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Abstract

In this thesis, we develop the theory of Error-Orthogonal Models availing ourselves of the
identity of these models and those with Commutative Orthogonal Block Structure.

Thus our treatment will rest on the algebraic structure of the models.

In our development we consider: the estimation of variance components; crossing and
nesting of models; model joining, in which observations vectors obtained separately are
jointly analyzed; step nesting which require much less observations than the corresponding
usual models.

To broaden our treatment we also consider L Extensions of Error-Orthogonal models. In
this way, we may consider interesting cases such as models otherwise balanced with different
numbers of replicates for the treatments.

Last we include normality. We will be interested in obtaining sufficient statistics as well
as conditions for them to be complete. We will carry out inference and consider orthogonal L

extensions.
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Orthogonal block structure, commutative orthogonal block structure, error-orthogonal model,

segregation, matching, binary operations, L extensions.
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Resumo

Nesta tese é desenvolvida a teoria dos modelos Error-orthogonal recorrendo a identidade
entre estes modelos e os modelos com estrutura ortogonal de blocos comutativos.

Desta forma, o tratamento apresentado ira assentar na estrutura algébrica dos modelos.
No desenvolvimento considera-se: a estimacao das componentes de variancia; o cruzamento e
aninhamento de modelos; a juncao de modelos, na qual vectores das observacoes obtidos
separadamente sao analisados conjuntamente; aninhamento em escada, que requer muito
menos observacoes do que os modelos correspondentes.

Para alargar o tratamento apresentado consideram-se também Extensdes L de modelos
Error-orthogonal. Desta forma, poderemos considerar casos interessantes como o dos modelos
com numero diferente de repeticoes para os varios tratamentos.

Por fim, inclui-se o caso normal. Com base no pressuposto da normalidade pretende-se
obter estatisticas suficientes assim como condicdes para que estas sejam completas. E

realizada inferéncia e consideram-se extensdes L ortogonais.

Palavras-chave

Estrutura ortogonal em blocos, estrutura ortogonal em blocos comutativos, modelo error-

orthogonal, segregacao, emparelhamento, operagdes binarias, extensodes L.
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1. Introduction

Linear models can be considered the core of linear statistical inference constituting the
foundation of much of statistical practice.

Using the matrix notation we can represent a linear model by

Y=Xf+e,

where Y is the observations vector, X is the design matrix, £ is the errors vector and g is a
vector of unknown parameters f;, j=1,...,k, that can be all constants, all random variables

or a combination of both. When some of the parameters S, f,..., 5, are considered as

constants and others as random variables we have a mixed model.

Mixed models are a versatile and powerful tool for analysing data collected in
experiments and, over the years, they have been applied to several areas such as biological
and medical research, animal and human genetics, agriculture or industry.

For a general presentation of the theory of mixed models we can consult, for instance,
Khuri et al (1998).

In our work, the mixed model

where [S’O is fixed and EV""éw are independent random vectors with null mean vectors

and variance-covariance matrices J1ZIC1,...,JVZ,ICW

, where ¢; =rank(X;) , i=1,...,w, plays a
central part. More precisely, we will focus on those who constitute a special class within the
models with Orthogonal Block Structure (OBS), this is, a particular case of the mixed models

whose structure have variance-covariance matrix

m
V=210,
3=
where the Qq,...,Q,, are known pairwise orthogonal orthogonal projection matrices such
that
m

OBS were introduced by J. A. Nelder , see Nelder (1965a)(1965b). These models have

been intensively studied, see for instance Houtman & Speed (1983) and Mejza (1992) and



continue to play an important role in the theory of randomized block designs, see Calinski &
Kageyama (2000, 2003).

Error-orthogonal models (EO), introduced by VanLeeuwen et al (1998, 1999), are models
with orthogonal block structure, OBS, where the least squares estimators, LSE, for estimable

vectors are uniformly best linear unbiased estimators, UBLUE, this is to say that whatever

y= (y1 s ym) they are best linear unbiased estimators, BLUE. Thus, given the LSE ¥ and

another unbiased estimator W~ of an estimable vector W, the difference V(E* )—V(Q) of
their variance-covariance matrices is, whatever y,a positive semi-definite matrix.

It is now convenient to recall a version of the Gauss-Markov theorem due to Zmyslony
(1978) which refers that “ If the orthogonal projection matrix on the space spanned by the
mean vector of the model commutes with the variance-covariance matrix, V, the LSE of
estimable vectors are BLUE”. We point out that to apply this theorem it’s not necessary that
the models has orthogonal block structure and moreover that the space, Q, spanned by

H= Xoﬁo is the range space, R(Xo). Actually this result motivated the introduction of COBS

by Fonseca et al. (2008), as a special class of OBS in which matrix T, the orthogonal
projection matrix on the space spanned by the mean vector, commutes with the matrices

Q4,...,Q,, . Thus, whatever 12 T and V will commute ensuring that COBS are EO.

VanLeeuwen et al (1998) showed that EO and COBS are identical classes of models. In
studying EO we will favour the COBS approach which besides leading directly to UBLUE,

according to Zmyslony (1978), is, as we shall see, interesting in:
Estimating variance components;

Building up complex models from simpler ones using, for instance, model crossing and

model nesting;
Discussing sufficient and complete statistics once normality is assumed.

Besides this introduction this thesis comprises three more chapters.

The preliminary results chapter will be on matrices and on estimation. We start by
presenting some important results on Matrix Algebra where we emphasize the Kronecker
matrix product and the commutative Jordan Algebras of symmetric matrices, CJAS. These
algebras are linear spaces constituted by symmetric matrices that commute and containing
the squares of its matrices. Each algebra, A, has, see Seely (1971), an unique basis, the

principal basis pb(A4), whose elements are pairwise orthogonal orthogonal projection

matrices. These algebras play a central part when we use the COBS approach.

The results on estimation will refer to LSE and to the use of sufficient and complete statistics
to obtaining good pointwise estimators. These last results will be useful in the study of the
normal models.

In the third chapter we start by considering mixed models whose mean vector is



EZXOEO

and whose variance-covariance matrix is

W
V=>olM; ,
i=1

with M, = X,-X,-T, i=1,...,w. Assuming, with R(U) the range space of matrix U, that
R([X; - x,])=R",

when matrices M,,...,M,, [ and T] commute the model, as we will see, is OBS [COBS]. The

first of these results is also established in VanLeeuwen et al (1998).

Next we present an independent proof of the identity of EO and COBS showing that, if LSE
are UMVUE, the OPM T commutes with the Q,, ...,Q,,.

When the model has commutative orthogonal block structure, the matrices T, M,,...,M,,

will belong to a CJAS with principal basis constituted by the Q,,...,Q.,. It may be shown
that

with z <m, and

so that
m
V=219
j=1

with the canonical variance components

w
% =Z:b1,jai2 ,j=1..,m.
i=1

As we shall see, the relations between the usual and the canonical variance components
will be very useful in estimating.

Next we consider building up complex models from simple ones. Namely we will consider
model crossing and model nesting. In model crossing the treatments of the new model,
resulting from the crossing, are all the combinations of treatments of the initial models. In

model nesting each treatment of the first model nests all treatments of the other. Our



techniques for building these models will rest on binary operations on CJAS, namely the
Kronecker product and restricted Kronecker product of CJAS. A third operation on CJAS, the
Cartesian product, will be used in the study of model joining. Then we superimpose
observation vectors and carry out joint inference. This operation also is relevant in
connection with a special class of models, those derived through step nesting. This class is
interesting since it leads to great economy in the number of observations.

In this third chapter we consider L extensions in which the observations vector is given by
Y=LY%+¢.

Here, Xowill be the observations vector of an EO, independent from the error vector, &,

and the matrix L will have linearly independent column vectors. These extension are
interesting since they include, for instance, models unbalanced in the last step.

In fourth chapter we present the normal case. When considering normality our previous
treatment leads directly to sufficient statistics. As for completeness a very specific problem

arises when we consider mixed models, since linear restrictions on the /'7'1,...,/'7‘Z or the

canonical variance components may arise and we will only have sufficient but not complete
statistics.

We include in this chapter a section on inference in which we avail ourselves of the
normality of the observation vectors. We also study orthogonal L extensions in which the
column vectors of matrix L are pairwise orthogonal with norm 1.

Our option of using the COBS approach, in studying the models, rests on the point that in
this way the algebraic structure of the models plays a central part leading to interesting
results on the estimation of variance components and on the building up of models. Moreover,
as pointed above, when normality is assumed this approach leads directly to sufficient
statistics. The VanLeeuwen et al (1998) definition of EO is, in our opinion, strongly connected
with LSE. Now with the COBS approach the Zmyslony (1978) version of the Gauss-Markov
theorem gives directly the same optimal property for the LSE as in considered in the
VanLeeuwen et al (1998). So using the COBS approach we are considering both estimable
vectors and variance components. It may be interesting to point out that in model build-up
we obtain complex models which, when they are EO, have LSE which have optimal properties.

Finally, the fifth chapter summarizes the results obtained in the preceding chapters and

presents the direction in future research.



2. Preliminary results

Matrix Algebra plays an important role in many areas of Statistics. In particular in linear
statistical models it’s usual to use Matrix Algebra in the presentation and verification of
results, because it allows us to handle efficiently the complexity of multiple observed
variables.

In this chapter we include important results on Matrix Algebra and estimation that will be
needed on the remainders chapters.

We present some results in matrix theory, on topics such as orthogonal projection
matrices, Moore-Penrose inverse and Kronecker matrix product, and pay special attention to
commutative Jordan Algebras of symmetric matrices, CJAS, that will be used to express the
algebraic structure of the models we will study.

The proofs not included in this first section can be found, for instance, in Schott (1997).

The results on estimation will refer to least squares estimators, LSE, and to sufficient and
complete statistics. These last results, and conjunction with the results presented for normal

vectors, will be useful in the study of the normal models.
2.1. Matrices

We will restrict ourselves to real matrices, this is, matrices whose elements are all real.

Let A be an nxm matrix. We will use the notation a;; to refer to the element in the
i-th row and j-th column, i=1,...,n,j=1,...,m, of matrix A and we write A = [ai,j J

Computing the Euclidean vector norm on the stacked columns of an nxm matrix,

A= [ai,j J, the Euclidean norm of A is defined by

IA]= 2.1.1)

When a matrix has the same number of rows as columns it is called a square matrix. An
nxn square matrix is said to be of order n.

In a square matrix the elements a; ;, i=1,...,n, are called diagonal elements. If all other

elements of this matrix are zero the matrix is said to be diagonal and we write,
A=D(as,...,ann)- (2.1.2)

When a matrix is presented as a partition of several blocks (sub-matrices) we call it a
blockwise matrix.

A square blockwise matrix of the form



A, 0 - 0

(2.1.3)

where 1<r <n, in which the off-diagonal blocks are null matrices, is called a block diagonal

matrix and we write

2.1.1. Symmetric and orthogonal projection matrices

Definition 2.1. A square matrix, M, is said to be symmetric if

(2.1.4)

this is, if the element in i-th row and j-th column equals the element in j-th row and i-th

column, for alliandj .

Definition 2.2. A square matrix, P, is said to be an orthogonal matrix if

PPT=P'P=1,

where | denotes the identity matrix.

The previous and the following definitions are equivalent.

Definition 2.3. If the matrix P is invertible

where P! is the inverse of matrix P .

Definition 2.4. Let A and B be square matrices of order n. Matrix A is said to be similar to

matrix B, we write, A ~ B if there exists an invertible matrix P, of order n, such that

P'AP=B.

Many times we need to replace a matrix with another similar to it that is simpler, or in

some way easier to deal. Being diagonal matrices the simplest matrices, we can replace the

matrix by a diagonal matrix similar to it. When a matrix is similar to a diagonal matrix we say

it is diagonalizable.



A symmetric matrix, M, is orthogonally diagonalizable if there is an orthogonal matrix

P, whose columns are the (linear independent) eigenvectors, X;, X,,..., X, , of M, such that

PTMP=D@,, ..., 6,), (2.1.5)

where D(4, ..., 6) is the diagonal matrix whose principal elements are the eigenvalues,
6,....6,0f M.

The inverse of a matrix is defined for square invertible matrices but often, in the study of
Statistics, we need to use a matrix that behaves like an inverse for rectangular or singular
matrices. Moore, in 1920, and Penrose, in 1955, developed a generalized inverse, for any
mxn matrix, that possesses four properties that the inverse of a square invertible matrix
has.

Given an mxn matrix A there is an unique nxm matrix A", the Moore-Penrose inverse

of A, satisfying the conditions:

AAT A=A ) (2.1.6)
ATAATY =AY (2.1.7)
(AAT)T = AAY | (2.1.8)
(A*A)T =A*A . (2.1.9)
For any invertible square matrix A,
A* = Al (2.1.10)

Since (AT)+ = (A*)T, if Ais symmetric, A* will be symmetric.

With M symmetric, we will have

—_pT
{M_p D(6,,...,6,)P , (2.1.11)

M* =P™D(g ..., 6 )P
where

6", when 8. £0,j=1,...,k
o :{ ; 175 . (2.1.12)

" |o,when 6, =0,j=1,...,k

Proposition 2.1. A matrix P is an orthogonal projection matrix (OPM) if and only if it is

symmetric and idempotent.



Proof. Given a vector space V any vector x 0V, can be uniquely expressed as x =X, +X,

where x, is in a subspace SOV and x, is in the orthogonal complement, SU.If P is an

orthogonal projection matrix of x onto S, Px=x, and Px, =x,, that means that further
projections to S should have no effect on Px,. So Px=x;=Px, =P(P5):P2§ and

(P —PZ)X:O. Once x is arbitrary, we have P = P2, which mean that P is an idempotent
matrix.

Being x, the orthogonal projection of x, noting that x, =x-Xx, =(I—P)5, we have
0=x7x,=x"P"(1-P)x hence PT(1-P)=0 so that PT =P"P and P=PPT then P is

symmetric. Conversely, if P is a symmetric and idempotent matrix,
Ty _TpT _ T 2, )_ T 2), —
7%, =x"PT(x-x,)=x"(Px-P2x )=xT(P-P?)x =0,

hence P is an orthogonal projection matrix.

Proposition 2.2, If P is an OPM its eigenvalues will be equal to O or to 1.

Proof. Being P an OPM and x an eigenvector of matrix P for the eigenvalue A, we have
Ax=Px= Pzg = P(Pg) = P(/lg) =APx = /125 . Since eigenvectors are non-null vectors

Ax=2x < A(1-1)x =0 only occurs when 1 =0 or A =1 .

From Proposition 2.1 it follows that, if Q is an OPM then

Q' =Q . (2.1.13)

Definition 2.5. Two orthogonal projection matrices, Q; and Q,, are pairwise orthogonal,

we put Q, 0Q,, when

Q,Q4 =0|ka =0 »

where 0,,, is the rxs null matrix.

Proposition 2.3. If Q; and Q, are pairwise orthogonal orthogonal projection matrices,

POOPM, then Q; +Q, is an orthogonal projection matrix.

Proof. Since the sum of symmetric matrices gives a symmetric matrix and



(Ql +Qz)(Q1 +Q2)2Q1Q1 +Q1Q, +Q,Q; +Q,Q, =Q1 +Q,

since Q; and Q, are idempotent and pairwise orthogonal matrices, the sum of two pairwise

orthogonal orthogonal projection matrices is an orthogonal projection matrix.

O

In what follows, families of pairwise orthogonal orthogonal projection matrices,
FPOOPM, will play a central part.

