discussion.

• Primordial BlackHoles: Using general relativity one can study the collapse into

a black hole (BH) of a real, minimally coupled, massive scalar field in an asymptoti-

cally Einstein-de Sitter spacetime background. In [45, 163, 192] and Chapter 2, it is

shown that density perturbations δρk can collapse into a BH provided that the time

the k-mode spends inside the IB exceeds the time it needs to collapse, defined as

∆tcoll =
π

H[tbc(k)]δ
3/2
k [tbc(k)]

, (3.27)

which we called the threshold criterion. In our specific scenario, perturbations am-

plify faster with decreasing α values. This suggests that PBHs form more rapidly

and consequently with smaller masses. However, a critical threshold should exist

where PBHs may become overproduced, thereby establishing a lower bound for α.

This is explored in Chapter 4.
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• Scalar-InducedGravitationalWaves: At third-order in the perturbed expan-

sion of the action, the scalar perturbations couple to the tensor ones, inducing the

production of GWs [193–195]. The resulting differential equation for the tensor per-

turbations hk(η) in conformal time t is given by

h′′k(η) + 2Hh′k(η) + k2hk(η) = S(k, η), (3.28)

where H = aH is the conformal Hubble rate and S(k, η) is the so-called source

function, which directly depends on the metric scalar perturbationΦk. This last can

be related to the curvature perturbation Rk [1] and thus with vk, which again sug-

gests that for decreasing values of α the fractional energy density of GWs, ΩGW(k),

can be high enough to reach the range of detection of some actual and future GWs

detectors [149, 196]. The fractional energy density is defined as [193]

ΩGW(k) ≡ 1

ρ

dρGW
d ln k

=
k2

12H2

∑
θ

Ph,θ(k), (3.29)

where ρGW is the energy density of GWs and Ph,θ(k) the power spectrum of tensor

perturbations, with θ accounting for both polarization states. This is explored in

Chapter 5.

3.7 Summary

This chapter introduces an analytical model to explain the amplification of curvature per-

turbations at small scales during the post-inflationary preheating phase, based on the phe-

nomenon of self-resonance. We consider both symmetric and asymmetric inflationary

potentials, i.e., T and E-models [167–170]. Initially, we solve perturbatively for the in-

flaton field and expand the inflationary potential up to fourth order. Then, we transform

the MS equation into a Hill’s one (3.12) and provide an explicit formula (3.18) for Flo-

quet’s exponents of the MS variable. The analytical results allow us to estimate, avoiding

time-consuming numerical codes, the magnitude of the amplification of curvature per-

turbations during preheating, as well as the position of the peak in terms of comoving

wavenumber k and the instability scale above which perturbations grow. Traditionally,

self-resonance has been studied primarily within the framework of the perturbed equa-

tion of motion of the field [41–46, 171–181]. However, this approach is applied to the MS

equation, which captures the dynamics of the curvature perturbations.

While applicable to any potential that can be expressed as (3.4), we focus our analysis on

α-attractor models, given their observational preference [30]. Particularly, for α ≪ 1,

our model reveals a pronounced self-resonance effect, leading to a rapid and substantial

enhancement of the curvature perturbations, specifically for asymmetric potentials such

as E-models due to the drift term. Also, we stress the importance of avoiding the stan-
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dard parabola approximation during preheating for some models, specifically during the

transition from inflation to preheating, as illustrated in Figs. 3.4 and 3.5. Moreover, we

stress that this mechanism of amplification of perturbations is inherent to preheating in

α-attractor models and does not require any fine-tuning.

As explained in Section 3.6, in the next two chapters, we will apply the self-resonance

mechanism to the case of PBH formation and production of scalar-induced gravitational

waves during preheating, Chapters 4 and 5, respectively. These effects are also studied

for the Starobinsky-like α-attractor models.
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4

Primordial black hole formation from
self-resonant preheating in Starobinsky-like
models

For a singularity brings so much arbitrariness into the theory that it actually

nullifies its laws...Every field theory, in our opinion, must therefore adhere to

the fundamental principle that singularities of the field are to be excluded.

– Einstein and Rosen [141] in 1936.

While we still do not have a definitive answer to the existence of singularities, the concept

of black holes, which represent solutions to Einstein’s equations with a singularity at their

core, has been embraced in modern cosmology. Today, black holes are not just theoreti-

cal constructs, their existence is well-established, and their study has evolved, especially

concerning the early universe.

In Chapter 2, we investigated PBH formation during preheating in Starobinsky inflation,

based on earlier studies in this area [43, 45, 45]. In this Chapter, we extend that analy-

sis to the broader class of Starobinsky-like inflationary α-attractor models introduced in

Chapter 3, where the strong self-resonance effect during preheating provides the neces-

sary amplification of perturbations to lead to the potential formation of PBHs.

To ensure phenomenological viability, it is essential to consider realistic constraints on

the parameter α. There are multiple investigations in the literature that have derived

lower bounds on the parameter α. In [197] it was found constraints on α from the study

of reheating equation of state as log10(α) = −4.2+5.4
−8.6 (95% C.L.). According to [198],

considerations of the overproduction of a light moduli field also implied some constraints

on α in the context of the T-model. In [173] α ≳ 10−3 is obtained based on the effects

of heavy fields in the α-attractor supergravity framework, and the subsequent geometric

destabilization phenomenon during inflation. In our recent study [4] (see Chapter 5), we

obtained stringent bounds log10(α) > −3.54 for the T-model and log10(α) > −3.17 for

the E-model using the possible production of scalar-induced gravitational waves during

preheating and applying the bound from the BBN constraint. In this Chapter, we consider

these values of α to study PBH production during preheating in both E- and T-models.

Regarding PBH formation, in this chapter we also follow both PS and KP formalism to

compute the mass fraction (see Appendix B.1 and B.2 for details). Furthermore, as de-

scribed in detail in Chapter 2, we employ three criteria to restrict PBH formation, which
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are summarized in Section 4.2. To estimate PBHmasses, we adopt the standard approach

of considering that the mass is roughly given by the horizon mass at the time the pertur-

bation reenters the horizon, Eqn. (1.9).

This chapter is organized as follows. In Section 4.1, we revisit and elaborate upon the

key constraints on evaporating PBHs, first introduced in Chapter 1 (see Fig. 1.3). Sec-

tion 4.2 reviews the PBH formation criteria introduced in Chapter 2, updated for the self-

resonance dynamics discussed in Chapter 3. Section 4.3 presents a detailed discussion of

PBH properties, including their abundance and mass spectra. Finally, we summarize the

main findings in Section 4.4.

4.1 Constraints on evaporating primordial black holes

As shown in Chapter 1, assuming the validity of Hawking radiation, one can impose some

constraints on evaporating PBHs. These constraints, summarized in Fig. 1.3, fall into five

main categories that we describe below.

Planck Remnants: The usual assumption is that the evaporation of a PBH proceeds

until it vanishes [83]. Based on the uncertainty principle [92, 93], the information loss

paradox [83,90, 199], and some quantum gravity setups [200,201], it was proposed that

black holes could stop evaporating at the Planck scales. Although we do not know what

form of quantum gravity corrections should take as one approaches the Planck mass, the

black hole remnant is an interesting hypothesis15 which we can test with observations

[91]. In the case of PBHs with MPBH ≲ 106g, the rapid evaporation process could imply

a significant population of remnants in the early universe. Still, their abundance must be

limited as their density does not exceed the critical density of the universe [91].

Particleproduction fromHawkingevaporation: The evaporation of PBHs could

produce any particle predicted by theories beyond the standard model of particle physics.

In particular, the evaporation of PBHs may produce the lightest supersymmetric parti-

cles (LSP), predicted in supersymmetry and supergravity models, which are stable and

may contribute to the dark matter abundance. This affects PBHs with masses MPBH ≲
1011(mLSP/100GeV)−1g [132]. This bound depends on the mass of the LSP particle and,

therefore, can vary. In Fig. 1.3 it is plotted for mLSP = 100GeV in magenta color. Since

in this work, we consider α-attractor models that belong to the class of supergravity the-

ories, we find it interesting to contemplate this constraint. In [127], it is considered that

the PBHs produce DM particles during their evaporation, and constraints are obtained

based on the actual abundance of DM.We examine this scenario in Fig. 1.3 for the case of

15Note that the argument in favor of black hole remnant, though said to bemotivated fromquantum gravity
theories, emerges from multiple ad-hoc assumptions to resolve information paradox. Alternatively, recent
investigations of a unitary formulation of quantum field theory in curved spacetime in consideration with
gravitational backreaction effects offer a potential resolution to the information paradox at the foundational
level [95,96].
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the Hawking temperature (TBH) of the PBH being TBH > mχ and for a DM particle mass

ofmχ = 108GeV. These constraints are shown in dashed lines as they depend on themass

of the particle emitted.

Cosmic Microwave Background (CMB): If PBHs emit high-energy photons dur-

ing evaporation, these would contribute to the photon-to-baryon, as first pointed out

in [130]. Particularly, the photons from evaporating black holes of MPBH ≲ 109g would

have enough time to thermalize, contributing to the photon-to-baryon ratio and thus in-

creasing the entropy. However, this constraint is very weak, as can be seen in Fig. 1.3. On

the other hand, as also pointed out in [130], for 1011g ≲ MPBH ≲ 1013g, the photons are

emitted after the freeze-out of double-Compton scattering, which implies that the CMB

photons develop a non-zero chemical potential, leading to a µ-distortion. Another con-

straint related to CMB is the damping of small-scale anisotropies. If, during the evapo-

ration process, the PBHs also emit high-energy electrons, these can scatter with the CMB

photons, contributing to the temperature anisotropy power spectrum. This constraint af-

fects PBHs in the range 2.5×1013g ≲ MPBH ≲ 2.4×1014g [131], and is particularly strong.

All the constraints related to CMB effects are shown in blue in Fig. 1.3.

Big-bang nucleosynthesis (BBN): The PBHs of masses 109g ≲ MPBH ≲ 1013g

evaporate around the time of BBN. If during this process they inject high-energy parti-

cles into the plasma, these would modify the standard BBN scenario in two ways [64,65]:

(1) high-energy mesons and antinucleons modify the neutron-to-proton ratio, (2) high-

energy hadrons and photons dissociate light elements such as 4He, thus increasing the

abundance of others like D, T, 3He, 6Li and 7Li. These constraints are shown in orange in

Fig. 1.3 for the 4He and D cases.

γ-ray backgrounds: If the PBHs with masses nearMcrit are evaporating today, then

they can contribute to the extragalactic γ-ray background (EGB), as first pointed out by

Page and Hawking in 1976 [202]. They used observations of the EGB to constrain the

mean number density of PBHs evaporating at present, shown in red in Fig. 1.3. Also, if

PBHs are clustered within our galactic halo, then one would expect an anisotropic galactic

γ-ray background (GGB), separable from the EGB. This constraint is shown in purple.

Since these constraints are obtained through direct observations, as in the anisotropies

case, they are very strong. Actually, one of the strongest constraints in the entire range of

PBH masses, see for instance [126,203,204].

4.2 RevisitingPBHformationduring self-resonantpreheat-

ing

In this section, we summarize the findings of Chapters 2 and 3. That is, we describe

how scalar perturbations can collapse to form PBHs from instabilities produced by self-

resonance effects during preheating. First, concerning the IB, we know that the upper
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limit is always determined by the Hubble radius RH = H−1, and the lower limit depends

on the specific form of the potential. This last, from Chapter 3 is what we refer to as the

instability scale linst, which for a sufficiently long preheating (> O(1) e-folds) is given by

Eqn. (3.24), where the value of the field at the end of inflation for the α-attractor models

is obtained using slow-roll conditions and is given by [177]

ϕT
end ≈ MPl

√
3α

2
arcsinh

(
2√
3α

)
, ϕE

end ≈ MPl

√
3α

2
log
(

2√
3α

+ 1

)
, (4.1)

for the T- and E-models, respectively. Therefore, the characteristic scale linst defines the

IB as the range of modes satisfying:

linst <
a

k
< RH(trh), (4.2)

This is what we called the IB criterion in Chapter 2, now adapted to the α-attractor sce-

nario. It implies that perturbationswhose comovingwavenumber k is such that a/k < linst

during preheating, decay, and therefore do not favor the collapse. Using (4.1), we observe

that as α decreases, so does the instability scale linst, and thus the IB gets broadened, in-

creasing the number of modes that are affected by the self-resonance, and potentially the

abundance of PBHs.

Next, we consider the Jeans’ length criterion, which remains unaffected by the α-attractor

scenario, but we summarize it in what follows. In essence, it states that the size of a per-

turbationmust be larger than the Jeans’ length so that pressure cannot counteract gravity

and be able to collapse while remaining smaller than the Hubble radius in order to pre-

serve causality. This condition is expressed as:

RJ

π
<

a

k
< RH , (4.3)

whereRJ ≃
√
2c2s(k)/3RH is the Jeans’ length [205–207] and c2s(k) denotes the speed of

sound, defined in Appendix A.4. This criterion imposes an upper limit on the wave num-

bers k that can potentially collapse, which competes with l−1
inst. The lower bound for the

IB is chosen as the larger of these two scales, ensuring both criteria are met. In the high-

k limit, both density and pressure perturbations average to zero, leading to ⟨c2s(k)⟩ = 1,

which holds both for the full expression (A.28) and the analytical approximation (A.29).

This implies that a subhorizon mode must initially be of the order of the Hubble radius to

collapse, which, by definition, is impossible. To validate this approximation, Fig. 4.1 com-

pares the full numerical calculation of ⟨c2s(k)⟩ from (A.28) (red) with the analytical result

(A.29) (black dashed) for two cases: amode whose wavelength is closer to the horizon size

(k = 50kend, Fig. 4.1a) and amodewell inside the horizon (k = 350kend, Fig. 4.1b). One can

check that as the modes evolve, the speed of sound decreases towards zero, starting from

⟨c2s(k)⟩ = 1 during inflation. This occurs sooner for k = 50kend compared to k = 350kend,

indicating that higher-k modes take longer to exceed the Jeans length and collapse.
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Figure 4.1: Numerically averaged (red) and analytical (dashed black) sound speeds, Eqns. (A.28) and
(A.29), respectively, for two different modes: a) k = 50 kend and b) k = 350 kend. The underlying model
is an E-model with α = 10−2.5 and the horizontal dotted lines mark the limiting values of the sound speed,
i.e., ⟨c2s(k)⟩ = 1 during inflation and ⟨c2s(k)⟩ = 0 during preheating.

Lastly, a perturbation will collapse into a PBH if the density contrast δk exceeds a thresh-

old value δc, whichwe called the threshold criterion. We saw in Chapter 1 that the simplest

estimate for δc arises from Carr’s original analysis [79, 208], which gives δc ≃ w. How-

ever, instead of using Carr’s criterion (suitable for a fluid description), we computed the

threshold in Chapter 2 using time constraints [1, 43, 45, 209], as defined in Eqn. (2.42).

Nevertheless, this assumption for the threshold holds when self-resonance is weak. As

we have seen, this assumption breaks down for small values of α [2]. Thus, instead of

using (2.42) we numerically compute, for each value of α and k, the minimum value of

the density perturbation that reaches O(1). This minimum value serves as the threshold

δc(k), which is now k-dependent by construction. Thus, if δk is larger than its correspond-

ing minimum value δc(k), then the mode has enough time to reach O(1) and potentially

collapse. In essence, this implies that due to the self-resonance effects, the threshold is

expected to decrease as α decreases, since the perturbations grow faster and the mini-

mum value that each mode needs to collapse decreases, which ultimately enhances the

production of PBHs.

To be precise, we summarize now the three criteria we use to select the modes that can

collapse into PBHs:

• Instability Band Criterion: Modes must lie within the IB to be affected by the

instabilities that favor the collapse, satisfying (4.2).

• Jeans’ Length Criterion: Modes must satisfy (4.3) to ensure that during the

collapse, the pressure does not counteract gravity. The speed of sound is given in

Appendix A.4.

• Density Contrast Criterion: The density contrast δk must exceed the threshold

δc(k), to allow sufficient time for PBH formation.
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Figure 4.2: Mass fraction for (a) T-model and (b) E-model using both KP (B.27) and PS (B.13) formalisms
in dashed and continuous, respectively. The evaluation is made 10 e-folds after the end of inflation and
values of α go from 10−2 to 10−3.5 for the T-model and from 10−1.5 to 10−3 for the E-model, in both cases
with incremental steps of 100.25. The color code of each value of α is the same in both plots. The lower value
for α in each model is taken as the lower bound on α obtained in [4].

4.3 Primordial black hole characterization

After obtaining the evolution of the perturbations following the scheme outlined in Chap-

ters 2 and 3, we now proceed to characterize the PBHs by calculating their mass fraction

and corresponding masses.

4.3.1 Mass fraction

The mass fraction β(k) is the main quantity used to characterize the abundance of PBHs.

It is also common to express it normalized to the fractional density of dark matter, ΩDM.

In that case, it is typically represented by f(M). We do not take into account for this work

the dark matter and thus restrict ourselves to β(k). As advanced at the beginning of this

chapter, we employ the PS and KP formalisms to compute the mass fraction.

Press-Schechter: The estimation is obtained viaEqn. (B.13), and expressed inFig. 4.2.

There, we plot the mass fraction following the PS formalism (dashed curves) as a function

of k for both T- and E-models and different values of α. Only the modes that satisfy the

three criteria defined in Sec. 4.2 are considered, with evaluations performed 10 e-folds

after the end of inflation. The results reveal that as α decreases, the mass fraction shifts

towardhigher values of k, since for eachmodel the expansion after inflation (before setting

to matter-dominated) is not exactly the same. Further, we observe that (1) as α decreases,

more modes enter the IB, broadening the distribution, and (2) these modes grow faster,

leading to a lower threshold δc(k), and consequently to a higher β(k). Overall, this results

in a broader mass fraction that grows for smaller values of α. If one increases the dura-

tion of preheating, we have checked that the value of α becomes irrelevant since almost

the majority of the perturbations have enough time to collapse, resulting in an overpro-

duction of PBHs. This occurs for a duration of preheating of approximately 12-13 e-folds
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since at this stage the IB broadens to the point of including the modes belonging to the

non-linear regime of the power spectrum. In that case, the mass fraction β(k) becomes

flat and fixed at 1 for the PS formalism, independently of α. This is what we refer to as an

overproduction of PBHs.

Khlopov-Polnarev: We employ in this case the estimation for the anisotropy effect

and small sigma, that is, Eqn. (B.27). In Fig. 4.2, the mass fraction computed using the

KP formalism (continuous curves) is shown for both T- and E-models and various val-

ues of α. The three criteria defined in Sec. 4.2 are used to determine the range of modes

that can collapse, with calculations performed at 10 e-folds after the end of inflation. The

results show a tendency similar to the PS formalism: as α decreases, the mass fraction

increases and shifts to higher values of k. However, a notable distinction is observed: in

contrast to the PS formalism, the KP mass fraction decreases with decreasing α, for the

same value of k. However, the modes affected cover a higher range due to the broadened

IB and the smaller threshold from the fast amplification. Furthermore, in this case, the

effect of increasing the duration of preheating does not necessarily translate into an over-

production of PBHs, as the mass fraction β(k) broadens but remains small, in general.

However, as discussed in the PS case, the modes belonging to the non-linear regime of

the power spectrum, enter the IB and thus still it is not very clear if one can trust the KP

estimation in this scenario.

One can observe differences in the mass fractions with respect to the results of Chapter 2,

particularly in the case of the KP formalism. This is because we are following a different

approach in terms of the collapse time. In Chapter 2, the collapse time is considered for

all modes to be at the end of preheating when the density contrast has grown due to the

parametric instabilities in Starobinsky inflation, which translates into a higher mass frac-

tion. Some studies adopt this approach [113,210–212]. In contrast, we consider a distinct

collapse time for each mode, evaluating the density contrast at the moment of entering

the IB, as some other works do [43,45,45]. Despite these methodological differences, we

find it valuable to explore both alternatives, given the limited research on PBH forma-

tion during early matter-dominated eras such as preheating. Further investigation in this

area is essential to improve our understanding of the collapse of perturbations in these

scenarios.

