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Abstract

Following the seminal result by Eugenio Calabi establishing the local classification
of complex submanifolds with constant holomorphic sectional curvature in complex
space forms, several researchers have investigated minimal immersions with constant
curvature of Riemann surfaces into symmetric spaces. For isometric immersions, recall
that minimality is equivalent to harmonicity, hence the rich theory of harmonic maps

has played here an important role.

There exists a well-established theory on twistorial constructions of harmonic maps
from Riemann surfaces into symmetric spaces. An important class of twistor lifts is
that of primitive maps into k-symmetric spaces. In this thesis, we investigate primitive
immersions of constant curvature from Riemann surfaces into flag manifolds equipped
with invariant metrics and their canonical structure of k-symmetric spaces. First we
consider the case of primitive lifts associated to pseudoholomorphic maps from surfaces
into complex Grassmannians. We establish that any such primitive lift from the two-
sphere S? into a flag manifold has constant curvature with respect to all invariant
metrics, provided that it has constant curvature with respect to at least one such
invariant metric. This lead us to conclude as a corollary that any primitive immersion
of constant curvature from S? into the full flag manifold is unitarily equivalent to the
primitive lift of a Veronese map. We prove a partial generalization of this result to the
case where the domain is a general simply connected Riemann surface. On the way,
we consider the problem of finding the invariant metric on the flag manifold, under a
certain normalization condition, that maximizes the induced area of the two-sphere by
a given primitive immersion. Finally, we explicitly classify all the primitive immersions
of constant curvature from S? into certain low dimensional flag manifolds, namely Fy11

and F2,271.

Keywords
primitive immersion; harmonic map; Riemann surface; flag manifold; Veronese se-

quence; Grassmannian manifold; constant curvature; two-sphere.

X



(This page is intentionally left blank.)



Resumo Alargado

Eugenio Calabi estabeleceu, na década de 50 do século passado, a classificacao local
de subvariedades complexas com curvatura seccional holomorfa constante em espacos
forma complexos. Na esteira deste resultado seminal, varios matematicos tém investi-
gado imersoes minimas com curvatura constante de superficies de Riemann em espagos
simétricos. Para imersoes isométricas, recorde-se que minimalidade é equivalente a har-
monicidade; deste modo, a teoria das aplicacoes harmoénicas tem desempenhado aqui

um papel fundamental.

Existe uma teoria muito desenvolvida sobre construcoes twistoriais de aplicagoes
harmonicas de superficies de Riemann em espagos simétricos. Uma classe importante
de levantamentos twistor é aquela formada pelas aplica¢oes primitivas sobre espagos
k-simétricos. Nesta tese, investigamos imersoes primitivas de curvatura constante de
superficies de Riemann numa variedade bandeira equipada com métricas invariantes
e a sua estrutura candnica de espago k-simétrico. Em primeiro lugar, consideramos o
caso de aplicacoes primitivas associadas a aplicacoes pseudoholomorfas de superficies de
Riemann em variedades Grassmannianas complexas. Provamos que qualquer imersao
primitiva da superficie esférica S? sobre uma variedade bandeira tem curvatura con-
stante em relacao a todas as métricas invariantes, desde que tenha curvatura constante
em relacao a pelo menos uma dessas métricas invariantes. Como corolario, concluimos
que qualquer imersao primitiva de curvatura constante de S? na variedade bandeira
completa é unitariamente equivalente ao levantamento primitivo de uma aplicacao de
Veronese. Provamos uma generalizagao parcial desse resultado para o caso em que
o dominio é uma superficie de Riemann simplesmente conexa, nao necessariamente
fechada. De seguida, consideramos o problema de encontrar a métrica invariante na
variedade bandeira, sob uma certa condicao de normalizacao, que maximiza a area
induzida em S? por uma dada imersdo primitiva. Finalmente, classificamos explici-
tamente todas as imersoes primitivas de curvatura constante de S? em variedades

bandeira de baixa dimensao, a saber, Iy ;1 e Fha;.

Palavras-chave
imersao primitiva; aplicacao harménica; superficie de Riemann; espaco simétrico, va-
riedade bandeira; sequéncia de Veronese; variedade de Grassmannian; curvatura cons-

tante.
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Chapter 1

Introduction

1.1 Introduction

It is a classical problem in Riemannian geometry to determine whether a Riemannian
manifold can be isometrically embedded into a Euclidean space of sufficiently high
dimension or, more generally, into a space of constant curvature. In 1953, Eugenio
Calabi [I2] considered this problem in the special case where both the Riemannian
manifold and the ambient space possess a complex structure and the embedding is
required to be holomorphic. He investigated which complex Hermitian manifolds can
be holomorphically and isometrically embedded into a complex space form. His findings
had significant implications, including the local classification of complex submanifolds
with constant holomorphic sectional curvature of a complex space form. In particular,
E. Calabi showed that any such submanifold of the complex projective space CP" is
locally congruent to a piece of the round Veronese embedding. Later in 1988, J. Bolton
et al. [7] extended Calabi’s result, by showing that any conformal minimal immersion
of the two-sphere S? in the complex projetive space CP" belongs to some Veronese
sequence, up to holomorphic isometries. Then in 1989, Q.-S. Chi and Y. Zheng [13]
Theorem 2| further generalized to the case where the domain is a simply connected

Riemann surface, not necessarily closed.

Since the complex projective space CP™ can be viewed as a complex Grassmannian
G1(C"*1), it is natural to consider the same problem for general complex Grassmanni-
ans G(C"), with £ > 1. In 1989, Q.-S. Chi and Y. Zheng [13, Theorem 3] showed that
there exist two families of holomorphic, noncongruent immersions of constant curva-
ture 2 from S? into Go(C*). This implies that any holomorphic immersion from S? into
G5 (C*) with constant curvature 2 is unitarily equivalent to exactly one of these two.
This led to the broader problem of classifying minimal two-spheres in complex Grass-
mannians. Several researchers have made progress in this direction. In 1999, Zhenqi Li
and Zhu-Huan Yu [41] provided a complete classification of minimal two-spheres of con-
stant curvature in Go(C*). They showed that any holomorphic immersion of constant
curvature from S? into G5(C*) falls exactly into one of four mutually noncongruent
families. Furthermore, they also classified minimal immersions of constant curvature
that are neither holomorphic nor antiholomorphic from S? into Go(C*). Later, X.

Jiao and his collaborators classified various types of constantly curved minimal two-



sphere in G5(C®), including nonsingular holomorphic curves, totally unramified holo-
morphic curves and those which are neither holomorphic nor antiholomorphic curves
[27, 33, 34, 35]. More recently, in [I6] the authors constructed explicit examples of
constantly curved holomorphic two-spheres of degree 6 in G5(C?), but it seems like a

complete classification is still missing.

Recall that, for isometric immersions, minimality is equivalent to harmonicity [I8],
51], hence the rich theory of harmonic maps comes into play. The study of harmonic
maps from Riemann surfaces into complex Grassmannians through their harmonic
sequences was initiated by S. S. Chern and J. G. Wolfson [I4], 15, 53] and further
developed by J. C. Wood and his collaborators in a sequence of papers [4] [5, 10 19] 20].
Due to the fact that there does not exist any nonzero holomorphic differentials on
S?, there are strong orthogonality conditions on harmonic sequences and diagrams
associated to harmonic maps from S? into complex Grassmannians. In recent years the
method of harmonic sequences has been intensively used to classify minimal immersions
of constant curvature of S? into different Riemannian symmetric spaces [26, 27, 28], 29,
30, 311, (32, 35], 36, 401, [45].

There exists a well-established theory on twistorial constructions of harmonic maps
from Riemann surfaces into symmetric spaces [8, [9]. An important class of twistor
lifts is that of primitive maps into k-symmetric spaces [8, 24]. By definition, a prim-
itive map satisfies certain first-order equations of Cauchy-Riemann type arising from
the geometry of the k-symmetric space G/K. For k > 2, primitive maps are har-
monic with respect to all G-invariant metrics. Thus, a natural problem arising from
these observations is that of classifying primitive immersions of constant curvature of
Riemann surfaces into k-symmetric spaces, when these are equipped with G-invariant
metrics. In this thesis, we address this problem. To the best of our knowledge, this
is the first approach to this problem in the literature. We will consider the case of
primitive immersions of Riemann surfaces into the complex flag manifold Fj, . x, of
all (p + 1)-tuples (¢, . ..,1,), where the 1);’s are mutually orthogonal complex vector

subspaces of C", and the dimension of each ; is k;. As a homogeneous space:

.
ko,..-,kp - U(k;(]) X ... X U(kp)’

with kg + ...+ k, = n. Note that, while the complex Grassmannian admits only one

(up to positive scalar multiplication) U(n)-invariant metric, Fy, ., admits infinite

-----

U(n)-invariant metrics for p > 1.

Next we describe the organization of this thesis and the main results we have ob-

tained.



Chapter 2: This chapter provides necessary preliminaries. Firstly we revisit the
key concept of absolute value type function |21} 35, 41] on Riemann surfaces, and we
introduce the notion of generalized absolute value type function. This generalization
will play a crucial role in studying primitive immersions of constant curvature into
flag manifolds. Following [10] 15, 53], we then review the construction of harmonic
sequences and harmonic diagrams associated with harmonic maps from Riemann sur-
faces into complex Grassmannians. In the final section of this chapter, we describe the

geometry of the flag manifolds Fy, ., and review the concept of primitive map.

Chapter 3: We consider the important case of primitive lifts of pseudoholomorphic
maps from S? into complex Grassmannians. By definition, any pseudoholomorphic map
into a complex Grassmannian G,(C") belongs to the harmonic sequence )y, ..., 1,
associated to some holomorphic map 1y (which we will assume to be linearly full)
into a complex Grassmannian G,,(C"), with ro > r; the corresponding primitive lift
U = (to,...,1,) takes values in the flag manifold F....r,, endowed with its natural
structure of k-symmetric space, with £ = p+ 1. In Theorem [3.1.1| we will prove that if
any such primitive lift U = (o, ..., 1,) from S? has constant curvature with respect to
at least one invariant metric, then it has constant curvature with respect to all invariant
metrics; moreover, each 1; : S* = Gy, (C") is an immersion of constant curvature with
constant Kdahler angle. Since all harmonic maps from S? into CP™"! are pseudoholo-
morphic [19], we will conclude (see Corollary that any full primitive immersion
from S? into the full flag manifold which has constant curvature with respect to at least
one invariant metric is unitarily equivalent to the primitive lift of a Veronese map. In
the final section, we prove a partial generalization of this result to the case where the
domain is a general simply connected Riemann surface. The technique introduced by
Q.-S. Chi and Y. Zheng [13] will play an important role in this generalization. On
the way, we consider the problem of finding the invariant metric on the flag manifold,
under a certain normalization condition, that maximizes the induced area of S? by a

given primitive immersion.

Chapter 4: We classify primitive immersions of constant curvature from the two-
sphere S? into the low dimensional flag manifolds Fy;1 1 and Fy5;. Our methods involve
harmonic sequences and harmonic diagrams, and the aforementioned notion of gener-
alized absolute value type. We start by describing some constructions of new primitive
immersions of constant curvature from existing ones. Such constructions will enable
us to reduce our problem to the classification of primitive immersions of constant cur-
vature which are lifts of full harmonic maps from S? into the Grassmannians G5(C?)
and Go(C®). The outcome of our main results (Theorem [4.2.1 Theorem and
Theorem is that all primitive immersions of constant curvature from the two-

sphere S? into the low dimensional flag manifolds F5,1 and F,4; arise by operating



algebraically on certain Veronese sequences.

Chapter 5: In this final chapter, we summarize the achieved goals throughout the

thesis and outline possible future research directions and perspectives for further work.

We would like to conclude this introduction by mentioning that the main results of

this thesis are included in the preprints [42] [43].



Chapter 2

Preliminaries

2.1 Riemann surfaces

Let M be a Riemann surface, i.e., a complex one-dimensional manifold. In a local

complex chart (U, z = = + iy), any conformal Riemannian metric can be written as
ds* = \?(2)dzdz,

where A : U — R is smooth and satisfies A(z) > 0 for all z € U; we call A the conformal

factor of the local chart (U, z = x +iy). The corresponding element of area is given by
dA = )\Q(z)%dz A dz.

We denote 0, := & = 1(Z —z'a%) and 9; == £ = %((%4—@'(%). The Laplace-Beltrami

operator with respect to the metric ds? is locally given by

4
A%(2)

and the (Gaussian) curvature of M with respect to ds? is given by

AM = 8282;

1
K = _QAM log \?(2).

A very important example of a Riemann surface is the Riemann sphere. We can
interpret the Riemann sphere as the one-point compactification of the complex plane
C, i.e. S* = CU{o0}. Set Uy = S*\{o} = C and U,, = S*\{0} = C* U {cc0}. We
define the canonical charts (Up, z) and (U, w) by

With respect to the canonical chart (Up, z) of S?, the round metric of (constant) cur-

vature K is given by



2.1.1 Absolute value type functions

In this subsection, following [211, [35] [4T], we will recall the definition and some important
results on absolute value type functions, and we will generalize them for our specific

purpose. For completeness, all proofs will be given.

A nonnegative smooth (real) function f on a Riemann surface M is said to be of
absolute value type, |21, [41] if either f is identically zero or, for any point x € M, there
is a local complex chart (U, z) centered at x (i.e. z(x) = 0) such that f(z) = (22)? f1(2),
where p > 0 is an integer and f; is a nonvanishing smooth function on U. In [35], the
authors admit p to be any positive or negative integer. The following generalization
will play an important role in our study of primitive immersions of constant curvature

into flag manifolds.

Definition 2.1.1. A continuous function f: M — [0,00] on a Riemann surface M is
said to be of generalized absolute value type if either f is identically zero or, for any
point x € M, there is a local complex chart (U, z) centered at x (i.e. z(x) = 0), such
that

f(z) = (22)" 1 (2), (2.1.1)

for some p € R and positive smooth function f; : U — (0,00). If p > 0, we say that

x is a zero of order p; if p < 0, we say that x is a pole of order |p|. We denote
p = order,(f).

Remark 2.1.2. 1. From the definition, it follows that the zeros and poles of a gen-
eralized absolute value type function f are isolated. Moreover, if M is compact,

the set S of zeros and poles is finite; in this case, we set

order(f) = Z order,(f).

z€eS

Observe that order,(f) does not depend on the local complex chart we choose.
2. Observe that f: M\ S — (0,00) is smooth.

3. Given a meromorphic function g on M and p € R, then |g|’ is a generalized
absolute value type function. Moreover, if h : M — R is a positive smooth

function, then |g|Ph is also a generalized absolute value type function.

4. Let f and g be generalized absolute value type functions, then fg and § (if g is

not identically zero) are also generalized absolute value type functions.

6



Example 2.1.3. Let 0 : C — C"*! be a nonvanishing polynomial map of degree m:

o(z) = Zaizi, where a; € C".
i=0
Consider the continuous function f : S? — [0, 0o] defined by f(z) = ||o(2)||** on C and

f(o0) = 00, with A > 0. Clearly, f does not have zeros in C. Since

2\ 2\
£6) = oI = || asst]| = G2 [ S|
=0 1=0

then, in terms of the local canonical chart (Uy,w) centered at x = oo, we have

m 2)
fw) = (wa) ™ fi(w), with  fi(w) = || auw™"
i=0
Observe that f1(0) = ||an|** # 0. Hence f; is a positive smooth function on U,,, and

we conclude that f is a generalized absolute value type function with a pole of order

mA. This example will play an important role later on.

Lemma 2.1.4. [35] Let (U, z) be a local chart of a Riemann surface M, where U is
an open connected subset of M. Let f : U — R be a smooth function which is not
identically equal to zero, and consider the metric on M given locally by ds®* = w,
where w = Adz (with X\ : U — C smooth). If 0 is a purely imaginary smooth 1-form on
U such that

(df + fO) Aw =0 (2.1.2)
on U, then |f] is an absolute value type function on U and it satisfies

1
§AMlog||f|| wAw=df.

Proof. Since 0 is pure imaginary, we can write
0 = adz — adz = 2iJm(adz), (2.1.3)

for some smooth complex valued function @ on U. Combining (2.1.2)) and (2.1.3), we
obtain

((0.f +af)dz+ (0:f —af)dz) Ndz =0

7



hence

O:f =af. (2.1.4)
Let u be any solution of the inhomogeneous Cauchy-Riemann equation

Osu = a.

By the 0:-Poincaré Lemma in one variable (see [22, pp.5]), such solutions always exist

locally. Then f; = e" is a nonvanishing function satisfying 0; f; = af;. Together with

(2.1.4)), this gives

EN @Dh - fOf)
@(ﬁ>‘ 72 =0

This means that % is holomorphic, hence there exists a holomorphic function f, on

U such that f = fof1, which implies that |f] is an absolute value type function (see

Remark [2.1.2]).