Moreover, see Mexia (1995), the orthogonal projection matrix on the range space of
matrix X ,Q =R (X), will be

Q(@)=qX)= x(xTx)+xT = XX* . (2.1.14)
We point out that
x* = (xTx)'xT, (2.1.15)

which reduces the problem of obtaining Moore-Penrose inverses to getting them for

symmetric matrices.

2.1.2. $B-matrices

These matrices are relevant in connection with least square estimator, LSE, as we shall

see.

Definition 2.6. An rxs matrix C= [c]-,jj is a B-matrix when

where

Proposition 2.4. Let C be a $B-matrix , then



==
M-
0
==
.M“
0
n
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-
1l

-

1 -
1)C=
r r
1 1
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i=1 i=1
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1 1
SZCU SZC1J
= =
1 -
cly, =
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-
(@]

=

v =

-
(@]

=

—
1l
-
—
1l
-

withJ, =11}, where 1, is the nx1 vector with all components equal to 1, thus

1 1
-J,C=C-J,.
r r S s

Proof. Since C is a $#-matrix, we have

==
_n
|
v
@]
<
==
0
W
1
(=N
Mm
@]
-

thus +J,C=ClU, .
r S

We now establish the following lemma,

Lemma 2.1. We have 1JrC = ClJS if and only if C is a B-matrix.
r s

10



1
.

PYIN

Proof. If Crj, SO

1 r r S
= 1 —...=1 1 - =
JrC—C;JS we have ?Zci,1 _”'_?ZC‘US as well as EZCU ==
i=1 =1

S
i=1 =1

Zr:cm- =giicm~ , j=1..,s and Zs“cm =%Zrlzs:ciyj , i=1..,r and C is a $B-matrix.

i=1 i=1 =1 j=1 i=1 =1

Inversely, if C is a $B-matrix it is straightforward to see that the conditions of having

1JrC = ClJS holds.
r s

2.1.3.Kronecker matrix products

The Kronecker matrix product is a special type of matrix multiplication without size
restrictions. This product gives the possibility to obtain a composite matrix of the elements of
any pair of matrices.

The Kronecker product has important applications in Statistics, namely on the
representation of variance-covariance matrices. We will repeatedly use this operation which
has been widely studied, see, for instance, Steeb (1991), Graham (1981) and Steeb & Hardy
(2011).

Definition 2.7. Given A=[a;;], an mxn matrix, and B=[by,], an pxq matrix, the

Kronecker product between A and B , denoted by A 0B, is defined as the mp xnqg matrix

a;B - aB
AOB= ’ :
amAB T ammB

The Kronecker product is not commutative but it satisfies the associative law, whatever

matrices A, Band C, since

AO(BOC)=(A0OB)OC=A0BOC. (2.1.16)
Let A and B be mxn matricesand C and D pxqg matrices, we have
(A+B)O(C+D)=AOC+ADOD+BOC+BOD, (2.1.17)

which means that the Kronecker product satisfies the distributive law.

Let A bean mxn matrixand B a pxq matrix, for scalar a , we have

(@A)OB=a(A0B)=A0(aB). (2.1.18)
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The next proposition, about the mixed product property, provides a very important and
useful fact regarding the interchangeability of the conventional matrix product and the

Kronecker product.

Proposition 2.5. Let A, B, Cand D be mxn, rxs, nxp and sxt matrices,

respectively. If the usual matrices products AC and BD are defined, then

(AOB)YCOD)=ACOBD .
Proof.

(AoB)coOD)

| k=1 k=1 |
=ACOBD.
O
Proposition 2.6. For all matrices A and B,
(ADOB)" =AT OBT .
Proof.
T
a;B - aB a;B - am,B
(ADB)" = ' : = i =ATOBT.
am,lB am,nB al,nB am,nB
O
Corollary 2.1. GivenA and B symmetric matrices,
(AOB)T =ADB ,
this is, the Kronecker product of symmetric matrices gives symmetric matrices.
Proof. Since A and B are symmetric matrices, from Proposition 2.6,
(AOB)"=ATOB" =ADB.
O
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Proposition 2.7. The Kronecker product of idempotent matrices gives idempotent matrices.

Proof. Defined the usual matrices products, with A and B idempotent, we will have from

mixed product property (Proposition 2.5.),
(AOB)(AOB)=(AA)O(BB)=ATB.

O

From Corollary 2.1. and Proposition 2.7 it follows that, the Kronecker product of orthogonal

projection matrices gives orthogonal projection matrices. Moreover, if Q; 0Q; and

Q, 0Qy4, with Q;, Q,, Q3 and Q4 OPM we will have

(Qi 0Q,)Q; 0Q4)=1(Q:Q3)0(Q,Q4)=

with 0 a null matrix, and so

(Q1 DQz) 0 (Q3 DQ4) }

Proposition 2.8. Whatever matrices A and B, we have

(ADOB)" =A*OB"

Proof. We have

(aoB)(a*DB*)(a0B)=(AA"A)D(BB*B)=ADB

and
(A*oB*)(anB)(A* 0B*)=(A*AA*)O(B*BB" )= A" OB

thus, the first and second conditions for A* OB* to be Moore-Penrose inverse of A 0B hold.

Once

[(acs)(aos) ] =[(ans)(a* o8*)[" =[(aa*)o(e8*)]" = (aa*)" o (8" )"
=(aa*)o(e8*)=(a0B)(A" 0B")=(ADB)(ATB)"

thus, also the third condition for A* OB™ to be Moore-Penrose inverse of AOB holds. The

fourth condition for A* OB* to be Moore-Penrose inverse of AOB can be proved

analogously.
O
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Next, with Q(A) [Q(B)] the OPM on the range space, R(A) [R(B)], of A [B], we can
establish

Proposition 2.9. Whatever matrices A and B, we have

Q(ADB)=Q(A)D Q).

Proof. From (2.1.14) and Propositions 2.5 and 2.8., we have

Q(ADB)=(A0B(ADB)" =(ADB)A* DB*)=(aa")uBB*)=Q(A)DQE) .

2.1.4. Jordan algebras

Jordan algebras were introduced by Pascual Jordan, in 1933, in his paper devoted to the
axiomatic foundation of quantum mechanics and developed one year later in partnership with
John von Neumann and Eugene Wigner, see Jordan et al (1934). Later on Seely (1970a)
rediscover these structures and used them to solve problems in statistical inference and
estimation area, calling them quadratic vector spaces. For priority sake we will call them
Jordan Algebras. With Seely was initiated a very fruitful research line with relevant
developments of linear statistical inference, see Seely (1970b, 1971, 1977) and Seely &
Zyskind (1971).

Later, in Michalski & Zmyslony (1996) and (1999), the Jordan algebras have been used in
hypothesis test, first for variance components and later for linear combinations of parameters
in mixed linear models.

More recently the papers of Vanleuwen et al (1998, 1999) are highly interesting opening
new research areas which we will pursue.

We can also quote Fonseca et al (2003, 2006, 2007, 2008, 2009), Rodrigues & Mexia (2006)
and Jesus et al (2007, 2009a, 2009b).

For completeness sake, the definition of algebra is stated.

Definition 2.8. An algebra, A, is a linear space provided with a binary operation, denoted
here by [, usually called product, that satisfies the following conditions, for all a OIR and

all x,y,z 0OA:

3
+
O
N
I

I
O
N
+

<
O
IN
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This product also enjoys the associative and commutative properties, defined below, however

these properties are not necessary for a linear space to be an algebra.

Definition 2.9. If, for all x, y,Z OA

—_—

xUy)bz=x0O(yDOz),

the algebra A is said to be an associative algebra.

Definition 2.10. If, forall x, y OA,

xOy=ylUx,

the algebra A is said to be a commutative algebra.

Definition 2.11. A Jordan algebra (JA) is a commutative algebra, A, whose product satisfies

the Jordan identity

x2 Oy 0x ) = (x? oy Jox

with x? =x Ox , for all x,y OA.

Definition 2.12. When the matrices of a JA commute it is called a commutative Jordan
algebra, CJA.

Definition 2.13. When a CJA is constituted by symmetric matrices it is called a commutative

Jordan algebra of symmetric matrices, CJAS.

In order to summarize what was previously set, we can say that a commutative Jordan
algebra of symmetric matrices is a linear space constituted by symmetric matrices that
commute containing the squares of their matrices.

To avoid going beyond the objectives of our study we will restrict ourselves to CJAS. For a

deeper study of Jordan algebras see for instance Jacobson (1953).

Let Q ={Qy,...,Qn} be the principal basis of the CJAS A, pb(A). Given M a matrix

belonging to a CJAS A, we have

M:Z:ijj = >bQ;, (2.1.19)
=

oC (M)

with C(M)={j:b; #0}.

15



Then the Moore-Penrose inverse of M is
m
M*=>'biQ;, (2.1.20)
where b} =bj" ,Ob; #0 j=1,...,m, and so

thus, a CJAS contains the Moore-Penrose inverses of any of its matrices.
With

and
g; =rank (Q;), j=1...,m,

representing by [ the orthogonal direct sum of subspaces, we have

RW) = JDCD(M)Dj
r(M)=rank (W)= > g;

joc(m)
Moreover the orthogonal projection matrix on R(M) will be

QM)= >Q;. (2.1.21)

joc(m)

Proposition 2.10. The orthogonal projection matrices belonging to a CJAS, A, are sums of

matrices of the pb(A).
Proof. Given Q , an orthogonal projection matrix belonging to A4, we have
m
Q=2.bQ;.
j=1

Since Q is idempotent and Qq,...,Q,, are idempotent and pairwise orthogonal,

m m

Q=2bQ; =3 bjQ; =Q7,
=1 =1

coming b =b; andso b;=0 or b; =1,j=1,...,m, then ,with C(Q)={j:b; # 0},

16



O

Since Q = {Qi,...,Q,} =pb(A4) has m matrices, A, as a linear subspace, has dimension
dim(4)=m. Thus there can be 2™ OPM in A, as such as the distinct sums of matrices of

pb(A), once each of the sums corresponds to a sub-set of m ={1,...,m} . Given CO ™,

Q€)=

joc
so that, with r(C) =rank (Q(C)), we will have

r(C):Zgj )

joc

We point out that we are considering the 0,,, matrices as an OPM on { o" }

We also see that if, with Q O A, we have r(Q)=1 then we must have Q 0Q = pb(A).

Namely, withJ, =1, 17 , if

1
:—J’
an

we put Q, =Q and say that A is a regular CJAS.

We are assuming that the matrices in 4 are nxn.

Definition 2.14. When a CJAS, A, contains invertible matrices we say that it is complete.

If A contains invertible matrices we must have

ig:m, (2.1.22)
=1

m
since we must have Zgj =n , then the matrices in the principal basis of a complete CJAS
j=1

addup to |,.

Let M be a matrix belonging to a CJAS, we say M is regular if and only if

m
M=>bQ, , (2.1.23)
j=1

17



with b; #0, j=1,..,m, the b;, j=1,...,m, will be the eigenvalues of M with

multiplicities g;, j=1,...,m, so the determinant of matrix M will be

m
det(M) = [[]b¥ (2.1.24)
ﬂ ;
and
m
M =3b5'Q,

and B= [bi,j] will be the transition matrix between M and Q, M\Q. The matrices in M

are linearly independent when and only when the row vectors of B are linearly independent.

Since dim(4)=m, if w=m and the matrices M,,...,M,, are linearly independent the m row
vectors of B will be linearly independent, thus B will be mxm and rank (B) =m. Then B

will be invertible and with B~ =[b""| we will have

m
Q =Y b"" My , I=1,...,m
h=1

and M ={M,,..., M, } will be a basis for A.

Now, the matrices of M:{M1,...,MW} commute if and only if they are diagonalized by

the same matrix, P°. We then have

mov(ee),

with I/(PO) the family of matrices diagonalized by P°. Since I/(P°) is a CJAS, we see that a
family of nxn symmetric matrices is contained in a CJAS if and only if they commute. Since

the intersection of CJAS gives CJAS there will be a minimum CJAS containing M, whose
matrices commute, this will be the CJAS A(M) generated by M.
Namely if D is a FPOOPM, A(Q) will have D as principal basis since the CJAS containing

D must contain the CJAS constituted by the linear combinations of the matrices.
If the M,,...,M,, commute and are diagonalized by the orthogonal matrix P° the row

vectors a,...a, of P° will be eigenvectors for the matrices of M.

18



Definition 2.15. Let a,,...a, be the eigenvectors of matrix M. We say that exists an

equivalence relation, 7 , on a1,...gn}, writing a, 7 a, , when and only when
gg M;a, :ng Mia, i=1..,w,

this is, when a, and a, , h#l, hl=1,...,n, are associated to identical eigenvalues for all

matrices in M.

Definition 2.16. A 7 equivalence class is of the first type if its vectors are associated to a non

null eigenvalue for at least one matrix in M . The number of classes of first type will be the

eigenindex of M.

Besides the first type classes there may be a second type class constituted by the

eigenvectors associated to null eigenvalues for all matrices in M.
with C,,...,C,, the sets of indexes of the a,,...,a, belonging to the first type

T equivalency classes the
QJ = ZQ,Q’T !j = 1)~~~ym
i0C;
constitute a FPOOPM, which will be the principal basis of a CJAS, A(g) with Q ={Q4)..,Q} -

It is easily seen that equality in (2.1.22) holds if and only if there is no second type

T equivalency class. Thus A(Q) is complete when and only when there is no second type

T equivalency class.

Let us establish

Proposition 2.11. We have AM) = A(Q).

m
Proof . Since M; = Zbi,ij ,i=1...,w, with b;q,...,b;,, the eigenvalues of M; , for the
=1

vectors in the different first type 7 equivalency classes, i=1,...,w , we have M [ A(g) o)

AM) O AQQ) as well as Q° :{Q?,...,ngo}: pb(A(M)) O A(g), thus Q7 = >.Q;, L=1,...,m°.
0]

jap
mO
Moreover M; = Zbngf’ , 1=1,...,w,sothe a,,...,a, with indexes in each of the sets UCJ-
=1 joo()

are associated to identical eigenvalues for all matrices in M which is impossible unless all

sets D(l), l=1,...,m° contain an unique index. This will imply that the matrices in Q are

the possibly reordered, matrices in go_
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Corollary 2.2. A(M) is complete if and only if there is no second type 1 equivalency class.
Corollary 2.3. The eigenindex of M equals d(M)=dim(A(M))

Corollary 2.4. A family M of commuting symmetric matrices is a basis for A(M) is and only

if its eigenindex equals its cardinal.

When M is a basis for A(M) it is a perfect family of symmetric matrices. These families

were studied by Ferreira et al (2007).

From the previous results we have an important result established in Seely (1971).

Theorem 2.1. Every CJAS, A, has an unique basis, the principal basis

Q={Q,---,Qn} =Pb(4)

which is a FPOOPM. Inversely every FPOOPM is the principal basis of a CJAS.

As a parting remark we point out that, given a CJAS, A, polynomials in matrices of A

belongs to A.

2.1.5. Binary operations on CJAS

We now consider binary operations on CJAS, more precisely on its principal basis. These
operations will be very useful in deriving complex models from simple ones.

The first two operations, the Kronecker product of CJAS and the restricted Kronecker
product of CJAS, were introduced on Fonseca et al (2006) and will be relevant for model
crossing and model nesting, respectively. The last operation, the Cartesian product of CJAS,
was introduced on Fernandes et al. (2010) and will be useful in considering models obtained

through joining and step nesting.