4.3.2 PBHmass

To compute the mass of the PBHs forming, we estimate it roughly as the horizon mass

MH at the moment these modes enter the IB [45], MPBH = γMH (Eqn. (1.9)). Here, the

parameter γ specifies the fraction of the horizon mass that ends up in the PBH. It repre-

sents the uncertainties of the collapse in matter-dominated scenarios, and for simplicity,

we take it to be γ = 1. This estimation for MPBH also differs from the one in Chapter 2,

where the critical scaling model is used instead [210]. However, in the present study, the
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Figure 4.3: Mass fraction for (a) T-model and (b) E-model using PS (dashed) and KP (continuous) for-
malisms as a function of the mass of the PBHs formed, Eqn. (2.43). Evaluations are made at 10 e-folds after
the end of inflation. The red-shaded region represents the values of β(k) constrained by the remnants and
LSP constraints. The color code for α is the same as in Fig. 4.2.

differences (δk − δc(k)) ≫ 1 are due to the rapid growth of perturbations (which lowers

the value of the thresholds). In this sense, perturbations are in the super-critical regime,

where the critical scaling does not apply. For this reason, we compute the PBH mass fol-

lowing (1.9).

Figure 4.3 displays the mass fraction as a function of the PBH mass for different values

of the parameter α and for both the T- and E-models, using the PS and KP formalisms.

The effect of the parameter α is also noteworthy here; a decrease in α leads to higher PBH

masses. Furthermore, the range of masses of the PBHs formed is affected only by the

constraints of Planck remnants and LSP, which, as stated in the introduction, are highly

theoretical. Particularly, the PS formalism is highly disfavored in this scenario if one as-

sumes that Hawking radiation produces stable Planck remnants as the end products of

evaporation. In contrast, the KP estimation is consistent with all the current constraints.

Further, these significant differences between the PS and KP formalisms emphasize the

importance of accounting for nonspherical effects during the collapse of perturbations.

Neglecting such effects can lead to an overestimation of the mass fraction or a rule-out of

themodel. Due to the lack of a definitive method, this analysis highlights the further need

for accurate numerical simulations of PBHs formation during preheating.

4.4 Summary

In this Chapter, we have explored the formation of PBHs during the preheating phase of

the early universe in the context of α-attractor models of inflation [170, 197,213,214], fo-

cusing on theirmass fraction andmass spectrumunder the frameworks of the PS [82,205]

and KP [215–217] formalisms. We found effects of self-resonance during the preheating

that are particularly strong forα ≪ 1 [2] and induce instabilities that could lead to the col-

lapse of overdensities and form PBHs. Using Floquet theory, we define a band of modes
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affected by the self-resonance effects, which we call the instability band (IB). By incor-

porating the dynamics of the density perturbations within the IB, we have defined three

essential criteria that the density perturbationsmust fulfill to collapse into a PBH. Our ap-

proach not only refines previous analyses [43,45,45] but also crucially extends our previ-

ous results in the context of Starobinsky inflation [1] to all the Starobinsky-like scenarios

like α-attractormodels. Themajor highlight of this study is that we considered the impact

of small-scale instabilities and non-spherical effects in the formation of PBHs by incorpo-

rating the KP formalism for the first time into generalized Starobinsky-like models. We

quantitatively compared the PBH mass fraction β(k) estimates from the PS formalism,

which is widely followed, against the KP formalism.

Using the PS formalism (B.13), we computed the mass fraction β(k) of PBHs, taking into

account Gaussian statistics for perturbations and a k-dependent variance derived from

the power spectrum. Our results are shown in Fig. 4.2 and indicate that, as the parameter

α decreases, the mass fraction shifts to higher values of k and broadens. However, the PS

formalism overestimates PBH abundance in a matter-dominated universe, as it neglects

nonspherical effects (although it considers a threshold value for the perturbations). On

the other hand, the KP formalism (B.27), which accounts for the anisotropy criterion and

is independent of any threshold, offers a more realistic estimate of PBH formation dur-

ing preheating. Our analysis shows in Fig. 4.2 that the KP estimation is, in general, lower

compared to the PS case. Also, the tendencywithα differs from the PS formalism. Smaller

values of α lead to a smaller abundance of PBHs for the same value of k, although it af-

fects a broad range of modes. This analysis is slightly different from the one in Chapter 2,

where the formation of PBHs by the overdensities of all k is considered to occur at the end

of the preheating phase. In this Chapter, we considered different times of PBH formation

depending on the minimum time for each fluctuation to collapse and the corresponding

threshold of density contrast for each k. To be precise, the former approach considers

an instant of time for PBH formation, i.e., the end of preheating, whereas our investiga-

tion in this Chapter explores different times of PBH formation for each scale before the

end of preheating. We find both approaches interesting and offer new insights into the

phenomenon of PBH formation.

Finally, we compared our results with observational constraints [64,65,91,126,127,130–

132,204], such as those fromPBHs remnants, LSP andDMproduction, CMBeffects, BBN,

and γ-ray backgrounds (see Fig. 1.3 or red-shaded region in Fig. 4.3). For this particular

scenario, the range of masses is only affected by the Planck scale remnants, LSP, and DM

constraints, which are highly theoretical, and the last two of them actually depend on

the mass of the particle emitted by the PBHs. Still, our analysis demonstrates that the

interplay between the non-spherical and self-resonance effects during preheating plays a

crucial role in determining the formation of PBHs.

In the next Chapter, we apply the self-resonance effects to the generation of SIGWs also

in the context of the inflationary α-attractors to obtain a lower bound on the parameter
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α, which is different for the T- and the E-models.
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5

Scalar-induced gravitational waves from
self-resonant preheating in Starobinsky-like
models

It seems certain that gravitational waves exist. However, there is no reason to

think that they will ever be observable.

– Henri Poincaré [134] in 1905.

This statement clearly reflects the skepticism regarding the observability of GWs that per-

sisted for much of the 20th century among the scientific community, especially Einstein.

Today, thanks to his theory of General Relativity, GWs are not only detectable but also

crucial probes of the early universe, particularly in the context of inflationary cosmology.

After the Planck 2013-2018 data, there has been a surge in the building of single-field

Starobinsky-like inflationary scenarios [218] in various frameworks of quantum gravity

due to stringent constraints on multifield inflation. The vanilla models of single-field in-

flation predict the scalar spectral index (ns) and tensor-to-scalar ratio (r) as [158,219]

ns ≈ 1− 2

N
, r =

12α

N2
, (5.1)

where α is a parameter that depends on the framework for the ultra-violet (UV) com-

pletion of gravity. In the context of α-attractor inflation, the α parameter indicates the

curvature of the Kähler geometry in supergravity [167–170, 197, 213, 214, 220]. It is im-

portant to note that models of α-attractors could predict, in general, any smaller value for

the tensor-to-scalar ratio compatible with the latest bound r < 0.032 [221,222]. Although

future observations aim to detect primordial gravitational waves, there is a lack of a the-

oretical lower bound on the value of α except through considerations of reheating [197].

However, one can use the preheating stage to obtain a lower bound on α, since as this

parameter decreases, we have seen in Chapter 3 that the self-resonance effects become

increasingly stronger and make the perturbations grow. The resulting amplified scalar

perturbations couple at third-order16 in the perturbed expansion of the action to the ten-

sor fluctuations and induce GWs, the SIGWs we described in Chapter 1. These SIGWs can

16At the level of first order perturbed Einstein equation (or at the level of second order action) scalar and
tensor modes do not couple, whereas the perturbed Einstein equations at the second-order (i.e., at the level
of 3rd order perturbed action) we can have scalar modes acting as additional source to the generation of
gravitational waves on top of the background as (5.2) illustrates.
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be so efficiently produced to reach the BBN bound, which is precisely what our investi-

gation utilizes here to derive a new lower bound on α, based solely on the considerations

of preheating instabilities and the consequent generation of SIGWs. Our result is robust

even for a small duration of preheating of 1-2 e-folds, as one can realistically expect after

the end of inflation.

We have shown that these instabilities during preheating could lead to the generation of

PBH [1–3] in Starobinsky as well as in α-attractor inflationary models (see Chapters 2,

3, and 4). However, the study in this chapter focuses on SIGWs produced irrespective of

whether or not PBH are generated during preheating. It is also important to note that

SIGWs are a secondary effect. At the linearized level, both scalar and tensor perturba-

tions decouple. Therefore, we compute the linearized effect, which we call BGWs, and the

non-linear (secondary) effect, i.e., the SIGWs. A schematic representation of the scenario

described above is shown in Fig. 1.6 (see Section 1.3 for further details).

Depending on the specific range of scales affected by the self-resonance, the SIGWs will

have an imprint in a particular span of frequencies. In general, these scales are small

and around the last scale to exit the horizon during inflation, which implies that we lie

on the Very-High-Frequency (VHF) region of the GW spectrum (100 kHz – 1 THz) [148,

149, 223, 224]. This VHF region has been explored in the literature in the contexts of

GUT scale, PBH, and quantum gravity [225–227]. Although some detectors (in operation

and/or planned) work on the VHFband of theGWspectrum, their sensitivities are too low

to detect a stochastic background of SIGWs. These sensitivities are shown in Fig. 5.1 in

termsof the fractional energy density of gravitationalwaves,ΩGW. One canobserve that all

of them lie above the cosmological bound coming from Big Bang nucleosynthesis (BBN)

[66, 67], making it impossible to detect a stochastic background of GWs formed during

preheating (otherwise, it would conflict with BBN predictions). Within the VHF band,

one of the regions of interest in this work, the most promising prospects for detecting

GWs are provided by:

• Optically levitated dielectric sensors: These are based on the use of optically

trapped and cooled dielectric microspheres or microdisks that experience a force

when a GW passes through. A 1-meter prototype, the Optically levitated sensor

(OLS) [228], is under construction at Western University in the USA.

• Bulk acoustic wave (BAW) devices: The vibrations of a resonant mass detec-

tor due to the passage of a GW could be read through the piezoelectric effect and

Superconducting Quantum Interference Devices (SQUIDs) [229]. A BAW device

has been running since 2018 at the University of Western Australia [229,230].

• Interferometersup to 100MHz: The quantumCramér-Raobound implies that,

for a given laser power, higher bandwidth is needed to increase the sensitivity [231].

This implies that a broadband interferometer with the VIRGO, LIGO, or KAGRA-

level sensitivity is not viable in the MHz region. However, there are several other
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interferometers in this bandwidth, such as the Holometer experiment at Fermilab

[232]. It consists of two co-located power-recycled Michelson interferometers with

40-meter-long arms, which increase sensitivity in the search for stochastic GWs.

• Gertsenshtein effect: This consists of the conversion of photons into GWs (and

vice versa) in the presence of a magnetic field. Although these kinds of detectors

are not yet built, Ref. [149] points out the possibility of using existing experiments

originally designed to search for axion-like particles from the Sun, such as IAXO

[233]. Ref. [234] explores this possibility using Single Photon Detectors (SPD) and

Heterodyne radio receivers (HET). Another possibility is to rely on observations of

large-scale cosmic regions, wheremagnetic fieldsmay extendover kpc toMpc scales,

thereby increasing the effective detector volume. Thus, using the astrophysical data

from radio telescopes, such as EDGES or ARCADE [235, 236], one can constrain

ΩGW.

Apart from the VHF band, we also show for comparison in Fig. 5.1 the sensitivity curves

of GW detectors in lower frequency bands: the Very-Low-Frequency (VLF), the Low-

Frequency (LF), the Middle-Frequency (MF), and the High-Frequency (HF). See [148,

228] and references therein for details about the detectors and the acronyms. The two

curves labeled as r = 0.028 and r = 2.25× 10−6 in Fig. 5.1 correspond to the energy den-

sity of GWs (background + induced) from an E-model with α = 8.4 and α = 10−3.17,

respectively, where r is the tensor to scalar ratio (5.1). The upper bound on r corresponds

to the one obtained using 10 datasets from the BICEP/Keck Array 2015 and 2018, Planck

releases 3 and 4, and LIGO-Virgo-KAGRA Collaboration [237]. The lower bound is ob-

tained in this work using SIGWs and the BBN bound. See Sec. 5.1.2 for details.

The inflationary models we study in this chapter are the well-known Starobinsky-like α-

attractormodels [167–170,197,213,214,220]. Beyond their inflationary observables (5.1),

we show that thesemodels are also particularly interesting from the perspective of SIGWs.

As the value of α decreases, the minimum of the potential (at ϕ = 0) starts to deviate

from the quadratic (parabola) behavior, triggering the self-resonance phenomenon and

amplifying the scalar perturbations. Fig. A.1 compares both potentials for several values

of α, revealing an evident asymmetry in the E-model case. This, as shown in [2], makes

the self-resonance effect stronger in this class of potentials, ultimately imposing a tighter

constraint on α for the E-models and, consequently, on the tensor-to-scalar ratio. These

differences will be further analyzed in Sec. 5.1, where their impact on tensor perturbations

is clarified.

This chapter is organized as follows: In Sec. 5.1, we examine the generation of SIGWs

from these scalar perturbations and numerically compute the energy density of GWs for

different values of α. Then, a summary is presented in Sec . 5.2, and Appendixes C.1 and

C.2 show some complementary computations, such as the derivation of the equation of

motion for the SIGWs or its power spectrum.
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Figure 5.1: Sensitivity curves of some GW detectors (in terms of ΩGW ) as a function of the frequency in
Hertz. Also shown is the BBN bound, taken from [66,67]. Solid (dashed) lines represent operative (planned
or theorized) GWdetectors. The figure is produced from the analysis of [148,149] and references therein. The
bottom lines with arrows mark the limits of the standard frequency bands of GWs, as defined in [148]. The
blue and magenta curves labeled as r = 0.028 and r = 2.25 × 10−6 represent two spectra of GWs computed
from the upper and lower bounds on the tensor-to-scalar ratio; see the text for details. These are computed
using the method outlined in this work.
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5.1 Tensor perturbations

After computing the scalar perturbations during preheating, for whichwe employ the pro-

cedure described in Chapters 2 and 3, and Appendix A, we aim to analyze the tensor per-

turbations to determine whether the amplification of scalar perturbations leaves an im-

print on the power spectrum of SIGWs. We first use perturbation theory in Sec. 5.1.1 to

estimate the energy density of gravitational waves and then, in Sec. 5.1.2, we explain the

numerical strategy followed to achieve that goal.

5.1.1 Energy density of gravitational waves

Going to the 3rd order perturbation of the action (1.3) in scalar (Φ, δϕ) and tensor (hλij)

fluctuations, we obtain the third-order equations of motion for the tensor modes hk in

Fourier space as [48,50, 193, 195]

ḧ
(λ)
k (t) + 3Hḣ

(λ)
k (t) +

k2

a2
h
(λ)
k (t) =

S(k, t)
a2

, (5.2)

where λ = +,× denotes the two polarization states, a dot means derivative with respect

to cosmic time, and S(k, t) is the source term, given by

S(k, t) =
∫

d3k̃
(2π)3/2

k̃2(1− µ2)
(
4Φk̃Φk−k̃ + 2δϕk̃δϕk−k̃

)
. (5.3)

The above source term contribution originates from the scalar-scalar-tensor vertex in-

teraction term in the third-order perturbed expansion of the action (1.3). Here, we ne-

glect 4th and higher-order contributions on the expectation that any further scalar self-

interactions are negligible. As we can see from Fig. 3.2, the curvature perturbation, which

is a combination of metric and scalar field fluctuation, remains smaller than unity even

in the regime of self-resonance amplification during the preheating phase. If we con-

sider the scales of full non-linear regime, then the effects of non-Gaussianities are impor-

tant [238, 239], which we defer for future investigations. Since the source term (5.3) on

the right-hand side of (5.2) reflects the fact that these GWs are no longer free-propagating

waves but rather a metric distortion arising from terms quadratic in the scalar perturba-

tions [50], they are called SIGWs. Moreover, the integral over k̃ reflects that the computa-

tion of SIGWs involves a convolution of different modes, meaning the contribution from

any individual mode is diluted and mixed with contributions from other modes. Conse-

quently, the amplification of the gravitational waves arises from the collective contribu-

tion of all modes within the Hubble horizon. In our case, the significant contribution to

the amplification comes from the modes k > kend (See Fig. 3.2). In Appendix C.1 we show

the derivation of the source term S(k, t) from the perturbed Einstein equations and how

to express it in terms of the metric scalar perturbations, as shown in Eqn. (5.3).
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We can compute the energy density of GWs as the 00 component of the pseudo-energy

momentum tensor of GWs [193], that is

ρGW = M2
Pl

∫
d ln k

k3

16π2

{∑
λ

⟨ḣ(λ)k ḣ
(λ)
−k⟩

! +
k2

a2
⟨h(λ)k h

(λ)
−k⟩

!

}
, (5.4)

where the notation “!” indicates that the Dirac delta has been factored out and thus

⟨h(λ)k h
(λ)
−k⟩

! is directly related to the power spectrum Ph(k, t), defined as

⟨h(λ)k (t)h
(λ)
k′ (t)⟩ =

1

2

2π2

k3
δ3(k + k′)Ph(k, t), (5.5)

where the 1/2 factor comes from the fact that Ph(k, t) includes contributions from both

polarizations. For our case, this power spectrum can be computed as follows

PSI
h (k, t) =

16g2(k, t)

k

∫ ∞

0
dk̃
∫ 1

−1
dµ

k̃3 (1− µ2)2

|k − k̃|3
PΦ(k̃)PΦ(|k − k̃|), (5.6)

where SI stands for scalar-induced, µ is the cosine of the angle between ingoing and out-

going scales, andPΦ(k) is the power spectrum of the scalar perturbationsΦk. It is defined

similarly to (5.5), but a Heaviside function is introduced in this case to avoid the contri-

bution to the integral coming from the non-linear regime of PΦ [50], that is

⟨Φk(t)Φk′(t)⟩ = 2π2

k3
δ3(k + k′)PΦ(k, t)Θ(kU − k), (5.7)

where the function g(k, t) is defined in Eqn. (C.13). Appendix C.2 shows the details about

the derivation of (5.6) following the standardderivations ofGWsproductionduringmatter-

dominated scenarios as well as some analytical estimates for the spectral energy density

of GWs. The latter, labeled as ΩGW , is often used instead of ρGW to compare theoreti-

cal predictions with current constraints and future observations. It represents the energy

density per logarithm of k over the critical density and is given by

ΩGW(k, t) =
1

3M2
PlH

2

dρGW
d ln k

. (5.8)

After the preheating stage, where the radiation-dominated (reheating) period begins, the

GWs behave as freely propagating waves. We assume that this transition occurs suddenly.

This implies that the following approximation holds from the end of preheating onwards

ḣ
(λ)
k ≃ i

k

a
h
(λ)
k . (5.9)

Thus using Eqns. (5.4), (5.8) and (5.9), the spectral energy density of SIGWs at the end of

preheating is given by

ΩSI
GW(k, trh) =

PSI
h (k, trh)

12

(
k

kL

)2

, (5.10)
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where we have used a(trh)H(trh) = kL. After the end of preheating, the fractional en-

ergy density redshifts at sub-Hubble scales as any non-interacting relativistic particles.