From equation ([2.1.4), we have

w
—

I
I
I

0:log f.

-

Now, combining with (2.1.3)), this gives

df =da Ndz—daNdz=(0sa+ 0.a)dz N\ dz
= (azaz 10g f"‘ 82(95 lOg f)dZ Ndz
= 0,0:(log | f|*)dz N dz

1
ziAMlog\ﬂw/\w.

O

In [21, Lemma 4.1], Eschenburg et al. established that for an absolute value type

function f on a compact Riemann surface M, the following holds:

/M Aprlog(f) dA = —4morder(f). (2.1.5)

Next we extend this result for generalized absolute value type functions.

Lemma 2.1.5. Let f be a generalized absolute value type function on a compact Rie-
mann surface M, equipped with a conformal Riemannian metric. Then (2.1.5) holds.

Proof. The proof is exactly the same as the proof of [21, Lemma 4.1]. Let S be the set

8



of zeros and poles of f. Since M is compact, the set S is finite. For each xq € S, we
consider a local complex chart (U(zy), z) centered at xy. For sufficiently small ¢, the
open disks

Uc(xg) ={x € U(xg) C M : |2(x)] <e}, z0€S5

are disjoint.
Now define the compact subset
M. =M — | ) Ud(xo).
ToES

By the divergence theorem,

/AMlog f)dA = Z/ (Vlog(f),v) ds, (2.1.6)

ToES aUE :170

where dA is the area element, ds is the line element of the boundary oU.(zy), (-,-)

stands for the metric and v is the unit normal vector of OU.(z) pointing inside U (x).

Fix zy € S and a local complex chart (U(zg), z) centered at xo, with conformal factor
A. Set r(z) = |z(x)| for each z € U(xg). If the function f has order p € R at the point
79, then we have f = r*a; on an open neighborhood of z, for some smooth positive
function ay. Substituting this in equation , we obtain the following

/ (Vlog(f),v) ds:2p/ (Vlogr,v>ds+/ (Vlogay,v)ds (2.1.7)
OUc (x0) AU (x0) AU (x0)

Since a; is a smooth positive function, (Vlogay,v) is bounded, and so

lim (Vlogay,v)ds = 0.
e—0 8U5($0)
Concerning the first term on the right-hand side of (2.1.7)), observe first that v = — .
We have 5
1%
2p (V1 =——.
p(Viogr.) = — 22
Hence, we have
2p
2p (Viogr,v)ds = ——d = —— |dz| = —4mp.
AU (o) r—e AT S -
Since p = order,,(f), taking the sum over zg € S we obtain the result. O

The following lemma is a generalization of [41l Lemma 2.3] and [35, Lemma 2.8].

Lemma 2.1.6. Consider on S? a conformal Riemannian metric ds® of constant cur-

9



vature K. Let f be a generalized absolute value type function on S?. Assume there

exists a constant ¢ such that
1
ZLASQ log f =c, (2.1.8)

off the set of zeros and poles. Then the following holds:

1. the constant c is given by

c= —%order(f); (2.1.9)

2. in the canonical chart (Uy, z), with Uy = C, we have

2po 2p
f(Z) _a’Z_Z(]’ "'|Z_Zm’ " ( _i_zz)forder(f)
- 2q0 2q )
|z — wo|™ ... |z — w
where: zy, ..., zm are the zeros f contained in C, and py, . .., p, their real orders;
Wo, . .., W,y are the poles of f contained in C, and qo, ..., q their real orders; a

18 a positive real constant.

Proof. Firstly, we will prove (2.1.9). Since, by assumption, the curvature is constant,

the Gauss-Bonnet theorem gives

4
/52 dA = % (2.1.10)

where dA is the area element of S?. On the other hand, by combining (2.1.5) and
(2.1.8)), we obtain

/ gA = —order()m (2.1.11)
SQ

C

From (2.1.10) and (2.1.11)), we have the required conclusion ¢ = —Zorder(f).

Let zg,..., 2y, and wy, ..., w; be the zeros and poles of f contained in Uy = C, and

let po,...,pm and qo, ..., q, respectively, be their real orders. We have

|2 — 20|?P0 . .|z — 2| 2P
= 57 9(2), (2.1.12)

f(2)

|2 — wo|*® ... |z — wy

where g(z) is a smooth positive function on C. Recall that
Ag = K (14 22)°9.0s. (2.1.13)
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Applying ”0.0; log” on both sides of the equation (2.1.12)) and using the fact that
9.0:log |H(2)]* =0
for any holomorphic function H(z), we have

0,0;log f(z) = 0,05 log g(z) (2.1.14)

Combining (2.1.8)), (2.1.9)), (2.1.13)), and (2.1.14)), we obtain

order(f)
(14 22)2

0,05 log g(z) +
which can be rewritten as
9.0z 1log [g(2)(1 + zi)order(f)] =0, VzeC.

This implies that log [g(2)(1 4 22)°"4"/)] is a harmonic function on C. Since C is

simply connected, this means there exist a holomorphic function h such that

log [g(2)(1 + 22)™ W] = h(2) + h(z).

Taking exponential, and setting h(z) = €"*), we obtain
g(2)(1 + zz)9 ) = |h(2)]2 (2.1.15)
Hence, in view of (2.1.12)),
— 2po — 2pm
R e T U CRR T
|z — wo|™ .. .|z — w|™

It remains to prove that |h(z)|?

(2.1.16]), we see, by continuity of f, that

is constant. Set p = > . p; and ¢ = >, ¢;. From

h 2
i 1)
|z]—o0 (Zz)order(f)—l-q—p
' (1 + Zz)order(f) |Z|2p |Z — w0|2q0 R |Z - wm|2ql
= lim — 3 5 5 f(2)
2] =00 (Zz)order(f) |Z_zo|p0“_|z—zm|pm |Z| 1
= f(00).
(2.1.17)

Suppose f(o0) is finite. In this case, in view of the definition of order(f), we have
order(f) +q — p = ordery(f) > 0. Choose € > 0 such that N := order(f) +q—p+¢

11



is a positive integer. Then, (2.1.17)) gives

\zl|linoo 2N

h

From this we see that the entire function h is a polynomial. Since h = " is nonvan-

ishing, h must be constant.

Suppose f(oo) is infinite. In this case, order(f) + ¢ — p = ordery(f) < 0. Choose
e > 0 such that N := order(f)+ g —p—¢ is a negative integer. From ([2.1.17]), we have

lim ‘zmh(z)‘ = 00.
|z]—o0

This means that the entire function z + z/VIh(2) has a pole (of finite order) at oo,

h

which implies that h is a polynomial. Again, since h = ¢" is nonvanishing, h must be

constant.

2.2 Complexification of a real analytic function

The notion of complexification of a real analytic function will appear along some proofs

of our main results, so let us recall what this notion means exactly.

Lemma 2.2.1. Suppose U C C is an open set and f : U — C s real analytic. Then
there exists an open set V. .C C x C and a unique holomorphic function F : V — C
such that

{zyw): w=2z 2z€U} CV,

and F(z,z) = f(2) for all z € U. (F is called the complezification of f.)

Proof. Being real analytic, the function f(z) is represented around each point zq € U

by a power series of the form

n,m

this power series converges absolutely on a disk Dg(z) = {z : |z — 2| < R} C U.

Hence the series

Z Cnm (2 — 20)" (W — Z)™
n,m

converges absolutely on the polydisc Dg(z9) X Dg(Zp), so it represents a holomorphic
function F'(z,w) defined on Dg(z9) X Dgr(Zy). For w = z, we have F(z,2) = f(2).

12



Let G(z,w) be another holomorphic function on Dg(zy) x Dg(Zo) satisfying G(z, z) =
f(2). We need to prove that G(z,w) = F(z,w) on Dg(z9) X Dg(Z). We assume without
loss of generality that f(z) = 0 on Dg(z) and G(z,w) = 0 on Dg(zp) X Dr(Z). Under
these assumptions, F'(z,z) = 0 for all 2 € Dg(zy). Applying the operators 0, and 0

together with the chain rule, we obtain

OF OF
0=0,[F(z,2)] = =—(z2), 0=0;[F(z,2)] = —(z,2)
ow
Then, the holomorphic functions £, 9E defined on Dg(z) % Dg(%) are zero when

w = Z. By induction, we see that

otmE

Gragmy ) =0

for all z € Dg(z) and all integers n,m > 0. The uniqueness of the power series

representation yields F'(z,w) = 0 on Dg(29) X Dg(Z).

For each zy € U, we have constructed a holomorphic function F'(z,w) on a polydisk
Dr(29) x Dgr(Zp), which is the unique holomorphic function satisfying F(z,z) = f(z)
for all z € Dg(zp). Finally, we can extend this construction to obtain a holomorphic
function F(z,w) on V' = U, iy Dr(20) X Dr(%0), satisfying F'(z,2) = f(z) for all
z € U; by the identity theorem [22) pp. 7], the function F(z,w) is well defined on V'
and it is the unique holomorphic function on V' satisfying F(z, z) = f(z). O

2.3 Harmonic maps and minimal immersions

2.3.1 Harmonic maps

The notion of harmonic maps between two Riemannian manifolds was introduced by
J. Eells and J. Sampson [18] in 1964.

Definition 2.3.1. A smooth map ¢ : (M, g) — (N, h) between two Riemannian Man-

ifolds is said to be harmonic if it s a critical point of the energy functional:
1 2
BW) =5 [ dvfe,,
on every compact subdomain of M, where v, is the volume element on M.
The Euler-Lagrange equation associated to this variational problem is given by
Ty = tr Vdy =0,

13



where V is the connection on T*M ® ¥ ~'TN induced by the Levi-civita connections
on M and N. The smooth vector field 7, along 9 is called the tension field of .

Recall that an isometric immersion ¢ : (M, g) — (N, h) is minimal if its mean
curvature vector field vanishes identically. For any such isometric immersion, the mean

curvature vector field equals the tension field, hence we have:

Theorem 2.3.2. [17,[18, [51): If ¢ : (M, g) — (N, h) is an isometric immersion, then

Y 18 harmonic if and only if 1 is minimal.

Throughout this thesis, the domain M will be two-dimensional. In this particular
case, the Euler-Lagrange equation is conformally invariant for the domain metric, thus
the notion of harmonic map from a Riemann surface to a Riemannian manifold makes
sense. Moreover, if z is a local complex coordinate on the Riemann surface M, then
Y : M — (N, h) is harmonic if and only if

YTIVIdY(Z) =0,

where Z = % and V¥ is the Levi-Civita connection on N. This equation says that
diy(Z) is a holomorphic section of 1) "'T'N with respect to the Koszul-Malgrange holo-
morphic structure on the bundle vy *T'N over M.

Theorem 2.3.3 (Koszul-Malgrange [38]). Let E be a complex vector bundle over a
Riemann surface M with connection V. Then there is a unique holomorphic structure
on E with respect to which a local section o of E is holomorphic if and only if Vzo =0

; . 0
Jor all local coordinate vector field Z := .

2.3.2 Harmonic sequences and harmonic diagrams

We recall from [7), 10, 32, 53] the definition and properties of harmonic sequences and
harmonic diagrams associated to harmonic maps from Riemann surfaces into complex

Grassmannians.

2.3.2.1 Harmonic maps into complex Grassmannians
We consider on C" the standard Hermitian inner product
(v, W) = VW + ... + VW,

with v = (vy,...,0,),w = (wy,...,w,) € C". The Grassmannian G(C") of all k-
dimensional complex subspaces of C" is a Hermitian symmetric U(n)-space, with sta-

bilizers conjugate to U(k) x U(n — k). Given L € Gi(C"), the complex structure at

14



the corresponding tangent space is given by
TEGL(CM) = TG (C") @ TY ' GR(C™) =2 Hom(L, LY) @ Hom(L*Y, L),  (2.3.1)

while the compatible Riemannian metric h = Re h¢, where h¢ is the Hermitian metric,

is given by

h(&m) = %tr(ﬁn*), (2.3.2)

for £,n € T GL(C"). When k = 1, this is the Fubini-Study metric of constant holo-
morphic sectional curvature equal to 4 on CP"~!. Sometimes we will use the notation

— 2

We identify a smooth map 1 : M — Gj(C") from a Riemann surface M with a
(complex) rank-k vector subbundle, of the trivial vector bundle M x C", with fibre
at z € M given by the k-dimensional vector subspace 1(z). The subbundle % is a
holomorphic vector subbundle of M x C" if and only if the smooth map ¢ : M —
G(C™) is holomorphic and it is said to be harmonic if the corresponding smooth map

is harmonic.

Any subbundle ¢ of M x C" inherits a metric from the standard Hermitian inner

product of C". The corresponding Levi-Civita connection is given by
Vis = my(ds(X)),

where s is a smooth section of ¢, and 7, : M x C* — 1 denotes the orthogonal
(Hermitian) projection. Henceforth, we will always consider on any such subbundle v

of M x C" the Koszul-Malgrange holomorphic structure induced by V¥.

Remark 2.3.4. If ¢ is a holomorphic subbundle of M x C", then the induced holo-
morphic structure on 1 as a holomorphic subbundle of M x C" coincides with the

Koszul-Malgrange holomorphic structure.

Let ¢ and ¥ be two complex vector subbundles of the trivial vector bundle M x C",
equipped with connections V¢ and V¥, respectively. On the complex vector bun-
dle Hom(¢, %), we consider the connection induced from V¢ and V¥, together with
the corresponding Koszul-Malgrange holomorphic structure. Holomorphic sections of
Hom(¢, ) are characterized as follows: a section A of Hom(¢, ) maps holomorphic

sections of ¢ to holomorphic sections of ¥ if and only if A is a holomorphic section of

Hom(¢, v).

Given a holomorphic section A of Hom(¢, ), the rank of Im A,, z € M is maximum

except at isolated points, where the rank drops. By filling out zeros (see [10, Proposi-
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tion 2.2]) we can extend Im A to a well globally defined holomorphic vector subbundle

of ¥, which we denote by ImA. Similarly, we can define kerA.

Remark 2.3.5. Let sg, s1,...,5, : M — % be nonzero holomorphic sections of ¢. The
rank of span{sg(x),...,s,(x)}, © € M is maximum except at isolated points, where
the rank drops. However, by [10, Proposition 2.2], it is possible to extend it, by filling
out the zeros, in order to obtain a globally defined vector subbundle of v, which we

will denote by span{so, ..., S}

For any local complex chart (U, z) of M, the second fundamental forms A, Ay :
Y|l — ¢ty are defined by

Ay(s) = my1 00,5, Aj(s) = my1 00;s,

where s is a section of 9|y and 7,1 is the orthogonal projection onto Y. We clearly

have

Al = —(AlL)". (2.3.3)

The second fundamental forms can be turned into global objects by considering

global sections
Ay, e T ((TY°M)* @ Hom(y, ")), A €I ((T*"M)* @ Hom(¢, ™))
given locally by
= dz® Ay, w=dz® Aj.
Proposition 2.3.6. [10, Lemma 1.3] A smooth map ¢ : M — (Gx(C™), h) is harmonic

if and only if A;, is holomorphic, and this holds if and only if A7 is antiholomorphic.

In view of ([2.3.3)), this last proposition implies that ¢ is harmonic if and only if 1+

18 harmonic.

Proposition 2.3.7. A smooth map ¢ : M — (Gx(C"),h) is weakly conformal (i.e.,
conformal except at the points where the differential vanishes) if and only if, on any
local complex chart (U, z),

tr Ay o A = 0.

Proof. The component of dip along (T*°M)* @ TCG.(C") is given by

dw(%) = AL - AL
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Hence, since A&) o Aip = A;}L o A;}L =0, we have

% a a 1 / / / ! / /
Uh(m o) = 5 (A — A o (A — A) = —tr Ao Al

and the result follows. O

2.3.2.2 Harmonic sequences
Given a harmonic map ¢ : M — G (C"), the holomorphicity of
Ay e T (THM)* @ Hom(v,9")) =T (Hom (T M @ 1, ¢™))
is used to define the first 0'-Gauss bundle
¢ =Im A,

If ¢ = {0}, then ¢ is an antiholomorphic subbundle of M x C"; otherwise v, is a
holomorphic subbundle of ¥ of rank &' < k. Similarly, the antiholomorphicity of A,
is used to define the first 9”-Gauss bundle

Yy =Im Aj

of ¢. If ¢_; = {0}, then ¢ is a holomorphic subbundle of M x C"; otherwise ¢_; is a
antiholomorphic subbundle of ¥+ of rank k" < k.

It is well known [10, Proposition 2.3] that, if ¢ is harmonic, then both its Gauss

bundles v¥_1,11 are harmonic.