2.1.5.1. Kronecker product

Proposition 2.12. Given g(l):{ Qq(L) ... ,Qm(l)(l)}, the principal basis of the CJAS

A(l), L=1,2, the Kronecker product between A(1) and A(2), A(1)0 A(2) , will be the
CJAS with principal basis

a=q(1)oa(2)={e; ()0 (2);5=1,,m(1) j*=1,..., m(2)}.
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Proof. Being {Q1(l), ,Qm(l)(l)}, the principal basis of the CJAS A(l), 1=1,2,
constituted by pairwise orthogonal orthogonal projection matrices, the matrices
Q;(1)0Qs(2), =1,--,m(1) , j"=1,...,m(2)

are also orthogonal projection matrices because, as we saw, the Kronecker product of
orthogonal projection matrices is an orthogonal projection matrix. Besides this, using the

distributive law of Kronecker matrix product, we have

B 3o

thus, the kronecker of CJAS,
A(1)DA(2) ,

is a linear space constituted by symmetric matrices that commute.

On the other hand, being M a matrix belonging toA(1)D A(Z), there are two matrices
M, OA(1) and M, OA(2) such that M =M, OM,.

Since A(1) and A(2) are CJAS, M? OA(1) and M3 OA(2), thus M2OA(1)DA(2),
because, from Proposition 2.5, M2 = (M, OM,)? = M? O M2. Therefore A(1)0 A(2) contains

the square of their matrices, it is a CJAS.

Now, follows from the Theorem 2.1 that, if Q;(1)0Qy(2) are pairwise orthogonal

orthogonal projection matrices then they constitute the principal basis of the CJAS
A()O A(2).
O

Given the families of symmetric matrices
M) ={Mq (1) oMy (O)F O AQ), 1=1,2 (2.1.25)

and B(l)=|b;;(l)], L=1,2 , the transition matrices between M(l) and Q(l), M(L\Q(l),

(=1,2, for
M =M1 OME2)={M; (O My 2); 4 =1,--,m(1), i =1,...,m(2)} (2.1.26)
and Q the transition matrix will be

B=B(1)0B(2) (2.1.27)
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once we order the matrices in M and Q according to the indexes

Since the Kronecker product of matrices is associative it is easy to see that
A,0(A,0A4;)=(4,0A4,)0A;, (2.1.28)

this is, the kronecker product of CJAS is associative.

Proposition 2.13. If A; and A, are regular CJAS then A0 A, is a regular CJAS.

Proof. If A; and A, are regular CJAS , constituted by matrices of order n(1) and n(2),

T dty DA and —=J.) 0 4. Then

n(1) n(2)

respectively, we have

1 _
WJn(ﬂ O mJn(Z) 0 n(Z)Jn(1)n(2) UA DA,

thus A, O A, is a regular CJAS.

Proposition 2.14. If A, and A, are complete CJAS then A;0 A, is a complete CJAS.

Proof. Being A and A, complete CJAS, constituted by matrices of order n(1) and n(2),

m(1) m(2)
respectively, we have > Q;(1)=ly) and > Q;(2)=1,q) . Then
= 7=

which means that A4 0O A4, is a complete CJAS.

2.1.5.2. Restricted Kronecker product

Proposition 2.15. Let Q(1) ={Q;(l)....,Qm (1)}, be the principal basis of the CJAS A, ,

l =1,2. Putting Q1(2):$Jn(2), the restricted Kronecker product between A; and A,,

A{0A, , will be the CJAS with principal basis

22



1 1
Q=Q,0Q, = {Q1 (o mJn(Z) s Q1) 0 @Jn(z)} O{lny DQ2(2), 1, by T Quoiz) )}

Proof. Once the Kronecker product- [ of OPM is an OPM, then Q=Q(1)0Q(2), where
QD(1) :{ 1(1) 0 Q1(2)""’Qm(1)(1) 0Q, (2)} and QD(Z) = {In(1) 0Q, (2)’--~’In(1) g Qm(Z)(z)} » will

be a family of orthogonal projection matrices.

1) Given two matrices Q,-(1) 0 Q1(2) and Q; (1) 0Q (2) belonging to QD(1), we have
@(1)o (2 (1) 0 Qi(2)) = (@i(1)e: (1) 0 (@i(2)ai(2)) = 0.

2) Given two matrices l,4)0Q;(2)and 1,4y0Q;(2), j#J, belonging to Q(2), we

have

Un () 0Q; (2 )n ) 2Q5 ()= (la iy o)) 0 (@5(2)Q5 (2)) =ary D @5(2)R; (2))= 0.
3) With Q;(1)0Q,(2) DQ(1) and 1,4y 0Q;(2) DQ(2), we have
@12 (@)l £ Qs(2) = [Qi(1)hg) B (Qi(2)Q;(2)) =0

Thus, Q, 0Q, will be the principal basis of the CJAS A;UA, .

When A, is regular A;0A4, is regular. Besides this, if A; is complete and A, is regular

m(1) 1 m(1) 1 1
Z(Qj(1) O mJn(Z)J = [z j(1)] O m‘]n(z) =lay O ﬁJn(Z) =) 0Q4(2) . (2.1.29)

= =

This result will be used later on.

If A; is complete and A, is regular and complete, A;* A4, is complete since

%(QJ‘@) O ﬁ%(z)) + r%)(‘n@) 0Q;@)= o) 0 Q4(2) +1,) D nng(Z)

= =2

m(2
=l O ﬁQj(Z) = oy Olaz) = lapyn)  (2.1.30)
j=1

As well as the Kronecker product, the restricted Kronecker product also satisfies the

associative law. Given another CJAS, A;, with principal basis {Q1(3),...,Qm(3)(3)}, putting

1
Q4(3) =@Jn(3) we have
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A, O(A, DA;)= (A, DA,) DA, , (2.1.31)

see Fonseca et al (2006).
The Kronecker product and the restricted Kronecker product can be applied jointly, for

instance,
(4 0 4)0(4 0 A,)

would be the restricted Kronecker product between A 0O A, and A; O A,.

2.1.5.3. Generalized Kronecker product

Given two CJAS A, and A, the generalized Kronecker product between A; and A,,

denoted as Al(cD)AZ , Will be a CJAS with principal basis

pb(Al(CD)Az){U{Q1(1)DQh(2),...,Qm(1)(1)DQh(Z)} 0 {lg 0Qu@shoC) @.1.32)

hocC

The two binary operations introduced before are special instances of (CD) , where

{focom ={1,...,m,}.
Putting

A(C)= A QA (2.1.33)

©

we have the kronecker product between A;and 4, ,

A0 Ay= A

and the restricted Kronecker product between A;and 4, ,
A" A= '41/2({1}) .
2.1.5.4. Cartesian product
The Cartesian product
2
AleZ:l)—(1Al (2.1.34)

of the CJAS A, | =12, will be the CJAS with principal basis
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Q1) ={D(Q1 (1), 00(2)n(2)) - Q) (1), Onzyentay )} T {D (Ontentiy @1 ) 3. D(Onienys Que) @)}

(2.1.35)
where we assume that
9(1) = pb(Al ) = {Q1 (l)""’Qm(l)(l)}’ 1=12
and that the matrices in A are n()xn(l), L =1,2.
Given another CJAS, A;, we have
Ax (4 x A) = (A;x A)x A, (2.1.36)

thus the Cartesian product is associative.

2.2. Estimation

In this section we present important results on least squares estimators, LSE, among
which we highlight a version of the Gauss-Markov theorem due to Zmyslony.

Devote special attention to the commutativity of the matrices T and V which is a
sufficient condition for a linear mixed model be an error-orthogonal model.

We also present an example where we consider a balanced mixed model.
2.2.1. Least squares estimators

In what follows we are interested in models with mean vector

U=EY)=XS3 . (2.2.1)

Definition 2.17. A vectoré is the least squares estimator, LSE, of g if it minimizes
2
s()=|x-xg .

Proposition 2.16. The vectoré is the least squares estimator of [ if and only if Xé =TY,

where T is the OPMon Q = R(X) , the space spanned by .

Proof. With V the orthogonal projection of V on the subspace O, and Q" the orthogonal

complement of Q , we have
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sle)=1x-xg]" =[Yor +Yo -x8]" =] Yo | +] Yo -x5[".

Since ||XQu||2 does not depend on S, s(f) is minimized by minimizing ||XQ —Xé"z, this is,

2
since TY=Y,, s(g) is minimized by minimizing ” TX—XE‘ , where T is the OPM on

Q= R(X) , the space spanned by . Thus the squared distance between TY and X/ is zero

if and only if X3=TY .

O
Corollary 2.5. S = (XTX)+XT1 is the least squares estimator of f3.
Proof. As we saw, the OPMon Q = R(X), the space spanned by 4, is
T=xXXTX) X7
So the minimum of s(g) is attained for
B=Kxx)xTy.
O

Besides this

Definition 2.18. W =Gp is estimable if Y’ =UY is a linear unbiased estimator for W, for

some matrix U.

Then, for every 3, we get
UXB=Gg,
so that G =UX which is equivalent to GT =XTUT and, see Mexia (1990),
R(GT)<R(xT)
If the
wi=uyY , =12, (2.2.2)
are unbiased estimators for ¥ we have

UX=U,X=G (2.2.3)
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so the row vectors of U; —U, will be orthogonal to the column vectors of X, thus to Q.

Let us establish

Lemma 2.2. The Ef =U\Y, L =12, are unbiased estimators of the same estimable vector if

and only if U;T =U,T.

Proof. If W and W, are unbiased estimators of the same estimable vector
U, -u,)T=(U, —UZ)X(XTX)+XT =0, since (U;-U,)X=0, and so U,T=U,T. Inversely, the
mean vectors, of EI, E(Ef):UngZULTXE , 1=1,2, will be equal when U;T =U,T, and so

the proof is complete.
O

The LSE of the estimable vector ¥ = AS will be
P =Ap=U°, (2.2.4)

with

We now have the
Proposition 2.17. The LSE of estimable vectors of models with mean vector =X are the

MY, with MT =M.

Proof. Whenever y=Xp we have T :Q(X):X(XTX)JrXT the OPM on R(X) the space

spanned by 4.

If ¥ =G} is estimable there is an unbiased estimator for W, say MY for some matrix M,

and its LSEwill be ® =G with §=(x"x)'XT ¥ . so0
MY =G4=6(x"x)xTy
thus

m=c(xTx)'xT .

27



Since (XTX )+ XTX (XTX )+ is the Moore- Penrose inverse of X'X we have,
MT =6 (XX ) XTx (XX ) XT =M .
Inversely, if MT =M, we have
M1=MT1=MX(XTX)+XT1=MX§ .

and MY is the LSE of ¥ =GB with G=MX.

Corollary 2.6. If g* =UY is an unbiased estimator for ¥, the LSE for ¥ will be ¥ =UTY.

Proof. Since UTT =UT, it suffices to point out that ¥ is an unbiased estimator of W of the

type indicated in the thesis of Proposition 2.17.
O

According to Zmyslony (1978), we get the following relevant version of the Gauss-Markov

theorem. Before, we present some remarks which may be significant.

Remarks:
. Q is BLUE for W if and only if, whatever the unbiased linear estimator for ¥, ¥,

the difference V({)—V@) of their variance-covariance matrices is positive semi-

definite.
« If V depends on parameters, say variance components, the condition TV =VT s

assumed to hold for all possible choices of these parameters.

Theorem 2.2. (Gauss-Markov): If the model has mean vector u=Xp and variance-

covariance matrix V that commute with the OPM T the LSE of estimable vectors are the

best linear unbiased estimators, BLUE.

Proof. According to the Corollary 2.6, given the unbiased estimator " =UY of W, the LSE
of W willbe ¥ =UTY. Now, with v(g) and V(Q) the variance-covariance matrices of these

estimators and T =1, - T, we have, since V and T commute and TT¢ =TT =0,
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viw') =uvu =u(r+ TV (T TCuT
=UTVTUT +UTVTCUT +UTCVTUT +UTCVTCUT
=UTVTUT +UTT VUT +UTCTVUT +UTCVTCUT
= UTVTUT +UTEVTEUT = V(@) +uTCvTCUT

The thesis now follows from UTSVTCUT being positive semi-definite and from, according to
Lemma 2.2, getting the same LSE, UTY, whatever the unbiased estimator UY for ¥.
O

Given Q = {Q,,...,Q.,} =pb(A), when T A we can reorder the matrices in Q to get, for

z<m,

= , (2.2.5)

when V is known up to the y;,..., Vi , these will be the canonic variance components.

When the row vectors of A; constitute an orthonormal basis to [; = R(Qj), we will have

ATA,=Q; ,j=1..m
N 2.2.
{AjAjT:|gj ,j=t1..,m’ (2.2.6)
with g; :rank(Qj):rank(Aj):dim(Dj) , j=1,...,m , see Silvey(1975). Taking
=AY ,j=1...,m
=AU ,j=1...,m (2.2.7)

j
7, 2
2 2 B .
SJ'=||QJ'X" =||Aji|| =H/_7jH ,j=1...,m

7. will be the mean vector of /_7j, EE), j=1,...,m. Moreover /_7], =0 and S; has mean

vector E(Sj):gjyj, j=z+1,...,m. Thus we have the unbiased estimator /_7j, j=1,...,m, for

the /_7j, j=1,...,m and

S.
==, j=z+1,..,m. (2.2.8)

g;
Later on we will consider the estimation of the y;, j=1,...,z. The estimation of the usual

variance components 012,...,03, may present some problem. For instance, see Khuri et al

(1998), in a three factors random effects balanced model in which a first factor crosses with a
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second one that nests a third one there is no unbiased estimator for the variance components
associated to the second factor given by the difference of two mean squares. Actually
unbiased estimators, for the variance components of balanced cross-nested models, given by
linear combinations of mean squares were obtained in Fonseca et al (2003).

Returning to estimable vectors, since

z z
_ _ T _ T .
E_TE_[ZAJ AJ]E_ZA] ,—7j ’ J_]-/---/Zy (2.2.9)
=1 j=1
we get
V4
E:Gﬁ:UXﬁ:U;_/:ZCj/Zj , with C; :UA;'- ,i=1,...,z, (2.2.10)
=

z
thus the estimable vectors will be generalized linear combinations, ZCj/zj , of the canonical
j=1

estimable vectors Nyr-eall, - We point out that /'7'1,...,/'72 are linear unbiased estimators of

n.,...,1_, which are thus estimable. Moreover
21 Lz

y4
AT=AD AJA; = Ay, j=1,..,2 (2.2.11)
=1

since AjA] =0, with j#j', AjA] =l ,j=1,...,z. Then the 7 _

are the LSE of /_7j . Besides
this

4 4
P =GB =UXF=UTY =UY AJA)Y=3 Ci,, (2.2.12)
j=1 j=1

with the same matrix coefficients C,...,C, that we have when we write W as a generalized

linear combination of the Mot -
2.2.2. Commutativity

We now obtain a general condition for the orthogonal projection matrix on the space

spanned by the mean vector, T, to commute with the variance-covariance matrix of Y, V.

This is a sufficient condition for a model to be an error orthogonal model, as we will see
later.

Let us consider a mixed model, which will be studied in Chapter 3,
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\i4
Y=Y X8, (2.2.13)
i=0

where ,6’0 is fixed and the E,...,EW are random vectors with null mean vectors.