Therefore, the present energy density of gravitational waves is approximated by [50]

ΩSI
GW(k, t0) ≃ Ω0

γ Ω
SI
GW(k, trh)

≃
4Ω0

γ

3

(
k

kL

)2 g2(k, trh)

k

∫ ∞

0
dk̃
∫ 1

−1
dµ

k̃3 (1− µ2)2

|k − k̃|3
PΦ(k̃)PΦ(|k − k̃|),

(5.11)

where Ω0
γ ≃ 1.2× 10−5 is the present energy density of photons, t0 represents the present

epoch, and we have substituted in the last line the power spectrum from Eqn. (5.6), see

[50] for details. This quantity is usually expressed as a function of the GW frequency f

rather than the wave number k. The relationship between them is given by [240]

f = 1.55× 10−15

(
k

Mpc−1

)
Hz. (5.12)

As previouslymentioned, we are also interested in the BGWs, whose evolution equation is

also (5.2) but with Sk = 0, indicating that BGWs behave as free waves. Inflation predicts

an almost scale-invariant power spectrum of BGWs, given by

P inf
h (k) = Ah

(
k

k∗

)nt

, (5.13)

where k∗ = 0.05Mpc−1 is the pivot scale, Ah is the tensor amplitude, and nt the tensor

spectral index. These parameters are related to the tensor-to-scalar ratio (5.1) as Ah =

rAR and nt = −r/8, whereAR = 2.2×10−9 is the amplitude of the scalar power spectrum

at the pivot scale. Let us begin by studying the evolution of Eqn. (5.13) after inflation. To

analyze this, let us solve (5.2) (with Sk = 0) under different expansion histories of the

universe. Defining hk = h̃k/a (omitting the polarization index λ) and using conformal

time η, we can express (5.2) as

h̃′′k +

(
k2 −

ν2 − 1
4

η2

)
h̃k = 0, (5.14)

where ν = 3(1−w)
2(1+3w) , and we have assumed that a ∼ η

2
1+3w , with w being the equation of

state parameter of the universe. The solution to this equation is given in terms of Bessel

functions:

hk =
√
η
[
AkJν(kη) +BkYν(kη)

]
. (5.15)

During preheating (reheating), we have ν ≃ 3/2 (ν = 1/2). Thus, for subhorizon modes,

and in both cases, Jν(kη) ∼ Yν(kη) ∼ 1/
√
kη, implying hk ∼ 1/a. This allows us to define
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the transfer function for the background tensor perturbations as:

T 2
h (k, t) =

1 t < tk

1
2

(
ak
a

)2
t > tk

(5.16)

where ak is the scale factor at the time the mode k enters the horizon, defined as tk. The

factor 1/2 accounts for averaging over harmonic oscillations of modes deep inside the

horizon [241]. The background tensor power spectrum evolves as follows after inflation:

PB
h (k, t) = P inf

h (k)T 2
h (k, t), (5.17)

and the background fractional energy density is computed using (5.8) as

ΩB
GW(k, t) =

k2

12a2H2
PB
h (k, t) =

P inf
h (k)

24

a4kH
2
k

a4H2
. (5.18)

If the mode enters during preheating, a suppression effect exists due to the a4H2 ∝ a

term in Eqn. (5.18). This means that the fractional energy density gets suppressed as

ΩB
GW ∝ ak/a for themodes entering during preheating [241–245], that is, for k > kL. This

effect disappears when reheating begins. At this point, and as in the scalar-induced case,

the fractional energy density redshifts as any non-relativistic particles. This implies we

can use the following parametrization for the fractional energy density of BGWs evaluated

at the present time:

ΩB
GW(k, t0) = Ω0

γ

rAR
24

(
k

k∗

)nt


ak
arh

, if k > kL

1, if k ≤ kL
(5.19)

Further suppression effects exist for modes entering during the late matter- and dark-

energy-dominated eras. However, the associated wavelengths are much smaller than

those relevant during preheating and are, therefore, not considered here. Finally, the to-

tal fractional energy density of GWs evaluated at present is the sum of both contributions

(i.e., (5.19) and (5.11))

ΩTOT
GW (k, t0) = ΩB

GW(k, t0) + ΩSI
GW(k, t0), (5.20)

where the numerical computation of ΩSI
GW is detailed in the next subsection.

5.1.2 Numerical strategy

Tonumerically compute the total fractional energy density of SIGWs, we begin by comput-

ing the time evolution of the curvature perturbations Rk, following the method outlined

in Chapters 2 and 3, and Appendix A. The results are stored in k-space. Next, the power

spectrum of the curvature perturbations, PR, is computed and evaluated at the end of the
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Figure 5.2: Total fractional energy density of GWs, Eqn. (5.20), evaluated today for a T-model (dashed
lines) and an E-model (solid lines), with different values of α and as a function of the frequency of each
mode, expressed in Hz. The red horizontal line represents the BBN bound. Preheating is assumed to last for
5 e-folds.

short self-resonance stage, as it remains constant for the modes of interest thereafter. At

this stage, the universe behaves as matter-dominated, allowing us to use the following

relation between PR and PΦ [48,50]

PR(k) =
9

25
PΦ(k), (5.21)

where PR is defined analogously to (5.7). This relation is then substituted into (5.11).

Since the curvature perturbations can only be obtained numerically in discrete steps of

k, the integral over k̃ in (5.11) is discretized. Specifically, the k-space integral is divided

into 100 uniform points per logarithmic interval of k. This procedure is repeated for each

value of k in k ∈ [kL, kU ] and evaluated at the end of the preheating stage, trh, which we

consider to last approximately 5 e-folds.

Fig. 5.2 shows the computation of the total fractional energy density of GWs for the two

models under consideration (T-model as dashed lines and E-model as solid lines) and for

different values of the parameter α. We have also included the Starobinsky model [24],

which corresponds to an E-model with α = 1, for comparison purposes. An interesting

feature of Fig. 5.2 is that the amplification peak for high-k in the scalar perturbations of

Fig. 3.2 is also present in the energy density of GWs for small α, sinceΩTOT
GW ∼ ΩSI

GW. How-

ever, for higher values of α, such as the Starobinsky case, the amplification of scalar per-

turbations is negligible and thus ΩTOT
GW ∼ ΩB

GW. Nonetheless, due to the convolution men-

tioned earlier, this contribution from the peak gets diluted among the rest of the modes

inside the horizon, and thus the peak in ΩTOT
GW is not as sharp as it is in PR, which makes

it difficult to track back the initial feature in the power spectrum causing the amplifica-

tion. In Appendix C.2 we show some analytical approximations that explain the shape of

ΩSI
GW. We also remark here that, as anticipated, decreasing α leads to a growth of the met-
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Figure 5.3: Integrated fractional energy density, Eqn. (5.11), normalized to IBBN as a function of α for the
T- and E-models.

ric perturbations, which enhances gravitational wave production in the very VHF band.

Although there is no current GW detector for the VHF band, we can use the BBN bound

to restrict the model’s parameters. This proceeds as follows. The GWs at the onset of the

BBN contribute to the radiation density and can potentially change the expansion rate of

the universe, and thus the abundance of the light elements. Measurements of this abun-

dance lead to an equivalent number of additional relativistic species of 1.4 neutrino de-

grees of freedom, which translates into the following upper bound for the total fractional

energy density of GWs [66,67]

IΩ =

∫ ∞

0
ΩTOT
GW (k)d ln(k) ≤ 1.6× 10−5 = IBBN. (5.22)

This bound is represented as the horizontal red band in Fig. 5.2, which is reached for the

E-model with α = 10−3.25. It is important to remark that the bound is on the integral

over the whole spectrum of modes, which implies that ΩTOT
GW could present a peak above

IBBN, provided it is narrow so that IΩ < IBBN. Thus, Fig. 5.2, is not good enough to es-

tablish a lower bound on α. Instead, Fig. 5.3 shows the result of the numerical integration

of the fractional energy density (5.11) as a function of α for the T- and E-models, nor-

malized to IBBN. Here, we clearly see a limiting value of α, for which the BBN bound is

reached (red shaded area). This corresponds to log10(α) ≃ −3.54 for the T-model and to

log10(α) ≃ −3.17 for the E-model. Since the amplification occurs rapidly (O(1) e-fold),

this essentially restricts the duration of preheating. Also, we can use (5.1) to put a lower

bound on the tensor-to-scalar ratio, that is

rT > 9.61× 10−7 and rE > 2.25× 10−6, (5.23)

where the suffixes T and E stand for the different bounds on α for each model. The lower

bound on rE rests on the fact that the E-model potential is asymmetric and thus self-

resonance is stronger in this case, for the same value of α, due to the drift terms in the
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potential expansion [2]. This lower bound, although far from the sensitivity of the fu-

ture satellite observer LiteBIRD (r ∼ 1.0× 10−3) [246,247], agrees with the bound using

BICEP2 and Planck data [222].

In [248, 249], it is pointed out that the spectrum of SIGWs corresponding to the modes

k < kend could be affected by the later transition from the preheating (inflaton matter

domination) to the radiation era. In the case of a gradual transition from preheating to

radiation, Ref. [248] indicates that the SIGWs enhancement gets suppressed because of

the subsequent decay of the gravitational potential Φk. However, in the case of a sudden

transition [249], the same conclusion does not apply; in fact, there is an additional en-

hancement in SIGW. By comparison to [248, 249], in this chapter, we also consider in

addition the self-resonance effects in the k > kend region of the spectrum (i.e., the modes

that never exit the horizon during inflation but fall into the instability band). Notably

the enhanced contribution to SIGW ΩTOT
GW is dominated by the modes k ≫ kend as we can

notice from Fig. 3.2 and Fig. 5.2. A recent study of this regime [250] shows the gravi-

tational particle production contribution from the small wavelength modes k ≫ kend is

negligible because the vacuum associated with these modes during inflation is closer to

the Minkowski vacuum rather than the de Sitter vacuum. This indicates that the decay

of gravitational potential Φk for these modes is unlikely to happen. However, a precise

analytical and numerical study of this scenario is left for future work.

5.2 Summary

In this chapter, we explored the production of SIGWs during the preheating phase in the

context of α-attractor inflationary models. These models, characterized by the parameter

α, deviate from a quadratic potential as α decreases (see Fig. A.1), which triggers a self-

resonance effect and, rapidly and substantially, amplifies the scalar perturbations during

preheating [2,188,189]. We particularly considered all the perturbations that fall into the

preheating instability band, which include themodes that exit the horizon during inflation

and the ones that remain in the subhorizon regime during preheating, i.e., k < kend and

k > kend, respectively. In particular, we found that the modes k > kend whose wavelength

is larger than the Jeans length are significantly amplified, and thesemodeswould not con-

tribute to particle production in the post-preheating phase. This amplification, in turn,

directly impacts the production of gravitational waves, since scalar perturbations couple

to the tensor perturbations at third-order perturbed expansion of the action through the

source term (See (6.42) and (6.43)). We computed the total fractional energy density

of GWs (SIGWs + BGWs) for different values of α and our findings show that, for suffi-

ciently small values of α, the integral of the total fractional energy density of GWs reaches

the BBN bound (6.49), see Figs. 6.2 and 5.3. In particular, we observe that the growth in

ΩTOT
GW is extremely large (by several orders of magnitude) for small differences in α. See

for instance Fig. 6.2 for α = 10−2 − 10−3. This is due to the fact that the fractional energy
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density of SIGWs is, naively speaking, proportional to
∫
P2
Φ(k) ∼

∫
P2
R(k) (See (6.48)),

meaning small variations inRk induce large changes in ΩSI
GW so that the secondary effect

(SIGWs) dominates over the linear effect (BGWs). In contrast, this amplification mecha-

nism is suppressed for higher values of α, including the Starobinsky case, where the effect

becomes negligible.

We demonstrated, for the first time, that the lower limit on α imposed by the BBN con-

straint differs betweenT-models andE-modelswhen considering the production of SIGWs

during preheating instabilities. This approach relies on the assumption that the decay of

the inflaton field is not instantaneous, with its coupling to the fields responsible for reheat-

ing the universe being sufficiently small to ensure that the preheating phase lasts under 5

e-folds before the inflaton decays into ultra-relativistic particles [41,42].

The distinction in the lower bound on α arises from the additional amplification present

in the E-model compared to the T-model, which can be attributed to the asymmetry of the

potential [2]. These new bounds, although derived under different assumptions, should

be compared with those reported in [197] based on the duration of reheating along with

the current bounds on the scalar spectral index, where log10(α) = −4.2+5.4
−8.6 at 95% C.L,

in [198] based on the overproduction of a light moduli field, where α ≲ 10−8, or in [173]

based on geometrical destabilization of a spectator field, where α ≲ 10−3. Furthermore,

they establish a new lower bound on the tensor-to-scalar ratio, as given in (5.23).

In conclusion, our analysis suggests that the amplification of scalar perturbations during

self-resonant preheating offers an effective mechanism for generating GWs, particularly

in the VHF band. These remarks highlight the need for increasing the sensitivity of gravi-

tational wave detectors in the VHF range that could potentially test these theoretical pre-

dictions [148, 149,223,224] and offer new insights into the physics of the early universe.

Furthermore, we derive for the first time a concrete lower bound on the tensor-to-scalar

ratio for the single-field Starobinsky-like inflationary scenarios, which would be an im-

portant input for the future probes of B-mode polarization [251,252].

The next chapter examines the combined effects analyzed throughout this dissertation

within the context of a generic Starobinsky-like inflationary potential—specifically, the

formation of PBHs during the preheating phase, followed by the subsequent generation

of induced GWs during the PBH-dominated (matter-dominated) era, which ends through

the evaporation of the PBHs via Hawking radiation, thereby reheating the universe.
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Gravitational waves from primordial black
hole dominance: The effect of the inflaton
decay rate

It is suggested that there may be a large number of gravitationally collapsed

objects of mass 10−5g upwards which were formed as a result of fluctuations in

the early universe.

– Stephen Hawking [76] in 1971

This marks the beginning of Hawking’s work titled “Gravitationally Collapsed Objects

of Very Low Mass.” It was the first instance showing that PBHs could have formed in

the early universe, leading to Hawking’s discovery of Hawking Radiation in 1974 [83],

by which PBHs can lose mass and eventually evaporate. Since then, these two concepts

have been closely linked to explain the early universe, particularly in post-inflationary

scenarios, and have also been used to place constraints on the abundance of PBHs. In

this chapter, we investigate this precise relationship and examine the overproduction of

PBHs during the preheating phase and the posterior generation of induced GWs.

For the formation of PBHs, we choose to work under the KP formalism [119, 121–125] as

we understand, from the results of Chapters 2 and 4, that it better describes the collapse

dynamics of perturbations inmatter-dominated scenarios. This formalismwas previously

described in Appendix (B.2). However, we consider here two new elements: the decay of

the inflaton field into radiation and the posterior evaporation of the PBHs via Hawking

radiation [83], which we describe in what follows. Further, we will apply these consider-

ations to an extended distribution of perturbations, contrary to the standard monochro-

matic assumption [59–63].

Moreover, we work only with modes that exited the horizon during inflation and were

amplified by some mechanism. Therefore, a central element in its formation is the ap-

pearance of a pronounced peak in the inflationary power spectrum. Various inflationary

scenarios can lead to such an amplification of curvature perturbations. For instance, in

single-field models, mechanisms such as an inflection point [253–256] or a step-like fea-

ture in the potential [257–260] can generate the necessary peak. Formulti-field, this peak

can be produced through non-canonical kinetic terms [261–264], the interplay of multi-

ple axion fields [265, 266], or waterfall trajectories in hybrid models [267–271]. For a

comprehensive review of these mechanisms, see [100]. Although the parametrization of
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the power spectrum via a Gaussian peak is introduced in an ad hoc manner in our study,

adjusting its height and position effectively encapsulates the essential physics of almost

every inflationary model mentioned earlier. This is the approach we will follow, remain-

ing agnostic about the precise physical mechanism of the amplification of perturbations

during inflation.

Interest in PBHs has grown recently due to their potential to answer several questions in

cosmology. In particular, they have been proposed as candidates for dark matter, as gen-

erators of structure in the universe, or even as seeds for the formation of supermassive

black holes in the center of galactic nuclei. See [272, 273] for a review. However, al-

though observational data tightly constrain their abundance [203,273], for small masses

(≲ 1010g), these constraints rely on the nature of Dark Matter, which is currently un-

known [274], and on the details ofHawking evaporation [83] and the production of Planck

remnants [91–94], a highly theoretical element. For this reason, the constraints can be re-

laxed to the point that PBHs come to dominate the energy density of the universe, a period

called PBH-dominated, which behaves as pressureless matter. If this occurs, their inher-

ent Poissonian fluctuations in density can source a stochastic background of gravitational

waves, providing a unique observational window into the early universe. The frequen-

cies associated with this background of GWs fall into the very-high frequency range, as

shown in previous works in the context of PBHs in grand unified theories and supergrav-

ity [5, 225, 226]. In this range, the current and planned detectors still lack a sufficiently

high sensitivity, further motivating their refinement.

To eventually recover the standard radiation-dominated era necessary for successful Big

Bang Nucleosynthesis (BBN), we consider the inflaton decay into Standard Model parti-

cles, thereby reheating the universe. This is achieved by considering the scalar field’s de-

cay into radiation, with decay rate Γϕ. However, if PBHs dominate before that, then the

universe is reheated throughHawking evaporation [45,83,127], and the reheating temper-

ature corresponds to the evaporation temperature of the PBHs. Refs. [59–63] considered

that the PBH-dominated phase occurs due to the interplay between the different energy

densities of PBHs (matter), and a background fluid with an arbitrary equation of state

w > 0, ignoring the specific formation mechanism of the PBHs. We, however, consider

that PBHs are produced during an early matter-dominated phase, under the KP formal-

ism, and that the PBH-dominated phase occurs due to the decay of the scalar field into

radiation, which modifies the actual constraints on the abundance of PBHs. Then, we an-

alyze the production of induced GWs by the Poissonian fluctuations of the PBH fluid. To

our knowledge, this is the first time it has been studied in the literature.

This chapter is organized as follows: We begin in Sec. 6.1 by defining an analytical expres-

sion for our power spectrum and giving some details on the preheating period and the pa-

rameters of the model. Then, in Sec. 6.2, we describe the dynamics of a PBH-dominated

phase, from the collapse of perturbations to the power spectrum of the PBH density fluc-

tuations. The results for the inducedGWs are obtained in Sec. 6.3, as well as a comparison
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with previous studies in the literature. Conclusions are given in Sec. 6.4, and appendices

D.1 and D.2 show some analytical estimations of the mass fraction of PBHs and the frac-

tional energy densities of PBHs and GWs, respectively.

6.1 Inflation and preheating

As stated above, we consider an inflationary power spectrum with a Gaussian peak. Ac-

cording to Planck’s 2018 results [30, 31], the inflationary power spectrum of curvature

perturbationsRk can be parametrized as follows

P inf
R (k) = As

(
k

k∗

)ns−1

, (6.1)

where As = 2.1 × 10−9 is the amplitude of the power spectrum at the pivot scale k0 =

0.05Mpc−1, and ns ≃ 0.965 is the spectral index. Motivated by other works [100, 253–

271] (see above), we introduce a Gaussian peak in the power spectrum, and choose to

parametrize it as a log-normal-like distribution, given by

Ppeak
R (k) = Apeak exp

−
(
log10(k/kpeak)

)2
σ2

 , (6.2)

whereApeak is the amplitude at the peak scale kpeak and the standard deviation of theGaus-

sian is chosen to be σ = 0.2 to reduce the number of free parameters. Eqn. (6.2) is useful

for this work as it avoids the tails of the Gaussian peak (due to the log10 term), and since

it constitutes a two-parameter (Apeak and kpeak) model-independent parametrization that

can reflect the physics of the models described in [100, 253–271]. The total power spec-

trum is the sum of the contributions from (6.1) and (6.2), that is

PR(k) = P inf
R (k) + Ppeak

R (k). (6.3)

In Fig. 6.1 we show some examples of the power spectrum (6.3) along with several current

(continuous) and forecasted (dashed) constraints on the power spectrum. The dotted-

dashed constraints from PBHs represent non-standard scenarios that depend on the de-

tailed nature of Dark Matter, which is currently unknown, as well as on the details of the

Hawking radiation [83] and the production of Planck-size remnants after PBH evapora-

tion [91–94,274]. We will remain agnostic about these last constraints and consider val-

ues of PR(k) that are both above and below them, as illustrated in Fig. 6.1. Furthermore,

the positions of the Gaussian peaks of the power spectra shown in Fig. 6.1 correspond to

scales that exit the horizon at a time close to the end of inflation, when the scalar field is

of the order of the Planck mass.
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Figure 6.1: Three examples of inflationary power spectra + gaussian peak (corresponding to Apeak =

0.01, 0.1, 0.1 and kpeak = 6 × 1018, 6 × 1020, 6 × 1022Mpc−1 respectively), that we compare against the con-
straints on the power spectrum of curvature perturbations from PBHs [65,273,275], Planck observations on
the CMB [31], Lyman-α forest [276], µ-distortions [277] and GWs [274,278,279] (PTA, SKA and LISA). The
continuous (dashed) lines represent current (forecasted) constraints. The dotted-dashed lines for the PBH
constraint represent the constraints associated with the non-standard scenarios like Hawking evaporation
considerations and the possibility of PBHs remnants. The above Figure is produced from the data available
in [65,279].