Proceeding recursively, we can associate to any harmonic map ¢ : M — Gr(C") a
sequence {1);};ez of harmonic subbundles, with ¢ = vy, which is called the associated

harmonic sequence.

2.3.2.3 Harmonic diagrams

Let ¢1,...,1, be a collection of mutually orthogonal vector subbundles of M x C"
whose direct sum is C". The second fundamental forms Aj ; : 1; — 1; are defined by

A;j(s) = Ty, © 0.5,

where s is a local section of 1; and m,, is the orthogonal projection onto ;. The

collection of these vector subbundles, along with their second fundamental forms, is
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referred as a diagram. This diagram is represented by a directed graph, where the vector
subbundles 11, . .., 1, are the vertices, and the arrows between them correspond to the

maps Aj ;, where the arrow from ¢; to 1; is not shown whenever Af ; is known to be

Zero.

Proposition 2.3.8. [10, Proposition 1.4] Let {1, A} ;} be a diagram. The following

statements hold:

1. 4y is holomorphic if and only if there are no edges entering v;, i.e., A, =0 for
all i # 7.

2. ; is antiholomorphic if and only if there are no edges leaving ;, i.e., Aj; =0
for all i # 7.

The next proposition provide sufficient criteria to ensure the holomorphicity of the

second fundamental forms.

Proposition 2.3.9. [10, Proposition 1.5] Let {1, A} ;} be a diagram. Then, Aj; is

holomorphic if there are no configurations of the following forms:

VANVARFY

\_/

The following result provides sufficient criteria for a vertex to be harmonic.

Proposition 2.3.10. [10, Proposition 1.6]|I| Let {1y, A} ;} be a diagram. Then v; is

harmonic if there are no configurations of the following forms:

Let ¢ : M — G4(C™) be a harmonic map and {9;},ez be its harmonic sequence.
Then 1 is said to have an isotropic order r if ¢ L o, for 1 < i <r but v L .. If
r = 00, then v is said to be strongly isotropic or pseudoholomorphic. By [10, Lemma

3.1], if ¢ has isotropy order r, then v, has isotropy order r; > r, for all j > 0.

!The correction of [I0, Proposition 1.6] can be consulted in https://people.bath.ac.uk/feb/papers,/bw-
corr /paper.pdf
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We have the following fundamental harmonic diagram associated to a harmonic map
Y : M — Gi(C™) of isotropy order 7:

/—\

where R = (@;ZO wj)L. By definition, a harmonic diagram is any refinement of a

(2.3.4)

fundamental harmonic diagram. If ¢ : M — G (C") is holomorphic (hence harmonic),

then 1,11 = 0 for some p, and the associated fundamental diagram simplifies to

0 W Vp-1 —— Uy R (2.3.5)

Any vertex belonging to the fundamental diagram associated with a holomorphic map
¥ : M — Gr(C") is pseudoholomorphic; the converse also holds, i.e., any pseudoholo-
morphic map is a vertex of the fundamental diagram associated with some holomorphic

map.

Remark 2.3.11.

1. Using the terminology of loop group theory for harmonic maps from Riemann
surfaces into symmetric spaces (first introduced by Uhlenbeck [50]), all pseudo-
holomorphic maps have finite uniton number. General criteria for finiteness of the
uniton number for harmonic maps into complex Grassmannians in terms of the
corresponding harmonic sequences and diagrams have been recently developed in
[, (4],

2. The nonexistence of nonzero holomorphic differentials on the two-sphere S? en-

sures that all harmonic maps from S? into CP"~! are pseudoholomorphic [19].

3. An example of a harmonic map into a complex projective space with infinite
(both to the left and to the right) harmonic sequence is provided by the Clifford

solution 1) : C — CP3, which is defined in homogeneous coordinates by

w(z) _ [eZi(erE)’ Z'672i(z+2)’ e2(27,2)7 62(z72)].
This has not finite uniton number [I, Example 4.15].

Let ¢ : M — (G%(C"), h) be a harmonic map and {¢,};ez be its harmonic sequence.
Take a local complex chart (U, z) of M. If 1) has isotropy order r > 2, then it is clear
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that A;} L0 A;b]- = 0 for all j. Hence, by Proposition [2.3.7] each v, is weakly conformal.
Set ’

v = tr Ay (Ay,)" (2.3.6)
The metric induced from (2.3.2)) by ¢; on M is locally given by (see also [20] 32])
Q/J;h = (’)/];1 + 'yj)dzdz. (237)

Then the Laplacian A; of the metric ¢7h is

A, 1

j= ————0:0:
V-1t

and the area form ‘
dA; = (-1 + ’Yj)%dz AdZ.

The corresponding curvature is given by

2
K () = —————0.0:log(yj-1 + 75)- (2.3.8)

Vi-1+

Denoting by 6, the Kahler angle of 1, we have

2 _ Vi1
(tan(d,/2))° = o (2.3.9)

2.3.3 Minimal immersions in the complex projective space

Let ¢g : M — CP"™ be a linearly full (i.e., the image of 1)y is not contained in any

hyperplane of CP™) holomorphic map, generating the harmonic sequence

wO wl T ¢n—l - ’l/}n (2310)

Let fo : U € M — C™! be a local holomorphic section of 1)y. Define recursively local
holomorphic sections fi,..., f, of ¥, ... ¢, by fis1 = Aipj(fj). On the complement

of a set of isolated points, we have

fj-i-l = 8ij — ij, for 0 S ] S n. (2311)
1511
In this setting (see also [7]),
- 1f 1"
;= :
1£51°
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Set
V-1 = 0= Tn-

Once again in the complement of a set of isolated points, the following equations hold

(see [7] for more details):

0.0:log || f;1I* = 75 — vj-1:
0.0z 1ogv; = vj41 — 275 + -1 (2.3.12)
azfj = _’Yj—lfj—l-

The j-th osculating curve of i is the holomorphic map
oj:U— (CP(?ill)_l
locally spanned by
6;=foNO.fo A... N fo, for 0 < j <n.

The section &; can have isolated zeros. On a sufficiently small open neighborhood of
one of these zeros, set
o; = ®(2)a;,

n+1

where ®(z) is the greatest common divisor of the (j +1) components of ¢;. Then 7} is

nowhere zero C(i+1)-valued holomorphic map. If we set 3; = ||d;]|?, then
@(2)*8; = N foll* - I f511*.
From , it follows that
0,0z log B; = v, for0<j<n-—1. (2.3.13)

The degree 9, of o; (for the general definition of the degree of a line bundle, see [22]
Chap. 1]) is then given by

d; v;dzZ N dz. (2.3.14)

" 21 Jg
Remark 2.3.12. Consider the Plicker embedding
L G(Cm) — P,

which is defined as follows (see [22], pp. 209]): if V = span{ey,...,ex} € Gi(C"), then
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4(V) is the span of the multivector e; A ... A e, € A" C,
L(V) =span{e; A ... Aeg}.

This is a holomorphic isometry. Hence, if ¢ : M — G(C") is a holomorphic immersion,

then the metric on M induced by v is given by

Vs, o = (Lo ) ds?

) (2.3.15)

n

h 2 2
where dsGk(Cn) and ds S

-1 are the metrics on Gx(C") and CP(Z)_I, respectively,

generally defined by (2.3.2)); moreover, if s is a nonvanishing holomorphic section of
1o, then, putting together (2.3.7)), (2.3.13]) and ([2.3.15]), we obtain the following useful

formula

Vrdsg, oy = 0.0:log ||s||*dzdz. (2.3.16)

2.3.3.1 The Veronese sequence

The n- Veronese map V" : S — CP" is defined by

oG] e

in terms of the canonical chart (Uy, z). This is a linearly full holomorphic immersion
of constant curvature. Moreover, as shown by E. Calabi (see [39] and the references
therein), the n-Veronese map is the unique such immersion, up to unitary congruence.
The harmonic sequence Vi, ..., V" associated to V" = V' is called the n-Veronese

Sequence.

Theorem 2.3.13. [7, Theorem 5.2] The Veronese sequence VJ',..., V™ : §* — CP"
is given by V' = [V;”}, with Vj" = (fj0:---, fjn), where

Fin(2) = ﬁ (7;) o zk:(—m <j B k) (” ; ") (22)F. (2.3.18)

Moreover, each V" is a minimal immersion with induced metric

VI"h = (7], + 7] )dzdz = i+ zz) dzd Vi = 0+ (2.3.19)
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and hence it has constant curvature K(V}*) = m Finally, if T : S — S? is the

antipodal map (i.e., T(z) = =1 on (Up, 2)), then

Vrf_j = V;" oT.
From ([2.3.18)), one obtains
77 = s (1 a2y
M= —— 2z ;
J (n—7)! ’
hence
o.Vr, Vn > s
~ ~ < 2Vj—1Vj-1/ . A (n—25)z - _
Ve =9,V — Vro =0V, -~ for 0 < j <.
J Jj—1 an_l 2 Jj—1 Jj—1 (1—}—22) Jj—1 orv=jg=n

(2.3.20)

2.3.4 The moving frame approach

In this section, we will fix some notation concerning the structure equations for moving

frames adapted to maps into the complex Grassmannian. We mainly follow [14] 15] 35].

Let us again consider on C" the standard Hermitian inner product i.e.
(v, W) = VW) + ... + VW,
for v = (vy,...,0,),w = (wy,...,w,) € C". We will use the following ranges of indices:
1<AB...<n, 1<4,5... <k, Ek+1<a,0...<n.
A frame on C" is a set of n linearly independent vectors e, es, ..., e,, hence
etNeas N...Nep, #0.

This frame is unitary if

(€a,ep) = daB.

Let U(n) be the unitary group, with Lie algebra u(n). We can identify U(n) with the
space of unitary frames by putting the vectors ey, es, ..., e, side by side to form an xn

matrix. The u(n)-valued one form w = (wf) defined by

n
dey = E wfeB
B=1
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is the Maurer-Cartan form of U(n). The components w% satisfy the Maurer-Cartan

structure equations

dwf = ng ANwE, Wi =—-wh (2.3.21)

As a homogeneous space,

U(n)

Gul(C") = U(k) x Un — k)’

From this point of view, the Hermitian metric on G(C") is given by

k n -
he=Y > wiw. (2.3.22)
Jj=1 B=k+1

Let us consider a smooth conformal map ¢ : M — G(C"), In a local complex chart

(U, z) of M, the induced metric ¢*h¢ is given as follows;
V*he = n?dzdz = ¢¢, where ¢ = ndz. (2.3.23)
The pull-back of each wf can be written as follows:
vrw! =ale+ble. (2.3.24)

Then, from equation ([2.3.22]), we obtain

k n k n - k n o
vhe= X 3 (W) eis Y 3 ()63 3 () 8
j=1 B=k+1 j=1 B=k+1 j=1 B=k+1
(2.3.25)
In view of ([2.3.23)), this implies
k n k n
BB _ BB\ _
Z (“aba>—z Z <a3b1>_07
j=1 B=k+1 j=1 B=k+1
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2.4 Geometry of flag manifolds and primitive immersions

The complex flag manifold Fy, ., is the set of all (p + 1)-tuples (¢, ...,v,), where

Yo, . . ., ¥, are mutually orthogonal complex subspaces of C", and the dimension of each

77777

1 is k;. The manifold structure on the flag arises by the fact that U(n) act transitively

on it:

The tangent space of the flag manifold at ¥ = (v, ...,1,) is

T Fro..ky = Y Hom(t7,1);). (2.4.1)
i#]

In the above equation, to make the notation consistent, we use the symbol of ordinary
sum, although it actually denotes an orthogonal direct sum with respect to U(n)-

invariant metrics.

We distinguish the subbundle T* of TCF},
given by

k, Whose fiber at U = (1g,...,4,) is

Ty = Y Hom(j, 1),
J€Lpt1

Definition 2.4.1. Let M be a Riemann surface. A smooth map

‘Ij:(wo,---7¢p)¢M—>Fko ..... kp

15 said to be primitive if d\II(%) is a local section of W*T, for all local complex chart

(U, z) of M.

Remark 2.4.2.

1. The term “primitive” was first introduced by F. Burstall [§] in the more general
setting of maps from surfaces into k-symmetric spaces. (The flag manifold Fy, . kp

carries a structure of k-symmetric space, with £k = p+ 1.) See also [24, Ch. 21].

2. Forp>1 iV : M= F

Gy, (C") is harmonic [§]. (For p = 1, all maps are primitive.)

k, 18 primitive, then each projection v; : M —

,,,,,

3. Let ¢ : M — G4(C™) be a harmonic map of isotropy order > r. Let {t,};ez be
the harmonic sequence of ¥, holding the fundamental harmonic diagram (2.3.4)).

Then the smooth map

U= (Yo,..., 0 —1,R) : M = Fry k1 kg
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with
r—1 1
R= (®gth;)", kj=ranke;, kg =rankR,

is primitive. We say that U is a primitive lift of 1.

When p = 1, the flag Fj,, . 1, is a Grassmannian and all smooth maps into Fj, . &,
are primitive. It is known [6] that, for p > 1, any primitive map into Fj, 5, is
harmonic with respect to all U(n)-invariant metrics of Fi,...k,- Any such metric g has
the following form [2, Proposition 7.4]: given {,n € Ty Fj,,..x,, and writing £ = > &,

n = > n; according to (2.4.1), then

1 *
9(&n) = 5 Z Aij tr &, (2.4.2)
i#]
where 7;; is the conjugate transpose of the matrix 7;;, for some positive constants A;;
satisfying A\;; = Aj;. Hence, while the Grassmannians admit a unique (up to multipli-
cation by a positive constant) U(n)-invariant metric, the flag Fy, j admits infinite

P

nonequivalent U(n)-invariant metrics.

Given a primitive immersion W = (¢, ... ,4,) : M — Fy, . i, and a U(n)-invariant
of the form (2.4.2)), then the metric on M induced by WV is given,

in terms of a local complex chart (U, z), by

metric g on Fy, .,

g = Y Ayjdedz, (2.4.3)

jEZp+l

where, for each j € Z,1,, we are denoting A\; = \; ;11; and ~; is given by (2.3.6). The

corresponding curvature is given by

2

K(V) = - 0:0:10g > Ay (2.4.4)

Zjezp-H i3 JE€Zpt1
Example 2.4.3. We consider the n-Veronese sequence V{*,..., V" and the corre-
sponding primitive immersion V = (V,...,V®) : S — F; 1, which will be called the

n- Veronese primitive map. In view of Theorem [2.3.13] given a U(n)-invariant metric
on Fy  ; of the form (2.4.2)), the metric induced by V on 52 is given by

n—1 . .
. G+Dn—=y),
Vg = ]E:O Y 0+ 22) dzdz,

which has constant curvature




Hence, the n- Veronese primitive map has constant curvature with respect to all invari-

ant metrics of Fy ;.

2.4.1 Einstein metrics on flag manifolds

Let (M, g) be a Riemannian manifold. Recall that g is said to be an Finstein metric

if its Ricci curvature satisfies the following:

Ric(g) = cg,

for some constant c¢. Einstein metrics are considered as privileged metrics on a given
Riemannian manifold. The following result classifies U(n)-invariant Einstein metrics

on the the flag manifold Fy, k, ,-
Theorem 2.4.4. [2, Theorem 8.4] Consider the flag manifold

U(n)
U(ko) x U(ky) x U(kg)’

Fk07k17k2 =

where ko + ki + ke = n. Up to scaling, a U(n)-invariant metric
1 "
9(&n) =5 D Agtréyg
i#]
ije{0,1,2}

on Fi ky ks 5 an Einstein metric if and only if the coefficients \;; = \j; take one of the

following forms:

1. o1 = ko + Kk, A2 = ki + ko, Aog = ko + 2k1 + ko
2. Aot = ko + ki +2ky, A2 = ki + ko, Aog = ko + ks
3. Aot = ko + ki, A2 =2ko+ ki + ks, Aoy = ko + K

4. N1 = ko + ki, Mg =k + ko, Aoo = ko + ka.

It follows that Fj, k, r, admits exactly four U(n)-invariant Einstein metrics (up to

scaling).

Example 2.4.5. Let U = (¢, ¢1,v5) : M — Fi 11, be an immersion, and 7o, 71,72
defined as in (2.3.6). The metrics induced by ¥ from Einstein metrics W¥*ds7, | on

Fy 1, are locally the following (up to scaling):

1. ‘I’*dSQFLM = Yo+ + 27)dzdz
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2. \I/*dS%LM = (2’}/0 + 7+ ’yg)dzdé
3. Widsh, | = (o +2m + 72)d2dz

4. ‘Il*ds%mJ = (Y0 + 71 + Y2)dzdz.