The mean vector of Y will be
H=XB, - (2.2.14)

Assuming the rows of X, to correspond to the sets of levels of the fixed effects factors, the
mean values of the observations will be determined by those sets. Let us consider that there

will be n° sets of the levels associated to My...,T0 , CONtigUOUS rows of X, . If the components
of go’ Do """Bo,n° , are the corresponding mean values, we can reorder the observations to

have the block diagonal matrix

Xo =D(1, ... 1. (2.2.15)

So the orthogonal projection matrix on the range space , Q, spanned by the mean vector, is
given by

T:D(—1 g 1 Jr ], (2.2.16)
r o
whereJ, =117 .

The fundamental partition of Y will be constituted by the sub-vectors Y,,...,Y .,

corresponding to the n° sets of levels for the fixed effects factors. Then the variance-

covariance matrix can be defined by

v1,1 V1’n°

v=| Fo, (2.2.17)
V o V 0 .0
n°,1 n°,n

with V| the variance-covariance matrix of Y., [ =1,...,n°, and V,, the cross-covariance

matrix of Y and Y, L Zh.

So, since
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1 1
ry Jr1 V1¥1 r Jr'1 1,n°
TV = : :
1 e
fo Jrno Vn°,1 Mo Jrno vn°,n°
(2.2.18)
V,,+J -V 1
11 5 n 1,n° To o
VT = : :
1 1
vn°,1 ry Jr1 vn°,n° Mo Jrno
the matrices Tand V commute, this is,
TV =VT
if and only if
1 = a1 1 = 1
r Jr1 v1,1 - v1,1 r Jr1 r Jr1 v1,n° v1,n° r1no ‘Jrn0
: : (2.2.19)
1 = 1 U = 1
Mo JrnD Vno,.] Vno’.] r Jr1 Mo Jrn° Vno’no vno,no Mo Jrn°

According to Lemma 2.1, establish in Section 2.1.2, and to the conditions for having

TV = VT we get the following proposition.

Proposition 2.18. Matrices T and V commute when and only when the matrices V,,,

(o]

l=1,...,n°, h=1,...,n° are B -matrices.

When V :D(0'12| azolro ) we clearly have TV =VT and the LSE of estimable vectors

f 1

will be BLUE.
2.2.3. An example of a balanced mixed model

We now consider a balanced mixed model, this is, a model with equal numbers of

observations for all combinations of levels of the factors. Let
Yij =aq tagX; +a,x? tyyte; i=1..,n0, J=1...,n, (2.2.20)

be the observations, where the Xqy..0p Xy, are known and fixed and the ViseeosV, are

independent, with null mean value and variance 012 ,independent from &, i=1,...,n; ,
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j=1..,n;,. The &4,---,&, ,, are themselves independent with null mean values and variance

ot.

Ordering the observations, y;; , and the errors, &;;, according to the indexes

BN
l=(-1)n, +j i=1...,n, j=1..,n

we have

- 2
Y1 = ag+apXy +agXy +p, + gy

_ 2
Yn, = aj+ax; +asxs + )y, + &,

_ 2
Yn,+1 = a3 +3,X; +a3xXg + ), + &y

- 2
Yon, = aj+aXg +asXy + Wy, + €2,

_ 2
Y=ty +1 = ag+apXy, +asXy + )4+ &

— 2
yn1nz = agtagXy tazXy ), ténn,

so we can rewrite the model as

where

the vector S has components

_ R
By =a;tayx; +azxjy ,i=1..,ng,

and the components of the vectors y and ¢ are, respectively y;,..., ), and &, -

The variance-covariance matrix of Y is
— 2 2 — 42 2
V=oiJ, Ol, +o%l,, =o7J, O, +o°l, 0Ol ,

with sub-matrices

(2.2.21)

(2.2.22)

(2.2.23)

> TN,y

(2.2.24)
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— 2 2 P
Vig=o07 I, totl, i=1..,n
1

— 2 R
Viy =oi |, iZi

which are clearly B -matrices.
Thus

B=(xIx,)'xIy (2.2.25)

will be BLUE. It is easy to see that the components of é are

I .
:81' :_zy(i—1)n2+j , 1=1,...,n1.

N2 5=
Moreover, we have
£=X3 , (2.2.26)
with
1 x, x?
X= :
1 x, xi

and so, from (2.2.25), we get the
5= (k7205

which will be also BLUE, whenever rank(X) = 3.

These models can be extended in many ways, for instance increasing the degree of the
polynomial regressions. In this way we obtain Error orthogonal models. These models will be
studied in the next chapter. Another possible extension is to unbalance mixed models with a

regressional fixed effects part.

2.2.4. Sufficient and complete statistics

Let the sample space &€ be the set of all possible n-dimensional samples. The n-

dimensional samples, represented by x, must be considerate as the realizations of random
vector X . The space & is the support of the distribution of the observations vectors. We will
assume this distribution to be known up to a parameter vector & and it is denoted by F(III Q) ,
while (0 8) will be the corresponding density [probability] function in the continuous

[discrete] case. Given a partition,
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e=J¢ (2.2.27)

of the sample space, £, we have the conditional distribution
F(xI1C;;8)=Pr(X<x|(Xx0C,);8) , (2.2.28)
thus, according to the total probability theorem we have

Fix16)=2 Pr(X0C; 18)Pr(x < x1(XD0C;); 6)

2.2.29
=>"Pr(X0C; 18)F(x1C;;6) | )

Following we present some important definitions.

Definition 2.19. The partition is sufficient if the conditional distribution do not depend on &,

thus

F(x16)=Y Pr(X0C; 18)F(x1C;) .

i

Definition 2.20. A sufficient partition is minimal if any set of whatever sufficient partition is
contained in a set of that partition. Namely, a sufficient partition is minimal if its sets are

unions of sets of whatever sufficient partition.

Definition 2.21. A statistic is a scalar or vector function defined on the sample space that

does not depend on any unknown parameter.

It is important to note that any statistic, being a function with domain &, generates a
partition of &. If that partition is sufficient the statistic is sufficient. If the partition is
minimal sufficient so is the statistic.

Sufficient statistics summarizes the whole of the relevant information in a sample, about
8, but to achieve the maximum possible data reduction, without any loss of information, it is

desirable to have a statistic as condensed as possible, that is, a minimal sufficient statistic.

Definition 2.22. A sufficient statistic, m(x), is minimal if and only if for every other

sufficient statistic , n(x), there exists a function, h, such that
m(x) =h(n(x)) .

Now we have, see Fraser (1957), the
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Theorem 2.3. (Factorization) A statistic, T@) , is sufficient if and only if there are two

non-negatives functions g(x) and h(x) such that

f(x18)=g(T(x)1 6)h(x)
where h(x) does not depend on 8.

Proof. The proof that we present is for the discrete case. A general proof may be found in
Fraser(1957).

Suppose that f(x | 8)=g(T(x) | 6)h(x). With T(x) =t we have, for all x and for all &,

PrT(x)=tlg)= > f(x16)= 3 8(T(x)18)h(x)=g(t!6) Zh

xOT™'(t) x0T~ '(t) xOT™!
So, for x 0T (t) and since {X =x} O{T(X)=1},

_ g2 P =X) n (TX) =t)16] | Prx=x16) _
Pr(x =xIT(x) = ;) = Pr(T(X)=t16) CPr(TX)=t16)
o(t16)h(x) h(x)
g(t16) Zh(_ Zh ’
)

x0T ( xOT™! )

which not depend on @, hence T is a sufficient statistic. Conversely, if we assume that T(x)
is a sufficient statistic, which mean that the conditional distribution of X, given T(x) =t,

does not depend on @ , so

Pr(X

XIT(x)=t;8)=P(X=x|T(x)=t)=h(x)
for all @ in the parameter space. Since,

{X=x30{T(x)=t}
we have

f(x16)=Pr(X =x16)=Pr((X =x) n (T(x) = 1)) =
=Pr(T(x) = t16) Pr(x —x|T(_)—t)
=T 19 h(x).

O

Sufficient statistics have interesting properties connected to unbiased estimators. To

establish these properties we need the notion of convex function.
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Definition 2.23. A function c([) is convex if, whatever u; and u, in its domain and a D[O,1],

we have

c(au, +(1-a)u,)<ac(u)+(1-a)c(u,) .
Let us now establish

Theorem 2.4. ( Jensen’s inequality ) Given the random variable Y and a convex function

c(D we have

E(c(¥))= <(E(Y))

whenever, the mean values of c(Y) and of Y , E(c(Y)) and E(Y) are defined.

Proof. The proof we present is for the continuous case, a general proof may be found in
Fraser (1957).
Let r(Y)=a+bY be the straight line tangent to the graph of c(0) at x=E(Y). Since

c(0) is a convex function, we have c(Y)=a+bY and so E(c(Y))=a+bE(Y)=r(E(Y)). Since
r(Y) is tangent to c(0) at u=E(Y), we have r(E(Y))=c(E(Y)), thus E(c(Y))=c(E(Y)), and the

thesis is established.
O

We now get the

Theorem 2.5. (Rao-Blackwell) Let " (X) be an unbiased estimator of |(8) with (0 a

bounded function. Given a sufficient statistic T(X),
1) =e(U)Tx) =)

(i) U(t) is function of t but not of 8;
(i) U(t) is an unbiased estimator of |(6) ;
(i) V(7)< v(U).

Proof.
(i) Since T is a sufficient statistic it generates a sufficient partition of &, thus [(t) will be

function of t but not of 4.
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(i) 1(6)=E ( l(x)) =E (E(l*(x) I T(X)= t) | Q) = E(T(Q) | Q) , 50 [(t) is an unbiased estimator of
o).

(itf) Consider the convex function c(X)=(X —E(X))*. Since the variance is the mean value of

this function, by Jensen’s inequality, we have

v(i(t)16)= (c(ft )) (((lXIT(x=t,9)))
< )=t;0))=E(c(1'(x)16)=v(U(x)16)

Besides sufficient we are interested in complete statistics.
Definition 2.24. A statistic T(ﬁ) is complete for 00O, with © the parametric space
spanned by &, if
ne0e:E(L(t)16)=
that implies
neOe:pr(l(t)=0)=1.

Using jointly the concepts of sufficiency and completeness for statistics, we get the

Theorem 2.6. (Blackwell-Lehman-Sheffé) If T(x) is a complete and sufficient statistic, and

there exists ", an unbiased estimator of |(9) with L(() a bounded function,

() =€l ()1 7(x) = )

is an unbiased estimator of l(Q) with uniformly minimum variance, UMVUE.

Proof. According to the Rao-Blackwell theorem, [ is an unbiased estimator of (8) and
V(T)s V(l*). Given another unbiased estimator 'l of ((#) we could use again the Rao-
Blackwell theorem to show that V(*T)s V(*l), with 1= E(*l(x)l T(X) = t). But since T is

complete and [ and "1 are unbiased estimators of |(6) we will have 060 @ : pr(*[ =T)=

which establishes the thesis.
O

Let s be the number of components of &, if © contains the Cartesian product of s non-

degenerated intervals and f(x | 8) belongs to the exponential family, this is, if
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f(z|g)=exp{ivf @, @)—B@}h@) . 2.2.30

the statistic T(x), with components T;(x), i=1,...,s, will be complete, see Silvey (1975, pg
31).
If

e

where 8, and 8, have s; and s, components, respectively, and 8, 00, with dim(0)<s,,
© will not contain the product of s=s;+s, non degenerate intervals and T will not be

complete.

If there is no linear constraints on the v,,...,v, or on the T,,...,T, and moreover ©
contains the Cartesian product of s non degenerate intervals, f(x|8) will belong , see

Lehmann & Casella (1998, pg24), to a full rank exponential family and , see Lehmann &

Casella (1998, pg39) will be minimal sufficient and complete statistic.

2.3. Normal vectors

The purpose of this section is to present some important results about normal vectors.
First we introduce moments and moment generating functions of random vectors in general.
We turn our attention to the particular case of normal vectors when we introduce the linear

transformations.

2.3.1. Moments and generating functions.

In this sub-section we will follow Mexia (1995) were can be found the proofs not included
in this text.
As usual in Linear Algebra, we will write vectors as column matrices whenever

convenient.

Definition 2.25. Given a random vector

the mean vector of X is
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whenever the mean values E(X,),...,E(X,) of the random variables Xj,...,X, are defined.

Let X be a random vector, A a constant matrix and b a constant vector. Since the

operator E(E) is linear, we will have
E(AX+b)=AE(X)+b . (2.3.1)

Let us define

Definition 2.26. Given an r xs random matrix, X = [Xiyj J, the mean matrix of X is

E(X)=[E(Xi;)],

whenever the mean values of the random variables X;; ,

E(Xi;), i=t1..,r, i=1..,s, are
defined.

Let X be a random matrix and A and B be constant matrices, once more due to the

linearity of the operator E([), we have

E(AxB)= AE(X)B. (2.3.2)

Proposition 2.19. The variance-covariance matrix (or simply, covariance matrix) of a random

vector X is given by

V(X) =E|X -E(X))(x ~E(X))"]

V(X)) - COV(Xy,X,)

CoViX,,X,) ~  V(X.)

)

which is defined whenever the variances, V(Xi) i=1,...,r , and the covariances, COV(X]-,XJ-),

izj, i,j=1,...,r, of the components of X are defined.
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Proof.

=E|(x ~E())x ~E(x))"]

X; —E(X)
=E : [X; -E(X;)... X, —E(X,)]
e |
()P - (x1—E(x1))(xr—E(xr))]
Bk -E) (X EX P
E(X1-F(X1))2 - E[(X1-E(X1))(Xr-E(Xr))]]
el B0 -EX)] -, B
[ov(X,) - cov(X,X,)
covix,x) - VIX,) ]

Proposition 2.20. Let X be a random vector, A a constant matrix and b a constant vector

Proof.

V(AX +b)=A V(X)AT .

V(AX +b) =E[((AX +b) ~E(AX +b))(AX +b)~E(AX +b))|

=E|(A(X -E(X)))(A(X -E(X))) ]
=E[A (X -EQ))X-E (X)) AT]
_AE[(_ E(X))x -E(X)) ]AT

=A V(X)AT

Proposition 2.21. The variance-covariance matrix, V(x) , is a symmetric matrix.

Proof.

" = [Elx - e)x - ex) ][
-E[( ()x-)")' |

=[x ~E(X))(x ~E(X))]
-v(x)
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Proposition 2.22. Given two random vectors

X1 X214

I><
I
Q
=
Q
<

N
I

Xk, X2k,
the pair (X,,X,) has cross-covariance matrix

cov(xmxm) COV((X1,1X2,kZ)
V(vaz )= : - :

COV(X1,|<1 Xo1 ) - COV(X1,k1 X2k, )
Proof.
cov(xjﬂxzﬂ) . COV((X.1,1X2,kZ)

V(&:Xz ): E((& _E(&)) (Xz _Euz))T ) =

cov(x;,.ﬁxm) . COV(X1;k1X2,kZ)

O
Let A, and A, be constant matrices and b, and b, constant vectors, we get
V(AX, +by5 Ay X, +by) = AV(X, 5 X, )A]
It is also easy to see that
V(X1er):V(Xz»X1)T- (2.3.3)

If X, and X, are independent random vectors, we put X, (1)52, the covariances
between the components of both vectors will be null and so, with k;and k, the number of

components of X, and X, respectively,

V(X13X5) = Ok, (2.3.4)

where 0 ., is the k; xk; null matrix.

Whatever the random vectors X; and X,,

vﬂx*D:[ Vi) VIXaXa)] (2.3.5)

X, |) VX0 Xe) Vi)

If X, (1)52, both with k components, we have

42



Xy +X; =[le Ik][fj

as well as

(X, +X,)=[l |k]{v(&) \?&Z)}["‘}:v(&)w(&) , (2.3.6)

kak Ik

where 0., is the k-order null matrix and |, the identity matrix of order k.