According to Planck’s results [30, 31], the upper limit on the energy density at the pivot

scale is given by ρinf ≲ 1016GeV, which translates into the following upper limit on the

Hubble rate at the pivot scaleHinf ≲ 2.5×10−5MPl. We further assume thatH is constant

during inflation and extrapolate that value till the end of inflation, where the preheating

period begins. This phase is characterized by an oscillating scalar field at the bottom of

the inflationary potential, which makes the universe (effectively) behave as being matter-

dominated and implies that the scale factor can be parametrized as

a(t) ≃ aend

(
t

tend

)2/3

, (6.4)

where the suffix “end” means the quantity at the end of inflation and t is cosmic time. Also,

theHubble rate, defined asH(t) = ȧ/a, with an overdot denoting a derivative with respect

to cosmic time, is given by

H(t) ≃ 2

3t
. (6.5)

During this phase, the perturbations that enter the horizon collapse into PBHs, as shown

in the next section. However, the quantity we use to compute the abundance of PBHs,

i.e., the mass fraction β(k), is not the power spectrum of curvature perturbations, but the

variance of the density perturbations, σk. Formodes that enter the horizon after inflation,
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the curvature perturbations are related to the density perturbations δϕ,k as follows 17 [43,

45]

δϕ,k ≃ 8

5
Rk, (6.6)

where a suffix “k”means Fourier component and k is themodulus of the wavenumber vec-

tor k. Also, a suffix “ϕ” is introduced as a notation so that these fluctuations are not con-

fused with the energy density fluctuation of the PBHs, which is defined below. Eqn. (6.6)

is obtained from (2.10) evaluated at horizon-crossing time and implies that the power

spectrum of the density perturbations should be written as

Pδϕ(k) ≃
64

25
PR(k), (6.7)

and we can approximate the variance as follows

σk ≃
√

Pδϕ(k). (6.8)

As explained above, to terminate the preheating stage and recover the usual reheating

scenario, the inflaton field must decay into radiation via a decay rate Γϕ, which occurs at

a time tr = Γ−1
ϕ . At this point, the time evolution of the temperature of the radiation fluid

is given by [41,42,280]

Tdecay(t) =

(
90

π2g∗(T )

)1/4
√

Γϕ

MPl

(
ar
a

)
MPl, (6.9)

in units of Planck mass (1MPl = 1.22× 1019GeV). In this equation, ar = a(tr) and g∗(T ) is

the number of relativistic degrees of freedom, which takes the value g∗ = 106.75 for T ≳
100GeV (assuming the StandardModel is valid at those energies, see Refs. [281,282] for a

review of the dependence of the effective degrees of freedomwith temperature). However,

if after the decay the abundance of PBHs is high enough, they will dominate due to the

different redshifts of the energy densities of radiation andPBHs, a−4 and a−3, respectively.

In this case, since radiation becomes a subdominant component, the reheating occurs at

a later stage and through the evaporation of PBHs due to Hawking radiation [83], with an

associated temperature given by (see Eqn. (2.24) of [61])

Teva ≃ 2.76× 104GeV
(
g∗(Teva)

106.75

)−1/4( gH
108

)1/2(MPBH,0

104g

)−3/2

, (6.10)

with gH being the spin-weighted degrees of freedomandMPBH,0 themeanmass of the PBH

distribution, considered as the mass of the PBHs associated with the Gaussian peak (see

17In this chapter, since our focus is only on the scales that are amplified during inflation, we do not consider
the subhorizon modes that never exit the horizon during inflation. Although they could contribute to PBH
formation, as shown in [1, 3] (see Chapters 2, 3 and 4), their contribution is only toward very small scales in
contrast to what we explore in this work.
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Eqns. (6.15) and (6.20)). Taking into account that for a successful BBN the temperature

of the plasma should be TBBN > 4MeV [283] and the upper limit on the energy scale of

inflation, Hinf/MPl ≲ 2.5× 10−5 [30,31], one obtains the following allowed range for the

PBH masses, given by [59–63]

10g ≲ MPBH,0 ≲ 109g. (6.11)

Since the position of the Gaussian peak sets the mean mass of the distribution of PBHs,

we choose kpeak to fit accordingly inside this mass range. Although the parametrization

of the peak of the power spectrum is rather arbitrary, we, in essence, try to reproduce

a Starobinsky-like model [24] with a feature in the potential that produces the peak, as

explained above. This allows us to select the values of the decay rates in terms of the

expected temperature of reheating of these models [284–286]. Thus, we consider the

following range of inflaton decay rates for our analysis

Γmin
ϕ = 10−25MPl < Γϕ < 10−19MPl = Γmax

ϕ , (6.12)

which implies reheating temperatures of 106GeV to 109GeV. We have checked that Γmax
ϕ

does not conflict with the PBHs. That is, they form before the field decays. Also, for Γmin
ϕ ,

we select the scenarios where PBHs dominate before their evaporation (otherwise they

do not produce GWs). In any case, the decay rate of the inflaton should be considered

carefully. It could be the case that when the PBHs dominate, the temperature of the sur-

rounding radiation (6.9), due to the field’s decay, is higher than the temperature of the

PBHs themselves (6.10), which delays the evaporation process and allows a longer PBH-

dominated phase. We consider this when computing the GWs from the PBH-dominated

phase in Sec. 6.3. However, this effect on the production of GWs, if any, is minimal.

6.2 Primordial black hole dominance

In this section, we describe the collapse process of a perturbation into a PBH under the

KP formalism and compute the fractional energy density ΩPBH. Then, assuming that the

scalar field decays into radiation, we study the evolution of the energy densities of the field,

radiation, and the PBHs. Finally, after determining the conditions for a PBH-dominated

era, we show the power spectrum of Poissonian fluctuations of the energy density of the

PBH fluid.

6.2.1 Collapse of perturbations during preheating

As stated in Appendix B.2, in amatter-dominated era, the formation probability of a PBHs

relies on the fraction of sufficiently spherical regions to undergo collapse. To compute

it, we use the estimation from the anisotropy effect βKPaniso(k), Eqn. (B.28), which is valid
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for small and large perturbations and is the dominant contribution. This is the formula

for the mass fraction that we are using in our computations. The mass fraction must be

computed, for each k, at the time tk when the mode enters the horizon. This is obtained

by assuming that when amode crosses the horizon the relation k = a(tk)H(tk) is satisfied,

which during a matter-dominated phase is given in terms of k by

tk ≃ tend

(
kend
k

)3

, (6.13)

where we have used Eqns. (6.4) and (6.5), and defined kend = a(tend)H(tend). Thus, using

(B.28), we can compute the mass fraction as a function of time and then relate it to the

fractional energy density in the form of PBHs as follows [82, 118]

β(Mf) ≡
dΩPBH(Mf)

d ln(Mf)
→ ΩPBH(Mf) =

∫ Mf

Mend
H

β(M̃f)d ln(M̃f), (6.14)

whereMf is the PBHmass at the moment of formation, and the lower limit of the integral

is the horizon mass at the end of inflation, which corresponds to the smallest possible

PBH mass. As explained above, to not to overestimate ΩPBH, we must take into account

the time at which each perturbation enters the horizon and collapses. To do this, we relate

the mass of the PBHs at formation,Mf, with the wavenumber k at the moment it crosses

the horizon using equation (6.13) as follows

Mf(k) ≃
4πγ

H(tk)
≃ γM end

H

(
kend
k

)3

, (6.15)

where γ determines the fraction of the horizon mass that goes into the PBHs (we assume

γ = 1 for simplicity) andM end
H is the horizonmass at the end of inflation. Using (6.15), the

wavenumber k can be seen as a “measure of time” and the integral in (6.14) is rewritten

as

ΩPBH(k) = 3

∫ kend

k
β(k̃)d ln(k̃), (6.16)

where the lower limit represents themoment in cosmic time t at which the wavenumber k

crosses the horizon, c.f. Eqn. (6.13), and the factor of 3 comes from the relation between

d ln(Mf ) and d ln(k), see Eqn. (6.15). The results for the numerical integration of (6.16)

are shown in Fig. 6.2 as a function of the number of efolds N from the end of inflation

(Nend) for two values of the position of the Gaussian peak, 10−2kend, and 10−1kend, with

its amplitude ranging from 10−3 to 1. We observe that as we move the Gaussian peak

towards higher scales, it takes more time for ΩPBH to grow and (potentially) dominate.

Moreover, we also observe the appearance of a plateau for high values ofN , whose ampli-

tude depends on Apeak, see Appendix D.1 for details. This clearly reflects the fact that the

inflationary spectrum P inf
R hardly contributes to the mass fraction, and once the peak has

entered the horizon, ΩPBH stays fixed to a constant value. We consider that the totality
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Figure 6.2: Fractional energy density of PBHs for a) kpeak = 10−2kend and b) kpeak = 10−1kend as a function
of the number of efolds N . Here, kend = 5.7× 1024Mpc−1 is the scale corresponding to the end of inflation,
which exits the horizon approximatelyNend = 60 e-folds after the pivot scale. The vertical dashed line to the
left corresponds to the point where the peak enters the horizon and the one to the left when the scale kpeak/8
enters the horizon. The horizontal dashed line corresponds to ΩPBH(t) = 1.

of the peak has entered the horizon when the scale kpeak/8 enters, which approximately

corresponds to a distance of 10σ from the peak. This is the reason why the numerical

computation of (6.14) is terminated at the moment tkpeak/8, represented by the vertical

dashed line to the right, when the scale kpeak/8 enters the horizon and ΩPBH is fixed on

the plateau. However, we remark that the choice of 10σ is just orientative, and one could,

in principle, choose either higher or lower values for this scale. In Appendix D.1, we show

some analytical approximations to the fractional energy density of PBHs (6.16), where the

dependence with the parameters of the model, specifically with Apeak, is revealed.

As stated in Appendix B.2, in principle, one could consider other non-spherical effects in

the formation probability of the PBHs under the KP formalism, such as the inhomogeneity

effect [119, 125, 287], or the angular momentum of the black holes [120]. If that is the

case, the total mass fraction is computed as the product of the individual mass fractions

associated with each effect. We however restrict this work to the anisotropy effect, as it is

the dominant one.

6.2.2 Hawking evaporation

As seen in Fig. 6.2, once the Gaussian peak has entered the horizon, the fractional energy

density of PBHs reaches a plateau and gets fixed to a constant value. For reasons obvious

in the following, we call this time the “initial” time and label it as

tin = tkpeak/8. (6.17)

According toHawking [83], PBHs evaporate and emit particles with an approximate ther-

mal spectrum corresponding to the temperature TPBH = M2
Pl/MPBH (based on Hawking

evaporation). However, due to this particle emission, the PBHs lose mass at a rate given
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by [59,288,289]

ΓPBH(t) ≡ −d lnMPBH(t)

dt
= A

M4
Pl

M3
PBH(t)

, (6.18)

where the constant A is given by

A =
3.8π

480
gH , (6.19)

where we assume gH ≃ 108 (corresponding to standard model degrees of freedom) for

MPBH ≪ 1011g. In our case, we have an extended mass distribution, contrary to the stan-

dard monochromatic case. To simplify, we assume that the mean PBHmass corresponds

to the mass of the PBHs formed at the peak of the distribution, that is

MPBH,0 = Mf(kpeak). (6.20)

By integrating Eqn. (6.18), one obtains the following time-dependence of the mass

MPBH(t) = MPBH,0

(
1− t

teva

)1/3

, (6.21)

being teva the time at which the PBHs completely evaporate, given by

teva =
M3

PBH,0

3AM4
Pl

. (6.22)

6.2.3 Boltzmann equations for the evolution of the energy densities

Considering now the energy transfer from the inflaton field to the PBHs and then to ra-

diation, we consider the following Boltzmann equations for the evolution of the energy

densities [59]:

ρ̇PBH + (3H + ΓPBH) ρPBH = 0,

ρ̇ϕ + (3H + Γϕ) ρϕ = 0,

ρ̇r + 4Hρr − ΓPBH ρPBH − Γϕ ρϕ = 0,

(6.23)

where ρPBH, ρϕ, and ρr represent the energy densities of PBHs, scalar field, and radia-

tion, respectively. Note that in the set of equations (6.23) we neglect any backreactions

associated with PBH evaporation. Therefore, we assume that inflaton energy densities

are unaffected by PBH evaporation. To solve the system (6.23) we use the following set of
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initial conditions

ρPBH(tin) = ΩPBH(tin)ρT (tin),

ρϕ(tin) = (1− ΩPBH(tin))ρT (tin),

ρr(tin) = 0,

(6.24)

where the total energy density, ρT , follows from the Friedmann’s equation

ρT = ρPBH + ρϕ + ρr = 3H2M2
Pl. (6.25)

Fig. 6.3 shows the solution of the system (6.23) together with the initial conditions (6.24)

and for several values of Γϕ andΩPBH(tin). Note that the values ofΩPBH(tin) in our case are

not arbitrary. Rather, they are determined from the PBH formation mechanism, which

in our case is determined by the KP framework we explained in the previous section. The

time tin here can also be seen as the time when the PBH critical energy density ΩPBH gets

saturated to a constant value (See Fig. 6.2). We have chosen kpeak = 0.1kend for all

our computations. The left column in Fig. 6.3 shows the effect of changing Γϕ, growing

from top to bottom, whereas the right column shows the effect of a varyingΩPBH(tin), also

growing from top to bottom. We observe that the higher both of these parameters are,

the longer the PBHs dominate. Since the position of the Gaussian peak is the same for all

plots, which essentially sets the mean mass of the PBH distribution, evaporation occurs

(approximately) at the same number of efolds, Neva
18. Thus, setting kpeak towards higher

scales increases the evaporation time and consequently decreases the temperature of the

plasma after evaporation, which could conflict withBBN, as shownabove (seeEqn. (6.11)).

The vertical dashed lines in Fig. 6.3 mark several relevant times, translated to number

of efolds. From left to right: tin, ϕ-radiation equality (tr), radiation-PBH equality (tPBH),

and PBH evaporation (teva). The former and the latter are defined in Eqns. (6.17) and

(6.22), respectively. The ϕ-radiation equality occurs approximately at tr ∼ Γ−1
ϕ and, to

estimate the transition from radiation to PBHs we do the following. Initially, the scalar

field dominates, and thus ρϕ redshifts as

ρϕ(t) ∼ ρϕ(tin)

(
a(tin)

a(t)

)3

∼ ρϕ(tin)

(
tin
t

)2

, (6.26)

where we assume the standard matter-dominated power-law behavior of the scale factor,

a ∼ t2/3. The decay into radiation occurs at a time tr ∼ Γ−1
ϕ , which implies that

ρϕ(tr) ∼ ρϕ(tin)

(
tin
tr

)2

. (6.27)

18It is worth noting here that any modification of Γϕ and/or Apeaks turns into different expansion rates of
the universe, depending on the amount of time matter (ϕ, PBHs) or radiation dominates. This means even
though teva is fixed,Neva could in principle differ based on the duration of PBH dominance (See (6.31)).
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(a) ΩPBH(tin) = 0.088, Γϕ = 10−23MPl

0 5 10 15 20 25 30

10-4

0.001

0.010

0.100

1

10

N
Ω
(N

)

Ωϕ

Ωr

ΩPBH

(b) ΩPBH(tin) = 0.001, Γϕ = 10−19MPl
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(c) ΩPBH(tin) = 0.088, Γϕ = 10−21MPl
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(d) ΩPBH(tin) = 0.015, Γϕ = 10−19MPl
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(e) ΩPBH(tin) = 0.088, Γϕ = 10−19MPl
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(f) ΩPBH(tin) = 0.230, Γϕ = 10−19MPl

Figure 6.3: Evolution of the fractional energy densities for PBHs (black), the scalar field (blue), and radia-
tion (red). The left column shows the effect of varying Γϕ, growing from top to bottom, whereas the right col-
umn shows the effect of a varyingΩPBH(tin), also growing from top to bottom. The vertical dashed linesmarks
from left to right: tin (translated to efolds), ϕ-radiation equality, radiation-PBH equality, and teva (translated
to efolds), respectively.
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At this point, ρϕ(tr) ∼ ρr(tr) and radiation becomes the dominant component. This im-

plies that ρr redshifts as

ρr(t) ∼ ρr(tr)

(
a(tr)

a(t)

)4

∼ ρr(tr)

(
tr
t

)2

, (6.28)

where now we used that a ∼ t1/2 during radiation-dominated. On the other side, ρPBH
redshifts as follows during this radiation-dominated era

ρPBH(t) ∼ ρPBH(tin)

(
tin
tr

)2( tr
t

)3/2

, (6.29)

where we considered the redshift during the time ρϕ dominates. Equating (6.28) and

(6.29), we obtain, approximately, the time at which PBHs dominate, which is given by

tPBH ∼ Γ−1
ϕ

(
1− ΩPBH(tin)

ΩPBH(tin)

)2

. (6.30)

Using this, the approximated time the PBH-dominated phase lasts is computed as the

difference between eqns (6.22) and (6.30), that is

∆PBH = teva − tPBH =
M3

f

3AM4
Pl

− Γ−1
ϕ

(
1− ΩPBH(tin)

ΩPBH(tin)

)2

. (6.31)

The longer the PBH-dominated phase lasts, the higher the induced GWs produced (See

Sec. 6.3). In this sense, Eqn. (6.31) clearly reflects the impact that the different parameters

of the model have on the production of GWs. For instance, a small decay rate (the scalar

field decays late in time) reduces the time the PBHs dominate but can be compensated if

their abundance is large. On the other hand, a large mean PBH mass increases this time

since PBHs evaporate later. In essence, Eqn. (6.31) shows the rich interplay between the

parameters of the model.

6.2.4 Power spectrum of primordial black hole fluctuations

In this section, we compute the power spectrum corresponding to the PBH domination

phase. In order to do this, let us assume that PBHs are randomly distributed in space,

meaning that the probability distribution of each PBH position is uniform and that the lo-

cations of different black holes are uncorrelated. This assumption effectively corresponds

to Poissonian statistics. A key point to note is that this description breaks down at dis-

tances smaller than the mean comoving separation, r̄, between neighboring black holes.

Below r̄, the discrete nature of the PBH distribution becomes significant, making the fluid

approximation inadequate. This mean separation is computed as [62]

r̄ =

(
3MPBH,0

4πρPBH

)1/3

. (6.32)
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The fact that PBHs are discrete objects introduces inhomogeneities, which can be quanti-

fied with the power spectrum of PBHs density fluctuations δPBH,k. A detailed derivation is

provided in Appendix A of [62]. Here, for completeness, we briefly summarize the main

steps. For N PBHs of equal massMPBH in a volume V , the probability of finding n PBHs

in a subvolume v is given by the binomial distribution

P bin
n (r) =

(
N

n

)(
v

V

)n(
1− v

V

)N−n

, (6.33)

which approaches a Poisson distribution in the large-N limit

lim
N→∞

P bin
n (r) = P Poiss

n (r) =

(
r

r̄

)3n e−
r3

r̄3

n!
. (6.34)

Using this distribution, one can compute the variance (two-point correlation function) of

the PBH energy density fluctuations, which turns out to be proportional to a Dirac delta

function [62]: 〈
δρPBH(x)

ρtot

δρPBH(x′)
ρtot

〉
∝ δ(x− x′), (6.35)

implying uncorrelated (white noise) fluctuations. This proportionality with the Dirac

delta resides in the fact that the density fluctuations are completely uncorrelated beyond

the scale of individual points: there is non-zero correlation only at zero separation. Fourier

transforming this result yields a constant power spectrum for the density contrast,PδPBH(k) =

const, with the proportionality constant independent of k. The dimensionless power spec-

trum is then given by19 [62]

PδPBH(k) =
2

3π

(
k

kUV

)3

Θ(kUV − k) , (6.36)

which scales as k3 and where kUV = a/r̄ is the ultraviolet cutoff of the power spectrum.