28



Chapter 3

Primitive immersions of constant curvature of
Riemann surfaces into flag manifolds

A natural problem is that of characterizing the primitive immersions with constant
curvature of a Riemann surface into a k-symmetric space G/K (equipped with G-
invariant metrics). In the present chapter we address this question in the important
case of primitive lifts of pseudoholomorphic maps from S? into complex Grassmannians.
In Theorem we will prove that if any such primitive lift V = (1, . ..,1,) from S?
has constant curvature with respect to at least one invariant metric, then it has constant
curvature with respect to all invariant metrics; moreover, each v; : S* — G, (C") is an
immersion of constant curvature with constant Kahler angle. Since all harmonic maps
from S? into CP"! are pseudoholomorphic [19], we will conclude (see Corollary
that any full primitive immersion from S* into the full flag manifold which has constant
curvature with respect to at least one invariant metric is unitarily equivalent to the
primitive lift of a Veronese map. In the final section, we prove a partial generalization of
this result to the case where the domain is a general simply connected Riemann surface.
The technique introduced by Q.-S. Chi and Y. Zheng [13] will play an important role
in this generalization. On the way, we consider the problem of finding the invariant
metric on the flag manifold, under a certain normalization condition, that maximizes

the induced area of S? by a given primitive immersion.

3.1 Primitive immersions of constant curvature of S2

Theorem 3.1.1. Let ¢y : S? — G, (C") be a linearly full holomorphic map, with
harmonic sequence by, ..., ,. If the primitive lift U = (g, ..., 1,) : S? — Fro,... 1,

is an immersion and there exists at least one U(n)-invariant metric on Fr,...k, with

respect to which U has constant curvature, then:

1. W has constant curvature with respect to all U(n)-invariant metrics on Fy, .

2. Each ; : S* — G,(C") is a minimal immersion of constant curvature and
constant Kdahler angle.

Proof. Let g be a U(n)-invariant metric on Fy,, . x, with respect to which W has constant
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curvature K. Consider the canonical chart (Uy = C, z) on S?. By (2.4.3)),

p—1
Urg = \ydedz

j=0
for some positive constants Ay, ..., A,—1. The area form induced by the immersion ¥
is given by
— ., dzAdz
dA:jz:;AﬂjQ—i. (3.1.1)

By Gauss-Bonnet theorem, together with (2.3.14]) and (3.1.1]), we have

4 =27x(S%) = | KdA
52
p—1 1 p—1 (312)
= KZ/\]Z/Sz’deZ/\dZ = K’TFZ/\](SJ,
7=0 7=0
hence
4
K=——— (3.1.3)
Do A

(In particular, the constant curvature K must be positive.) By Minding theorem ([23,
pp.292]), which states that all surfaces with the same constant curvature K are locally

isometric,we have

a _ , A
5 dzdz, with a = 4. (3.1.4)

U*g =
I 1+ 22) K

Set k) = kg + ...+ k; and consider the holomorphic map
w(j) = ’g/}o PD...PH ?/)j : 52 — GW)(C”).

Following remark [2.3.12] we take the composition of ¥} with the Pliicker embedding
of Gy;»(C™) to obtain a holomorphic map o; : S? — cPG»)-!, This holomorphic
map o; satisfies

O'j*hj = ’deZdz,

where h; is the Fubini-Study metric on CP) | Let g;:C— C() be a holomor-
phic local section of ;. Without loss of generality, we can assume that ¢; is nowhere

zero, as we can always remove the greatest common divisor of its components. Set
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B; = ||6;||?, which is polynomial in z and z. From equation ([2.3.13)), we have

0,0z log 8; = ;, (3.1.5)

hence
g = 0.0:log (B ... A7) dzdz. (3.1.6)

Since
0,0. log(1 + 22)° “ (3.1.7)

20z RZ) = /5> 1.
& (1+22)?
we deduce, by combining (3.1.4)), (3.1.6]) and (3.1.7]), that the following holds on U, = C:
00 B!
9,0;log ————L2— = 0. 3.1.8
1 2z)e (3.18)
83087

So, log ﬁ is a harmonic function on C, which implies that there exists an entire

function f such that

Apo1
logM =f+f. (3.1.9)
(1+22)~
Exponentiate (3.1.9)) to obtain
0B = (14 22)% e (3.1.10)

Since all polynomials f;(z,2), with j € {0,...,p — 1}, and the factor 1 + 2Z are

nonvanishing, the functions
2 ﬁ;‘j(z, Z) 2 (14 22)”

are real analytic on C, even when \; and a are not integers. The corresponding

complexifications are given, respectively, by
(zw) o BV (zw)  (zw) = (14 20)",

considering the principal branch of each multivalued function Z — Z9. Now, take the

complexifications of both sides of (3.1.10)),

F(z,w) = B°(z,w) ... Z’,\Zil(z,w) Gz, w) = (1 + zw)e/ /@),
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Since F(z,Z) = G(z,2), by the uniqueness of complexification (see Lemma [2.2.1)) we

have

2 (z,w) .. .ﬁ;\f_ll(z, w) = (14 zw)*e/@e/®) (3.1.11)

on an open set V' C C x C containing {(z,w) : w = z}.

Set Z = {(z,w) : Bo(z,w)...By_1(z,w) = 0}. It is well known that C*\ Z, as the
complement of the zero set of a polynomial, is a dense open path-connected subset of C2.
So, for each z € C and (zy, wp) € Z, there exists a continuous path v : [0, 1] — C? such
that v(0) = (2, 2), ¥(1) = (20, wp) and ¥([0,1)) € C*\ Z. For each T € [0, 1), consider
the curve vz = 7jo,7). Being the composition of a polynomial with the principal branch
of the complex power multivalued function, each B;j admits an analytic continuation
along 7. Hence, F(z,w) also admits an analytic continuation Fr(z,w) along yr. By

uniqueness of analytic continuation,

|[Fr(z,w)] = |Bo(z, W)™ ... |Bpa (2, w) [

hence limy_,; Fr(y(T)) = 0. This completely characterizes the zeros of the left-hand
side of . The same can be applied to the right-hand side in order to conlude
that if not empty, the zero set of each f; (considering each §; as a polynomial in the
independent complex variables z and Z) coincides with the zero set of the irreducible

factor 1 + zz. Hence
ﬁj(Z,z) = (1 +Z§)aj0j (3112)

for some real constant C; and nonnegative integer «;. It follows from the equations
(3-1.5), (3.1.7) and (3.1.12) that

o

%‘:m—zz)y j€A{0,....,p—1}.

If a; = 0 for some j € {0,...,p— 1}, then 7; = 0, which implies that the holomorphic
map o; is constant, giving a contradiction with the hypothesis of 1y being full. Hence,
a; >0 forall j € {0,...,p —1}. Consequently, taking account of (2.3.8)) and ([2.3.9)),

we see that all 1); are immersions of constant curvature and constant Kahler angle.

If g is any other U(n)-invariant metric on F ko,...kps then, for some positive constants

A0, - -5 Ap—1, We have

n—1 n—1 Y
Do Ay
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and then we conclude from ([2.4.4) that U has constant curvature

We say that a primitive map ¥ = (¢, ...,v,) is full if all ¢; are linearly full.

Corollary 3.1.2. Let ¥ : 5% — Fi .1 be a full primitive immersion. If there ex-
ists at least one U(n)-invariant metric on Fy ;1 with respect to which ¥ has constant

curvature, then V is unitarily congruent with the (n — 1)-Veronese primitive map.

Proof. Since VU is a full primitive map, each ¢;, with j € {0,...,n — 1}, is a full
harmonic map into CP"~! (see Remark , and the first Gauss bundle of 9); is either
{0} or ¢;41. Since all harmonic maps from S? into CP"! are pseudoholomorphic, we
can reorder (this corresponds to a unitary congruence on the full flag) if necessary, so
that 1y : S? — CP™! is holomorphic and )y, ...,%, is the corresponding harmonic
sequence. By Theorem [B.1.1], ¢ is an immersion of constant curvature, hence, by

Calabi’s result, ) is unitarily congruent with the (n — 1)-Veronese map. O

Example 3.1.3. Let 9§ : S* — CP? be a holomorphic immersion defined by

Pi(z) = [Laz,2*], aeC\{0}.
Observe that ¢8/5 = V2. The nowhere zero local section fo(z) = (1,az, 2?) satisfies

0
lf =1 faPlep 1, (5 A0) = o+ 21

Set f1 = Aﬁ%z (fo). We have

fg 1 /0fy
. W<E’f0>“f0
1

1+ al2[2]2 + |22 (=z(lal® +2|2]*), a(l — |2]*), (2 + |al*|2]*)) .

fi(z) =

This is a nowhere zero local section of 9§ : S — CP?. Since

2 A 1aPO el
T+ a2 + [<F

Y

we get
AP _ 4P P |l
1fol? (T lall=? + |2]4)?

Yo
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Similarly, the local section fy = A;ﬁi‘( f1) of ¥§ is given by

1
z) = 2lal?|z|?, 4az, 2|al?) ,
and
. L —
AP e+ Y
hence 9
71—*Uﬂ _ AfalP(d A+ [al[2]* + [2[*)

AP @R a1+ [2])?
Let W* = (g, ¢%,45) : S* — Fi11 be the corresponding primitive immersion. The
curvature on S? induced by ¥® from a U(3)-invariant metric on F 11 with parameters

Ao, A1 is given by

2

Kya (09) = —— =
o () AoYo + A

9.0; log(Xov0 + A171)-

We plot the graph (using Mathematica software) of Ky,(¥*) (Figure 3.1)), K;2(0?)
(Figure and K 1 (v*) (Figure for different values of a, as a function of latitude
angle ¢ on S?, that is, taking |z| = cot £, with ¢ € [0, 7].

30 , a=0.8
25F
20}
15— : a=18

S F ‘ - a=1.2
1.0F - —f = — a=Sqrt[2]
05}

0.5 1/0 15 2.0 25 3.0
-05

Figure 3.1: Graphs of Ki,1(0?)

Example 3.1.4. Consider the holomorphic map 1 : S? — G(C®) locally spanned
by fo, 90 : S? — CS, where
VT o1

1 V31, 9 , 9
—z, —=2z",——=2",0), z) =10,1,0,0, —=2, =27).
V2o ayr s O w) = 22"

As observed in [29], this holomorphic map has constant curvature, and its harmonic

fo(z) = (1,0,

map sequence g, 91,1 is nondegenerate, meaning that 1,1 : S? — G5(C"%); more-
over, 1, and 1, are immersions of nonconstant curvature. Hence, by Theorem the
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3.0F — a=08
25F
20f
15F
0 g a=1.2
~—\ | —= a=1.8
o5k tT—— — a=Sqrt[2]
0.5 1/0 15 2.0 2.5 3.0
-05tL
Figure 3.2: Graphs of Ki2(0?)
2L a=0.8
4r
o F—\ ] | — a=18
: ™~ 1 a=1.2
N: ————— a=Sqr[2]
L 0.5 1.0 1.5 2.0 2/5 3.0
-1t

Figure 3.3: Graphs of K, 1 (V%)

1
2

primitive map W = (g, 11,19) : S* — Fh55 has nonconstant curvature with respect

to all U(6)-invariant metrics on Fj o .

3.2 Which invariant metric maximizes the area?

In this section, we address the question of finding the invariant metric on the flag
manifold, under a certain normalization condition, that maximizes the induced area of

S? by a given primitive immersion, and also provide some examples.

Let g : S — G}, (C") be a linearly full holomorphic map, with harmonic sequence
Yo, ..., ¥p. Suppose that the primitive lift W = (¢y,...,1¢,) : S* — Fy, _x, Is an

immersion. For a given choice of U(n)-invariant metric on the flag manifold, we have
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seen that, locally, the induced metric on S? takes the form
p—1
Uty = \ydedz

J=0

The induced area of S? with respect to this metric is given by

1 p—1 B p—1 1 ~
A = Z Jgo )‘j LQ ’}/de A dZ = Wj;o )\j5j> Where 5j = % o ")/de AN dZ. (321)

Under the normalization

AN+ =1,

we can now easily address the problem of finding the invariant metric on the flag
manifold that maximizes the induced area of S2. Consider the vector & = (&, ..., 0,_1)
together with the unit vector X = (Ao, -+, Ap—1), both living in RP. Then, under the
usual inner product (-, -) on R?, the induced area of 2 is given by A = m(X, ). Hence,

the invariant metric which maximes the induced area has parameters
do Op—1

— A=
p—l 52 p—l 52
7=09j =09

Example 3.2.1. Consider a full holomorphic map v : S? — CP?, totally unramified,

Ao =

with primitive lift

U = (o, Y1, 12) S — Fiia.

Since 1)y is totally unramified, it follows from [7, Equation 3.25] that the degree ¢; of
each ; is given by

This is an Einstein metric (see Example [2.4.5]).

Example 3.2.2. Let ¢ : S* — G5(C®) be the holomorphic map locally spanned by

fo=1(1,0,22,22"2*),  go=(0,1,0,2%0).

36



This map is also investigated in [29]. We have

go A fo=(ea ANer)+2z(ea Nes) + 222(62 Aey) + 22(62 A es)

(3.2.2)
+ 2%(eg Nep) +22%(es Aes) + 2 (es Nes).

Taking norm square, we obtain

lgo A foll” = (1 + 22)".

From ([2.3.13]), we obtain,

4

0= 0:0:lo |fo A ol = 0:0:log(1+22)" = 75

Hence 1 : S? — G5(CP) is a holomorphic immersion of constant curvature K = 1.

Next we proceed similarly to find ~;.

The first order partial derivatives of fy and gy with respect to z are given by
0.fo(z) = (0,0,2,4z2,2z), 0.90(2) = (0,0,0,2z2,0) .

Hence,
0,90 N 0. fo = 4z(eq N es) + 42%(eq A es).
Together with (3.2.2)), this gives

Go A foNO.go AN O.fo=4z(er Nea Aes Ney) —4z2%(er Aea Aey Aes)
+42%(ea Nes Aeg Aes).

Taking norm square, yields
lgo A fo A =g0 A D- folI* = 162% (1 + [2]* + [2[*) -

From here we see that the first Gauss bundle ¢; has rank 2, so ¢, : 52 — Go(C?).

Moreover,

1 = 0.0:10g ||go A fo A Dogo A O foll?
= 0.0:1og (1 + |2> + |2[*)
L+ |22 (4 + [2%)
(L4 [22(1 + [2]2)*

This shows that 17 is not of constant curvature. Observe also that 1; is not antiholo-
morphic, otherwise v, would be zero; hence the second Gauss bundle s must have

rank 1.
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We have

& r
0 = — dz Ndz = ——dr =14 2.
0= 5 g YodZ N dz 8/0 ETSE r (3.2.3)
and
1 (1 +4r2 + 1)
0 = — dzNdz =2 dr = 2. 3.24
b 2mi g s e /0 (14724 rt)2 " ( )

Now, let W = (¢bg, ¥1, 1) : S* — Fy1 be a primitive lift. From (3.2.3) and (3.2.4),
we see that, under the normalization A3 + A} = 1, the metric U*g = (Agyo + A1y1) dzdz
which maximizes the area of S? is given by \g = \%, A = \/Lg This is an Einstein
metric (see Theorem . The curvature on S? induced by ¥ from an invariant

metric on [y, is given by

2

K V)= ——
o (T) AoYo + A

0,0z 1og(Aovo + Aim)-

Figure [3.4] shows the graph of K%%(\P), K%%(\D) and K%%(\P) as a function of

the latitude angle ¢ on S, that is, taking |z| = cot £, with ¢ € [0, 7].

w

0.8¢ 7 N K_{2/Sqrt[5],1/Sqrt[5]}

j K_{1/Sqrt[2], 1/Sqrt[2]
0.6}

K_{1/Sqrt[5],2/Sqrt[5]}

0.5 1.0 1.5 2.0 25 3.0

Figure 3.4: Graphs of K 1_

1
V2'V2

(V)

2 1
NS

Example 3.2.3. In [16], the authors found an interesting example of a constant curved

holomorphic immersion 1 : S — G5(C?) of degree §, = 6: this is locally spanned by
fo= (1,0, —V622, 225, —3z4> , go = (O, 1, \/62,3z2,423> :
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We have,

foANgo=(e1 Nex) + \/éz(el Aes) +32%(e; Aey) +423(er ANes) — \/62'2(63 A es)
— \/624(63 Ney) — \/625(63 Aes) —22%(es Ney) + 28(es Aes) — 32%(es A eg).
(3.2.5)

Taking norm square yield us,

1fo A goll” = (1 + 22)°.

From ([2.3.13]), we obtain,

6

0= 3:0:Yog Lfo A gol* = 0.0:Tog(1 +22)° = (7~

This implies that, ¥ : S — G3(C®) is a holomorphic immersion of constant curvature

K= % Next we proceed to compute ;.