To obtain the moments their generating function is highly useful.

Definition 2.27. Given a random vector X, whose components are the random variables

X1,-.-, X, , his moment generating function is given by

When it is defined in an open set containing the origin, it is indefinitely derivable, at the

origin, and

f Tk
duy ...0u)

0"4(u '
(L(_)J :E(X1r1...XLk):ﬂr1,...,rk ’
u=0

k
with r = Zri .
i=1

Moreover if two of these function are identical, the corresponding distribution are identical.

Proposition 2.23. Let A be a constant matrix and let b be a constant vector. The moment

generating function of the random vector Y = AX +b is,
#y (1) = e*"g,(AT0)
Proof. From Definition 2.27 and from (2.3.1) we have

By (U) = Prn ) =Elet 20 = o2, (ATy)
O

Besides this, see Lukacs and Laha (1964), it may be shown that X, and X, are independent if

and only if there joint moment generating function is the product of the moment generating

functions of X, and X,.
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Proposition 2.24. If X, (i)Xz, both with k components, the moment generating function

of X,+X, will be

2

Px.+x, (u)= l_l Px, (u).

i u"Xy u'X,
Proof. Since e= = (i)e- =2, we have

b ox, (1) = E(egT(x1 +xz)) - E(e9T51 engzj - ﬁE(e”TX') - lj by ).

O

X u
If X, (i) X,, with X:[;} and g:{:} when X, and u, have k components, we
22 =2

have

oy (u) = E(eyT(K)): E(eyTx1 engz) - E( 2 QU X, ]z 2 E(eyul) - G¢Xl (). @3.7)

2.3.2. Linear transformations

We write X ~ JV( al u, V) to indicate that the random vector X has normal distribution

with mean vector H and variance-covariance matrix V.
Definition 2.28. Given X - ./V( Ol u,V ), if V isinvertible, X will have density

n(xiz V)=

where k is the number of components of X and det(V) is the determinant of variance-

covariance matrix .

Proposition 2.25. The moment generating function of the normal vector X is
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Px (u)= ¢N(H |4, V): eHlur3u VU
Proof. See Mexia (1995, pag37). ]

Proposition 2.26. Let X be a normal vector, with mean vector u and variance-covariance

matrix V. Let A be a constant matrix and b a constant vector. The moment generating

function of the normal type of AX+b is
axen W)=y (ulAg +b,AVAT) .

Proof. Since

we get, from Propositions 2.23 and 2.25,

Paxen () =¥ By (ATH)

— ou'b TS el v(aTy)

_ et s

so the moment generating function of the normal type of AX+b is

¢A5+L3(X):¢JV(X|A£ +b, AVAT) .
O

Now AV AT may not be invertible so AX +b will not have density. Then, in what follows,
we say that 5~./V( O ,u,V) if
) =gy luip, V) 2.3.8)

)

and so, the normal family of distributions will be closed for linear transformations.
If X, (i) X, , with X, - Olg,V), =12, and

e ol T o PV L PRV B
Xz U, - /.12 Okzxk1 VZ

we have
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2

2 Tu+1u'Vu Tu+d
¢X(g):l_|¢xl@[)=l_leglgl z,lv,lzeﬁg 74 VH=¢N(9|'U,V) (2'3'9)

A !

SO

this is, superimposing independent normal vectors gives normal vectors. Then

X,
A X +A Xy =[A1 Az] X,

will be normal, whenever X, and X, are normal and independent, with

{E(A1X1+A2X2):A1E1+A2E2 (2.3.10)

V(A1X1 +A2Xz):A1V1A1T +A; VA7
whenever X, ~A/( |E1’Vl)’l:1’ 2.

We also have

Proposition 2.27. If

X={X1}~./V H, [Vm V1,2}
X, Hy || Vo1 Vo

)

then X,(i) X, if and only if Vi2 =0y xk, with kg the number of components of X,

l=1,2.

Proof. If X,(i) X, we have Vi2 =0y xy, since the covariance of the components of both

vectors are null. Moreover if Vi, =0, , we have V,, :V1T2 =0y, xk, and, as we saw, with

c

<[4 ve e 4400 om0 ,(0) %
=1

=2

2.3.3. Associated distributions

Definition 2.29. Let X,,...,X,, be n independent and identically distributed random variables

with standard normal distribution, we write X,,...,X, i.i.d. ~W¥ ( 0o,1 ) The variable
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has a central chi-square distribution with n degrees of freedom.

The variable )(rf has density function

0 ; x<0
_ 1
g(xIn)= 1n(5jz e . x>0 (2.3.11)
2r(@)2
where T(z) is the Gamma function,
r(z) = je‘t ¥ dt. (2.3.12)

Let us now establish

Proposition 2.28. The moment generating function of a chi-square random variable with n

degrees of freedom is

defined for any u <% .

Proof. From the definition of moment generating function of a random variable and from
(2.3.11), it comes

I R 5%_1 -7
¢(u|n)—.|‘0 e F@)(zj e’z dx.

Making the transformation v = - X, we get

Since the last integral is the gamma function for %, F(ﬂ) ,
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Proposition 2.29. If )(r% and )(r%1 are two independent chi-square random variables with n

and m degrees of freedom, respectively, then )(r% + )(r%1 has a chi-square distribution with
n+m degrees of freedom with moment generating function

Pyient ()= ? ()

We say that the chi-square is reproductive on the degrees of freedom.

Proof. Since /Yr% (i))(,f1 , from Proposition 2.24, the moment generating function of a sum of

independent random variables is the product of their moment generating functions, then

1
n+m = ¢Xr%+m (u) )

(1-2u)=2

¢an+er1 ()= ¢an (U)¢)(§1 (u) =

where ¢ , (u) :m and ¢, (u):mare the moment generating functions of

X2 and x2, respectively.

From the expression of ¢Xz (u) we get the first and the second derivatives given by

¢l(u|n):(1—2u)“7*z
. n(n+2) ’
#(uin) (1-2u)7

so the first two moments in order to the origin of )(rf will be
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(2.3.13)

Thus the variance will be

vixz)=2n . (2.3.14)
Besides central we are also interested in non-central chi-squares.

Definition 2.30. Let X,,...,X, be n independent random variables, X1(i)...(i)Xn, with

distributions

X1~JV(E|,U1,1)

Xn~‘/v(|:lﬂn’1)

then the distribution of
2 : 2
Ano = z X;
i=1

n
will be a chi-square with n degrees of freedom and non-centrality parameter o = z,u]z .
i=1

The moment generating function of )(rfﬁ will be, see Mexia (1995, pg.48), given by

b, W=¢(uin,o)=——1r, (2.3.15)

n
with J = Zy,z . Since

i=1

we have

uin, =e —_ =
= 3 (1-20)7
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—.

o (o)
—e ‘52(2— (uln+2j) (2.3.16)
j=0

so it may be shown, see Mexia (1995, pg.49), that

00

2

J:

—_—

N,

)J'

N\m

G(xIn,d)=e" G(xIn+2j), (2.3.17)

—.

where G(x [n,d) [G(x In+2j),j= O,...] is the distribution function of X,%,(; /Yr%+21' ,J= 0,...].

We can assume there is an indicator variable N, with Poisson distribution with parameter
, and that, when N=j, )(ﬁyd is distributed as a central chi-square with n+2j degrees of
freedom, )(rf+2j.

If )(rf,[, ( i ))(%,5- it is easy to see that

_ e 1-2u
¢an,5 X5 ( (1 _ 2u)n+m ’ (2.3.18)

so when we add independent chi-squares we add both the degrees of freedom and the non-
centrality parameters. Thus there is additivity both for degrees of freedom and the non-

centrality parameters.

Definition 2.31. Let sz and )(_3 be independent central chi-squared random variables with

r and s degrees of freedom, respectively. The quotient

5 A
%/

has a central F distribution with r and s degrees of freedom, we put F(.|r,s).

Now , see Mood et al (1987, pg 246), the density of & is given by

f(zir,s)= r(mj r(rzj5‘1 (2.3.19)

()
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Definition 2.32. Let )(35 be a non-central chi-squared random variable with r degrees of
freedom and non-centrality parameter J and )(52 a central chi-squared random variable with

s degrees of freedom. If x75 (i) xZ, the quotient

)(rz,(/

r

)(sz/
S

has an F distribution with r and s degrees of freedom and non-centrality parameters J and

zero, F(EI r,s, 5,0).

Instead of the F distribution we will use mainly the, more tractable, F distribution.

Definition 2.33. Let )(r2 and )(52 be independent central chi-squared random variables with

r and s degrees of freedom, respectively. The quotient

2
g
2

Xs

has an F distribution, with r and s degrees of freedom, F(El r,s )

X

Now with x2 (i) x2,since §=>9 , the density of & = - is given by
r Xs
0 ; z<0
- s (s
f(erys):_f(_eryS): I_(r"‘s) . (2.3.20)
r r — r
2 z? . 250
HE
2 2

Let )(3,5 be a chi-squared random variable with r degrees of freedom and non-centrality

parameter J and let )(_3 be a central chi-squared random variable with s degrees of

freedom, using indicator variables it may be shown that, see Robbins (1948) and Robbins &

2
Pitman (1949), the density of the quotient L’Z‘j will be

S

i

NI

F(zlr,s,d):e"%i( ?(z|r+2j,s). (2.3.21)
j=0

j!
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Likewise, see Mexia (1995) and Nunes (2005), with F(zlr, s, 5) and

j=0,..., the corresponding distribution functions we have

_ e (2 _
F(zlr,s,5):e%z_—F(z|r+2j,s),

SO

6E(z|r,s,5) 1

00 2

2

Consider the independent chi-squares random variables )(rz,d , ,YZZ and st

_ —%m(é)j- . 1 5
=——e Z—F(z|r+2],s)+3e Z

F(zir+2j,s),

(2.3.22)

(2.3.23)

. Since

,erﬁ +X22 is a chi-square with r +2 degrees of freedom and non-centrality parameter J, we

have
2
Xr’2‘5~l?(z|r,s,5)
Xs
2 L ,2
—Xr’dz)(z ~-F(zIr+2,s,0)
Xs
Now

sz,d Xr2,6+)(22 _
pri —5 < 5 =1,
Xs Xs
so we will have, for z>0,
F(zlr+2,s,8)<F(zlr,s, o)

and so

al?(zlr,s,a')
00

<0

(2.3.24)

(2.3.25)

(2.3.26)

Let now fi_o . s be the (1-q)-th quantile for the F distribution with r and s degrees of

freedom and non-centrality parameter o, F ( z|r,s, 5). If §~F ( z|r,s, 5) we will have
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5:£5~|?(E|r,s,5), (2.3.27)

so fi_qr,s, the critical value for a q level test with statistic ¥, will be replaced by the

critical value Lf1_q r s when we use statistic 5. The power of the test will depend on ¢
s mar,

being given by

Pow(5)=1—l?(£f1_q,r,s Ir,s, 5] (2.3.28)

which increases with J . Thus if we are testing an hypothesis that may be written as
Ho:J=0, (2.3.29)

we will have a strictly unbiased test, as may be seen from the following graph, since the

alternatives correspond to 0 >0.

Pow(J)
q /
0=0

2.3.4. An Application

In this application we consider a normal model, which will be studied in more detail in
Chapter 4.

We write Y ~ JV(/_J,V ), for a normal model, Y , with mean vector

H=XoB, (2.3.30)
and variance-covariance matrix
m
v:ZVij (2.3.31)
j=1

with Qq,...,Q,, pairwise orthogonal orthogonal projection matrices such that
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y; >0, j=1,...,m, and

z
T =XX} = ZQJ. ,
j=1

with T the orthogonal projection matrixon Q = R(X0 ), the space spanned by u .

(2.3.32)

(2.3.33)

As we will see, there may be linear restrictions on the y,,..., ), but in this section we

will not consider them.

Let the row vectors of A; constitute an orthogonal basis for v; = R(QJ- ),j =1,...,m. Then

)

T — P
ATA}=Q; ,j=tm
ASAT =lg L i=1..m

SO

AQ;=A; ,j=t..m
AJQJ’ :Ogjxgj, ) JiJ

We then will have

thus taking

we will have

,—7]' ~‘/v(gj)yjlgj)) j:1)~~~ym’

(2.3.34)

(2.3.35)

with 7, (1) (i ) .. » since they have joint normal distribution being linear transform of Y

and null cross-covariance matrices.

Moreover

54



2
s, =H 7, H Ci=1..m, (2.3.36)

will be the product by y; of a chi-square with g; degrees of freedom, j=1,...,m, and non-

centrality parameter

. 1 . .
since the components of —/7j are normal, with mean values that are the components of
Vi —

\/__ , variances equal to 1 and null covariances. We put S; -y ng,dj , j=1,...,m

It is easy to see that

z
— — T
E—TE—;AJ- 1, (2.3.37)
and that
n. =0, j=z+1,...,m,
so that
0; =0, j=z+1...,m.
Moreover
_1 T 1
AVTA =—1, ,j=1...,m
y; ° (2.3.38)
ANT _
AV 7 Ay =0 BES
so that

Y4 1 2
I LA RS [
]1yJ Jz1yJ
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Y4 .
L 2 ”H

JZ+1 yJ

Now

det (V rj

o, from (2.3.39), (2.3.40) and from Definition 2.28, y will have the density

(27) |j ng%

Since, with /Z'J_,1 yeens /Z'J_’gj [/_71,,1 yeers /_71,’21} the components of /z Iﬂj ], j=1...,z

_ 2 ] _ 2
H’Zj"'lj H :51‘22’71’[’71‘“” '—71” !

so we can write the density as

1z 2
& | 1p5,e8m,
n( )_ e 2 =9l =3 @ 2]_21 y, ;1:11’1 i
_y m g/
(Zn)%l_!yj 2
J:
Thus taking
G; = y; , i=1...,m
em+l :’71,l ) L 181

8m+g1+l :,72,1 y l:1,...,g2

and
T, =S, , i=1...,m
Ta =71y , L=1..8,
T

l_ )
m+g+H — /72,1 ’ _1;-“xg2
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(2.3.39)

(2.3.40)

(2.3.41)

, we have

(2.3.42)

(2.3.43)



from (2.2.30), it is easy to see that n (X) belongs to a full rank exponential family and that
the statistics Tiseoos T Trnsts -5 Tag, » - CONStitute a minimal sufficient complete statistic so

that we would have UMVUE for this model.
When we return to these models we will have to consider linear restrictions on the

Vi»--» Vm and so the situation is not as convenient as this one.

It is interesting to point out that for the preceding model we have the UMVUE

m
e ;cjgj (2.3.44)
for estimable vectors and the estimators
T
1Z :g— j=z+1,...,m | (2.3.45)
j

for some of the canonical variance components. Later on we will consider special cases of
error orthogonal models, for which we have unbiased estimators for the remaining canonical
variance components and for the usual variance components but these estimators will not be
UMVUE. Moreover for these models the ¥ will be BLUE but not UMVUE . Thus there is a
trade-off between what we can estimate and the quality of our estimators. The reason why
we may prefer the formulation that we will consider later on, despite this trade-off, is that it

may better convey the action of the factors described by the models.
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3. Models and operations

Mixed models play a central part in this thesis. In particular, we will focus on models with
commutative orthogonal block structure (COBS), introduced by Fonseca et al. (2008), who
constitute a very interesting class within the models with Orthogonal Block Structure (OBS).

VanLeeuwen et al (1998, 1999) introduced error-orthogonal models (EO) and showed that
EO and COBS are identical classes of models.