This scaling reflects the Poisson nature of the PBH distribution and indicates that power

increases with decreasing scale (increasing k), up to a UV cutoff set by themean PBH sep-

aration. For scales larger than kUV, the PBH fluid can be treated as non-relativisticmatter,

but as k approaches kUV, the discrete nature of the PBHs leads to shot-noise effects and

the fluid picture is no longer valid [59,60]. One can compare this scale-dependent power

spectrum with the scale-invariant power spectrum of curvature perturbations, defined in

(1.6). The reason behind the k3 scaling of Eqn. (6.36), as shown above, resides in the na-

ture of a Poisson-distributed matter field like a gas of PBHs, contrary to the case of Gaus-

sian inflationary perturbations. This k3 scaling indicates that small-scale perturbations

(high k) dominate the power, contrary to the inflationary power spectrum. These energy

19We are not considering possible deviation from Poisson statistics by non-Gaussianities that could further
lead to primordial clustering [238,239] because our consideration of the KP collapsemechanism is restricted
to overdensities that are small enough.
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density fluctuations correspond to isocurvature perturbations when the PBHs form. In

other words, PBHs form in this case from the perturbations of the scalar field, and by

conservation of energy, any missing part of the scalar field fluid that ends up into a PBHs

is compensated by PBHs themselves, so that the fluctuations in both fluids are equal and

opposite, i.e., δPBH,k = −δϕ,k, which is what mainly characterizes isocurvature pertur-

bations. Initially, these isocurvature PBH perturbations do not induce GWs, but as the

PBH become the dominant component of the universe, the isocurvature PBH perturba-

tions source curvature perturbations, which have a gravitational potential associated, and

this last is responsible for inducing GWs. Note that these induced GWs should not be

confused with the induced GWs from amplified perturbations during, for instance, an

early matter-dominated period [4, 48, 50, 193, 195]. In this case, the GWs are sourced

by the gravitational potential of the Poissonian fluctuations associated with the overpro-

duction (dominance) of the PBHs, instead of being sourced by the inflaton perturbations.

In essence, the novelty of this approach resides in the fact that the isocurvature perturba-

tions are sourced by the scalar field, contrary to the standard approachwhere the radiation

fluid sources the isocurvature perturbations [59–63]. Moreover, we do take into account

the whole evolution of the PBHs by considering their formation mechanism, instead of

assuming an initial abundance of PBHs.

So now the problem at hand is to relate the initial isocurvature fluctuations δPBH,k to the

gravitational potential ΦPBH,k of the PBH fluid. Following [62], this relation is given by

ΦPBH,k ≃ −1

5
δPBH,k (6.37)

on super-Hubble scales, and by

ΦPBH,k ≃ −9

4

(
kPBH
k

)2

δPBH,k (6.38)

on sub-Hubble scales, where kPBH = a(tPBH)H(tPBH) is the scale that enters the horizon

by the time PBHs dominate, where tPBH is defined in (6.30). What Eqns. (6.37) and (6.38)

tell us is that the gravitational potential is constant in time during a PBH-dominated era,

as it is expected from a matter-dominated epoch. One can interpolate between the two

equations to obtain a single expression that reflects the behavior on both super and sub-

Hubble scales, that is

ΦPBH,k ≃ −

[
5 +

4

9

(
k

kPBH

)2
]−1

δPBH,k, (6.39)

and use this in (6.36) to obtain the power spectrum of the gravitational potential associ-

ated with a dominating fluid of PBHs:

PΦPBH(k) =
2

3π

(
k

kUV

)3
[
5 +

4

9

(
k

kPBH

)2
]−2

. (6.40)
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This spectrum presents a maximum at k = 3
√
15
2 kPBH of order

Pmax
ΦPBH

=
27

64π

√
3

5

(
kPBH
kUV

)3

≃ 27

64π

√
3

5
γ

(
Γϕ

Hend

)
Ω2
PBH(tin)

(1− ΩPBH(tin))3

(
kend
kpeak

)3

, (6.41)

whereΩPBH(tin) can also be estimated from theparameters of themodel. SeeAppendixD.1

and particularly Eqn. (D.12) for details.

6.3 Induced gravitational waves

Now that we have computed the power spectrum of the gravitational potential induced

by the PBH density contrast, we can compute the associated GWs production due to the

PBHdomination [59–63]. Before going into detail, it is important tomake some remarks.

GWs are mainly produced in two ways:

• First-orderGWs: This signal corresponds to the stochastic background generated

by the inflationary fluctuationsP inf
R , with an almost flat power spectrum and usually

very weak, which we call BGWs.

• Second-orderGWs: Scalar perturbations couple to the tensor ones at third-order

in the perturbed expansion of the action and induce GWs. For this reason, these are

called scalar-induced gravitational waves (SIGWs). Several mechanisms can pro-

duce amplified scalar perturbations, as we have seen. However, in this Chapter, we

focus on the amplified scalar density fluctuations from the PBH-dominated phase

and apply the approach in Refs. [48,50, 195].

When considering both scalar and tensor fluctuations in the second-order perturbed Ein-

stein equations, one derives the following equation of motion for the tensor perturbations

ḧ
(λ)
k (t) + 3Hḣ

(λ)
k (t) +

k2

a2
h
(λ)
k (t) =

S(k, t)
a2

, (6.42)

where λ = +,× denotes the two polarization states of the tensor modes and S(k, t) is the
source term, computed as a convolution of different modes. Here and in what follows, we

work in the Newtonian gauge. The source term arises only at third-order in the perturbed

expansion of the action and shows that the SIGWs are no longer free-propagating waves

but rather a metric fluctuation arising from terms quadratic in the scalar perturbations

[50]. In this case, it is given by

S(k, t) = 4

∫
d3k̃

(2π)3/2
k̃2(1− µ2)ΦPBH,k̃ΦPBH,|k−k̃|. (6.43)

As one can observe from this expression, the source term reflects that the contribution

from any individual mode is diluted and mixed with the contributions coming from other
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modes. The power spectrum of the tensor perturbations is given by

⟨h(λ)k (t)h
(λ)
k′ (t)⟩ =

1

2

2π2

k3
δ3(k + k′)Ph(k, t), (6.44)

where the 1/2 factor comes from the fact that Ph(k, t) includes contributions from both

polarizations. During a PBH-dominated phase, the gravitational potential is constant in

time for all scales, and so it is the source term (6.43). Therefore, one can attempt to obtain

a particular solution of (6.42) and compute the correlator in (6.44) to obtain the power

spectrum of GWs induced by PBH domination:

PPBH
h (k, t) =

16g2(k, t)

k

∫ kUV

keva

dk̃
∫ 1

−1
dµ

k̃3 (1− µ2)2

|k − k̃|3
PΦPBH(k̃)PΦPBH(|k − k̃|), (6.45)

where keva = a(teva)H(teva) that corresponds to the smallest co-moving wavenumber that

enters the horizon at the PBH evaporation time. The function g(k, t) is known as the

growth function for the tensor modes, defined as

g(k, t) = 1 + 3

2k
aH cos

(
2k
aH

)
− sin

(
2k
aH

)
(

2k
aH

)3 , (6.46)

see [50] for details. PΦPBH(k) is given in (6.40), and the limits of the integral are chosen so

that we consider just the relevant modes during PBH-dominated. Still, the main quantity

characterizing this scenario is the spectral energy density of GWs, ΩPBH
GW , used to compare

theoretical predictions with current constraints and future observations. It is computed

as follows

ΩPBH
GW (k, t) =

1

ρc

dρGW
d ln k

, (6.47)

and represents the energy density per logarithmof k over the critical density ρc = 3M2
PlH

2.

Since GWs redshift at sub-Hubble scales as any non-interacting relativistic particles after

being produced, the present spectral energy density of GWs is therefore approximated

by [50]

ΩPBH
GW (k, t0) ≃

Ω0
γ

12

(
k

keva

)2

PPBH
h (k, teva) (6.48)

where Ω0
γ ≃ 1.2 × 10−5 is the present energy density of photons, and t0 represents the

present epoch. See Appendix D.2 for analytical estimations of (6.48) as a function of the

parameters of the model. Particularly, Eqns. (D.22) and (D.23) show the approximations

of ΩPBH
GW (k, t0) for k ≪ kPBH and k ≫ kPBH, respectively. Now, these GWs are produced

before BBN, and thus they cannot interfere with its predictions. If GWs are overproduced,

then they contribute significantly to the radiation density and can potentially change the

expansion rate of the universe, which modifies the abundance of light elements. To avoid
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(a) (b)

Figure 6.4: Total energy density of SIGWs (IGW ) for (a) kpeak = 10−2kend and (b) kpeak = 10−1kend as a
function of the fractional energy density of PBHs (ΩPBH) at formation and the decay rate of the field (Γϕ).
The dashed blue line corresponds to the bound from [62], given in Eqn. (6.50), which does not consider the
effects of the decay rate. It corresponds to the maximum initial fractional energy density of PBHs that does
not overproduce GWs and reaches the BBN bound. By considering the effect of the decay rate, we extend this
bound to higher values of ΩPBH.

this scenario, the total amount of energy in the form of GWs must satisfy this relation

[66,67]

IGW =

∫ ∞

0
ΩPBH
GW (k)d ln(k) ≤ 1.6× 10−5 = IBBN. (6.49)

Fig. 6.4 shows the computation of IGW for the two values of kpeak considered in this work

and as a function of the decay rate of the scalar field Γϕ and the initial fractional energy

density of PBHs,ΩPBH(tin). This last, as shown in Appendix D.1, depends directly onApeak

and σ (see Eqns. (D.7), (D.11), and (D.12)). To reproduce this plot we have selected the

values of IGW that satisfy the BBN bound (6.49) and also the cases where PBHs dominate

before their evaporation (otherwise the production of GWs is not possible through this

mechanism). Further, as explained in Sec. 6.1, we consider the cases where the temper-

ature of radiation is higher than the evaporation temperature of the PBHs. This effect

mainly translates into a lower keva which, looking at (6.48), induces a higher amount of

SIGWs, since PBHs dominate for a longer time. However, this scenario does not affect too

much the production of SIGWs. Also, for comparison, the blue dashed line corresponds

to the bound shown in [62], which translated to our notation is given by

ΩPBH(tin) < 1.4× 10−4

(
109g

MPBH,0

)1/4

. (6.50)

As can be seen, by considering an initially matter-dominated universe together with a

decay rate of the scalar field into radiation, one can relax the constraints on the initial

101



Chapter 6. Gravitational waves from primordial black hole dominance:
The effect of the inflaton decay rate

(a) (b)

Figure 6.5: Mass of the PBHs as a function of the frequency at which the fractional energy density of GWs
peaks and the initial fractional energy density of PBHs. The green, pink, and purple bands correspond to the
range of detectable frequencies of the LSD, ET, and LISA GW detectors, respectively. Brighter orange-to-
black colors correspond to our results, whereas lighter colors correspond to the results of ref. [62].

abundance of PBHs at production time. This means that high initial values of ΩPBH are

allowed if the PBHs dominate for a short period, which is possible if Γϕ is small. On the

contrary, a small initial abundance of PBHs needsmore time to reach the BBN bound and

overproduce GWs, that is, small ΩPBH and high Γϕ.

In Fig. 6.5, we show themeanmass of the PBHs distribution as a function of the fractional

density of PBHs and the frequency of the peak of the SIGWs produced in each case. To

compare, we also show the frequency ranges of some planned GW detectors, such as the

Levitated Sensor Detector (LSD) [228], the Einstein Telescope (ET) [154], and the Large

Interferometer Space Antenna (LISA) [150]. This reveals that, for some regions of the

parameter space, the frequency of the GWs falls into the detectable range of the LSD and

ET detectors. However, their sensitivity is insufficient to detect these GWs, which further

motivates their refinement. In addition, we also show the effect of changing the decay

rate. A larger decay rate (left plot) implies that PBHs have more time to dominate, as the

scalar field decays sooner. As a consequence, GWs are producedmore abundantly and on

a wider span of frequencies. On the contrary, a smaller decay rate (right plot) implies a

reduced production of GWs. To produce this plot, we have considered the PBHs that have

enough time to dominate (tPBH < teva), and excluded the scenarios where GWs are over-

produced (IPBHΩ < IBBN). This plot is aimed to be compared with Plot. 3 of [62], where

the authors study the production of GWs from a PBH-dominated phase without focusing

on the production mechanism or the inflationary details. The results from Fig. 3 of [62]

are shown in lighter colors in Fig. 6.5. These, in general, correspond to lower frequencies

and are placed below our results, shown in brighter colors. In this work, in addition, we
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Figure 6.6: An example of GW spectra for the scenario where Γϕ = 10−19MPl and MPBH,0 = 106g shown
for several values of the amplitude of the Gaussian peakApeak.

consider the whole evolution of the PBH, from formation mechanism to their domination

and final evaporation, along with details of inflaton decay. Since the energy density of

SIGWs IGW relies on the PBH domination duration determined by the inflaton decay rate

(through (6.30)) and the PBHmass fraction (See (B.28) and (6.14)), our results are signif-

icantly different from [62]. Therefore, our considerations of PBH formation details and

inflaton decay produce high-frequency GWs induced by PBH domination in contrast to

the results in [62], which indicate a low-frequency domain. Note that the authors in [62]

evaluate the plot at the late matter-radiation equality, whereas Fig. 6.5 is evaluated at the

present time. Finally, and for completeness, we show in Fig. 6.6 the GW spectrum as a

function of the frequency for the case of a decay rate of Γϕ = 10−19MPl and a mean PBH

mass of MPBH,0 = 106g. The result is shown for several values of Apeak, which translates

into differentmass fractions of PBH,ΩPBH(tin). As explained above, the GW spectrum lies

below the sensitivity of the future GW detectors.

6.4 Summary

In this work, we have explored the formation and evolution of PBHs in an early matter-

dominated universe, focusing on their potential dominance, which provides an alternative

reheating mechanism through Hawking radiation. Our approach focuses on the KP for-

malism [119,121–125,204,273] to describe PBH formation during the preheating (matter-

dominated) phase, considering an extended distribution of perturbations rather than a

monochromatic one. This scenario differs significantly from the standard ones considered

in the literature [59–63], where PBHs are considered to formduring radiation domination
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and the mass fraction is computed using the PS formalism [82]. To achieve a significant

amount of PBH, we consider a Starobinsky-like inflationary model [24] with some fea-

ture in the potential that amplifies perturbations around a particular scale, parametrized

with a Gaussian peak, Eqn. (6.3). PBH domination, in our framework, is affected by the

inflaton field decay rate (Γϕ) into radiation via a decay rate Γϕ, whose values we choose

according to the Starobinsky model [286]. Then, the evolution of the energy densities is

solvedwith a systemof coupled Boltzmann equations (6.23). If PBHs dominate for a suffi-

cient amount of time (that depends on inflaton decay rate through (6.30)), the Poissonian

density fluctuations they produce induce GWs at third-order in the perturbed expansion

of the action [48,50,195] that could reach the BBN bound (6.49). Our study revealed that

both the duration of the PBH-dominated phase and thus the production of the GW phase

are highly sensitive to:

• The decay rate of the inflaton field, Γϕ: A lower decay rate allows PBHs to

dominate for longer and induce more GWs.

• The fractional energy density of PBH, ΩPBH: If the PBHs are produced more

abundantly, they dominate sooner and induce more GWs. This quantity is directly

related to Apeak and σ, see Appendix D.1.

• The mass of the PBH distribution, MPBH,0: The higher the mass, the later

evaporation occurs and a longer PBH-dominated phase, which induces more GWs.

This is inversely related to kpeak (6.20).

We computed the power spectrum of these induced GWs and found that the resulting

signal could be within the detectable range of future gravitational wave detectors such

as the LSD and ET, see Fig. 6.5. Further, our results indicate that considering an early

matter-dominated phase together with a decay rate for the inflaton field allows for a re-

laxation of earlier constraints on PBH, as Fig. 6.4 reveals. This suggests that PBHs could

have played a more significant role in cosmic evolution than early studies indicate, which

highlights the importance of considering the interplay between PBH formation during

a matter-dominated phase using the Khlopov-Polnarev formalism, the inflaton decay to

radiation, and the emission of induced gravitational waves in the early universe.
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7

Conclusions and outlook

I’ve searched around the universe

Been down some black holes

There’s nothing but space, man...

– Sam Ryder, UK’s representative at Eurovision 2022

Conclusions

In this thesis, we have investigated the formation and evolution of PBHs and SIGWs dur-

ing the post-inflationary phase of preheating in the context of Starobinsky-like models.

Our findings provide new insights into the mechanisms driving these phenomena and

their potential implications for the early universe and observational cosmology.

More specifically, in Chapter 2, we have revisited and extended the study of [45] about

PBH formation during preheating. We worked under the framework of Starobinsky infla-

tion and considered the role of two types of perturbations, type I and II, defined in terms

of their wavenumber k. The type I modes have already been studied in [45], and are the

usual ones considered in the literature. These correspond to modes that exited the hori-

zon during inflation and then reenter during preheating into the IB and get amplified,

with the density contrast growing as δIk ∼ a. The type II modes, which remain subhorizon

after inflation, are a new element in our study. We have demonstrated that a subclass

of type II modes (labeled type IIa) can also lead to PBH formation, as these modes also

fall into the IB, and therefore δIIak ∼ a. We employed the PS (B.13) and KP (B.27), (B.32)

formalisms to estimate the mass fraction of the PBHs formed during preheating and ana-

lyze their differences. The former is usually utilized for the radiation-dominated scenario

and demands the definition of a threshold for perturbations, δc. This is computed within

the spherical collapse method by assuming the collapse of a massive scalar field in an

Einstein-de Sitter universe [45, 163], which gives an estimation for the time each pertur-

bation needs to collapse (2.42). The KP formalism, being threshold-independent, is well

suited for matter-dominated scenarios, and as shown in Appendix A.3, preheating ap-

proximately corresponds to such a phase. To obtain the PBH mass, we used the critical

collapse method (2.43) and assumed that PBH formation occurs at the end of preheating.

Furthermore, to avoid the non-linear regime in the type II modes range, we imposed the



Chapter 7. Conclusions and outlook

Jeans length criterion (2.39), which sets a higher bound on k. In essence, we established

three key criteria to determine whether the perturbations collapse into PBH, summarized

as follows: (i) the wavelength of the fluctuationmust lie within the IB to be affected by the

instabilities, (ii) its wavelength must be subhorizon and exceed the effective Jeans length

so that gravity counteracts pressure, and (iii) the density contrast must be large enough

to enable collapse before the end of preheating, which defines the threshold. Our analysis

shows that PBH formation is significantly influenced by the duration of preheating, with

longer preheating stages leading to higher and massive PBH production, see Fig. 2.12.