The first order partial derivatives of fy and gy with respect to z are given by
8, fo(z) = (0,0,—2\/62, —6z2,—12z3> L Buge(2) = (0,0,\/6, 6z,1222> .

Hence,
0.fo N O.g0 = —6\/622(63 Aey) — 12\/623(63 A es)

Together with (3.2.5)), this gives

6sz N azgo VAN f() VAN Jgo = —6\/622(61 N eg A €3 VAN 64) + 12\/62’5(61 A €3 Neg N\ 65)
+ 6\/62’6(62 NegAegNes)— 12\/623(61 Nes NesAes).

By taking norm square, we obtain
190 A Dugo A fo A ol = 216]2[* (1 + 42 + 4z + |=F).

From here we see that the first Gauss bundle 1, has rank 2, so 1, : 5% — Gy(C?).

Moreover,

= 0.0:10g (|0 fo A D-g0 A fo A gol|?
= 0.0:log (1 + 4]z|* + 4]2[° + |2]*)
A+ 902" +2002]° + 9z[° + [2]'?)
(14 4f2[> + 4|2]° + [2[*)?

We can see from the above equation that 1, is an immersion of nonconstant curvature

and 1); is a non antiholomorphic vector bundle, so v, : S? — CP* is antiholomorphic
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vector subbundle of rank 1 and 7, = 0. Again, the primitive map U = (g, 11, %) :
S? — F55; has nonconstant curvature with respect to all U(5)-invariant metrics on

Foo1.

Since dy = 6, and to compute d;, we have

dr = 4. (3.2.6)

1 “r(l+ 9r* 4+ 20r% 4+ 98 + ri?)
0 = — dz Ndz =8
Y7 omi g2 maz A ez /0 (14 4r2 + 476 + 18)2

Under the normalization A} + A\? = 1, the metric which maximizes the area of S? has
parameters \g = \/%—3, A= \/Lrg This is not an Einstein metric (see Theorem [2.4.4)).
Figure shows the graphs of the curvature K, », (V) for different values of A, A, as

functions of the latitude angle ¢ on S2.

15
K_{3/5,4/5)

K_{1/Sqrt[2],1/Sqrt[2]}

10 \ K_{3/Sqrt[13],2/Sqrt[13]}
0.5 '

0.5 140 1.5 2.0 2.5 3.0

Figure 3.5

3.3 Primitive harmonic immersions of constant curvature of

a simply connected surface.

In this section our aim is to generalize Corollary to primitive harmonic immersion
of a simply connected Riemann surface, not necessarily closed. The technique intro-

duced by Q.-S. Chi and Y. Zheng [13] will play an important role in this generalization.

Let M be a simply connected surface and vy : M — CP"™ be a full holomorphic
curve. Let U = (¢, ...,%,) : M — Fy 1 be the corresponding primitive map, which

n+1
is assumed to be an immersion, and o; : M — CP<J‘+1)_1 be the j-th osculating curve
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of 1p. On the full flag manifold Fy__;, we fix an invariant metric g = ds% such that

n—1
U*dst = Z kjvjdzdz, where each k; is a positive integer. (3.3.1)
=0

Observe that any Einstein metric on Fy__; gives (3.3.1). From (2.3.16)), v; = 0,0: log ||7;]|?,

where 5j2 is nonzero section of o;.

We define n : M — CPY, by
n=ocP o ®. . . @dn

where
N=L{. L' -1, with L; = ("),

n—1 J G+1

Here we are denoting

k"
0 =0;Q...8 0y,
~—_———
k; times

for each j € {0,1,...,n — 1}. Notice that the map n is holomorphic, because this map

is defined as a tensor product of holomorphic osculating curves.

Lemma 3.3.1. Under the above assumptions,
n*dstpn = Wdsy,

where ds?.,n stands for the Fubini-Study metric on CPN.

Proof. Let 7 : C — CN*! be a local lift of the map 7 of the form

o ~ ko ~ k1 ~kn—1
nN=o0, ®o; Q...00," 1,

where, for each j, 6; : C — C% is a nonvanishing local section of the osculating curve

oj. Taking norm square yields
171* = G0l .. . 1Gu—1 .
Then
0.0 log ||71||* = ko0.0zlog ||Gol|* + - . . + kn_10.0:1og |5
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By (2.3.16)), we conclude that

n—2

Wdsgpn = Y kyy; = Udst.

Jj=0

Theorem 3.3.2. Let M be a simply connected Riemann surface and g : M — CP™
be a full holomorphic map, with n > 1. If the lift

U= (1/}07 R 7¢7L> c M — FL""l

18 a primitive immersion of constant curvature with respect to at least one invariant
metric on Fy__1 of the form (3.3.1)), then W is locally congruent with the Veronese

primitive map.

Proof. Assume U has constant curvature K with respect to at least one invariant
metric of the form ; then, by Lemma , the holomorphic map 7 has constant
curvature K. Hence, by E. Calabi’s result, n is locally unitarily equivalent to a portion
of the Veronese map V. Now, take local nonvanishing holomorphic sections o; of o},

with 7 € {0,...,n — 1}, such that 7 is locally spanned by

~ ~k ~k ~kn_
77:0—0()@0—11 ®...®O_nill7

and
= AVy (3.3.2)

for some constant A € U(N), where Vy is the standard section of the Veronese map.
For each positive integer m, set [m] = {0,1,...,m — 1}. Denote by (¢;); the i-th
component of 7;, with ¢ € [L;]. Comparing components of both sides of (3.3.2)) we get,

for each multiindex
I = (i3, ... af0 it i3, o il ) € [Lo)™ x [Lh])™ x ... x [Lna)®™,  (3.3.3)
the following

(M)r = (60>i3<&0)i3 o (G0)k0 (1)1 (G1) 2 - - (6-71*1)7:]‘%71 = PI(Z), (3.3.4)

’LO 1 1 n—1
where P! is polynomial in z. We assume, without loss of generality, that (6;)o is
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nonvanishing for all 7. Then

(5_j)l - (5‘0)180 o (5j_1)§j71(5-j)l(5-j)’(§j71(5-j+1)(’;j+1 o (&n_l)lgn—l B P35 (3 5 5)
_ - - —, 3.

0 5 = kj—v~ \kj(~ 1 ~ Fer— ,
(5)o (G0)8 . (55-1)0 (6,0 (Gj41)0" " -+ - (Far ) P05

where (I, j) is the multindex of the form (3.3.3) with i; =1 € [L;] and all the other
slots equal to zero. Observe that (0, j) = 0. The equality (3.3.5) implies that

Y

Fi = (75)o (pI(OJ) pI(IJ) pI(QJ) PI(Lj_lzj))
j PO .

hence

|51 = (3.3.6)
le[Ly]
Observe also from (|3.3.4))
PP =TT 1ol (3.3.7)
JEM]
From (3.3.2) we have
171> = | AVN|I* = (1 + 22)". (3.3.8)
On the other hand, from - and -
7l1* = ||5’o||2k°- 1G5 ]|
— I ki (3.3.9)
_|p6’2k0+ Akn_1—1) H(ZIP 7 ) :
Jj€n] le[Ly]

Equating (3.3.8]) and - we obtain
_ o\ K
(1+ zz)N| POttt = TT ( > \PIWP) (3.3.10)

j€ln]  le[Ly]

Both sides of (3.3.10)) are polynomial functions in z and z. Since C|z, z] is a unique

factorization domain and (1 + zZ) is irreducible in C|z, z], it follows that, for each

j € [n],

Z |P1(l,j)|2 = G,z 2)(1+ 2z)Ni (3.3.11)

le[L;]

for some nonnegative integer N;, where G; is a polynomial function in z and Z not
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divisible by 1 + zZ.

Each G} is real since the remaining terms in equation (3.3.11f) are real. On the other
hand, observe that (3.3.10|) and (3.3.11)) give

(1 + 22)N| PORtotthn=1) — (1 4 pz)koNotecthamaNacrGho(y 2y | GRn1 (4 5),

Since PV is holomorphic (polynomial in z), the factor 1 4+ zZz does not divide |P6|2,

consequently
‘P6‘2(k0+.,.+kn_171) = Gr(z,7)...G" (2, 2). (3.3.12)

It follows from (3.3.12)), together with the reality of G;, that G;(z,2) = |h;(z)]* for
some polynomial h;(2) in z. Hence, from ([3.3.11]),

ST IPTED2 = [y () P(1 4 22). (3.3.13)

le[Ly]

From ({3.3.6) and ((3.3.13]) we have

6511 = [H;(2)[*(1 + 22)™ (3.3.14)

where H; is the holomorphic function defined by

Since, for any holomorphic function H,

0:0:log |H(2)[* = 0,

from (3.3.14]) we obtain
N N;
v; = 8.0:log||5,]1> = W (3.3.15)

Taking j = 0, this shows that iy has constant curvature, then it is locally congru-
ent with a Veronese map. This shows that ¥ is locally congruent with the Veronese

primitive map. [
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Chapter 4

Classification of primitive immersions of constant
curvature into flag manifolds

In this chapter, we classify primitive immersions of constant curvature from the two-
sphere S? into the low dimensional flag manifolds Fy, 1 and Fy5;. Our methods involve
harmonic sequences and harmonic diagrams, as developed in [10] [44], and the gener-
alization of the notion of absolute value type function [21], B35 41], which we called
generalized absolute value type function. We start by describing some constructions of
new primitive immersions of constant curvature from existing ones. Such constructions
will enable us to reduce our problem to the classification of primitive immersions of con-

stant curvature which are lifts of full harmonic maps from S? into the Grassmannians
G2(C*) and Go(C?), in the sense of Remark [2.4.2]

4.1 Homogeneous projections and adding constants

In this section, we discuss the construction of new primitive immersions of constant

curvatues from existing ones.

Let ¢g : M — Gy, (C") be a linearly full holomorphic map. Consider its harmonic

sequence ¥y, ..., 1, and the corresponding primitive lift

V= (’QD(), c. ,@ZJp) M — Fko,...,k’p-

For a given choice of numbers 0 < ¢y < ... < q_1 < q = p, define the homogeneous
projection
Il Frg,..kp, — Fro g,

by
(v, ..., 0p) = (¥°, ..., 9",

where, for each j € {0,...,l}, setting ¢ = —1,

kj = kqj—l“l'l Tt ij7 z/}j = wqj'—H-l S...D wqj. (411)
The following provides a generalization of Theorem (3.1.1}
Proposition 4.1.1. Let vy : S — G1,(C") be a linearly full holomorphic map, with
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harmonic sequence by, . ..,¥,. If the primitive lift W = (g, ..., 1,) : S? — Fro,...k,
is an immersion and there exists at least one U(n)-invariant metric on Fy, . i, with

respect to which U has constant curvature, then U = oW : §2 — Fio 1 18 a primitive

immersion of constant curvature with respect to all U(n)-invariant metrics on Fyo .

Proof. For 17 defined by (4.1.1)), observe that the second fundamental form
A;pj L — ()

is given by:
Aiﬁj (U) = ;/’qj' o) 7qu (U),
where 7, is the Hermitian projection onto 1,.. Hence the image of A;w- is contained
in Y41 C Y71 which means that ¥ = II o ¥ defines a primitive map into Fro -
Moreover, in view of ([2.3.6)), we have
I 1\ * 1 I *
tr A (AW') =trA qj( %j) = Yq;- (4.1.2)
By Theorem [3.1.1] each ;, with j € {0,...,p — 1} is an immersion of constant
curvature and constant Kéhler angle. This implies that each function ~;, on a local
l+zjz
U(n)-invariant metric g on Fio . By (2.4.3) and (4.1.2)), on a local complex chart
(U, z), O*g = Zé;t AjVq;dzdZ, for some positive numbers A;, with j € {0,...,1 — 1}.
Then

chart (U, z), takes the form v; = T for some positive constant «;. Now, take any

U*g = —)\j% dzdz
g (1+22)?
which implies that ¥ is an immersion of constant curvature. O
Given a primitive map ¥ = (¢, ...,1,) into Fy....k,, We describe three other pro-

cesses of obtaining new primitive maps from W:

Remark 4.1.2. Given a primitive map ¥ = (¢y,...,1,) into Fy, . x,, we describe

three other processes of obtaining new primitive maps from W:

1. Adding a constant. The smooth map V&, C™ = (¢, ..., ¢, &C™, ... 1),) defines

a primitive map into Fy, k. 4+m.. .k

HKkp*

2. Adding a primitive map. More generally, let ® = (o, ..., p,) be another prim-

itive map into Fy, s . Then ¥ & & = (Yo & @0, ..., ¥, ® p,) is primitive map

Sp*

into Fk0+so,...,kp+sp-

8. Shifting. TV = ({p, o, ..., p—1) defines a primitive map into Fy, x,....k

p—1°
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4.2 Primitive immersions into Fy

In this section, we classify primitive immersions of constant curvature from S? into
the flag manifold F5;;. These primitive immersions are associated to full harmonic
maps from S? into the complex Grassmannian Go(C?) of isotropy order r > 2. We also

compare our results with [41] and find consistent.

Theorem 4.2.1. Let 1)y : S? — G2(C*) be a linearly full harmonic map of isotropy
order v > 2, with first and second 0'-Gauss bundles 1y and 1y, respectively. Assume
that the primitive map W = (g, ¥y, ) : S* — Fy11 is an immersion. If there exists at
least one U(4)-invariant metric on Fy ;1 1 with respect to which U has constant curvature,

then W s unitarily equivalent to one of the following curves:

L0y = (V5 & VP, V3, Vi),
2. Uy = (VE® C, V2 VY (taking C* = C3* @ C);

3. Wy = (V5 @ Vi, VP, V).

For a U(4)-invariant metric on Fy; 1 with parameters Ao, A1, A2, using the notations of
(2.4.3), the metrics induced by Uy, Uy and Vs, respectively, have curvatures

4 9 4
- KU = —" K(T) = .
AN + 3N (%2) Mo+ A (%s) 3\ - 4\ + 3\,

K(¥,)

In the case r = 0o, the map WV is locally congruent to either Wy or Wy, otherwise it is

locally congruent to Vs.

Proof. By dimension constraints, either r» = oo or 2.

Suppose that 1y is holomorphic, i.e., r = co. Since ¥ has constant curvature with
respect to at least one U(4)-invariant metric on F5;, then U has constant curvature
with respect to all U(4)-invariant metrics on Fy;; and each 1; is an immersion of
constant curvature (see Theorem [3.1.1)). The fundamental harmonic diagram for this
case is the following:

Yo — Y1 — Py

I

with rank )y = 2 and rank ¢y = ranky, = 1. Set fy = @Aipo and f; = fi- N, It is
well-known that f, = kerAj, is a holomorphic subbundle of v [10, Proposition 2.2].
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Thus, the fundamental diagram admits the following refinement:

i— fo—f3

T

Jo . (4.2.1)

Here we are denoting fo = 11 and f3 = 1)5. In this diagram, the horizontal arrows are
nonzero, otherwise 19 would not be linearly full. Now, if the vertical arrow is nonzero,
then fy : S? — CP3 is a linearly full holomorphic map. Since f; = 1; has constant
curvature, then, by [T, Theorem 5.4], fo is unitarily equivalent to the Veronese map
Vi, and, consequently, ¥ is unitarily equivalent to ¥y = (V3 @ V3, V33, V). Since, by
Theorem [2.3.13]

3 _ 4 3 _ 3
= (1+22)% e (14 22)?
the metric induced on S? by ¥ is
4M\ + 3A
* 2 _ 1 2 —
qjldSFQJJ = dedZ,
and the corresponding curvature is given by
4
K(U,))=——7—.
)= e

Now, if the vertical arrow vanishes, then f; is a constant one-dimensional complex
subspace, which we denote by C, and the diagram (4.2.1)) becomes

i— fo—f3
C

In this case, f; is holomorphic and linearly full map from S? into CP2?. Again,
since fo = 1, has constant curvature, then, by [, Theorem 5.4], f; is unitarily

equivalent to the Veronese map V{, and, consequently, W is unitarily equivalent to

Uy = (V@ & C, V32 V). Since

2
2 _ .2 _
To =M (1+ 22)2
the induced metric is given by
2N+ A1)
* 2
Widsy,, , = —<1 =R
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and the corresponding curvature by

2

K(W2) = 3=

Suppose now that 1y has isotropy order » = 2. We have the following fundamental

harmonic diagram

.
¢0 — 101 — ¢2 (422)

with ranky = 2 and rank; = rankty = 1. Observe that we cannot apply here
Theorem to conclude that each v; has constant curvature, because 1)y is not

anymore holomorphic.