In studying EO we will favour the COBS approach and we present an independent proof of
the identity of EO and COBS.

3.1. COBS and related models

In order to introduce the study of mixed models let us consider a general linear model.
Let

Vi = BoXio t BiXy + BoXpp ... BXy & 5, 1=1,...,n. (3.1.1)

be the value of the response variable at the i-th of n levels. Since each of the k explanatory

variables x4,X,,...,X, has n levels, x;; represents the i-th level of the j-th explanatory

i,j
variable x;, j=1,...,k. The B are unknown parameters and ¢ is the errors vector.

Rewriting this model as

Bo

B .
Yi =[x,-0,xi1,...,x,-k] :1 t+&, i=1,...,n, (3.1.2)
By

and collecting these n equations, using the matrix notation, we have

Y=XB+¢ (3.1.3)
where
Y1
y=|2 (3.1.4)
Yn
is the vector of responses (observations),
X10 X411 X2 X1k
x=|0 Ka X X (3.1.5)
Xno  Xnt Xp2 Xnk
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is an nx(k +1) matrix, often called the model (or design) matrix, of the levels of the
explanatory variables. Typically, although not always, x;, =1, for all i, and then S, is the

intercept term in the model. The k x1 vector

Bo
B= /?1 (3.1.6)
By
is the vector of unknown parameters, B;, j=1,...,k, that can be fixed or random variables,
and
&
£=|? (3.1.7)
:

is the errors vector, which is assumed to have null mean vector and variance-covariance
matrix o2V, with Va known matrix and o? unknown.

Traditionally, linear models are classified in three categories depending on the nature of
the parameters S, 5;,..., B - When these parameters are assumed to be constants they are
called fixed effects and the model is called a fixed effects model. The practical use of this
type of model is very common, however, there are many situations in which is advantageous
to include more random effects besides the error term, namely when we are confronted with
correlated data from, for example, repeated measurements.

If we treat all or some of the parameters S, f,..., Bx as random variables (random
effects) we have two possible types of models. When all the effects in a model (except for
the intercept) are considered random effects, then the model is called a random effects
model. When some effects are fixed and others are random, the model is called a mixed

effects model.

Definition.3.1. A linear model

where ﬁo is fixed and g1,...,gw are independent random vectors with null mean vectors

and variance-covariance matrices crflq,...,crvz,lcw , where ¢; =rank(X;) , i=1,...,w, is said to

be a mixed effects linear model, or simply, a mixed model.

These models will play a central part in our work.

The matrices Xj,---,X,, will be known and such that
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R([X; - X.])=IR".

From Definition 3.1 and from the properties of the operators E(E) and V(E), it is
straightforward to calculate the mean vector and the variance-covariance matrix of Y. The

mean vector is given by

S
i=0
=E(X, B, )+E Wxi/}
(Xo/0) (; —J (3.1.8)

=X B, +2XiE(gi)

:XOEO

and variance-covariance matrix is given by

i=1 (3.1.9)

where M; =X X!, i=1,...,w.

1741

We now establish

Proposition 3.1. Let gz be the vector of variance-covariance components, with components

012,...,03,. When gz >0 (01-2 >0,i=1,...,w), V is positive definite.

Proof. If a? >0 we have, see Silvey (1975)

R(V) = Rl(U1X1 "'waw)(a1x1 ”'JWXW)TJ

=RlloX; o, X, )] =Rl(X; X, ] = IR"
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so V will be invertible. Now invertible variance-covariance matrices are definite positive, see
Mexia (1995), and the thesis is established.
O

We point out that:
we may take o2 =o?, X,, =1, and B, =& with £ the error vector;

we can consider both fixed effects models and random effects models as particular

cases of the mixed effects model. When the model is of random effects, X, =1, and

B, = 1 and when the model is of fixed effects, w=1and X, 8 =¢.

The space, Q, spanned by x will be R(XO) so, according to (2.1.14), the orthogonal

projection matrix on Q will be

T=Xo(XIXo ) XT = XX (3.1.10)

Definition 3.2. A linear model has orthogonal block structure when its variance-covariance

matrix, V, can be written as the linear combination

with Q?,...,Q?no known POOPM such that
mO
>Q) =I,.
j=1

To lighten the writing we name the linear models with orthogonal block structure, simply,
as OBS. These models, introduced by J. A. Nelder , see Nelder (1965a, 1965b), have been
intensively studied, see for instance Houtman & Speed (1983) and Mejza (1992) and continue
to play a central part in the theory of randomized block designs, see Calinski & Kageyama
(2000, 2003).

We now establish

Proposition 3.2. When the matrices M,,...,M,, commute the model is OBS.
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Proof. When the matrices M,,...,M,, commute they generate a CJAS, A° , with principal basis

go :{Q?!"';Q?no} thus

and

w w
with yj0 = Zbgjaiz , Jj= 1,...,m%. The thesis is established since ZMi O A is invertible so
i=1 i=1
mU
AY s complete and ZQ? =1,.
=1

The special class of OBS we present next will have high relevance in our work.

Definition 3.3. A mixed model has commutative orthogonal block structure if it is OBS and
moreover, with T the orthogonal projection matrix on the space spanned by the mean

vector,
Q) =Q)T, j=1,..,m°.

Models with commutative orthogonal block structure were introduced on Fonseca et al
(2008) and have also been studied on Santos et al (2007a, 2007b), Nunes et al (2008) and
Carvalho et al (2008). Similarly to what was previously done, to lighten the writing we name
these models as COBS.

Lets establish the

Proposition 3.3. If the matrices M,...,M,, and T commute the model is COBS.

Proof. Both T and Qf,...,Q°, will belong to the CJAS , A?, generated by the M,,...,M,,

and T so they will commute and the model is COBS.
O

Let Q ={Q,...,Qp} be the principal basis of 4, and put T® =1, - T, we now have
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Proposition 3.4. Q is constituted by non null matrices Q)T and Q9T¢, j=1,...,m

Proof. Any CJAS A' that contains M ={M,,...,M,} and T will contain A’ thus containing
C_lo. Since A’ is complete containing I,, A" will be complete, so besides T and I, it will

contain T¢ and the non-null matrices Q?T and Q?TC, j=1,...,m°. To complete the proof

we have only to point out that these non-null matrices are POOPM then constituting the

principal basis of a complete CJAS since

0

3

S (ar+re)=S a0 =,
=1

—
1l
-

In this expression we could include any null matrices since they did not alter the sum.

O
We now will have the matrices M,,...,M,, represented by
m
Mi=>'bQ; , i=1..,w, (3.1.11)
j=1
with B = [bi,j] the transition matrix M\ Q . Then
W m
V=2 atM =) Ay, (3.1.12)
i=1 j=1
with the canonical variance components
W
yj=2bi,jaﬁ, j=1,...,m. (3.1.13)

i=1
Let z° =0 be the number of matrices of Q° such that Q%T=Q? and z be the
number of matrices of go such that Q?T;tonxn ; Q?T;tQ?. We can always order the
matrices in Q° and Q to have
Q;=Q} , j=1,...,2° (if z°>0)
Q-=Q0 , j=z%+1,...,z

Q; Q0 TC , j=z+1,..,2z-2°
Q; Q0 T¢ , j=2z-z°+1,...,m

Then we will have
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T=Yq, (3.1.14)

and
m® =m-z (3.1.15)
as well as
0 _ . 0 0
Qj —Qj , J=1,...,z (le >0)
Q? =Qj+Qj+Z ) j:20+1y---yz . (3116)
?zQFZ ’ j:Z+1)---)m0
Since
m° m
V=>17Q) =) yQ;, (3.1.17)
=1 j=1
from (3.1.16) we get
v =y , §=1,..,2° (if2°>0)
yJO :yj+yj+z ’ j:ZO+1)~~~)Z (3118)
yj :yj+z , j:Z+1,...,m0
Likewise, from
m° m
M; = b?,JQ? =Zbi,ij (3.1.19)
=1 =1
we get
b?’jzbi,j , j:1,..,,zo (if 20 >0),i=1,...,W
b‘p:j :biyj +b1',j+Z ’ j:ZO+1)---7Z;i:1;~~-;W . (3.120)
bY; = b, , j=z+1,..,m i1, w

Thus B? = [bgjj is sub-matrix of B =|b, ;|, since every column of B? is column of B . Moreover
the column of B with indexes j and j+z , j:z°+1 , ...,Z, will be identical, and every

column of B is equal to a column of B® so
R(B°)=R(B) (3.1.21)
and

rank (B®) = rank (B) . (3.1.22)
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If matrices My, M,,...,M,, commute they will generate a CJAS, A, with principal basis

g = {C_11, .. ,C_la} and will have the transition matrix B = [l_)i,j] with

Mi=Ybi;Q5 » i=1.,w . (3.1.23)

1

NgEl

.
1l
-

Since T is the orthogonal projection matrix on the range space of M, we will have T OA

and, if necessary, we can reorder the matrices in g to have
T=>Q;, (3.1.24)

then T and the M,,...,M,, will commute and so the model will be COBS. Moreover, also

since T is the orthogonal projection matrix on R (M0 )we will have

z _
Mo =D b1;Q; . (3.1.25)

=1

Definition 3.4. A mixed model in which matrices M,,M,...,M,, commute is said to have

Completely Commutative Orthogonal Block Structure. We name this model as Complete COBS,
or simply, CCOBS.

3.2. Error-orthogonal models

In this section our study will focus on error-orthogonal models and we shall show that
COBS are identical to the error-orthogonal models.
The notion of an ‘‘error-orthogonal design’’ were introduced by VanLeeuwen, Seely and

Birkes , see Vanleeuwen et al (1998), and defined as follows.
Definition 3.5. A linear model has an error-orthogonal design if the least-squares estimator
of the mean vector is a uniformly best linear unbiased estimator, UBLUE, and the covariance

matrix of the vector of least-squares residuals has orthogonal block structure.

To lighten the writing, from now on, we name the error-orthogonal models, simply, as
EO.

Definition 3.6. The LSE for estimable vectors in EO are uniformly BLUE, UBLUE, if they are

BLUE whatever the variance components.
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From our previous results it follows that COBS are EO. To show that EO are COBS, thus
identifying both classes of models, we have to show that in an OBS where LSE, for estimable

vectors, are UBLUE, the matrices T and Q,,...,Q, commute. Now

¥Y=Gga, (3.2.1)
is estimable if and only if

G =UXg, (3.2.2)

see for instance Mexia (1990), thus if

l-€
I
c
I

(3.2.3)

Let us establish

Proposition 3.5. An OBS with mean vector y = Xoﬁo is EO if and only if the MY, with

MT =M, are UBLUE.

Proof. Comes from Definition 3.6 and from Proposition 2.17.

O
Now, if u= Xoﬁo , we have
EMY)=EMTY) (3.2.4)
and so, when the model is OBS, with variance-covariance matrix
mO
VQ/°)=ZV?Q§’, (3.2.5)
=1
the model is EO if and only if, whatever M and ZO’ we have
m° m°
MT[ZVJQQ?]TMT sM(Zy}’Q?J MT, (3.2.6)
=1 j=1

m 0

0 m
which mean that M[z yJQQ?] MT - MT[Z yQQ?]TMT is positive semi-definite.
=1 j=1

We now get the

67



Lemma 3.1. An OBS with mean vector =X, ,80 and variance-covariance matrix

0

m
VQ/O):ZyJ@Q;’ is EO if and only if W; =TQY T<Q}, j=1,..,m°
=

Proof. To establish necessity we have only to take M =1, and ZO with only one non-null

component. Going over to sufficiency, whatever v, when W; < Q? ,j= 1,...,m°, with V(MX)

and V(M TX) the variance-covariance matrices of MY and MTY we have
0
VIVMY)v-vTV(MTY)v=v [M{iyj’ ]MT —M{Zyj JJ }_
b S50 - o) ST g v )=

Lemma 3.2. An OBS with mean vector u=X, Eo and variance-covariance matrix

0

m
VQ/O)z Zyjoqg’ is EO if and only if R(W;)<R(Q;), j=1,...,m".
j=1

Proof. According to Lemma 3.1 an OBS is EO if and only if W; < Q?, this is, whatever v,
0<v'Wvsv'Qly, thus if N(Q?) 0 N(Wj), since the vectors that render null the quadratic
form of a positive semi-definite matrix K belong to N (K), j=1,...,m%. To complete the proof

we have only to point out that N(Q?)= R(Q?)Ij and N(W,)=R(W,)”, this is, N(Q?) and N(w;)

are the orthogonal complement of R(Q?) and R(Wj), since these matrices are
symmetric, j = 1,...,m°.

O

Lemma 3.3. In an OBS, with mean vector =X, ﬁo and variance-covariance matrix

mO
VQ/O)= Zy Q) , W;Q% =Q) W,, this is, matrices W; and Q¥ commute, j=1,...,m°.
=1

—

Proof. Since the matrices are symmetric and R(Wj) a R(Q?), we have
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T T .
Qow, =w, =w" =(Q?w,)J" =w7Q?" =w,Q?, j=1,...,m°.

Let

Q, ={Qy1-»Qym, f 5 1=1,...,m° (3.2.7)

]

be the principal basis of CJAS A; generated by W; and Q?, j=1,...,m%. Then

m;
W; :ij,le,l, j=1,...,m% with b;; 20, I=1,...,m;, j=1,..,m°. (3.2.8)
=1

Moreover we have
m;

Lemma3.4. Qf =>'Q;, j=1,..,m°
(=1

Proof. Since Q? is an OPM belonging to A; it will be the sum of matrices in Q._,

Zj
j=1,...,m°. We can reorder the matrices of gj to have Q? = ZQL[ ,j=1,...,m° and, since
(=1

Zj

R(W,)OR(Q?), we also will have W, :lej,leyl Ji=1,.,m°, thus {Qjq,...,Q;, } is the
=1

principal basis of a CJAS containing Q? and Wj, j= 1,...,m°.

Since {Qjﬂ,...,Qj,Zj} is also the principal basis of the CJAS generated by Qg’ and W;, we must

have z; =m;, since otherwise we would have a , “smaller” than Aj;

; » CJAS containing Q°

and W;, j=1,...,m", which is impossible.

With @, =R(W,) and v; =R(Q?),j=1,...,m°, and @ =R(T), if the model is EO, we

have

- . _ 0
w=v;nQ, j=1,..,m",
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since o, Ov; and @ 0Q, j=1,...,m°. Moreover the Q; ,I=1,...,m;, j=1,...,m® will be
m° my

POOPM, with I, = >'Q, , so they constitute pb(AOO) with A% a complete CJAS that we
=1 =1

say corresponds to the EO. We now establish
Theorem 3.1. (ldentity of classes) COBS and EO constitute the same class of models.

Proof. As we saw, COBS are EO. Inversely, given an EO with the corresponding CJAS A% | we

will have Q?,...,Qg10 O A% as well as

m0 mo mo m
T=TT=T,T= T[ZQ?]T =2 Wy =3 byQy 0 A”,

j=1 j=1 =1 =1

so T and the Q?,...,Q&o will commute and the model is COBS.

O

Stated the identity between EO and COBS, from now on we name the models as EO for
priority sake. If the models were CCOBS, now they will be designated as Complete Error-
orthogonal models, CEO. This does not deny the fact that we use a COBS approach in what
follows.