The instabilities during preheating are enhanced if the inflationary potential deviates from

the quadratic shape during preheating. In this case, these are usually called self-resonance

effects, as the main amplification comes from the terms ϕ3, ϕ4 . . . in the expansion of the

potential. In Chapter 3, we proposed an analytical model to describe the amplification of

perturbations through self-resonance effects and provided new insights into the preheat-

ing dynamics of Starobinsky-like α-attractor inflationary models (although the analysis is

valid for any inflationary potential that can be expanded in powers of the scalar field). Us-

ing perturbation theory for anharmonic oscillators, we transformed theMS equation (A.9)

into a Hill equation (3.12) and obtained the Floquet exponents of the MS variable using

Floquet theory. Then, we related the MS variable to the curvature perturbationRk using

(3.19). Particularly, and for the first time, we derived explicit formulas for the Floquet

exponents of inflationary potentials having both cubic and quartic terms in their expan-

sion, see Eqn. (3.18). Further, we demonstrated how perturbations are enhanced during

preheating, particularly for asymmetric potentials such as E-models, see Fig. 3.2. Our re-

sults revealed a strong dependence of amplification on the parameter α. Smaller values of

α make the potential to strongly deviate from the quadratic approximation, leading to a

rapid growth of perturbations. Thismechanism, intrinsic toα-attractors, suggests a phys-

ical lower bound on α, beyond which perturbations could reach the non-linear regime,

potentially affecting PBH formation and SIGW production. These two effects are studied

in Chapters 4 and 5, respectively.

In Chapter 4, we studied the formation of PBHs during preheating, within the frame-

work of α-attractor models [170, 197, 213, 214]. As anticipated in Chapter 3, we identi-

fied strong self-resonance effects for α ≪ 1. To determine whether overdensities within

the IB collapse into PBH, we applied the three key criteria defined in Chapter 2, extend-

ing previous results from Starobinsky inflation to generalized α-attractor scenarios. We

quantified the PBHmass fraction β(k) again using both PS and KP formalisms and found

that while smaller α increases the range of affected modes, it reduces PBH abundance in

the KP case, a behavior opposite to the PS formalism. Moreover, unlike the instantaneous

collapse assumption at the end of preheating used in Chapter 2, this analysis allows for

scale-dependent collapse times and thresholds. These results have also been compared

with current observational constraints [64,65, 91, 126, 127, 130–132,204], including lim-

its from PBHs remnants, LSP and DM production, CMB, BBN, and γ-ray backgrounds.

In our case, only constraints from Planck remnants, LSP, and DM production are rele-
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vant. Overall, this Chapter highlights the significant role of small-scale self-resonance

instabilities and nonspherical effects during preheating in the context of the inflationary

α-attractor models.

Since the scalar perturbations couple to tensor ones at third-order in the perturbed expan-

sion of the action, we can analyze the impact of self-resonant amplification onGWproduc-

tion. This is studied in Chapter 5, and the GWs produced in this way are called SIGWs.

Using the perturbed Einstein equations we derive an equation of motion for the tensor

perturbations at third-order in the perturbed expansion of the action, see Eqns. (5.2) and

(5.3). Then, using the approach of Chapters 2 and 3, and Appendix A, the curvature per-

turbations are obtained and used to finally compute the energy density of GWs (back-

ground + second order). The results are shown in Fig. 5.2. Our analysis revealed that for

sufficiently small values of α (log10(α) ≃ −3.54 for the T-model and log10(α) ≃ −3.17 for

the E-model), the energy density of SIGWs reaches the BBN bound (5.22), imposing new

constraints on this parameter (see Figs. 5.2 and 5.3). This, as a consequence, translates

into a lower bound for the tensor-to-scalar ratio: r > 9.61 × 10−7 for the T-model and

r > 2.25 × 10−6 for the E-model. Notably, our approach provides this bound through a

novel method, and should be compared with those reported in [197] based on the du-

ration of reheating along with the current bounds on the scalar spectral index, where

log10(α) = −4.2+5.4
−8.6 at 95% C.L, in [198] based on the overproduction of a light moduli

field, where α ≲ 10−8, or in [173] based on geometrical destabilization of a spectator field,

where α ≲ 10−3. Additionally, we found that the amplification of SIGWs is stronger in

E-models than in T-models due to their asymmetric potential, which also explains the

difference in the lower bound on α and the tensor-to-scalar ratio. Our results indicate

that SIGWs generated during preheating fall within the frequency ranges of current and

upcoming GW detectors, see Fig. 5.1. Furthermore, if the detector sensitivities improve,

these signals could become observable, highlighting the importance of advancing GW de-

tection in the VHF band.

The combination of the effects described in Chapters 2 to 5 is studied in Chapter 6. There,

we analyze the production of GWs from an overproduction of PBHs during preheating,

contrary to other works that focus on the radiation stage [59–63] and do not consider

the PBH formation mechanism. We propose a generic power spectrum, parametrized in

Eqns. (6.1), (6.2), and (6.3)with aGaussian peak, which summarizes the different features

that can produce PBH. Then, we evolve the perturbations during preheating and compute

the mass fraction with a new analytic expression for the KP formalism, Eqn. (B.28). Pre-

heating ends when the inflaton field decays into radiation via a decay rate Γϕ. If the PBHs

are abundant enough at this point, they dominate the energy density of the universe for

a period that ends when they evaporate due to Hawking radiation, see Eqn. (6.18). Dur-

ing this PBH-dominated phase, the Poissonian density fluctuations of the PBH fluid can

induce GWs at third-order in the perturbed expansion of the action, similar to the sce-

nario described in Chapter 5. We found that the duration of the PBH-dominated phase

and the induced gravitational wave production are highly sensitive to the inflaton decay
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rate, the initial PBH fractional energy density, and the mean mass of the PBH distribu-

tion, as shown in Figs. 6.3 and 6.4. Our study suggests that PBHs could have played a

more significant role in the early universe than previously thought [62], with the decay

rate of the field influencing also the production of GWs and relaxing existing constraints

on their abundance, see Eqn. (6.50).

Outlook

The collapse of perturbations in matter-dominated scenarios, such as preheating, is an

active area of research. Furtherwork is needed to understandhow this process occurs and,

specifically, which conditions lead to PBH formation. In this sense, a natural extension of

the investigation presented in this thesis would be:

• The formation of PBHs is generally expected to occur when sufficiently large per-

turbations reenter the cosmological horizon during the radiation-dominated era. At

this point, an overdense region, typically modeled as a contracting shell of matter,

becomes gravitationally unstable in a background expanding universe. While tra-

ditional analyses often approximate the collapse process using the Oppenheimer-

Snyder model [72], which assumes a static, asymptotically flat spacetime, this ap-

proachneglects the dynamic nature of the cosmological background, particularly the

influence of expansion and time-dependent curvature. A more realistic treatment

requires analyzing the collapse within an FLRW background, where the interplay

between the local overdensity and the global expansion could significantly alter the

conditions for black hole formation. Furthermore, we believe that the boundary

terms of the Einstein–Hilbert action, such as the Gibbons–Hawking–York [290,

291], would be interesting to consider in dynamically evolving spacetimes. These

terms can lead to modifications in the effective dynamics of collapse, potentially

introducing corrections to the standard Oppenheimer-Snyder model predictions.

Thus, a comprehensive study of gravitational collapse in an expanding background,

accounting for both contributions to the action, is needed for accurately character-

izing the formation of PBH.

• Understanding themass fraction of PBHs formed during the early universe requires

a detailed analysis of the nature and evolution of primordial perturbations. In par-

ticular, the role of anisotropies in the initial conditions is of critical importance,

especially in matter-dominated scenarios. According to the KP formalism [119–

123], such anisotropies can significantly alter the standard assumptions regarding

the gravitational collapse of perturbations, leading to deviations from the spheri-

cally symmetric models typically assumed, for instance, in the PS estimation. These

anisotropies may arise naturally from second-order effects in cosmological pertur-

bation theory, particularly through the non-linear coupling between scalar and ten-
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sor perturbations. These extra corrections introduce couplings that can lead to di-

rectional dependencies in the collapse dynamics. Such couplings can generate shear

and tidal fields, which in turn produce anisotropic stress, modifying the effective

gravitational potential experienced by the collapsing region. This theoretical frame-

work offers a physical basis for the types of anisotropies that are otherwise intro-

duced heuristically in the Zeldovich approximation [292], in which the anisotropic

collapse is encoded through the deformation tensor and its associated eigenvalue

structure (see Appendix B.2), but the origin of these anisotropies is not explicitly tied

to the underlying cosmological perturbations. By connecting the KP formalism and

second-order perturbation theory, it becomes possible to explain how anisotropies

naturally emerge from inflationary initial conditions and evolve non-linearly, ulti-

mately influencing the threshold for PBH formation and the resulting mass spec-

trum.

• We have applied the PS and KP formalism to the case of small-length perturbations

(type II modes) during early matter-dominated scenarios. However, there exist

more modern prescriptions to estimate the mass fraction of PBH. One of them is

the compaction function formalism, first studied by M. Shibata and M. Sasaki in

1999 [293]. It involves evaluating a function that measures the excess mass (or en-

ergy density) enclosed within a spherical region relative to the background, normal-

ized by the radius of that region [293–295]. This function is called the compaction

function C, and it is specifically defined as C(r) = δM(r)
R(r) , where δM(r) is themass ex-

cess within a radius r, andR(r) is the corresponding areal (or physical) radius. PBH

formation is expected when C(r) exceeds a critical threshold Cc, typically around

0.4-0.5, at its maximum over all radii, indicating that the local gravitational pull

is strong enough to overcome pressure gradients and cosmic expansion. It would

be fruitful to extend this formalism to the case of small-wavelength perturbations

and/or improve the threshold estimation for an early matter-dominated scenario.

• An intriguing avenue for future investigation involves relaxing the assumption that

PBHs decay exclusively into light Standard Model particles. While this assump-

tion is well-motivated by the efficiency of Hawking radiation to emit particle species

lighter than the PBH temperature (T ∼ M2
p /MPBH in units where kB = 1), it is the-

oretically plausible that, in the final stages of evaporation, PBHs could emit heav-

ier particles, including inflaton quanta, provided their mass lies below the Hawk-

ing temperature. This scenario becomes particularly relevant for very light PBHs

nearing the end of their evaporation, where T may approach the inflaton mass scale

(mϕ ∼ 1013 GeV in typical inflationary models). Although such emission is expected

to be highly suppressed and energetically negligible under standard semi-classical

assumptions, the extreme conditions in this regime may invite contributions from

quantum gravitational effects, which could substantially alter the evaporation dy-

namics. Investigating whether inflaton particle production in this regime could lead

to non-trivial phenomenological consequences, such as residual inflaton field exci-
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tations or exotic reheating scenarios, may broaden our knowledge of PBHs physics.

Given the speculative nature of physics near the Planck scale, such studies would

necessarily involve going beyond the semi-classical framework of Hawking radia-

tion.

• A natural extension of this work involves investigating the non-linear dynamics gov-

erning the collapse of overdense regions into primordial black holes. Linear and

semi-analytical approaches, while insightful, may fail to capture critical non-linear

effects that can significantly alter collapse thresholds and PBHs abundances. To ad-

dress this, fully relativistic numerical simulations using tools such as GRChombo [296]
or lattice simulations such as CosmoLattice [190, 191] offer a powerful framework

to study PBH formation in a dynamically rich, nonperturbative regime, as demon-

strated in recent works [297].

Personal note

Looking back at the historical development of PBH research, I am impressed by how far

the field has progressed. The mechanisms for constraining and studying their abundance

have evolved significantly since the early estimations in 1979. For me, the way PBHs con-

nect quantum mechanics and general relativity with astrophysical observations makes

them a fascinating probe of fundamental physics, and working on them has deepened my

appreciation for the early universe.

A key motivation for this thesis is that historically limited attention has been paid to pre-

heating in the context of PBH formation and GW production. I hope that the results from

this investigation will help to garner more interest in probing the preheating stage as a

crucial window into the physics of the early universe. Therefore, the preheating dynamics

can shed new light on inflationary models and the mechanisms driving PBH formation.

In my opinion, GWs are among the most powerful messengers of the early universe. Un-

like photons, whose observations are limited to post-recombination epochs, GWs can

travel relatively uninterrupted from their sources, preserving information about the pro-

cesses that generated them. This makes them a unique tool to test foundational aspects

of cosmology.

As the history of GW detection has shown, theoretical progress is the key to technological

innovation. I am hopeful that, as highlighted during this thesis, the need to probe higher-

frequency GWs will continue to inspire new detectors and methodologies, bringing us

closer to exploring the early universe.
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Appendix A

Mathematical details about inflation and
preheating

A common feature of the chapters of this thesis is the dynamical evolution of the back-

ground and the perturbations. This appendix summarizes the main mathematical details

of both, as well as some details about the derivation of the effective equation of state.

A.1 Background

Starting with the background dynamics, these are well described by using a flat FLRW

spacetime, whose line element is given by

ds2 = −dt2 + a2δijdxidxj , (A.1)

and where δij is the Kroneker delta. Using this, the cosmological evolution of a scalar field

ϕminimally coupled to gravity is given by varying the action (1.3) with respect to ϕ, which

gives the equation of motion of the field

ϕ̈+ 3Hϕ̇+
dV (ϕ)

dϕ
= 0 . (A.2)

Next, we consider that the matter content is described by this scalar field ϕ, which implies

that the stress-energy tensor in (1.1) is given by

Tµν = ∂µϕ∂νϕ− gµν

(
1

2
∂λϕ∂λϕ+ V (ϕ)

)
, (A.3)

with the following identifications for the energy density and pressure of the inflation field

ρ =
1

2
ϕ̇2 + V (ϕ) (A.4a)

p =
1

2
ϕ̇2 − V (ϕ) (A.4b)
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With this, the 00-component of the Einstein equations (1.1) gives the first and second

Friedmann equations

H2 =
1

3M2
Pl

(
V (ϕ) +

ϕ̇2

2

)
(A.5a)

Ḣ +H2 = − 1

3M2
Pl

(
ϕ̇2 − V

)
. (A.5b)

Eqns. (A.2) and (A.5) effectively describe the background dynamics of the scalar field and

the expansion of the universe.

A.2 Perturbations

To study perturbations, we introduce a fluctuation in the scalar field as ϕ → ϕ+ δϕ. This

sources scalar perturbations Φ, Ψ, E, and B in the metric, given now by the following

perturbed FLRW line element

ds2 = −(1 + 2Φ)dt2 + 2aB,idx
idt+ a2

[
(1− 2Ψ)δij + 2E,ijdx

idxj
]
. (A.6)

Using this, the perturbed Einstein’s equations are now given by [298]

3H(Ψ̇ +HΦ) +
k2

a2

[
Ψ+H(a2Ė − aB)

]
= − δρ

2M2
Pl

, (A.7a)

Ψ̇ +HΦ = − δq

2M2
Pl

, (A.7b)

Ψ̈ + 3HΨ̇ +HΦ̇ + (3H2 + 2Ḣ)Φ =
1

2M2
Pl

(
δp− 2

3
k2δΣ

)
, (A.7c)

(∂t + 3H)(Ė −B/a) +
Ψ− Φ

a2
=

δΣ

M2
Pl

, (A.7d)

where δq is the momentum density, δp is the pressure perturbation, δΣ is the anisotropic

stress and Ψ, Φ, E and B are the scalar metric perturbations. From now on, we will work

in the Newtonian gauge to take E = B = 0. This is useful as the metric perturbation Φ

in this gauge is identified as the Newtonian gravitational potential and, in the subhorizon

limit, the equations reduce to the standard Newton-Poisson non-relativistic formulation.

Moreover, since we are dealing with a scalar field, the anisotropic stress vanishes (δσ = 0)

because there are no off-diagonal elements in the energy-momentum tensor (A.3). Using

this in (A.7d) we obtain that the scalar metric perturbations are equal, that is, Φ = Ψ.

By working with the perturbed Einstein equations, one can obtain a compact single equa-

tion for the evolution of perturbations when expressed in terms of conformal time η, re-

lated to cosmic time by dt = adη. This is referred to as the Mukhanov-Sasaki (MS) equa-
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tion [35,298], expressed as

v′′k +

[
k2 − z′′

z

]
vk = 0 , (A.8)

where vk = a
[
δϕk + ϕ′Φk/H

]
is the so-called MS variable, a combination of the field and

metric perturbations. Here and in what follows, a prime denotes derivative with respect

to conformal time, z ≡
√
2ε aMPl, ε is the first slow-roll parameter, the suffix “k” denotes

Fourier component, and k is the modulus of the wavevector k of each perturbation. For

practical reasons, working in cosmic time t will be more efficient. Therefore, using the

relationship between cosmic and conformal time, Eqn. (A.8) is now given by:

v̈k +Hv̇k +

[
k2

a2
+

d2V
dϕ2

− 2H2 +
2ϕ̇

HM2
Pl

dV
dϕ

+
7ϕ̇2

2M2
Pl

− ϕ̇4

2H2M4
Pl

]
vk = 0, (A.9)

The reason behind this change is that all the terms in this equation remain non-singular

after the end of inflation, when ϕ, ϕ̇ and ε periodically vanish as the field oscillates around

the bottom of the potential. Once we have solved for vk, the Fourier component of the

comoving curvature perturbation, defined as [298]

Rk = Φk − H

ρ+ p
δqk, (A.10)

is related to the MS variable by

Rk =
1

M2
Pl

vk

a
√
2ε

. (A.11)

This is a very useful quantity since it allows us to easily compute the dimensionless power

spectrum of curvature perturbations as

PR(k) =
k3

2π2
|Rk|2. (A.12)

However, it should not be confused with the curvature perturbation in uniform-density

hypersurfaces, labeled as ζk. It is defined as [299]

−ζk = Φk +
H

ρ̇
δρk. (A.13)

Both Rk and ζk measure the changes in the curvature, but from different hypersurfaces.

While ζk is defined onhypersurfaceswhere the energy-density perturbation vanishes (δρ =

0),Rk is defined on hypersurfaces where the scalar field perturbation vanishes (δϕk = 0).

This last is precisely what makes Rk useful in our case. In subhorizon scales, the ones

of interest for our study, the dynamics of the perturbations are governed by the fluctua-

tions of the scalar field, since gravitational effects are small compared to the kinetic ones.

Therefore, the comoving curvature perturbation essentially captures the dynamics of per-
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turbations deep inside the horizon and evolves in a predictable manner up to horizon

exit [299]. For this reason, it is usually chosen to set the initial conditions for perturba-

tions and to compute the inflationary power spectrum.

Let us see now how to compute the fractional energy density perturbations or density

contrast, δk = δρk/ρ, where δρk is the Fourier component of the density perturbation and

ρ = 3H2M2
Pl is the background energy density. Using the perturbed Einstein equations,

concretely the momentum constraint, which corresponds to (A.7b), we obtain the follow-

ing relation between the metric potential Φk and the comoving curvature perturbation

Rk =
2

3

H−1Φ̇k +Φk

1 + w
+Φk, (A.14)

where w is the parameter of the equation of state (or simply equation of state), defined as

w =
p

ρ
=

ϕ̇2

2 − V (ϕ)

ϕ̇2

2 + V (ϕ)
, (A.15)

where p is the background pressure. In Section A.3, we show the computation procedure

of the effective equation of state (seeEqn. (A.26)), which is plotted in Fig. A.2b. This shows

that preheating is nearly a matter-dominated stage due to the smallness of the effective

equation of state. If we now take (A.7a) and divide it by 3H2 we obtain

δk = −2

3

(
k2

a2H2
+ 3

)
Φk − 2

Φ̇k

H
. (A.16)

In this expression, we express the density perturbation δk in terms of the perturbationΦk,

which is obtained by solving the differential equation (A.14), where Rk is given by (A.11)

and (A.9).