In (4.2.2)), the backward arrow is nonzero, because 1y has isotropy order r = 2. Set
fo = kerA) and fi = fg- Ny, so that ¢y = fo @ fi1. By [10, Proposition 2.2], we

know that fo = kerA;, is a holomorphic subbundle of 5. Hence, we have the following

refinement of (4.2.2)):

h— fa— 3
TJ
Jo

By Proposition [2.3.10 the smooth map f; : S? — CP? is harmonic. If all the arrows

in this diagram are nonzero, then f; : S* — CP? would be a harmonic map of finite

(4.2.3)

isotropy order, which we know to be impossible due to the topology of S? (see Remark
2.3.11)). Hence, in (4.2.3)), the vertical arrow from fy to fi; must be zero, and we get

hi— fo—f3

o/

In view of , the metric induced on S? by U3 = (fy & f1, fo, f3) from the
invariant metric on F5;; with parameters A\g, A1, Ay is equal to the metric induced
on S2 by U = (f1, f2, f3, fo) from the metric on F ;1 with parameters Mg, A1, A2, As,
regardless of the value of A3 > 0. Hence ¥ is an immersion of constant curvature. By
Theorem , we conclude that fo = 1)1 has constant curvature, then, by [7, Theorem
5.4], fi is unitarily equivalent to the Veronese map V;’, hence fy is unitarily congruent
to V3, and the result follows. O
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Remark 4.2.2. A careful inspection of the proof of Theorem[4.3.4shows that any other
primitive immersion ¥ : S? — F5 11 of constant curvature with respect to at least one
U(4)-invariant metric on Fb;; can be obtained from Veronese primitive immersions
by operating with homogeneous projections, adding constants, adding primitive maps,
and shifts. For example, in diagram , the case where the arrows fy, — f; and
f2 = f3 vanish leads to the primitive immersion into F5;; of constant curvature given
by Uy & Wy, where ¥; = (Vi', V1, 0) and ¥y = 720, = (V1,0, V).

Proposition 4.2.3. More generally, suppose that

U = (Yo, Y1, ooy Y1) 1 S* = Foq, 1

is a primitive immersion of constant curvature with respect to at least one U(n)-
invariant metric on Fy; 1, where 1 : S? — G9(C") is a linearly full harmonic map
of isotropy order r > n — 1, with harmonic sequence {1;};cz. By straightforward

extension of the previous proof, W is unitarily congruent to one of the following curves:

1. \111 — (‘/E)n_l D ‘/177,—1’ ‘/271—1’ . ‘/7:1—11)7
2. \112 = (‘/071—2 S C> ‘/ln_Qa R Vg—_;);
3. Uy = (Vo e Vo vyl V).

In the next two remarks, we will compare our result with the results of [41].

Remark 4.2.4. In [41, Theorem A], the authors provided a complete classification
of holomorphic immersions of constant curvature K from S? into G5(C*). Any such
immersion ¢y : S? — G5(C*) is unitarily congruent to one of the following minimal

immersions (locally spanned by fy and g, in terms of the canonical complex coordinate

zon C=5%\{0}):

1. fo=1(1,0,2,0) and go = (0,1,0,0), with K = 4. This holomorphic immersion is

not linearly full.

2. fo = (1,0,22cos2t,v/2zsint) and gy = (0,1,v/2zcost,0) for some t € [0,7),
with K = 2. Clearly, v is not lineally full if ¢ = 0, so we take t € (0, 7).

Straightforward computations show that

= 9,05 10g || fo A g0 = ——;,
Yo g||f0 go|| <1+22)2

which confirms that 1y has constant curvature K = 2, and that
1 fo A go A O.fo A D.gol|” = 2sin® t cos® .
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Hence the first Gauss bundle 9, of 1y has rank 1 if ¢ = 7 and it has rank 2

otherwise. For ¢t = 7, we have fo = Vi and gq is constant, hence 1y (with ¢ = )

generates the primitive lift Wy of Theorem [4.2.1

3. fo=1(1,0,4/32%0) and gy = (0,1,+/8/3 2,1/1/3 2), with K = %. A straightfor-
ward computation shows that

”fO A 9o A asz A az90”2 = 4|Z’2
Hence the first Gauss bundle of ¢ has rank 2.

4. fo=1(1,0,22%v/32%) and go = (0,1, /322, 2z), with K = 1. Consider the Pliicker
embedding ¢ : G(2,4) — CP®. A straightforward computation shows that, up to

unitarily congruence,

voyg=1o (Vg ®Vy).

Hence 1)y generates the primitive immersion W, in Theorem (4.2.1]).

Remark 4.2.5. In [41], Theorem B, the authors provided a complete classification for
constant curved minimal immersions ¢, : S* — G5(C*) which are neither holomorphic
nor antiholomorphic. Any such immersion is unitarily congruent to one of the following

minimal immersions (locally spanned by fy and g, in terms of the canonical chart
(U07 Z>>:

1. fo(z) = (1,2,0,0) and go(z) = (0,0, 1, ), with K = 2. This minimal immersion
has second 0'-Gauss bundle ¢, = {0}.

2. fo(z) = (1,v/22,22,0) and go(2) = (22, —v/2%,1,0), with K = 1. This minimal

immersion is not full.

3. fo(z) = (1,V32,V32%2%) and go(z) = (23, —V/32%,V/3z,—1), with K = 2. This
is precisely ¥y = V@ ® V3, and its harmonic sequence yields W3 in Theorem 4.2.1}

4. fo(2) = (1,V32,v32%,2%) and go(2) = (V372 2(22 — 2),1 — 22%,/32), with
K = 2. We have

1 fo A go A D2 fo A D.goll” = 9(1 + 22)°.

Hence the first ¢’-Gauss bundle has rank 2.

From Remarks [4.2.4] and 1.2.5 we conclude that our results are consistent with the

classification results in [41].
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4.3 Primitive immersions into F9;

In this section, we will discuss the classification of all primitive immersions of constant

curvature from S? into the flag manifold Fyoi1.

Theorem 4.3.1. Let ¥ = (g, 1,10) : S* — Fonq be a primitive immersion of
constant curvature with respect to at least one U(5)-invariant metric on Fy541. Here
VYo : S — Go(C) is a linearly full holomorphic map with first and second &'-Gauss

bundles 11 and 1y. Then, W is unitarily equivalent to the curve
(Vi @ Vy, V2 V' VY (taking C® = C3 @ C?). (4.3.1)

For a U(5)-invariant metric on Fy o1 with parameters Ao, A1, A2, using the notations of
(2.4.3), the metric induced by ¥ has constant curvature K (V)

-4
T 3X0+2M1

Proof. Suppose that W = (1)g, 11, 12) has constant curvature with respect to at least
one U(5)-invariant metric on Fpo 1. Since 1) : S? — Go(C?) is holomorphic, then by
Theorem U has constant curvature w.r.t all U(5)-invariant metrics on F5 9 and

each 1; has constant curvature. We have the following fundamental harmonic diagram

1?0*”/11*”%,

with rank 1y = rank ¢y = 2 and rank ¥y = 1. Now, define the line subbundles

fo = ker A}, fs=f3 N, fi = ImAY |, fo=fi" N, fo=1ImA), .

Then we have the following refinement of the fundamental diagram

i— fs— fa

[N

Jo— b (4.3.2)

where g = fo ® f1, V1 = fo ® f3 and ¥ = f4. Due to our assumptions on the
harmonic sequence g, Y1, 15, all the horizontal arrows are nonzero. Observe that f3
and fy are linearly full harmonic maps in CPP?, for some p € {2,3,4}. On the other
hand, since ¥, = f, has constant curvature, fs, f1 : S> — CP? belong to a Veronese
sequence: f3 = V;,p_l and fy = VP, up to unitary congruence. We analyze these three

cases separately.
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Case p = 4. We have

f14>‘/34*>‘/44

[N

fo— 15 | (4.3.3)

Now, take the composition of 1y with the Pliicker embedding of G5(C?) < CP? to
obtain a holomorphic map oy : S?* — CP?. Since v has constant curvature, then
0o also has constant curvature and it coincides, up to unitary congruence, with the
Veronese map in CP¥, for some k € {1,...,9}. Let 6o : C — C*¥ be a holomorphic
local section of gg. Without loss of generality, we assume that &y is nonvanishing,

|60(0)]| = 1 and that its components are holomorphic polynomials. Then

160]|> = (14 22)"  for some k € {1,...,9}. (4.3.4)

Consider the local section vy = (1,22,v/62%,223,2%) of V. In view of (£3.3), we

have
fo® hi® fo=Vg & Vi @V = span{vg, d.vo, Pvo};
hence
G0 = Py (vo A O,v9) + P (vo A (322}0) + P, (azUo A afvo) (4.3.5)

for some polynomials Py, Py, P;. Consider the local sections v; and vy of V' and V3,
respectively, defined as in (2.3.11)). From (|2.3.20]), we have the following

4z 2z

az == 3 az -
Vo = V1t g2 e =

1. (4.3.6)

By using (4.3.6)), after straightforward computation we deduce that

6z 1222

vy = — T o3
Vo = U2 + (1+22)U1+ 1+ 22

Vo-

Hence,

Uo/\azl)() = Vo /\’Ul, ’U()/\agvo = 7?]0/\1)1 —I—Uo/\l)g
1+ 22

1222 z

1+ 22)2

82110/\831)0 = — UQ/\UQ+U1/\UQ.

4
(1+22)
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Replacing these formulas in (4.3.5)), we obtain

zP, 1232P,
5‘0 _ <P0 6z 1 VAN 30))

4z P,
A P. N P A V.
+1—|—22 (1+zz)2>vo ot B U2)+( o )UO "

1+ 2z

Taking the norm square (recall that vy, vy, v9 are mutually orthogonal)

2

6zP, 1222 P,

.2 20 112 2 2 12
~|p P
foul? = P+ 22+ ZE ol + P o s
ep, 2 (4.3.7)
P ) 2 llnll2
s Y
From Theorem 2.3.13] we know that
ol _ o 4 ol o 6
lol> 7 (X + 2227 ol T (14 22)?
Together with (4.3.7)), and since |[vg||? = (1 + 22)*, this gives
160]|> = 4| Py (14 22)° + 62(1 + 22)* P, + 122(1 + ,zz)PQ|2 (43.8)
+96[(1 4 22) Bof* + 24| (1 + 22)2 P, + 42 (1 4 22) B . -
Combining [E3) and ([E33)
(14222 =4|Py (1 +22)° + 62(1 + 22) P, + 1222P2\2 (43.9)

196 |Py|* + 24 |(1 + 22) P, + 42P,]7 .

The case k = 1 is impossible, because the right-hand side of (4.3.9) is polynomial in
z,z. For k = 2, equation (4.3.9) yields

1=4|P (1 + 22)% + 62(1 + 22) P, + 122°P,
+ 96 |Py|* + 24 |(1 + 22) P, + 4ZP,|”.

| 2

From this we see that the three adding terms on the right-hand side must be bounded.
But this occurs if, and only if, all the polynomials Fy(z), Pi(z) and P(z) are zero,

giving a contradiction.

Suppose that k > 2. Recall that C[z, z] is a unique factorization domain and (14 22)
is irreducible in Clz, z]. Observe that if we expand the right-hand side of (4.3.9)), all
the terms except

| Po|? (96 + 38427 + 5762227)

are divisible by (14 zZ). Since, for k¥ > 2, the factor (1 + 22) divides the left-hand
side of ([&3.9)), it must divide |Py|* (96 + 3842% 4 576222%) as well. But P, is a holo-
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morphic polynomial, hence, if P, # 0, |P,|* is not divisible by (1 + zZ); moreover,
(96 + 3842z + 576222%) is not divisible by (1 + zz). Hence, we must have P, = 0. In
this case, equation (4.3.9) simplifies to

(1+22)" ' =4|Py (14 22) + 62P,° + 24| P, . (4.3.10)

From the equation (4.3.10)), observe that for & = 3 the left-hand side is no longer a

polynomial, whereas the right-hand is polynomial. Therefore, k£ = 3 is not possible.

For k = 4, equation (4.3.10]) yields
1 =4|Py(1+22) +6zP|* +24|P,* .

From this we see that both terms | P;|* and | Py (1 + 2Z) + 6ZP;|* on the right-hand side
must be bounded. But this occurs if, and only if, the polynomials Fy(z) and P;(z) are

both zero, giving a contradiction.

For k > 4 we must have P; = 0 by applying the similar arguments as those used to

show that P, = 0. Consequently, 6o = Fy (vg A v1). This implies that
Yo=fo® fr=V oV,

which leads to the following refinement of the diagram (4.3.3))

i Vi —
I\
‘/04 V4

(4.3.11)
Here the first 9’-Gauss bundle of 1 is V3!, leading to a contradiction, since we are
assuming that the first @’-Gauss bundle of vy has rank 2.

Case p = 3. Let us consider the case f3 = Vi3. The diagram (4.3.2]) will then take

the following form

1—>V3*>V3

[N

fo— f2

(4.3.12)

Again, by taking the composition of vy = fo ® fi with the Pliicker embedding of
G5 (C%) — CP? we obtain a holomorphic map ¢ : S* — CP?. Since 1)y has constant

curvature, then oy also has constant curvature and it coincides with the Veronese map
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in CP*, for some k € {1,...,9}. Let 65 : C — C'° be a holomorphic local section

of og. Without loss of generality, we assume that ¢ is nonvanishing, [|oo(0)| = 1
and that its components are holomorphic polynomials. Then (4.3.4) holds, that is,

160]|2 = (14 22)" for some k € {1,...,9}.

Consider the orthoghonal decomposition

C°=V¢ @ VP e V) @ V) @spanfe},

where e = (0,0,0,0,1). Consider the section vy = (1,v/3z,v/32%,2%,0) of V}, and let
vy, vo and v3 be local sections of V2, V32, and V33, respectively, defined by (2.3.11]).

Observe that 6 is a section of
span{vg A e,vg A O.vg, Ozv0 A €}
Hence,
a0 = Po(vo A 0,v0) + Pi(vg A €) + Py(0,v0 N e),

where Py, P, and P, are polynomials. Since, in view of ([2.3.20)),

3z

0,v9 =
Vo U1+1+22

Vo,

from (4.3.13]) we get

. 3z
O'OZPO(UQ/\U1>+ <P1+mpg> Uo/\6+P2(U1/\€).
Taking the norm square,
3z ?
~ 2 2 2 2 2 2 2
160" = [Pol™ [lvoll™ fJvs[|” + |1 + ) +22)P2 [[ooll™ 4 [P flua]”-

For vy = (1,v/32,v/32%,2%,0), we have
lvoll® = (1 + 22)*;

and Theorem [2.3.13| gives

2
ol _ o3
O (14 22)%

=
lvoll

Hence, from (£.3.15), and the fact that ||6o]|*> = (1 + 22)", we have

(4.3.13)

(4.3.14)

(4.3.15)

(14 22)" =3|P|> (1 4 22)" + | Py (1 4 22) 4 32P5* (1 + 22) + 3| P[> (1 + 22),
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for some k € {1,...,9}, hence

(1422 =3|R)> (1 +22)° + |PL (1 + 22) + 32P, + 3| | (4.3.16)

For k = 1, this equation simplifies to
1=3|Py)* (1 +22)° 4 |P, (1 + 22) + 32P,|" + 3| P2|* .

Again, the three terms on the right-hand side must be bounded, and this forces a

contradiction. So we have k > 2.

For k > 2, we see from (£.3.16) that (1 + zZ) must divide |P|*. But P, is a polyno-
mial in z, hence |P,|* is not divisible by (1 4 zZ), unless P, = 0. Substituting this in

(4.3.16)), we obtain
(14222 =3|R|* (1 + 22) + | P,|*. (4.3.17)

From (4.3.17)), we see that k > 3, because the right-hand side is polynomial. If k& > 3,

then P, = 0 with the similar arguments given above to show that P» = 0. Thus,
60 = Py (v Awvy), hence 1y = fo & f1 = V2 @ V3. This implies that the first 9’-Gauss

bundle of ¥y has rank 1, which is a contradiction with the hypothesis of our theorem.

For k = 3, equation (4.3.17)) yields
1= 3IRP (14 23) + [P

Since both adding terms on the right-hand side must be bounded, we see that Fy = 0
and P, is a constant polynomial. Replacing Py = P, = 0 in (4.3.13)), we get 09 =
Py(vo A e), hence 1hy = V @ spane. In this case, we would have ¢ = V3, which has

rank 1, leading to a contradiction with our assumptions.