As a parting remark we point out that in EO we may consider the decomposition

Y=Y, +Y,o of the observations vector in its orthogonal projection on Q = R(X0 ) and its

orthogonal complement Q". The LSE of estimable vectors will depend only on Y, and the

variance components will depend only on Y 41, since

B,= (xTx)"xTy = (xTx)" xTTY = (X"X) ¥,

, (3.2.9)

S T R PR N o

where T¢ =l,-T, and the only variance components we can directly estimate are the

Vzs1s---» Vm for which we have the unbiased estimator
_ 55,
% =g— , j=z+1,...,m (3.2.10)
j

with g; :rank(Qj) , j=1...,m.
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3.3. Segregation and matching

We now consider two structures of interest for the estimation of variance components,

either usual or canonical.

Let us put
y1 yz+1
Y, = ; Y, =| ¢ ;
Iz Vm
then, with
B=[B; B,]

where B; has z columns, we have

y, =Blg?, 1=12

(3.3.1)

When B, is horizontally free, HF, having linearly independent row vectors, the column

vectors of Bg will be linearly independents and we obtain, see Mexia (1995)

o2 =(8])'y,
and

v, =8(8])'y,

(3.3.2)

(3.3.3)

so that we may estimate gz and Y, through Y- Then the relevant parameters for the

random effects part of the model, Y, and g?, determine each other. Thus this part of the

model segregates as a sub-model and we say that there is segregation, see Ferreira (2006).

The EO with segregation will be indicated as SEO.

Definition 3.7. The EO

Y=x5

i=1

is an expanding EO, EEO, if R(X;) OR(X;4), i=1,...,w—1.

Let
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Y =i><i£i (3.3.4)
i=1

be a SEO then we must have
R(Xy)=R([X4... Xy ])=IR

and with Q ={ 1,...,Qm}, the principal basis of the CJAS corresponding to this EO, we will

have
Mi=>"biQy, i=1..,w, (3.3.5)
jue

where C; ={j:b;; 20}, with C;0Cyy; , i=1..,w-1. We also will have {1,z 0C,,
i=1,..,wand C, ={1,---,m}.

We now establish
Proposition 3.6. EEO are SEO

Proof. Since {1,---,z} 0C; 0Cy,q, i=1,...,w—1, the set C;\{1,---,2} of indexes of non-null
elements of the i-th row of B, will be strictly contained in the corresponding line for the

next row so B, will be HF.

O
When B, is HF we have
g’ =Ly, , (3.3.6)
where L is any left inverse of B;, and so we also have
v, :BILZZ, (3.3.7)

thus there are different possible estimators for g* and Y, when the model is SEO. We now

are going to show why we choose L = (B{)+. For this, we start by establishing

Lemma 3.5. If W is kxk positive semi-definite we have W =W2W" with W positive

semi-definite and, whatever the matrix C for which CWC' is defined

JeweT| s [w e

)
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where |0 denote the Euclidean norm of a matrix.

Proof. When W is positive semi-definite we have W=PTD(r1,...rk )P, where P is an
orthogonal matrix and D(r1,...rk ) is the diagonal matrix whose principal elements are the

non negative eigenvalues, ry,...r, , of W. Thus w=w"w” with
wh = PTD(r1%,...r|(% )P

positive semi-definite since it has the eigenvalues rj% =20, j=1,..,k.

Now ||W||2 will be the sum of the squares of the Euclidean norms of column vectors or
row vectors of matrix W, thus
2 2
[WIP =PTD(rp,...ii )P =[PPTD(rps..i JPPT | =D (et ) = D007

=

since pre or post multiplying a matrix by an orthogonal matrix, in this case P and P', does
not alter the Euclidean norm of its column vectors or its row vectors. Moreover MM and

MTM are, see Mexia (1995), positive semi-definite with the same non null eigenvalues thus

)

| T = w7

SO

“ cwcT “ = “ CWiE W5 CT “ = H W% cTcw

The Euclidean norm defined in (2.1.1) is a matrix norm, see Schott (1997), so with A and
B matrices of order k, the inequality | AB| <| A|/| B| holds.
Thus

| wcTc)ws

o|w

<l w

We will use Lemma 3.5 to obtain an upper bound for the Euclidean norm of the variance-
covariance matrix of the estimator of g and show that using (B{)+ we minimize that bound.

Since B, is HF the single value decomposition of B, gives, see Schott (1997, pg.131),

By =PT m Q (3.3.8)
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where P and Q are orthogonal matrices, A is a diagonal matrix and 0is the null matrix. It is

now easy to see that, if L is a left inverse of BI , this is, if
LB; =1,
with ¢ = rank(B2 ), we have, with an arbitrary sub-matrix U
L=q"|a" ulp
while L* = (B] )" will be given by
L'=Q"|a" o]p.
Let V(j{2)) be the variance-covariance matrix of

}72+1

2

It

then

and, according to Lemma 3.5

Ve, )< v(g, i)

V(e < vl

|

2 ‘

Lt L

We now have the

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

Proposition 3.7. Using L' = (BI )+ we minimize the upper bound for the Euclidean norm of

the variance-covariance matrix of the estimator of gz.

Proof. According to (3.3.11) to (3.3.14) we have only to point out that

LT Lt | =

o

A2 AU
utla? uTu

to establish the thesis.
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We now consider the matching. This case corresponds to having z° =0 and so

L=y ,i=1,...,Z
{VJ Viva ) (3.3.15)

biy =bijz 5 i=he,W,j=1,..2

so that the columns of B, are identical to the first z columns of B, .

Clearly, while estimating the y,.q,..., ¥, we are also, in this case, estimating the

Visees V7«

We considered in Section 2.2.2 the partition of the observation vectors Y in sub-
vectors Y,,...,Y 0 with mean vectors i1 ,..., 4,1 , so that X, :D(]r1 ]ro) , the

block diagonal matrix with principal blocks ]r1 o 0 and Eo has the components Sy; = 4,

_rn
i=1,...,n%. Thus
1 1
T=D| —J, ... —J, |. (3.3.16)
I’1 ! rno n?
If the variance-covariance matrix is defined by
V=D{pl, ... Ve |rno) (3.3.17)
we can consider
Q={Qs,Q,0} (3.3.18)
with
Q; =D (Q1,-,Qpp ), 3=1..,m=2n° (3.3.19)
where
_1 1 0
Qj,j-EJrj s j=1..,n
— ‘= 0
Q.05 =Ky ; j=1..,n , (3.3.20)

j

0 _
{ 2 =0 (3.3.21)
yA
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and

n0

V=2 (Qj +Qj+n°)

3=

Since z° =0, this is, there is matching, we say that these models will be MEO.

For instance if

(3.3.22)

(3.3.23)

with ﬁo fixed and [?1,...,[3“0 independents, with null mean vector and variance-covariance

matrices oyl ,...,0%0 Icno , with

while

with

{xu =1, l<i,i=t.,n°

_ . P 0>
Xy —er , L>ii=1...,n

we have a model of the type described above.

Since
M; =D (Mo M o), i=1..,n°
with
My =l =—J +k, , l=1.,i,i=1..,n°
Mig =0, , 1>i,i=1,...,n°

it is easy to see that we have, as expected, a MEO with

10 -0

11 0
B1:B2: .

11 1
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If the model is CEO we can also consider the transition matrix B for which we will have a

partition

B= , (3.3.29)

where b [51 J has z components [columns]. Reasoning as before, we will have

m
V:ZVJQJ' (3.3.30)
j=
with
pa— W p— pE—
yJ:Zbi,]J1 ) J_1) )m
i=1
Then with
;71 Vz+1
Z1 = ’ Zz = :
;_/z }_/a
we will have
7, =B | g%, l=1,2 (3.3.31)
as well as
o =(8])7,. (3.3.32)

when the row vectors of Ez are linearly independent. Then the CEO model will be

segregated, SCEO. Then segregation for CEO follows the same pattern as in the general case.

The same is true for matching. Thereby CEO with matching will be MCEO.

3.4. Model Crossing

Now we are interested in studying model crossing. This technique enables us to obtain
complex models from simple ones.
The study of model crossing using CJA was introduced by Fonseca et al (2006).

Let us consider first the case where a single model is studied.
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We say that two factors of a model are crossed when every level of one factor occurs with
every level of the other factor. When there is crossing between the factors, the treatments
are formed as the combinations of all levels of the factors.

Suppose a model has u factors with a,,...,a, levels. When each one of the a; levels of
the first factor is combined with the a, levels of the second factor, these a, levels are
combined with the a; levels of the third factor and so on until the a, levels of the u-th

factor, we are dealing with crossed factors and we obtain

n

c:rjai
1=

The next figure is a schematic representation of the case where we have crossing of three

treatments.

factors, u=3, with a, =2 , a, =2 and a; =4 levels, respectively.

Factors Levels
Fiy ,ﬁ1 ﬁz
B B, B,
C & s ST o

Figure 3.1: Factors crossing

In this case, the total number of treatments will be c = 16.

Now consider u models, each one with only one factor with a,...,a, levels. Crossing
these models we obtain the same combination of levels we had above, thus the same number
of treatments.

The next figure is a schematic representation of the case where three models are

crossed, each one with only one factor with a; =2 , a, =2 and a; =4 levels respectively.
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Factors Levels

o
o & ,ﬁ1 ’ﬂ‘z
=
e
o B By B,
=]
=
[
E C C C C C
& 1 2 3 4
=

Figure 3.2: Model Crossing

Generalizing this concept, we can cross several models, each one of them with more than one
factor.

Crossing models we obtain a model where treatments are all the possible combinations of
the treatments of the initial models.
Let

Y(U)= in(l)gi (1) , 1=1,2 (3.4.1)

be mixed models where f,(1) and f,(2) are fixed while the remaining vectors are

independent with null mean vectors and variance-covariance matrices J%(1)IC1_,(1) ,

i"=1,...,w(l) and 07(2)l..2) , " =1,...,w(2). Crossing these models we get, see Fonseca et

al (2006), the model

w(t)w

v-3

=0 i"

=

2

)
(X; () O X; (2)):31',1'" (3.4.2)

1l
o

where ,BOOWill be fixed and the remaining are independent with null mean vectors and
variance-covariance matrices oy i le, ., i"+i">0, with ¢, ; =¢; () cp(2), i +i">0.

Let us assume the initial models, in (3.4.1), to be CEO with transition matrices

B(l)= [51,;'([ )], l=1,2, and principal basis

a()={a,(t)-..ax()}, t=1,2 (3.4.3)
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for the corresponding CJAS Z(l), l=1,2. Then the orthogonal projection matrices, on the

R(X, (1)), 1=1,2, will be

where Z(l)<m(l), and, for the transition matrices, we will have the partitions

5| B(UT 0T _
B(l)_{é(m) E(l,z)} 1512

where b(l) [B(L,1)] has Z(l) components [columns], 1=1,2.

The model obtained through crossing, defined in (3.4.2), will have mean vector
H= Xo éo

with

and

Then the orthogonal projection matrix on the space spanned by x will be

T=XoXg = (X0(1) O XO(Z))(X0(1) O Xo(z))+ = (Xo(1) O XO(Z))(X0(1)+ O Xo(2)+)
= (X0(1) X0(1)+)D (Xo(z) X0(2)+)= T(1) O T(Z) )

thus
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i'=0,...,w(1),i"=0,...,w(2), and so, with

and

we have

m(2) . .
My = _ i by 11,y (1)bi"+1,j" (Z)Qj’,j” ’ (3.4.10)

i=0,...,w(1),i"'=0,...,w(2). Thus these matrices commute and so the model defined in
(3.4.2) is CEO.

The coefficients in the right-hand member of (3.4.10) are the elements of 5(1) DE(Z).

Reordering the rows and columns of this matrix we get the transition matrix

- BT o7
B_{B_—m E_(z)} (3.4.11)
with
b=b(1)0b(2), (3.4.12)
b(1)" 0B(2,1)
B(1)=| B(1,1)ob(2)" (3.4.13)
B(1,1)0B(2,1)
and
b(1)" 08(2,2) 0 0
B(2)= 0 B(1,2)ob(2)" 0 (3.4.14)
B(1,1)08(2,2) B(1,2)oB(2,1) B(1,2)0B(2,2)

We now have

Proposition 3.8. Crossing SCEO gives SCEO.
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Proof. To establish the thesis it is sufficient to point out that, if the matrices B (l , 2) are HF,

1=1,2,s0is B(2).
O

For the model obtained through crossing not to enjoy matching, does not being MCEO,

there must be a pair (j’, j" ) such that

Q T=Q ;. (3.4.15)

Now

so, for having

we must have

so that neither of the usual model would be MCEOQ. Thus, if one of the initial models is MCEO

so is the model obtained through crossing.

3.5. Model Nesting

In order to introduce the study of model nesting, let us consider first the case when there
is a single model whose factors are nested. We say that one factor is nested within another
when any given level of the nested factor appears at only one level of the nesting factor, this
is, when the levels of the nested factor are divided among the levels of the nesting factor.

Suppose a model has u factors with a,,...,a, levels, respectively. We have balanced

nesting when the a; , i=2,...,u, levels of a factor are divided evenly for the a;,, ,

u
i=2,...,u, levels of the preceding factor. Thus we would have l_j a; treatments, this is, the
1=

number of treatments of balanced nested models is the product of the number of the levels

of the factors, which imposes strong restrictions on these numbers.
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The next figure is a schematic representation of an example of balanced nesting of three

factors, u=3, with a, =2, a, =6 and a; =12 levels respectively.

Factors Levels

/\\ /\\
/\ /\ /\ /\ /\ /\

Figure 3.3: Factors balanced nesting

A

When there is an uneven distribution of the levels of a given factor by the levels of the
preceding factor, the nesting is called unbalanced.
The next figure is a schematic representation of an example of unbalanced nested of

three factors, u=3, with a; =2 , a, =5 and a; =12 levels respectively.

Factors Levels

Fil

& By

o C? C C Cz

Figure 3.4: Factors unbalanced nesting

Although balanced nesting is the most usual form of nesting, it has a great disadvantage:
the number of treatments may be too large. To overcome this disadvantage we can use

unbalanced nested designs, as the one we present in Section 3.7.
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Analogously to what was seen previously, in the case of crossing, nesting u factors of a
model is equivalent to nesting u models each one with only one factor. Generalizing this
concept, we can nest several models, each one of them with more than one factor. This is
what we call model nesting.

In model nesting each treatment of a model nests all the treatments of another model.

The study of model nesting using CJA was introduced by Fonseca et al (2006).

Since random effect factors do not nest fixed effect factors, we have to consider two
cases. In the first case the nesting model is mixed and in the second case the nesting model

has fixed effects.
3.5.1. First case

Let the nesting model be a mixed model given by
w1
(1) = fxi(1)£i(1) , (3.5.1)

with B (1) fixed and the B (1) ... ,8w(1)(1) independent with null mean vector and

variance-covariance matrices o (1) loy , i=1...,w(l), and the nested model, a random

effects model given by
w(2)
Y(2)= ixi(Z)ﬂ.(Z) , (3.5.2)

with Xo(2) =1,z and the B.(2) ... [S’W(Z)(Z) independent with null mean vector and

variance-covariance matrices o7 (2) l.,z) , 1=1...,w(2). The main difference between both

models is on the fixed term that in the second models reduces to 1) E(Z )

In what follows we assume both models to be EO.

Through nesting we get the model

w(1)

Y=Y (X(1)O1y0))8, + Z(:) (1) O Xi-wy )8, (3.5.3)
0 i=w(1)+1

where n(1) [n(2 )] is the number of observations for the first (nesting) model [second(nested)

model], w=w(1)+w(2), B, is fixed and the B, ... B are independent with null mean

0
vector and variance-covariance matrices 01-2 |c,~ , i=1...,wW.