A.3 Effective equation of state

In this section, we give an analytical parametrization of the equation of state for an os-

cillating scalar field. We call this the effective equation of state, weff. The main rea-

son to do this is because the universe does not behave as purely matter-dominated just

right after the end of inflation. There is a transition period from inflation to matter-

domination. In [300], the effective equation of state was derived using a potential of the

form V (ϕ) = m2

2 ϕn, just after the end of inflation, giving

weff =
n− 2

n+ 2
. (A.17)

For n = 2, we immediately see that weff = 0, and thus, the universe is perfectly approx-

imated by a matter-dominated one after inflation. However, as we will see, this is not
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Figure A.1: Comparison between quadratic inflation (V = M2

2
ϕ2) in blue, the series expansion (A.18) of the

Starobinsky potential in black and the full version of it (eqn. (2.1)) in dashed green.

the case for the Starobinsky model. Let us consider, for example, the potential (2.1). By

making a series expansion around ϕ = 0 up to the fourth order, we obtain

V (ϕ) ≃ M2

2
ϕ2 +

λ3

3
ϕ3 +

λ

4
ϕ4, (A.18)

whereM is the scalaron mass, to be normalized with CMB observations, and the param-

eters λ3 and λ are defined as

λ3 = −
√

3

2
M2 λ =

7

9
M2. (A.19)

Both of these parameters cause the potential to be different from the purely quadratic one

(see Fig. A.1 for illustration). Multiplying the Klein-Gordon equation (A.2) by ϕ and aver-

aging over one period of oscillation, we obtain the following expression for the potential

(A.18)

⟨ϕV ′(ϕ)⟩ ≃ M2⟨ϕ2⟩+ λ3⟨ϕ3⟩+ λ⟨ϕ4⟩, (A.20)

where we have applied the virial theorem20 ⟨ϕV ′(ϕ)⟩ ≃ ⟨ϕ̇2⟩ and the brackets ⟨. . . ⟩mean

averaging over one period of oscillation. More specifically, we define the average of a

function f(t) over one period T of oscillation as

⟨f(t)⟩ = 1

T

∫ t0+T

t0

f(t)dt, (A.21)

20In the context of an oscillating scalar field, the virial theorem relates time-averaged quantities over one
oscillation period. Specifically, it states that the average kinetic energy of the field, ⟨ϕ̇2⟩, is approximately
equal to its restoring force, ⟨ϕV ′(ϕ)⟩, a quantity determined by the shape of the potential. Physically, this
reflects the idea that as the scalar field oscillates in its potential well, its kinetic and potential energies con-
tinuously exchange, but over time settle into a predictable balance. This makes it possible to express energy
density and pressure in terms of averaged potential-dependent quantities, which simplifies the formulae.
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where t0 represents some arbitrary initial time. Using eqn. (A.20), the background energy

density can be written as

⟨ρ⟩ ≃ ⟨ϕ̇2⟩
2

+ ⟨V (ϕ)⟩ ≃ M2⟨ϕ2⟩+ 5

6
λ3⟨ϕ3⟩+ 3

4
λ⟨ϕ4⟩, (A.22)

and the background pressure as

⟨P ⟩ ≃ ⟨ϕ̇2⟩
2

− ⟨V (ϕ)⟩ ≃ λ3

6
⟨ϕ3⟩+ λ

4
⟨ϕ4⟩. (A.23)

Now, the evolution of the field ϕ is parameterized by [300]

ϕ(t) ≃ ϕ0(t)T (t), (A.24)

whereϕ0(t) = ϕend
(aend

a

)3/2 encodes the decaying amplitude of the field due to the redshift

of the universe and T (t) is an oscillatory periodic asymmetric function (due to the λ3 coef-

ficient). Its average value can be computed as ⟨T (t)n⟩ ≃ 2
n+2 for n even. Following [301],

for n odd, the sinusoidal resulting function oscillates around zero and is suppressed by the

averaging. Thus, we will only consider the average of even powers. Using the averaging

of ⟨T (t)n⟩ and (A.24) into the background energy and pressure we get

⟨ρ⟩ ≃ ⟨V (ϕ0)⟩

⟨P ⟩ ≃ λ

12
⟨ϕ4

0⟩.
(A.25)

Now, the effective equation of state can be computed as

weff =
⟨P ⟩
⟨ρ⟩

≃ λ

12

⟨ϕ4
0⟩

⟨V (ϕ0)⟩
=

λ
6M2 ⟨ϕ2

0⟩
1 + λ

2M2 ⟨ϕ2
0⟩
. (A.26)

Here, we can see that after the end of inflation, the effective equation of state is not exactly

zero. It starts with small positive values and approaches zero as preheating continues,

reaching the approximated matter-dominated stage. In Fig. A.2, we observe the effect of

these extra terms in the expansion of the Starobinsky potential, where the effective version

is compared with the numerical one, obtained from (A.15).

A.4 Jeans length and speed of sound

We are interested mainly in scales inside the horizon (k > aH) during the preheating

phase. Since the effect of pressure is negligible, we can perform Newtonian perturbation

theory, and the density contrast obeys the following differential equation [206,207,302]

δ̈k + 2Hδ̇k +

(
c2sk

2
p −

ρ

2M2
Pl

)
δk = 0. (A.27)
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Figure A.2: a) The equation of state obtained numerically from (A.15) b) The effective equation of state
(A.26) as a function of e-folds.

Here, c2s is the (effective) speed of sound, and kp = k/a is the physicalwavenumber, related

to a physical wavelength by λp = 2π/kp. For a perfect fluid we have c2s = w since w is

constant [303, 304]. However, for a scalar field (Section A.3), the equation of state w is

not constant in general. Therefore, the computation of the speed of sound is no longer

trivial and must be done carefully. Following [301], the (effective) speed of sound for a

general single-field case is

c2s =
⟨δp⟩
⟨δρ⟩

=
⟨k2
a2
ϕ− V ′(ϕ) + V ′′(ϕ)ϕ⟩

⟨k2
a2
ϕ+ 3V ′(ϕ) + V ′′(ϕ)ϕ⟩

. (A.28)

To obtain a simple expression for c2s, we will expand the Starobinsky potential around

ϕ = 0 and up to fourth order, as done in Appendix A.3. Then, we average the field using

(A.24) and finally arrive at the expression

c2s =
k2

4M2a2
+ λ

4M2 ⟨ϕ2
0⟩

k2

4M2a2
+ 1 + 3λ

8M2 ⟨ϕ2
0⟩
, (A.29)

which for high k it reaches c2s = 1. This is shown in Fig. A.3, where we depict the speed

of sound as a function of N for different values of k. Coming back to (A.27), we see that

for a physical wavelength greater that λp > λJ =
√
8πcs√
ρ the perturbations will grow by

gravitational collapse and perturbations with λp < λJ will develop acoustic oscillations

[305]. This essentially defines the Jeans length as half of the physical wavelength above

which perturbations can collapse, i.e., RJ = λJ
2 . Using eqn. (A.29) we find the following

expression for Jeans length

RJ =

2

3

k2

4M2a2
+ λ

4M2 ⟨ϕ2
0⟩

k2

4M2a2
+ 1 + 3λ

8M2 ⟨ϕ2
0⟩

1/2

πRH , (A.30)

where we have used ρ = 3H2M2
Pl and λ is given in (A.19).
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Figure A.3: The speed of sound as a function ofN for different k.
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Appendix B

Mass fraction of primordial black holes

To complement the discussion of PBH physics presented in the Introduction, this ap-

pendix provides the mathematical details of the two main formalisms used in this thesis

for computing themass fraction: thePress–Schechter andKhlopov–Polnarev approaches.

B.1 Press-Schechter formalism

In the context of PBH, the PS formalism [81,82] is commonly used to compute the mass

fraction in a radiation-dominated universe, where the equation of state parameter is w =

1/3. However, in this thesis, we also apply it to the case of a matter-dominated universe,

with w ≃ 0, as shown in Chapters 2 and 4. Let us briefly explain the basics of this formal-

ism. Given some density field in real space δ(x), one starts by coarse-graining it over a

spherical region of radius R as

δR(x) =

(
a

R

)3 ∫
dyδ(y)W

(
a|y − x|

R

)
, (B.1)

where x and y denotes comoving cordinates, R is a physical distance, andW is a window

function such that W (x) ≃ 1 if x ≪ 1, and W (x) ≃ 0 if x ≫ 1. It is normalized in the

sense:

4π

∫ ∞

0
W (x)dx = 1, (B.2)

and typically chosen to be a Heaviside step function21 W (x) = 3
4πθ(1− x). The eqn. (B.1)

represents a convolution between the density field and the window function. Defining the

rescaled window function as

WR(x) =

(
a

R

)3

W

(
a|x|
R

)
, (B.3)

we can express eqn. (B.1) as

δR(x) = (δ ∗WR) (x), (B.4)

21Depending on the specific context, different window functionsmay be employed. For example, onemight
use a Gaussian profile or a window function defined as a Heaviside step function in Fourier space rather than
in real space.
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where the symbol ∗ denotes convolution instead of standard multiplication. Now, using

the convolution theorem, we can express the Fourier transform of the convolution of δ

andWR as the product of the individual Fourier transforms of δ andWR, that is

F{δ ∗WR}(k) = F{δ}(k)F{WR}(k). (B.5)

See [306] for more details. Therefore, the Fourier transform of eqn. (B.4) is given by

δR(k) = δkW̃R (k) , (B.6)

where δk and W̃R(k) represent the Fourier transforms of the density field and the rescaled

window function, respectively. The latter is given by

W̃R(k) = 3

(
a

kR

)3
[
sin
(
kR

H

)
− kR

H
cos

(
KR

a

)]
. (B.7)

This allows us to relate the power spectrum of the coarse-grained density field

PδR(k) = Pδ(k)W̃
2
R(k), (B.8)

in terms of the power spectrum of the density field, PδR(k), defined as

⟨δkδ∗k′⟩ =
2π2

k3
Pδ(k)δD(k − k′). (B.9)

Then, the variance of the smoothed density field σk is obtained, by definition, via the fol-

lowing relation

σ2
k = ⟨δ2R(x)⟩ =

∫ ∞

0
Pδ(k)W̃

2(k)d ln k. (B.10)

Assuming that the density fluctuations δk, and therefore δR, follow a Gaussian probability

distribution P with variance σk, we have

P (δR) =
e
− δ2R

2σ2
k

√
2πσk

. (B.11)

Therefore, the probability of a given region undergoing collapse, that is, of a given δR being

above the threshold, is computed as

βPS(k) = P [δR ≥ δc] = 2

∫ δmax

δc

P (δR)dδR = erfc

 δc√
2σ2

k

− erfc

 δmax√
2σ2

k

 , (B.12)

where δmax is the maximum allowed threshold value, usually taken to be δmax = 1 to avoid

the formation of PBHs in the non-perturbative regime, where Pδ(k) ≫ 1 [307]. In this

sense, the enhanced perturbation modes will not contribute to increasing the mass frac-
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tion as we go to high values of k. The factor of 2 in the last equality of (B.12) comes from

the Press-Schechter theory itself. This equation can be further simplified by assuming a

peaked power spectrum, for which the relation σk ≃ Pδ(k) is satisfied, and therefore we

have the following final expression for themass fraction under the Press-Schecter formal-

ism

βPS(k) = erfc

[
δc√

2Pδ(k)

]
− erfc

[
δmax√
2Pδ(k)

]
. (B.13)

B.2 Khlopov-Polnarev formalism

Khlopov and Polnarev (KP) pioneered the study of PBH formation in amatter-dominated

era [121–123], where the effect of non-sphericity in the gravitational collapse plays a cru-

cial role. As the region containing the perturbation shrinks, any initial deviations from

spherical symmetry can grow significantly, thereby avoiding collapse. These deviations

are encoded in various effects that can be taken into account. In this appendix, we describe

in detail the anisotropy effect, which is the dominant one, and make some comments on

the inhomogeneity and angular momentum effects.

Let us begin with the anisotropy effect. In an almost spherical collapse, gravity pulls

matter radially inward toward the center, but in an anisotropic collapse, matter collapses

faster in some directions than in others. If these differences are significant, shear stresses

can disrupt the formation of a PBH [308]. However, a moderate anisotropy can allow

collapse. For instance, if a perturbation is slightly elongated or deformed but still retains

a strong central gravitational potential, it can collapse into a PBH. To estimate the ef-

fectiveness of this collapse, we summarize here the results of [119], which employs (1)

the Zel’dovich approximation for the nonlinear evolution of density perturbations, (2)

Thorne’s hoop conjecture, and (3) the probability distribution for nonspherical pertur-

bations derived by Doroshkevich.

The Zel’dovich approximation is a semi-analyticmethod to track the evolution ofmatter in

the universe by perturbing the motion of fluid elements from a uniform expansion [292].

It is particularly useful in describing the formation of structures. To formulate it, one

parametrizes the comoving Eulerian coordinate of a fluid element by

ri(t) = a(t)qi + b(t)pi(qj), (B.14)

where a(t) is the scale factor, qi (i = 1, 2, 3) are the Lagrangian coordinates, pi(qj) is the de-

viation vector, and the function b(t) represents a linearly growingmode. The deformation

tensor, defined as the Jacobian of the transformation between Eulerian and Lagrangian
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coordinates, is given by

Dik =
∂ri
∂qk

= a(t)δik + b(t)
∂pi
∂qk

. (B.15)

Now, using the matrix ∂pi/∂qk, one can define a set of fundamental axes and define the

Lagrangian coordinates such that

∂pi
∂qk

= diag(−α,−β,−γ), (B.16)

withα, β, and γ being functions of the Lagrangian coordinates. Furthermore, andwithout

loss of generality, we assume that ∞ > α ≥ β ≥ γ > −∞, and that the collapse occurs

at least along one of the principal axes, so that α > 0. Then, the deformation tensor is

expressed as

Dik = diag(a− αb, a− βb, a− γb), (B.17)

whose determinant gives the local change in volume. Next, to determine how density

evolves under gravitational collapse, we begin with the principle of mass conservation,

which states that the mass of a fluid element remains constant as it deforms:

dm = ρd3r = ρ̄a3d3q. (B.18)

Here, d3q represents a fixed Lagrangian volume element, and d3r is the corresponding

deformed physical volume. The quantity ρ is the local physical (Eulerian) density of the

fluid element at a given time, while ρ̄ denotes the background (mean) density of the homo-

geneous Friedmann universe at the same epoch. Using eqns. (B.18) and (B.17), we obtain

the following relation between the local and the background densities

ρ =
a3

(a− αb)(a− βb)(a− γb)
ρ̄, (B.19)

which allows us to estimate themoment of collapse as the determinant of the deformation

tensor being zero, producing an infinite density. This does not necessarily occur at the

same time for each of the principal axes due to the anisotropies, producing what is known

as a pancake collapse, where the mass becomes a two-dimensional ellipse. In fact, we can

locally take the Lagrangian coordinates qi as

r1 = (a− αb)q1, r2 = (a− βb)q2, r3 = (a− γb)q3. (B.20)

Since α ≥ β ≥ γ, the collapse occurs along the r1 axis, and one can show that at the

moment of collapse (tc), the semi-minor and semi-major axes of the ellipse are given,
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respectively, by

r2(tc) = 4

(
1− β

α

)
rmax, r3(tc) = 4

(
1− γ

α

)
rmax, (B.21)

where rmax is the r1 axis at the moment of maximum expansion.

Thorne’s hoop conjecture [309, 310] states that a black hole forms when a mass M gets

compacted into a region equal or smaller than a sphere of surface 4πr2S , where rS =

2GM/c2 is the gravitational (Schwarzschild) radius. The hoop C of a region is defined as

the largest of its circumferences in all directions. For the pancake collapse, it is computed

as

C = 16

(
1− γ

α

)
E(e)rmax, (B.22)

where E is the complete elliptic integral of the first kind and e the eccentricity of the pan-

cake, given by

e =

√
1−

(
r2(tc)

r3(tc)

)2

=

√
1−

(
α− β

α− γ

)2

, (B.23)

where r2(tc) and r3(tc) are given in eqn. (B.21). The hoop conjecture is then expressed as

C ≤ 2πrS or, using eqn. (B.22), as

h(α, β, γ) ≡ 8

π

(
1− γ

α

)
E(e)

rmax

rS
≤ 1, (B.24)

where the quotient rmax/rS reflects how much the initial overdensity must shrink to col-

lapse.

Finally, the Doroshkevich distribution [311] gives the joint probability distribution of the

eigenvalues α, β, and γ of the deformation tensor in the Zel’dovich approximation. It

represents how likely it is, in a Gaussian random field, that a collapsing region will have a

particular shape defined by these eigenvectors. Its mathematical expression is given by

w(α, β, γ)dαdβdγ = − 3375

8
√
5πσ6

k

exp

[
− 3

σ2
k

(
α2 + β2 + γ2 − 1

2
(αβ + βγ + γα)

)]
× (α− β)(β − γ)(γ − α)dαdβdγ,

(B.25)

where σk is the variance of the density perturbations (B.10). Then, the total production

probability of PBHs is given by

β(k) =

∫ ∞

0
dα
∫ α

−∞
dβ
∫ β

−∞
dγ θ(1− h(α, β, γ))ω(α, β, γ). (B.26)

where the Heaviside’s θ function is introduced to account for the Zel’dovich approxima-

tion and Thorn’s hoop conjecture; see [119] for details about this whole derivation. The
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original analysis of Khlopov and Polnarev [121] was made in a heuristic way and gave

β(k) ≃ 0.02σ5
k, which was later refined in [119] to obtain eqn. (B.26). For this last, a semi-

analytical formula can be obtained [119], giving

βKPaniso(σk ≲ 10−2) ≃ 0.056σ5
k, (B.27)

which is valid for σk ≲ 10−2 (small perturbations). Two important remarks are worth

mentioning here (1) These estimations for β(k) are based on analytical fits of full numer-

ical computations under the assumption of small perturbations, so in this sense, they do

not capture the physics of scenarios with amplified perturbations. Thus, for the case of

amplified perturbations (σk ≳ 10−2), we have derived for the first time, an improved

semi-analytical formula for β(k) valid for σk up toO(1) that recovers the previous one for

σk ≲ 10−2, eqn. (B.27). This is given by:

βKPaniso(k) =
A1 σ

5
k +A2 σ

6
k

1 +A1 σ5
k +A3 σ6

k

, (B.28)

where the values for the constants are A1 = 0.056, A2 = 1.084, and A3 = 6.536. The

derivation of this formula is explained in what follows. According to App. B of [119], the

mass fraction (B.26) can be transformed to the following expression:

β(k) = −675
√
5

2πσ6
k

∫ 1
2

− 1
2

du (2u− 1)(2u+ 1)

∫ ∞

−1− 2
3
u
dt

2 + 2Az2∗ +A2z4∗
A3

e−Az∗ , (B.29)

where A and z∗ are both functions of (u, t). These are given by

A(t, u) =
9

2

(
t

σk

)2

+ 10

(
u

σk

)2

+
15

2

(
1

σk

)2

, (B.30a)

z∗(t, u) =
4

π

(
t+

2

3
u+ 1

)−2

E

√1−
(
u+

1

2

)2
 . (B.30b)

Eqns. (B.29) and (B.30) have been adapted to our notation. To recover the equations from

App. B of [119] consider σ2
3 =

σ2
k
5 . The numerical solution of (B.29) is shown in Fig. B.1 as

the continuous black curve labeled βnum and as a function of the variance of the density

perturbations σk. Also shown in Fig. B.1 is the analytical approximation βKPaniso(σk ≲ 10−2)

(eqn. (B.27)) for small σk as the red dashed curve. One can observe that for σk ≳ 10−2,

this analytical estimation deviates from the numerical solution, with one order of magni-

tude of deviation for σk ∼ O(1). Since in general, we study amplified perturbations, we

find it useful to find a parametrization of the numerical solution valid also for high values

of σk. This new parametrization is shown in Fig. B.1 as the green dashed curve, which

fits better than the estimation for small σk. It corresponds to eqn. (B.28), which asymp-

totes to the estimation for small σk, and to the constant value A2/A3 for high σk. This
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Figure B.1: Mass fraction under the KP formalism as a function of the variance of the density perturbations
σk. The curves labeled as βnum, βKP

aniso(σk ≲ 10−2), and βKP
aniso(σk ≳ 10−2) corresponds to eqns. (B.29), (B.27),

and (B.28), respectively.

last can be understood from the fact that strong anisotropy suppresses collapse, and then

higherσk doesnotmean ahigherβ(k). For instance, if a perturbation is highly anisotropic,

i.e. very elongated, different regions of the perturbation will experience different gravita-

tional forces and collapse at different rates. This leads to tidal shearing, since the pertur-

bation stretches and deforms rather than forming a compact object, and to the formation

of filaments or pancakes rather than PBHs [121–125]. Eqn. (B.28) offers, for the first time,

a simple and rapid estimation of the mass fraction for the KP formalism over the whole

range of σk that avoids numerically-cost computations.