Case p = 2. Let us consider the case f3 = V. The diagram (4.3.2) will then take

the following form

fL— Vg — VP

[N

0*>f2

(4.3.18)
We take the orthogonal decomposition C° = C* @ C?, with

63:%2@‘/12@‘/22-

57



Since there is no arrow from fy to V%, we see that fy has zero component along V2,
hence fy is a holomorphic line bundle in C?. Let gy : C — C? be a local holomorphic
section of fy, and consider the section vy = (1, V22,220, O) of V. Observe that gq is

not constant, otherwise the first 0’-Gauss bundle of 1y would have rank 1; then

C? = span{go, 9.90}

Use the Pliicker embedding of G5(C?) < CP? to obtain a holomorphic map oq : S? —
CP°. Let 64 : C — C!% be a holomorphic local section of oy. Denote by e a constant
unit vector spanning the image of C? under the Pliicker embedding. Without loss of
generality, we assume that ¢ is nonvanishing and that its components are holomorphic

polynomials.

We have
6'0 = P() (UO VAN g()) + Ple, (4319)

for some polynomials Py and P;. Since vy = (1, V22, 22,0, O), then HUOH2 =(1+ 22)2.

Taking the norm square in the above equation, we obtain
60l = 2ol l[vol* lgoll* + [ Pr* = (1 + 22)* | Po|* | gol|* + | P2 [* (4.3.20)

On the other hand, since 1)y has constant curvature, then ||6¢||*> = (1 + 22)* for some
ke {1,...,9}, hence

(14 22)" = 1+ 222 P |l9o|l* + | 1) - (4.3.21)

Hence |P;|* must be divisible by (1 + zZ), which implies P, = 0. Replacing this in
([4.3.19) gives ¢ = Py (vg A go), therefore 1y = fo @ f1 = fo ® V§, implying f; = V2,
and this gives the following refinement of the diagram (4.3.18|)

G

fo—t . (4.3.22)

Replacing P, = 0 in (4.3.21]) we see that

(14 2zz)+2

2 _
I TAE

Hgo

o8



Hence
k—2

0,05 lo 2o T
which implies that fo has constant curvature, hence fy = V!, up to unitary congruence.
We conclude that

U= (e Vg, W e VL),

The induced metric from the flag F, 5 ; and the corresponding curvature are then given

as follows:
: B 3o + 2\ 4

Urdst, =S FEM gy
Pz (1+22)2 () 3o + 2\

]

Remark 4.3.2. Let 1)y : S* — G2(C®) be a linearly full holomorphic map whose

harmonic sequence g, Y1, 15, 13 gives rise to a primitive immersion

U = (o, ¥1,2,93) : S* = Fhoia

of constant curvature with respect to at least one U(6)-invariant metric on Fho1;.
Then the proof of Theorem can be straightforwardly adapted to conclude that ¥

is unitarily congruent to the following curve
(Vo @ Vy, VP @V, vy, V3).

However an open question remains corresponding the flag F5 9 5.

In the following remark, we will compare our result with [33].

Remark 4.3.3. In [33] Theorem 4.2] and [34], the authors classified all nonsingular

holomorphic curves from S? into Go(C®) with constant curvature. They showed that

4 4
7§a175'

results with our Theorem [£.3.1] It is easy to check that the curves in [33, Theorem

4.2] with constant curvature K = 4 and K = 2 are not linearly full. Moreover, the

the possible values for the constant curvature are 4,2 Next we compare their

curves with constant curvature K = % and K = 1 have the first ¢’-Gauss bundle with
nonconstant curvature; consequently, by Theorem [3.1.1] their primitive lifts are not of
constant curvature. We study with more detail the remaining cases. According to [33]
Theorem 4.2], any nonsingular holomorphic immersion vy : S* — G5(C®) of constant
curvature K = % is unitarily congruent to one of the following minimal immersions
(locally spanned by fy and g, in terms of the canonical chart (Up, 2)):

1. fo(z) = (1, 0,av3 — a2z,a=(a® — 1)%/?z, azz) and go(z) = (0,1,0,a'2,0), where
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1<a<+3. Straightforward computations show the following:
lgo A foll* = (1 + 22)°,
which confirms that 1y has constant curvature K = %; moreover
1090 A D= fo A go A fol P = 3+ 422 — a®(1 + (=3 + a®)(22)?),
which shows that the first 0’-Gauss bundle ¢, has rank 2, and

Y1 = 0.0:10g [|0.90 A D=.fo A go A fol|®
4(=3+a*)(—1+a*2z2(=3 + a* — 22))
(=34 a? — 42z + a®(—3 + a?)(22)?)?

Hence 11 : S? — G5(CP) is not of constant curvature, but for a = 1, fo(z) =
(1,0,v/22,0, 22) and go(2) = (0, 1,0, 2,0), hence ¢y = VZ& V', which agrees with
@.3.1).

2. fo(z) = (1,0,a2,0,Va* — 3a> + 32%), and

1 (2 —a?)3 )
z z
Vat—=3a2+3 Va'—3a>+3 7/’
where 0 < @ < v/2. Similarly to the previous case, the @-Gauss bundle ¢ : 5% —

G5(C®) has constant curvature if and only if @ = /2. This case corresponds again
to o = V5 & V5.

90(2) = <07 17 07

In the following result, we classify primitive lifts of constant curvature into the flag
Fy 51 which are associated to harmonic maps of finite isotropy order from S? into
the complex Grassmannian G5(C?). The technique of generalized absolute value type

function developed in Section will play an important role in the proof.

Theorem 4.3.4. Let ¥ = (g, 1,v2) : S* — Faoy be a primitive immersion, where
Yo : S* — G5(C®) is a harmonic map of isotropy order 2; 11 and 9 are the first and
second O'-Gauss bundles of 1y. If there exists at least one U(5)-invariant metric on
Fy241 corresponding to which W has constant curvature, then W is unitarily equivalent

to the curve
(Vo @ V5, V' @ Vi, V3') s (4.3.23)

consequently, U has constant curvarture with respect to all U(5)-invariant metrics on
Fyo1. For a U(5)-invariant metric on Fy o1 with parameters Ao, A1, A2, using the nota-

tions of (2.4.3), the metric induced by V has constant curvature K(¥) = 2

2X0+3A1+3X2°
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Proof. We have the following fundamental harmonic diagram

TS
Yo 1 — Yo (4.3.24)

Both vy and 1 are of rank 2, while 15 is of rank 1.

The induced metric is given by
\If"ols%m1 = n?dzdz, where 1% = \oYo + M1 + Aoye. (4.3.25)
Define ¢ = ndz, so that
Udsy, , | = 60. (4.3.26)
Set
ay = ker A, | B = ai Ny. (4.3.27)

Note that «; is a holomorphic vector subbundle of ¢; and [, is an antiholomorphic
vector subbundle of ¢. Set By = 1)5. Since AJ, is an antiholomorphic isomorphism

between 1; and 1y, we can define

Bo = ImAj |5, ap = By N to.

Again, «y is a holomorphic vector subbundle of 1)y and [, is an antiholomorphic vector

subbundle of 1y. Hence, we have the following refinement of the diagram (4.3):

Bo — P1 — Ba
g — 1
(4.3.28)
We choose a unitary frame {eq, ..., e5}, where ey, es, 3, €4, 5 are local sections of ay,

b1, B2, ag, Po, respectively. In view of (4.3.28]), we deduce that the Maurer-Cartan

u(5)-valued one-form W = (wf ) corresponding to the above unitary frame is given as
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follows

-\/ —1V1

de, a2¢ 0 big b o el
dey —a2¢ —=lv, 3o 0 b3¢ €3
des| =] 0 —a3¢ =1z ale 0 es (4.3.29)
dey ~big 0 —al¢ V=lu ajo €4
des] [ =bl¢ B¢ 0 —afp V=TIus] [es]
w

Here v; are real valued 1-forms; a} and b are complex valued functions. Under our

assumptions (¢ and 1y are the first and second 0’-Gauss bundles of 1)y, with ranks

2 and 1, respectively), all horizontal arrows in the diagram (4.3.28)) are nonzero. The

backward arrow from [, to «q is also nonzero, because 1)y has finite isotropy order.

Hence the complex functions bi, a3, aj and b3 are not zero except at isolated points.
Since \Il*cls%m1 = ¢¢, we have the following normalization

312 412 5|2 52 4|2

Ar|ad]” 4 Xo [BE] + Ao |B3] + Xo [B]” + Ao |a3]” = 1. (4.3.30)

By Proposition [2.3.10 51 is harmonic. We claim that (; is a linearly full harmonic

map in CP*. In fact, suppose that (; takes values in CP2. In this case, we have

C* = 1@ By @ ap ® C for some line bundle C, hence one of the following harmonic

diagrams hold:

0— 1 — Pa— 0 —(C—0

0—C—p1 — By — 0 —0

Due to dimensions constraints, either 8y is holomorphic or «y is anti-holomorphic. Both
of cases lead to a contradiction, because all the horizontal arrows in diagram (|4.3.28|)

are nonzero, thus establishing our claim.

Now, since $3; is a linearly full harmonic map in CP?, it belongs to the harmonic
sequence o, g1, g2, g3, ga associated to some full holomorphic map ¢y : S? — CP*.
Clearly, we must have g = (1, go = (2, and g3 = ap. Choose a local unitary frame

Ey, By, Es, By, Es such that Ej spans g;-1, with j € {1, 2,3,4, 5}, and
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el u 0 0 0 v Ey
€ 0 1 0 0 Of [Es
esl =10 01 0 0| |E3 (4.3.31)
€4 0 0 0 1 0| |E,
| 5] -0 0 0 0 u| |Es]
N ~ _



where u and v are complex functions satisfying |u|” +|v|* = 1.

We claim that © = 0 and will prove it later. Assume now u = 0. Then we have
e1 = Es, es = Iy, and e; = E; for 7,j = 2,3,4. Hence, diagram (4.3.28]) simplifies to

go —— g1 — g2

g3 —— g4

(4.3.32)

with g = go @ 93, V1 = g1 D g4, and Y = go. Consider the primitive map

U= (90791792793794) 5% — Fiiiia.

The metric on S? induced by ¥ from the U(5)-invariant metric on F: h2,1 With parameters
Ao, A1, A2, using the notations of ([2.4.3)),

\Il*dsi—'z,g,l = (AoY0 + M1 + Agye)dzdz,

coincides with the metric on S? induced by ¥ from the U(5)-invariant metric on Fy 1111
with parameters \g, A1, A2, A\, A3, regardless the value of A3 > 0. Hence, U has constant
curvature, which means, by Corollary [3.1.2 that U is the 4-Veronese primitive map,

up to holomorphic isometry, inducing the metric
\i*ds%l,l,l,l,l = ()\0”)/3 -+ )\1")/11 -+ )\2’73 —+ )\o’yg)dde,

where the ~}', with j € {0,1,2,3}, are defined by ({2.3.19)), which implies that

~ 2
KU)=K(V) = .
(%) () 4o + 31 + 3

Now the proof of claim that v = 0. Since go, g1, g2, 93, g4 iS a harmonic sequence
in CP*, the Maurer-Cartan u(5)-valued one-form W = ((DZ ) associated to the unitary

moving frame FE, Fy, E3, By, F5 assumes the standard form
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[dE|  [V=1m o 0 0 0 E
dE, ¢ V=lp 3o 0 0 E,
dEs 0 —3¢  —lus o 0 Es (4.3.33)
dEy 0 0 ko VI G Ey
| dE; | 0 0 0 —id  V—1ps| | Es]
W



where p; are real-valued 1 forms, and ¢! are complex functions satisfying cf = —%

Denote the column matrix {ey, e, €3, €4, €5} by e and {Ey, By, E3, Ey, Es} by E. We
have
e=AF,

where A is the U(5)-valued function defined by (4.3.31]). Differentiating and applying
the definitions of W and W, we obtain

dA=WA— AW. (4.3.34)
By comparing the first entry of the first row of equation (4.3.34]), we obtain
du = uv/—1 (v, — py) — °0.
After taking conjugate we have
du =uv—1(py — v1) mod dz

Similarly by comparing the last entry of the first row and after taking the conjugate,
we get

dv =vv—1(us — 1) mod dz.

Therefore, from Lemma [2.1.4] |u| and |v| are of absolute type functions. Together with
(4.3.29)), (4.3.31) and (4.3.33)), equation (4.3.34)) also gives:

a? =uc?, bi=—-ve®, ad=¢c
1 1 1 4 2 2

. _ ) A . s (4.3.35)
by = vk, a3 =c3, a;=uc,.

Since |u| and |v| are absolute value type functions, then by Lemma [2.1.4] together with

the Maurer-Cartan structure equations for W and W,

1 —
ZA52 log |U|2 GNP =V-1d(p1 — 1) = dib} — dw;

~2 ~1 2 1 4 1 5 1

e e e (4.3.36)
= -l ond+|ad] oA+ || oA+ b3 oA
= (= [&* + a3 = [ = |92[*) 6 A B,
By using , we have
1
U R N (1= Mifas]® = Ao[b3[* — Aoaz]?) . (4.3.37)

Plugging this into (4.3.36)), using (4.3.35) and the normalization |u|* + [v[*> = 1, we
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obtain

1
—Asz log [uf? = 0( LA [+ e ). (4.3.38)

Similarly, we compute

}LA52 log [v* ¢ A ¢ = V—=1d (5 — 1) = dib} — duw|
= W5 Ay — (Wi Awy +wi Awy +w) Aws)
=[P ono+ |2 N+ b dAG+ B3 N0
o R e U e

(4.3.39)

Plugging (4.3.37) into (4.3.39), using (4.3.35)) and the normalization |u|*+ |v|* = 1, we

obtain

ZASQ log |v]* = |¢2|” +\ci\2+/\i (—1+A1|c3]2+A2|c§\2). (4.3.40)
0

Now, let &; be a nonzero holomorphic local section of the i-th osculating curve of
go : S — CP*, and set & = ||5;||%. In view of (2.3.13)), we have, for 1 <i < 4,

i) 66 = 0.0: log &1 dzdz,

Since Agz = 7;%8,385, where 7? is the conformal factor defined by (4.3.25)), we get

. 1
|t )* = TAslogéir. (4.3.41)

It follows from (4.3.38)), (4.3.40) and (4.3.41) that

|u/” 1
—AS2 log oo = T
& 1/ ¢ 2/Xo o

of . (4.3.42)

M/ x2/ho )
Q&6 N

1
ZASQ log

As quotients of generalized absolute value type functions in S%, we know that

2

and

50535?//\052&//\0
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are generalized absolute value type functions on S2. Then it follows from Lemma

together with (4.3.42)) that

. uf 4
order gi\l/)\ofgg/)\o K)o

. ol i
order — .
505351\1/)\0 5\2/)\0 K)\O

where K is the consant curvature of ¥; moreover,

2
g\z A1/Xo (A2 /A
|U,‘2 _ 1| ( _>|K4A£11/ 0622/ 0
0
( ;l(zz))F (4.3.43)
Z A1/ o A2/
|U|2 _ j€0€3€11/ 0 22/ 0
(14 2z) %
where ) )
g =2 Al el al
‘Z — Zm+1’2q1 Ce ‘Z — Zm+k|2qk
2r1 2rp ’
9 |z — w7 |2 — wy
B = T el
|2 = Wyt [7 2 = wpay]
with ¢,d € C. Since |u|* + |v]* = 1, equation (&.3.43)) gives
N A1/A0 A2 /A
(1+22)70 = 767 (|9(2) + |h(=2)] o) (4.3.44)

Recall that each function z — (2, ) is nonvanishing for z € C. By applying argu-
ments similar to those used in the proof of Theorem |3.1.1] we can interpret equality
(4.3.44) as an equality between analytic functions in two independent complex vari-
ables z, w to conclude that, if not empty, the zero set of the polynomial &;(z,w), with
i € {1,2}, coincides in C? with the zero set of the irreducible polynomial 1+ zw. Thus,

for some nonnegative real numbers a;, as and positive real numbers ¢y, ¢o, we have
— —\ Q1 = =\ 2
§i1(2,2) =1 (1+22)", &(z,2) = (14 22)™ .

This indicates that the harmonic map ¢, : S? — CP?* is an immersion of constant
curvature, hence, by [7, Theorem 5.4], the harmonic sequence go, g1, g2, g3, ga is the
4-Veronese sequence, up to isometry. Consequently, all the &(z, z), with ¢ = 0,1,2,3,

are of the form ¢;(1 + zz)*. Thus, equation (4.3.44)) becomes

(1+22) =) <|g(z)]2 LGy h(2)P (1 + zz)a’) , (4.3.45)

where Cy, C, are positive real numbers, o = 4 — Aauddsaz

!/ __
o Svam— and o = ag + as.
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Now, suppose that a > 0. Complexifying (see Lemma [2.2.1)) both sides of (4.3.45)),

we obtain a equality between two analytic functions in the independent complex vari-
ables z,w. The left-hand side will vanish whenever w = —%; then, in view of the
general form of |g(2)|?, equality (4.3.45)) can occur only if g(z) = 0. This implies that

u = 0, and we are done.

Suppose that a < 0. From (4.3.45)) we obtain
1=0Cy (|9(z)|2 (1+22)7" + Co |h(2)[* (1 + zz)‘“"“> :

This implies that |h(z)|* (1 + 22)* ™ is bounded, which occurs if, and only if, h(z) = 0
(hence v = 0), because &' — a > 0. Then diagram (4.3.28) becomes

g4 g1 —— g2
g3 go

This leads to a contradiction with the assumption that g, 11,1 is the harmonic
sequence generated by tg; in fact, if this last diagram were valid, then 0'-Gauss bundle

of ¥y = g3 ® g4 would be zero. m

In the following remarks, we discuss how other primitive lifts of constant curvature

can be obtained from existing ones.

Remark 4.3.5. A careful inspection of the proofs of Theorem and Theorem
shows that, besides and , any other primitive immersion ¥ : S? — Fho;
of constant curvature with respect to at least one U(5)-invariant metric on F5; can
be obtained by operating with homogeneous projections, adding constants, adding

primitive maps, and shifts on primitive immersions of constant curvature into other
flag manifolds (Fy; = CP', Fyy, Fi11, Foo = Go(C*), Foy1, Fii11, Fi111.1) which
are primitive lifts of linearly full harmonic maps. For example, corresponds
to the primitive immersion ¥; : S? — F591 of constant curvature given by ¥, =
(Vi VA, Vb e Vi, V) . This is not a primitive lift of vy = V! @ V}*, in the sense
that V' @ Vit is not the first &’-Gauss bundle of ¢),. However, we have ¥; = I o ¥,
with ¥, : S — Fi1111 given by U, = (VL VA VLV VY . For another example,
consider fy constant in . This case corresponds to the primitive immersion
Uy : S? — Fyy, of constant curvature given by ¥, = (VE @ C,V? & C, V), which is
obtained from Wy : S — Fy 1, given by W, = (V2, V2, Vi) by adding constants.
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Chapter 5

Conclusions and topics for future research

In this final chapter, we summarize the main results of this thesis and suggest possible

directions for future research.

5.1 Summary

An important class of twistor lifts for harmonic maps from Riemann surfaces into sym-
metric spaces G/ H is that of primitive maps into generalized flag manifolds G/ K, with
K C H. Primitive maps are harmonic with respect to all G-invariant metrics on the
generalized flag manifold. Following the work of many researchers on minimal immer-
sions with constant curvature of surfaces into symmetric spaces, led by the pioneering
work of E. Calabi, it is natural to investigate primitive immersions of constant curva-
ture from Riemann surfaces into generalized flag manifolds, when these are equipped
with G-invariant metrics. In this thesis, we discussed this question in detail. A key
observation is that generalized flag manifolds admit infinite invariant metrics, whereas
symmetric spaces have a unique invariant metric (up to scaling). This leads to a ques-
tion: if a primitive immersion from a Riemann surface into a generalized flag manifold
has constant curvature with respect to at least one invariant metric, does it necessarily

have constant curvature with respect to all invariant metrics?

In Chapter [3, we addressed this problem in the special of primitive immersions into

the flag manifold
. B U(n)
koye.okp +— U(ko) X ... X U(kp>

which are associated with pseudoholomorphic maps from the two-sphere S? into the
complex Grassmannian Gy,(C") . In Theorem [3.1.1] we proved that if any such prim-
itive immersion lift U = (v, ..., 1,) from S* has constant curvature with respect to at
least one tnvariant metric, then it has constant curvature with respect to all invariant
metrics; moreover, each ¥; : S* — Gy, (C") is a minimal immersion of constant cur-
vature with constant Kdihler angle. Since all harmonic maps from S? into CP™"! are
pseudoholomorphic, we concluded (see Corollary that any full primitive immer-
sion from S?% into the full flag manifold which has constant curvature with respect to
at least one invariant metric is unitarily equivalent to the primitive lift of a Veronese

map. Additionally, we extended this corollary mentioned above to the case where the
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domain is a general simply connected Riemann surface. However, in this case, we were
only able to prove the result for some specific metrics, as described in . On the
way, we considered the problem of finding the invariant metric on the flag manifold,
under a certain normalization condition, that maximizes the induced area of S? by a
given primitive immersion. The results of this section were already submitted to a

peer-reviewed international journal (to appear in ”Results in Mathematics”).

In Chapter |4, we classified primitive immersions of constant curvature from S? into
low dimensional flag manifolds, specifically F5;; and Fy5;. We started by describing
some constructions of new primitive immersions of constant curvature from existing
ones. These constructions enabled us to reduce our problem to the classification of
primitive immersions of constant curvature which are lifts of full harmonic maps from
S? into the Grassmannians Go(C?) and Go(C®), in the sense of Remark We
proved that any such primitive immersion of constant curvature with respect to at
least one invariant metric from S? into F5,1, is unitarily congruent to one of three
mutually noncongruent curves (see Theorem , while any such primitive immersion
of constant curvature from S? into F 5 is unitarily congruent to one of two mutually
noncongruent curves (see Theorem[4.3.1 and Theorem[4.3.4)). The results of this section
were recently published [43].

5.2 Possible future research directions

There are several potential research directions that can be explored in relation to this

thesis. Next we discuss in detail two of these.

5.2.1 Primitive immersions of constant curvature of S? into FJ5,

Denote by H the division ring of quaternions. Consider the identification of C? with
H given by
(a,b) €C* 2 a+bj € H,

where j is a unit quaternion (j2 = —1, with ij = —ji). This extends to an identification
of C?" with H". Let J : C*"* — C?" be the conjugate linear map representing the left
multiplication by j:

J<Z17 22y -y R2n—1, ZQTL) - <_§27217 ey _221’”22”—1)‘

Let HHP™! be the quaternionic projective space. This is a symmetric Sp(n)-space
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which can be totally geodesically embedded in Gy(C*"):

HP" ' 2 {V € Go(C*™): JV =V}

Let M be a Riemann surface and vy : M — HP" ! be a harmonic map, with

harmonic sequence {9y }rez. Due to the J-structure, we have (see [5] for details):

Y = JY_y, forall k € Z. (5.2.1)

Consider now the case n = 3. Minimal immersions of constant curvature from S?
into HP? have been classified in [26]. One possible direction for future research is the
investigation of primitive immersions of constant curvature from S? into the twistor
spaces of HIP?. The challenging case occurs when a given harmonic map v, : S? —
HP? C Go(CP) has finite isotropy order 7 and it is nondegenerate. This case leads to

the following fundamental harmonic diagram (by [5, Proposition 3.2], we have r = 2):

RN

Jpr =Y — g —— P (5.2.2)

Y

with rank ¢); = ranky_; = 2. Throughout the remaining of this section we will assume

that vy has finite isotropy order and it is nondegenerate. Set
Fé}?g,g ={(V_1,Vo,V1) € Fopp: Vo = JV1, Vo = JW};

as a homogeneous space, we have

1%

Sp(3)
P = gy u)y

Associated to ¢y we have the primitive lift ¥ = (¢)_1, 100, ¢1) : S* = Fyy,.

We have

TgFéH,Izg C Z Hom (¢, ¥s).
k#s

Any Sp(3)-invariant metric g on F}% , takes the following form (see [2]): given

=D &an =Y ms € Tulyy,,
k#s k#s
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then, for some positive numbers Ag, A1,
9(&m) = Xo (tr §10m 10t tr 50,1778,1) + Aitr & amy g (5.2.3)

We are interested in the investigation of those primitive immersions W = (¢)_1, ¢, ¢1) :
S? — Fy,, inducing from (5.2.3) a metric of constant curvature on S? via the technique

of generalized absolute value type function, which was developed in this thesis.

Using the isomorphisms A}, and Ay , and the identities Jiy = 11, Jthy = 1o, we
have the following refinement of the diagram (|5.2.2]):

B2 5o B
2 @0 * (5.2.4)
with
fo=Jag, az=Jp, P2=Jay,
Choose a unitary frame {ey, ..., e}, in such a way that

e1,ex = Jey, es, eq,e5 = Jeq,e6 = Jes

are the local sections of «ag, fy, a1, 51, as and [y respectively.

By (2.3.10), we know that 3, : S> — CP5 is harmonic. In fact, it belongs to the
harmonic sequence {fo, ..., f5} of some linearlly full holomorphic map f, : S — CP?,

with 81 = fo and as = f3. Due to the J-structure, we also have

fs=Jfo, fi=Jfi, fs=Jf

Choose another unitary frame {Ej,..., Eg} such that E; spansf;_; for {j € 1,...,6},
and

E4 = JE:),, E5 = JEQ, E6 = JEl, E3 = €4, E4 = €5.
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Then

e1 qu @2 0 0 g5 que| |Ex
e 21 q22 0 0 qos qos| | E2
es| | g2 0 0 g3 g E3 ’ (5.2.5)
ey4 O 0 1 0 0 O E,
es O 0 01 0 O FEs
€6 (g1 o2 0 0 ge5 qos | | Fs]
- ) -

where ¢;; are complex functions. Since A € Sp(3), the entries satisfy the following

relations:

Qi1 = q26, Q12 = q25, Q15 = —G22, Q16 = —q21
(5.2.6)

431 = G665 932 = Q655 Q35 = —Q62, 936 = —Q61-

Using these relations, and the Maurer-cartan structure equations for both frames, the

matrix A can be further simplified to:

qin 0 0 0 g5 g
@1 G2 0 0 026
Ao |B 9s2 0 0 36 (5.2.7)
0 0 10 0
0O 0 01 0
| 961 0 0 0 ges 96 |

Differentating both sides of e = AFE, we obtain:
dA=WA—- AW,

where W and W are the Maurer-Cartan matrix for e and E respectively. It would be
both interesting and challenging (currently, this is a work in progress) to show from
this that all the elements of one row or column of the matrix A satisfy equation (2.1.2).
Then one could eventually simplify the matrix A by using the technique of generalized
absolute value type functions, as we did in the proof of Theorem We conjecture

that, after all the simplifications, one might conclude that ¥ is unitarily congruent to

VeV, VeV, Vyalp).
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5.2.2 Minimal immersions of constant curvature of S? into U(n)

Another particularly interesting direction for future research is the investigation of
minimal immersions of constant curvature from the Riemann sphere into the unitary
group U(n). The first nontrivial case occurs for n = 3. To the best of our knowledge,
this is an open problem. To approach this problem, the strategy we propose requires an
understanding of some fundamental concepts from the loop group theory for harmonic
maps (see [1}, 24], 46], 48, [50] for details).

Suppose ¢ : S? — U(n) is a harmonic map. Then, associated to this map there is
an extended solution ¥ : S? — QU(n), where QU(n) denotes the based loop group of
U(n):

QU(n) ={y:S5" = U(n) : v is smooth and (1) = Id}.

The harmonic map is recovered from its extended solution by the formula

Consider the Grassmannian model Gr™ of QU(n). The extended solution ¥ corre-

sponds to a smooth map
W =0H": 5% - G,

where H'! is the closed subspace of the Hilbert space
H = L*(S*,C") = Span{\e;:i €Z,j€1,...,n}

defined by
H" = Span{\e;:i € N,jel,....,n}

For each z € S?, the space W (z) is shift-invariant, i.e. it is closed under multiplication
by A € St

AW CW. (5.2.8)
The harmonicity equations lead to the following properties of W:
o-L(W) c (W), Xo,I'(W) Cc T(W), (5.2.9)

where I'(W) is the space of all smooth sections of W. The first condition implies that
W is a holomorphic vector subbundle of the trivial bundle S? x H.

According to K. Uhlenbeck [50, Theorem 11.5], any harmonic map v : S? — U(n)

has finite uniton number, i.e., it admits an algebraic extended solution, i.e., an extended
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solution ¥ with finite Taylor series expansion:

1=0

where A; : S? — u(n)®C are smooth maps. This implies that W satisfies the following
inclusion

NHE CW CHE.

From [48, Corollary 2.10], we can assume that
U.es> W(z) spans H}. (5.2.10)

Moreover, according to [48, Proposition 2.12], it follows that » < n. Hence, the holo-

morphic map W : §2 — Gr™ can be expressed as
W=V +XNH (5.2.11)

where V : 5?2 — Gk(zg;é N CM), for some k € {1,...,rn}, with r < n. More precisely,
due to the holomorphicity of W, the vector subbundle V' has constant rank off a
discrete set of points; then, we can fill out the zeros in order to get a globally defined
holomorphic vector bundle over S?. Due to the shift-invariance property and
the harmonicty conditions , we have:

a) \V C V(modN"HY); b) Ao.I'(V) C T'(V) (mod N"HY ). (5.2.12)

Consider on U(n) and Gk(zg;é M C") the standard invariant metrics. We claim

(and we will establish this claim later) the following:

Lemma 5.2.1. The smooth map ¢ : S* — U(n) is a minimal immersion if and only if
V:Ss?— Gk(Z}";é N C™) is a linearlly full holomorphic minimal immersion; moreover,

if this is the case, the corresponding induced metrics on S? coincide up to scaling.

Therefore, classifying minimal immersions 1 : S? — U(n) of constant curvature
reduces to classifying linearlly full holomorphic minimal immersions of constant curva-
ture from S? into finite dimensional Grassmannians satisfying the conditions ((5.2.12)).

In particular, consider a minimal immersion ¢ : S? — U(3) of constant curvature.
Then the uniton number r can be either 1 or 2. Due to equation (5.2.11]), we have the

following descriptions:

Case r = 1. In this case, we have W = V + AH?3, where V : $* — G,(C%) is a

linearlly full holomorphic immersion of constant curvature, for some k € {1,2}.
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For k =1, G;(C?) = CP?. Then, by Calabi’s result, V is unitarily equivalent to V{.

Consider now k = 2, i.e. V : 82 — Go(C3). In this case, V4 : S? — G1(C?) = CP?
is an antiholomorphic minimal immersion of constant curvature. Hence, by Calabi’s
result, V' is unitarily congruent either with V2, hence V = V2@ V2, or with V!, hence
V =V @ C, where C is constant subspace of C3.

Case 7 = 2. We have W =V + MH? | with V : 52 — G4 (C? + AC?) for some k €
{1,...,5}. This case presents both significant challenges and interesting opportunities

for exploration (work in progress).

Proof of Lemma Let us compute the second fundamental form .Aj, of
W. Observe first that the action of U(n) on C" induces an action of QU(n) on H
which is isometric with respect to the L? inner product. Since W = UH?, where
U :S% — QU(n) is an extended solution of ¢ : S? — U(n), the sections ¥(\’e;), with
i € Nand j € {1,...,n}, form a unitary frame for W; while the sections ¥(Ale;),
with € N\ {0} and &k € {1,...,n}, form a unitary frame for W=. Set s = U(\e;);
we have

Ay (5) = my10.5 = Ty 1 0.V (Ne;) = mp W10, T (Ney)
We have (see [1, 24, 46, 48, 50]) U0, = (1 — A")Al,, where AY = §1)~'9.1). Then
Al () = ma U(1 — A AY (Ne;)
= Umy U (1= AT AV (Ney)
= Umyns (1= ATHAY(Ney).
Hence,
ATNAY(e;) ifi=0
Ay (s) = ) .
0 ife>1

After straightforward computation we obtain

—2m (A¥(e;),ex) fi=0,1=-1

(A (T(X'e))), T(A"ex)) . = - :
0 ifi>1,1<-1

(5.2.13)

Also note that, for V' : S? — Gk(zg;é NC") defined by W =V + X"H'}, then

A (8) = Ty 00,8 = 1 00,8 = Ay (), (5.2.14)
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for all s € I'(V) C I'(W). Placing (5.2.14)) and ([5.2.13]) together gives

V*dsék(z;;é ey = Ay (Ay) dzdz = tr Ay, (Ay)"dzdz

9

= 4r? tr AY(AY)*dzdz = 7T2’¢*d8%(n)

and the result follows.

5.2.3 Other open questions

1. Another possible future direction is to investigate further generalizations of The-
orem [3.1.1} Observe that we have proved Theorem for invariant metrics of
a very specific form. It would be really interesting to see whether the result will

be true for an arbitrary choice of invariant metric.

2. K. Uhlenbeck [50] showed that all harmonic map from S? into the unitary group
U(n) have finite uniton number. From other domains, it may exist harmonic
maps which do not have finite uniton number: for instance, the Clifford solution
does not have finite uniton number (see Remark [2.3.11)). Is it possible to extended
the classification results of this thesis to primitive minimal immersions of finite
uniton number from an arbitrary Riemann surface? To address this question, it

may be useful the criteria for finiteness of the uniton number developed in [11 44].

3. The theory of harmonic maps from the two-torus 7 into Riemannian symmetric
spaces is very interesting, as it brings into play the methods of integrable sys-
tems theory [24]. Is it possible to obtain the complete classification of primitive

immersions of constant curvature of T2 into low dimensional flag manifolds?

7
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