Another effect that can be taken into account is inhomogeneity. Inhomogeneities influ-

ence the collapse by altering the conditions underwhich an apparent horizon forms before

information from the central region can escape. In this sense, if density inhomogeneities

are too strong, they can prevent PBH formation by dispersing the collapsingmatter before

a black hole can form. This was also considered by Khlopov and Polnarev in their original

analysis [125], which obtained an estimation for the mass fraction that was later refined

in [287] to give

βKPinhom(σk ≲ 10−2) ≃ 3.7σ
3/2
k , (B.31)

which again is valid for small perturbations, σk ≲ 10−2. For larger perturbations, σk ≳
10−2, the following semi-analytical expression is found for the mass fraction [287]

βKPinhom(σk ≳ 10−2) ≃ 1

2

1− Erf

(
0.11√
2σk

) . (B.32)

Further effects can be taken into account, such as the angularmomentum of the perturba-
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tions [312], where the centrifugal force effectively bounces back most collapsing masses,

preventing direct black hole formation. Overall, the total mass fraction is computed as the

product of the individual mass fractions associated with each of the considered effects.
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SIGWs during matter-dominated scenarios

C.1 Source term for SIGWs

In this appendix, we closely follow the analysis presented in [193] and [48]. By consid-

ering both metric and field fluctuations, we can write the following line element for the

perturbed FLRWmetric

ds2 = gµνdxµdxν = −(1 + 2Ψ)dt2 + a2[(1− 2Φ)δij + hij ]dxidxj , (C.1)

where hij is a gauge-invariant, symmetric, transverse, and traceless perturbation tensor.

We are working in the Newtonian gauge. The most general form for hij is given by

hij(x, t) =
∑

λ=+,×
h(λ)(t)τ

(λ)
ij (x), (C.2)

where τ
(λ)
ij are polarization tensors, which are symmetric, transverse, and traceless, and

the index λ = +,× denotes the two polarization states. Using the metric defined in (C.1)

we can derive the following field equation for hij from the third order perturbative expan-

sion of the action (1.3) [47,299]

ḧij + 3Hḣij −
∇2hij
a2

= − 4

a2
T lm
ij Slm. (C.3)

Here Slm is the source term, which contains the information about scalar perturbations

and is given by [193]

Slm = −8∂l(Φ + Ψ)∂mΦ+ 4∂lΦ∂mΦ+ 2∂lδϕ∂mδϕ. (C.4)

The term T lm
ij is the projection tensor, responsible for extracting the transverse and trace-

less components of any tensor and the terms involving second-order scalar and tensor

perturbations [195]. It can be expressed in terms of the polarization tensors τ (λ)ij as [48]

T lm
ij Slm =

∫
d3k

(2π)3/2
eik·x

 ∑
λ=+,×

τ
(λ)
ij (k)τ (λ)lm(k)

Slm(k), (C.5)
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where Slm(k) is the Fourier transform of Slm(x). Additionally, the Fourier transform of

hij is expressed as

hij(x, t) =

∫
d3k
(2π)3

∑
λ=+,×

h
(λ)
k (t)τ

(λ)
ij (k)eik·x. (C.6)

By applying eqns. (C.5) and (C.6), we can transform the equation of motion (C.3) into

Fourier space, resulting in the following expression [48]

ḧ
(λ)
k + 3Hḣ

(λ)
k +

k2

a2
h
(λ)
k = −

τ lmS(λ)lm(k)

a2
. (C.7)

Next, we compute the Fourier transform of Slm(x), for which we use the following prop-

erty of the Fourier transforms, called the Convolution Theorem. Consider two functions,

f and g. The Fourier transform of their product is given by [306]

F{f(x)g(x)} ≡ 1

(2π)3/2
(f ∗ g)(k), (C.8)

where F represents the Fourier transform and ∗ the convolution, defined as

(f ∗ g)(k) =
∫

d3k̃ f(k̃) g(k − k̃). (C.9)

Using this, the source term in (C.7) is now given by [48,50, 195]

S(k, t) = −τ lmSlm(k, t) =

∫
d3k̃

(2π)3/2
τ lmk̃lk̃m

(
4Φk̃Φk−k̃ + 2δϕk̃δϕk−k̃

)
, (C.10)

where we are ignoring the anisotropic stress, which translates into Φ+Ψ = 0. The mean-

ing of (C.10) is that, since the source term consists of products of perturbations that inter-

act in real space and thus their Fourier coefficients mix, the resulting mode of the product

is influenced by all possible pairs of modes of the original perturbations, which translates

into a convolution in k. Using the properties of the projection tensors, we have that [48]

τ (λ)lmk̃lk̃m = k̃2(1− µ2), (C.11)

where µ is the cosine of the angle between the incoming and outgoing scales. Thus, the

final expression for the source term in (C.10) is

S(k, t) =
∫

d3k̃
(2π)3/2

k̃2(1− µ2)
(
4Φk̃Φk−k̃ + 2δϕk̃δϕk−k̃

)
. (C.12)
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C.2 Power spectrum of SIGWs

As shown in [2], the self-resonance is brief for small values of α, followed by the usual,

pressureless, matter-dominated preheating, where the scale factor evolves as a ∼ t2/3 and

Φk ∼ δϕk ∼ C(k) for the modes of interest. We remark that this does not imply any fluid

description since the matter content of the universe is still in the form of an oscillating

scalar field. Under these assumptions, S(k, t) = Sk, and we can attempt to solve (6.42)

semi-analytically. A particular solution is given by [50]:

h
(λ)
k (t) =

Sk

k2

[
1 + 3

x cosx− sinx
x3

]
=

Sk

k2
g(k, t), (C.13)

where x = 2k
aH , g(k, t) is the growth function for the tensor modes, and we have used the

following initial conditions

h
(λ)
k (k ≪ aH) = 0, and ḣ

(λ)
k (k ≪ aH) = 0, (C.14)

since the typical assumption is that SIGWs are generated instantaneously when the rel-

evant mode enters the horizon [48]. Using (C.13), the two-point correlation function for

hk can be written as

⟨h(λ)k (t)h
(λ)
k′ (t)⟩ =

g2(k, t)

k4
⟨SkSk′⟩

≃ 16g2(k, t)

k4

∫
d3k̃

(2π)3/2

∫
d3k̃′

(2π)3/2
k̃2k̃′2(1− µ2)2⟨Φk̃Φk−k̃Φk̃′Φk−k̃′⟩

≃ 8πg2(k, t)

k4
δ(3)(k + k′)

∫
d3k̃

k̃ (1− µ2)2

|k − k̃|3
PΦ(k̃)Pϕ(|k − k̃|),

(C.15)

where in the second step we are neglecting δϕk since it is subdominant with respect to

Φk, and in the last equality we used Wick’s theorem to express the four-point correlation

function of a Gaussian distribution of scalar perturbations as a function of two-point cor-

relation functions [48, 50, 193]. Using the definition of the power spectrum of SIGWs,

eqn. (6.44), we have

PSI
h (k, t) =

8g2(k, t)

πk

∫
d3k̃

k̃ (1− µ2)2

|k − k̃|3
PΦ(k̃)PΦ(|k − k̃|). (C.16)

Finally, decomposing the volume element into spherical coordinates as∫
V
d3k̃ =

∫ ∞

0
k̃2dk̃

∫ π

0
sin θdθ

∫ 2π

0
dφ =

∫ ∞

0
k̃2dk̃

∫ 1

−1
dµ
∫ 2π

0
dφ, (C.17)
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we have

PSI
h (k, t) =

16g2(k, t)

k

∫ ∞

0
dk̃
∫ 1

−1
dµ

k̃3 (1− µ2)2

|k − k̃|3
PΦ(k̃)PΦ(|k − k̃|). (C.18)

Now, to gain some insight into the behavior of the power spectrum, we analyze it in two

different regimes. First, for the low-k modes, we have that considering k ≪ k̃ in (C.18),

then |k − k̃| ∼ k̃, and thus we have

PSI
h (k, t) ∼ 256g2(k, t)

15k

∫ ∞

0
dk̃P2

Φ(k̃) =
256g2(k, t) Ik̃

15k
, (C.19)

where Ik̃ represents the integral of the square of the power spectrum over the whole range

of k̃. This essentially depends on the amplitude of the peak, so the higher the peak, the

higher the integral, which ultimately translates into an amplification for the low-k range,

although the peak is in the high-k range. This clearly reflects the convolutive nature of

the source term, as stated in Sec. 5.1.1. Regarding the growth function g(k, t), let us write

x = 2k
aH . Then, the expansion of g(x) for small x is g ∼ x2/10 and therefore, eqn. (C.19),

evaluated at the end of preheating, is given by

PSI
h (k ≪ k̃, trh) ∼

2.7 Ik̃
k4L

k3. (C.20)

Using the definition of the fractional energy density, eqn. (6.48), we have

ΩSI
GW(k ≪ k̃, trh) ∼

0.22Ω0
γ Ik̃

k6L
k5. (C.21)

For the modes higher than kend the growth function has settled to unity and thus ΩSI
GW is

now given by

ΩSI
GW(k ∼ kend, trh) ∼

1.4Ω0
γ Ik̃

k2L
k. (C.22)

Finally, for the high-k modes, taking the limit k ≫ k̃ in (C.18), we have that |k − k̃| ∼ k,

and the power spectrum is given by

PSI
h (k ≫ k̃, trh) ∼

16PΦ(k)

k4

∫ ∞

0
k̃3PΦ(k̃) =

16PΦ(k)Ik
k4

, (C.23)

where Ik is defined in a similar way to Ik̃ and the growth function is set to unity. This

translates into the following expression for the fractional energy density

ΩSI
GW(k ≫ k̃, trh) ∼

4Ω0
γ PΦ(k)Ik
3k2Uk

2
. (C.24)

Fig. C.1 shows these approximations as the dashed black lines for twoparticular values ofα

in an E-model, α = 1 (blue) and α = 10−3 (orange). For the latter, we observe that (C.22)

130



Appendix C. SIGWs during matter-dominated scenarios

107 108 109 1010 1011 1012

10-29

10-19

10-9

f (Hz)

Ω
G
W
(f
)

∝k5

∝k5

∝k

∝PΦ(k)k
-2

∝PΦ(k)k
-2

α=1

α=10-3

Figure C.1: Fractional energy density for an E-model and two values of α. Black dashed lines represent the
analytical approximations given by eqns. (C.21), (C.22), and (C.24). Vertical dashed lines mark the frequency
of the peak in each case, obtained with eqn. (C.26) for α = 1 (blue) and from the peak of PR(k) for α = 10−3

(orange).

is useful to determine the amplitude of the peak. Considering that it is at the same scale

as the peak in the power spectrum, i.e. kp, then the maximum amplitude of the fractional

energy density is computed as

ΩSI,max
GW ∼

1.4Ω0
γIk̃

k2L
kp, (C.25)

where kp ∼ kU/
√
2 [188, 189]. Eqn. (C.25) is shown as the vertical blue dashed line of

Fig. C.1. On the contrary, for α = 1, since there is no amplification peak, the maximum

is at the point where the growth function peaks. Again, considering x = 2k
aH , these points

are given by the roots of the equation

tanx =
3x

3− x2
, (C.26)

the first of which is given approximately by x0 ∼ 5.76, which implies k0 ∼ 2.88kL. This

is shown as the vertical orange dashed line of Fig. C.1. Finally, for comparison purposes,

we also show the fractional energy density of BGWs for the same values of α but in lighter

colors. One can observe that, for the Starobinsky case, the background contribution is

higher than the induced one, contrary to the case of α = 10−3.
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Appendix D

Analytical estimations for σk, ΩPBH, and ΩPBHGW

D.1 Analytical solutions for ΩPBH(k)

We want to solve the integral

ΩPBH(k) = 3

∫ kend

k
β(k̃)d ln(k̃), (D.1)

where β(k) is given by (B.28) in terms of σk. To simplify, let us consider that the power

spectrum is given just by the Gaussian peak, that is, PR(k) ≃ Ppeak
R (k). Now, using this in

(6.8), we obtain the following expression for the variance of the density perturbations

σk ≃
8
√
Apeak

5
exp

[
−
log (k/kpeak)

2

2σ2

]
. (D.2)

To gain some insight into the behavior of ΩPBH(k), we will solve analytically the integral

(D.1) in two regimes, small (σk ≲ 1) and large (σk ≳ 1) variance. First, let us consider that

the variance of the density perturbations is small for the whole range of k. In this case, we

can safely consider

β(k) ≃ A1σ
5
k +A2σ

6
k (σk ≲ 1), (D.3)

and the integral (D.1) reduces to the integral of sum of two Gaussians, that is

ΩPBH(x) ≃ 3

∫ xend

x

(
B1e

−α1x2
+B2e

−α2x2
)
dx, (D.4)

where we have applied the change of variable x = ln(k/kpeak) and defined

B1 = A1

(
8
√
Apeak

5

)5

, (D.5a)

B2 = A2

(
8
√
Apeak

5

)6

, (D.5b)

α1 =
5

2σ2 ln(10)2
, (D.5c)

α2 =
3

σ2 ln(10)2
. (D.5d)



Appendix D. Analytical estimations for σk, ΩPBH, and ΩPBH
GW

4 6 8 10 12

10-15

10-10

10-5

N-Nend

Ω
P
B
H
(N

)

peak=10
-4.5

peak=1

ΩPBH,1

ΩPBH,2
max

Figure D.1: Fractional energy density of PBHs as a function of the number of efolds from the end of in-
flation. The black curves show the numerical computation of (D.1), whereas the green and red curves the
analytical approximation of (D.6) and (D.11), respectively. The peak of the power spectrum is centered at
kpeak = 10−2kend.

The integral of (D.4) is now straightforward and gives

ΩPBH,1(k, kend) ≃
3
√
π

2


B1√
α1

erf
ln( kend

kpeak

)
√
α1

− erf

ln( k

kpeak

)
√
α1




+
B2√
α2

erf
ln( kend

kpeak

)
√
α2

− erf

ln( k

kpeak

)
√
α2



 ,

(D.6)

where erf(x) is the error function. Here we observe that, as the value of k decreases (mov-

ing forward in time), the mass fraction reaches a constant value given by

Ωmax
PBH,1 =

3
√
π

2

(
B1
√
α1

+
B2
√
α2

)
. (D.7)

This occurs after the Gaussian peak has fully entered the horizon, when the production

of PBHs decreases drastically. The approximation (D.6) is shown in Fig. D.1 in red as a

function of the number of efolds from the end of inflation. It shows a good agreement

with the numerical solution for smallApeak. However, asApeak increases, a small portion

of the Gaussian peak exceeds σk ≃ 1 and for those modes β(k) ̸= A1σ
5
k + A2σ

6
k. Instead,

the mass fraction reaches a constant value

β(k) ≃ A2/A3 (σk ≃ 1). (D.8)
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Still, this approximation is only valid for the portion of the peak above the threshold value

σth = 1. Imposing σk > σth in (D.2), the following range of k is obtained

e−
√

X(σth) ≲ k

kpeak
≲ e

√
X(σth), (D.9)

where

X(σth) = −2σ2 ln(10)2 ln

(
5σth

8
√
Apeak

)
, (D.10)

which is only valid when σth < 8
5

√
Apeak. In this interval, the integral (D.1) is easily com-

puted, and gives

Ωmax
PBH,2 ≃

6A2

A3

√
X(σth). (D.11)

This is by definition the highest contribution to ΩPBH, and thus serves as an upper bound

on the mass fraction of PBH. It is shown in Fig. D.1 in green for the case when (D.10) is

valid, that is, when the Gaussian peak is above σk > 1, and shows also good agreement

with the numerical solution. In short, the maximum abundance of PBHs for our model

can be estimated as follows

Ωmax
PBH = min

{
Ωmax
PBH,1,Ω

max
PBH,2

}
. (D.12)

D.2 Analytical solutions for ΩPBH
GW

The fractional energy density of SIGWs is given by eqn. (6.48) as follows:

ΩPBH
GW (k) ≃

16Ω0
γ

27π2

k

k2evak
6
UV

∫ kUV

keva

dk̃
∫ 1

−1
dµ k̃6(1− µ2)2

·

5 + 4

9

(
k̃

kPBH

)2
−2 5 + 4

9

(
|k − k̃|
kPBH

)2
−2

,

(D.13)

where we have substituted the power spectrum of SIGWs (6.45) and the power spectrum

of PBHs density fluctutations (6.40). Further, we consider g(k, teva) ≃ 1 for the modes of

interest. We give now analytical estimations of (D.13) to understand the dependence of

ΩPBH
GW with the parameters of the model. Defining

x ≡ k̃

kPBH
, y ≡ k

kPBH
, (D.14)
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the integral in (D.13) is simplified to

ΩPBH
GW (y) ≃

16Ω0
γ

27π2

k8PBH
k2evak

6
UV

y

∫ xUV

xeva

dx
∫ 1

−1
dµx6

(
5 +

4

9
x2
)−2(

5 +
4

9
(x2 + y2 − 2xyµ)

)−2

,

(D.15)

where xeva and xUV are defined using (D.14). The main contribution to the integral in µ

comes from µ = 0, which further simplifies the integral to

ΩPBH
GW (y) ≃

16Ω0
γ

27π2

k8PBH
k2evak

6
UV

y

∫ xUV

xeva

dxυ(x, y), (D.16)

where υ(x, y) is defined as

υ(x, y) = x6
(
5 +

4

9
x2
)−2(

5 +
4

9
(x2 + y2)

)−2

. (D.17)

A primitive of υ(x, y) with respect to the variable x is given by

Υ(x, y) =
6561

4096y6

[
− 4050xy2

45 + 4x2
− 2xy2(45 + 4y2)2

45 + 4x2 + 4y2
+ 675

√
5(9 + y2) tan−1

(
2x

3
√
5

)

+(y2 − 45)(4y2 + 45)
3
2 tan−1

(
2x√

45 + 4y2

) .

(D.18)

Considering that xUV ≫ xeva, we have that∫ xUV

xeva

dxυ(x, y) = Υ(xUV, y)−Υ(xeva, y) ≃ Υ(xUV, y). (D.19)

Now, for themodes that enter the horizon during PBH domination (y ≪ 1), and for a very

large xUV, the function Υ(xUV, y) asymptotes to

Υ(xUV ≫ 1, y ≪ 1) ≃ Υ(∞, 0) =
2187

√
5π

4096
. (D.20)

On the contrary, for themodes that are already inside the horizon during PBHdomination

(y ≫ 1), and again for a very large UV cut-off, the function yΥ(xUV, y) asymptotes to the

value

yΥ(xUV ≫ 1, y ≫ 1) ≃ yΥ(∞,∞) =
6561π

1024
. (D.21)

Then, the fractional energy density of SIGWs can be estimated as

ΩPBH
GW (k ≪ kPBH) ≃

81
√
5Ω0

γ

256π

k k7PBH
k2evak

6
UV

∼ k (D.22)
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Figure D.2: Numerical solution (continuous black) of the fractional energy density of SIGWs, eqn. (D.13)
and the analytical approximations for small (large) k/kPBH in red (blue). The vertical gray dashed line cor-
responds to the frequency associated with the mode kPBH. The set of parameters chosen is: kpeak = 0.01kend,
Apeak = 0.1, and Γϕ = 4.5× 10−18.

for modes entering the horizon when PBHs dominate, and as

ΩPBH
GW (k ≫ kPBH) ≃

243Ω0
γ

64π

k8PBH
k2evak

6
UV

∼ cte, (D.23)

for the modes that are already inside the horizon when the PBHs start dominating. This

last serves us as an estimation of the maximum amount of GWs produced. Eqns. (D.22)

and (D.23) are shown in Fig. D.2 in dashed red and blue, respectively, and for a particular

choice of parameters, see the caption for details. We observe that both agree well with the

full numerical solution of (D.13), shown in continuous black line.
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