The mean vector of the model in (3.5.3) will be

£=(X%o(1) 010 ) B, (3.5.4)
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so the orthogonal projection matrix on Q , the space spanned by 4, will be

T = (Xo(1) D1y )(Xo (1) D) = (xou)mnm)(xom ot urmj

= (x0(1)xo(1)+)D(ﬁ 1n(2)11(2)j=T(1) D(ﬁ%z)} |

with T(1) the orthogonal projection matrix on Q(1), the space spanned by the mean vector
X(1 )g0(1) of the nesting model.

Let, for the nesting model,
9(1) = {Q1(1)’--~’Qm(1)(1)} = pb(A(1)) ’ (3.5.6)

with A(1) the corresponding CJAS, thus

T = Q). (3.5.7)

T(2) == dnp) (3.5.8)

and
Q(2) ={Q1(2),.-.,Quz)(2) } =Pb(A(2)) , (3.5.9)

with ,4(2) the corresponding CJAS. This must be regular since we will have

‘

oG o) = T(2) = Q4(2) (3.5.10)

~—|

and so z(2)=1.

Since both initial models are EO, we will have

m(l)
2=l 1=12.. (3.5.11)

=1

For the model obtained through nesting we have, see Fonseca et al (2006), a CJAS that is

the restricted Kronecker product between the CJAS corresponding to the initial models,
A=A(1)DA(2),

with, according to Proposition 2.15, the principal basis
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n(2) ., (3.5.12)
={Q;;3=1...m}
where m=m(1)+m(2)-1.
For the model obtained through nesting, we have the matrices
M; =M (1) 0y i=0,..,w()
. . 3.5.13
{ Mi=lon OMisw(@) i=w(1)+1,.,w ( )

We now establish
Proposition 3.9. The model derived through nesting is EO.

Proof. Matrices M;, i=0....,w belong to A, so the variance-covariance matrix of the model

will also belong to A . Moreover, since

'%? m 1 1
Q. = qu 0 —xJn@) = hon) 0 =y dn
2. {1:1 J()J o) =ty O gyt

we have
m m 1 m(2)
2.Q; =ty O 1y * 2.Q5 =l D gy i) *hoty 0 2.,Q(2) =
= n j=m(1)+1 n j=2

with n = n(1) n(2) the number of observations for the model obtained through nesting. To

complete the proof we have only to point out that TQ; =Q;T, j=1,...,m so the model is

EO.
O
We had, for the initial models, transition matrices B(l)= [bi,j(l )J , 1=1,2,s0
m(l)
Mi(1) = bs(1)Q;(L), i=1..,m(l), 1=1,2 (3.5.14)

=1

—.

thus

M; = M;(1) 0 Jy) =n(2) bi,j(1)Qj(1)DLJn(2) =>by;Q; ,i=1..,w(l), (3.5.15)
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with
bi; =n()by;(1) , i=1,..,m(1), i=1...,w(1). (3.5.16)

Moreover, since

and

3 )

Q. =l O—==Jdnm) =l 0Qq(2),

= i = n(1) n(2) (2) = 'n(1) 1

we have
m(2)
Mi =gy D Misw (@) =l 0| D biswir;(2)Q; (2)
=1
1 m(2)
= bi—w(1),1 (2)(| n(1) o _Jn(z)j + bi—w(1),j (2)(In(1) o Qj (2))
) =2 3.5.17
m(1 m ( o )
=bi-w)1 (2) ﬁQj + z B (1) j-m(1)+1 (2) Q;
=1 j=m(1)+1
= Zbi,J QJ
=1
with
bij =bicwa (2) ,j=1,...,m(1) yizw(l)+1,...,w
bi,j = b1—w(1)J—m(1)+1 (2) » )= m(1)+1! ,m ,1= W(1 1..,w

Thus, with

1()2])] , (3.5.18)

where B1(2):l31(2) is reduced to a single column since z(2)=1 due to the nested model

only having random effects factors, we will have for the model obtained through nesting

B=[B, B,] (3.5.19)
with
o] (2 m@)}
" by(2) 13
and
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We now establish

Proposition 3.10. Nesting SEO gives SEO and if the nesting model is MEO so is the model
obtained through nesting.

Proof. We have rank(B,(2))+rank(B,(2))=rank(B,)< w; +w, since B, has w, +w, rows.
Thus if the initial models are SEO and rank(B, (L)) =w, , 1 =1,2, we have rank(B,)=w, +w,

and the first part of the thesis is established.

Moreover
T:T(1)D$Jn(z)
S0
TQJ=(T(1)QJ<(1))D$J“(2) ;=1 m(1)
TQJ:(T(1)In(1))DﬁJn(2) Qjom(ipa(2) 5 3=m(1)+1,-,m

and so TQ; =Q; is only possible with j< z(1) and when T(1 )Qj(1 )= QJ-(1 ) .Thus if the nesting

model is MEO, and so TQ; # Q;, jsz(1) the model obtained through nesting will also be

MEO.
a

3.5.2. Second case

We now consider that the nesting model has fixed effects and the nested model may

be mixed. Since the first (nesting) model only have fixed effects factors we may replace it by

Y(1) =l B,(1) (3.5.20)

thus lightning the writing. Now n(1) will be the number of treatments in the nesting model

and the components of S (1) are their mean values. Thus we will have

w(1)=m(1)=z(1)=1

and
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Q1) ={l()}- (3.5.21)
We assume the basis
Q(2)={Q:(2),...Quz)2)} (3.5.22)

of the CJAS A(Z) corresponding to the nested model, to have

- , (3.5.23)
in(Z )=12)

with n(2) the number of observations for the nested model. Thus the CJAS A(2) will be

regular and complete.

With ,4(1) the CJAS corresponding to the nesting model we will have
A=A(1)0A(2)= A1) A(2).

Once the principal basis of A is, with m=m(2),

1
9={ () 0 5 zy (@) > o) 0Q,(2), ..., In(1)DQm(2)(2)}

(3.5.24)
= { Q1 PR Qm }
with
Q; =l 0Q;(2),j=1,...,m=m(2).
Given the nested model
w(2)
Y(2)= > x(2)8.(2) (3.5.25)
i=0 -
let us assume that
X@2)=[1,0 X3@) | (3.5.26)
with
1 I(z) X5(2) = on(z) ) (3.5.27)

thus 1,;) is assumed to be orthogonal to the column vectors of X3(2) whose sums of

components will be null. Thus
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= . (3.5.28)
To(2)=x3(2) x3(2) = Y,
j=2
Through nesting we get the model
W
Y=3XB, (3.5.29)
i=0
with w =w(2) and
Xo =[In(1) ] R W x3(2) | (3.5.30)
Xi =|n(1)|:|X](2) y 1:2, ..,W ) e

thus

with z=2(2).

Moreover

m(2)
Zbi,ij , (3.5.32)
=1

m(2

) m(2)
M, =|n(1)DMi(2)=|n(1)D{Zbi,j(Z)Qj(Z)}= Zbi,j(Z)(ln(z)DQj(Z))z

1
3= 3=

i=1,...,w=w(2), with b;; =b;;(2) , i=1,..,w , j=1,...,n , thus

and

This gives us the
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Proposition 3.11. When the nesting model has fixed effects and the nested model is mixed
the model obtained through nesting is EO being SEO and/or MEO if and only if the nested
model is SEO and/or MEO.

m
Proof. First T and the M; = Zbi,ij , i=1,...,w, commute so , according to Proposition 3.3,
=1

the model is COBS thus EO. The rest of the proof follows from B; =B, (2) , i=1,2.

3.6. Model Joining

The operation we now study, model joining, is another possible method to building up
complex models from simple ones.

Consider the mixed models

B(l) , L=1,.,h, (3.6.1)

Y()=| , Y(2)=| . e, Y= L (3.6.2)

(3.6.3)

<
1
1
—_—
<
—
—_
~
e}
<
—
>
~
e}
—

for which we have the expression
W
Y= ZXi B.. (3.6.4)

Let
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#(1)=X%,(1)B, (L) L=1,...,h (3.6.5)

be the mean vectors for the initial models , then the mean vector for the final model will be

=) )] =Xo B, » (3.6.6)

with

) Eo (h )T]T ) (3.6.7)

Now if we assume the éi(l) , i= 1,...,w(l) , L=1,...,h with null mean vector and variance-

covariance matrices o7 (L) Ici(l) , i=1..,w(), L=1,..,h it will be convenient to keep

separated the terms originating from different initial models. With

l
w(l)=> w(k), t=1,..,h (3.6.8)

when

we may take

where

Xii = Oni'xci—m 30

Xii = Xi—W(l—1)tl ’
o)

My =X XT =D (M, My ) (3.6.9)

with

Mi,i’ = On,»VXni.

Mi,i Mi—W(l—1)(l)

Let now the initial models be EO with corresponding CJAS A(l) with principal basis

Q()=1Q:(1), .- Qm()(L)} (3.6.10)
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and transition matrices B(l) = I_bi,j(l)J' Then, with T(L) the orthogonal projection matrix on
the space spanned by E(l)’ L =1,...,h , we will have

z(l
T(l):ﬁqj(l) ,U=1,..,h.
j=1

(3.6.11)
We now consider the Cartesian product of the CJAS A(1), ...,A(h) , the CJAS
h
A :l)_(1A(l), (3.6.12)
with principal basis
Q=1 »Qn} (3.6.13)
h
where m = Zm(l). Putting
(=1
m(0)=0
l ’
m(1)=>m(k),l=1,...,h
k=1
when
m(l-1)<j<m(l),
we can take
Q; =D(Qj,1 ’”"Qj,h) (3.6.14)
with

Q;,v = On(e)xn(r)
Q5,1 = Qj-mg-n )

where n(L') is the number of observations for the U - th initial model.
Now

Mi’(l)zni)bi’,j(l)Qj(l) ’ i’=1’ ’W(l) ’ L

=1,...,h
j=1

(3.6.15)
so, when W(l-1)<i <

w(l)
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m(l)
My = D byge; (1)Q (L), W(l-1)< i <W(l) , L=1,..,h (3.6.16)

j=
and so for the joint model we will have the transition matrix
B=D(B(1)...8(h)) . (3.6.17)

Since for the B(l), [ =1,...,h , we have the matrix partitions

B(L)=[B:(1) B.(1)], (3.6.18)
for B we will have
B, =D(B,(1)...B,(h)) , v=1,2 (3.6.19)

It being straight forward to establish

Proposition 3.12. If the initial models are SEO [MEQ] so is the joined model.

3.7. Step nesting

Now we will present another class of models, those of step nesting, introduced in Cox &
Solomon (2003). As we will see, this is a useful alternative to balanced nesting since it leads
to great economy in the number of observations.

In this study of step nesting models, see Fernandes (2009) and Fernandes et al (2010), the
Cartesian product of CJAS is relevant.

Consider a model with u factors, with a;, i=1,...,u, active levels, respectively. In step
nesting we will have u steps. In the first of these steps we will have a; levels of the first
factor, each of which nests a level of each of the remaining factors. In the second step we
have a unique level of the first factor, distinct from these of the first step, which nests a,

levels of the second factor. Each of these a, levels nests an unique level of each of the

remaining factors, and so on. At the end, the i-th factor will have
Ci:ai+u_i y i=1,...,u

levels, a; of these corresponding to the branching at the i-th step and u-i construction

levels.

According to the above defined, in step nesting, the total number of treatments will be

u

n=>ya. (3.7.1)

i=1
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The next figure is a schematic representation of the structure of step nesting with 3

factors, u =3, where the factors have a; =3, a, =2 and a; =4 active levels.

Steps

15t Factor

2" Factar

3rd Factor

Figure 3.5: Step nesting, with u=3,a,=3, a, =2 and a; =4

3
In this case, the number of treatments will be n = Zai =3+2+4=9.
i=1

For the corresponding balanced nesting we would have the structure represented in the

next figure.

1%t Factor
2 nd Factor

3rd Factor

Figure 3.6: Balanced nesting, with u=3,a; =3, a, =2 and a; =4

As we saw in Section 3.5, the number of treatments of balanced nested models is the product
of the number of the levels of the factors, so, in this case, we will have

3
I_l a; 3x2x4 =24 treatments.

1=
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In general, the step nested model may be written as
u
Y = Z XiB, (3.7.2)
i=0

where, as before, ,80 is fixed and the ,6’1 y e ,,Bu are independent with null mean vectors and

variance-covariance matrices 01-2 ICi ,i=1,...,u and

X; =D (X1, Xiu), 1=0,...,u (3.7.3)
where
Xi,l =|al ; l<i ; i=0,...,u
Xiir=1y l>i; i=0,...,u
SO
My =X, XT =D (M;;. My ), i=1,.u (3.7.4
i =R R = Mg ) > 1=10, .7.4)
with
1 .
Mi =1 =—Jdy tky 5 Usisi=1.,u
o (3.7.5)
M]l_Ja_ala_lJal ’ l>];]_1; »u

Let A(al), l=1,...,,u, be the CJAS with principal basis constituted by iJal and
a

=l ——Ja» l =1,...,u. The Cartesian product of these CJAS,

Ll

A:i(/l(al),

will have the principal basis constituted by the

Q;=D(Q;1.-Qju ) , i=1...,2u (3.7.6)
with
clj,lzclj+u,l:Oalxal > l¢] ’ j=1,...,l.|
1 .
ijl :a_Jaj ; J = 1) ey u . (3.7.7)
j
QJ+ul:kaj )J:1) )u
Since

96



XO =D (]a1 PIREE )]au ) (378)

we have
X;=p| L1 L 3.7.9
o = a_1'a1 ,...,;_au (3.7.9)
as well as
1 1 U
T=D| —J, ,..., —J = - 3.7.10
(31 o a, ) ;QJ ( )
o)
Z=u
Moreover
i u
Mi = (QJ +Qj+u)+ zaj QJ ’ i=1,...,U (3711)
=1 j=i+
o)
B=[B, B,] (3.7.12)
with
1 a, u 10 0
11 - a, 11 ... 0
Bi=|. . ; ; By=|. . : (3.7.13)
1 1 1 11 1

We now have

Proposition 3.13. Step nesting originates EO that are SEO but not MEO.

u
Proof. Since matrices T, M,..., M, 0 A= XA(al) they commute and so, according to

Proposition 3.3, step nesting originates COBS thus EO. The rest of the proof follows directly

from (3.7.13). From the expression of B, we get
— 2
Yot =01 +...+0

You = gy
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so we will have

2 _
Ju - y2u
2 _
Oy = Vou-1 ~ Vau

2 _
01y = Va1 ~Vuwz

O

In figure 3.5 we have a level for steps that does not appear in figure 3.6. This occurs since
we can consider, in step nesting, an initial fixed effects factor, with u levels, while in
balanced nesting we have only u random effects factor. This is an additional advantage of
step nesting which is even more relevant since LSE of estimable vectors will be UBLUE since
step nesting originates EO.

We point out that we have

AJ :I_Aj,‘] ""?Aj,n J ) j= 1)"')u (3714)
with
Aj,l =Q;—l s L#) 5 3=1,...,u
1 , (3.7.15)
Ay =71 ;s j=1,..,u
j
since
=ATA ; j=1,.,
AN o (3.7.16)
li=A; Ay 5 J=1..u

and rank(Qj):1 , j=1,..,u.

If ,6’0 has components /5, ; , j=1,...,u , the canonical estimable vectors will be

115 :,80,1‘ , j=1,..,u (3.7.17)

and their LSE will be the means of the observations for the u step.

Matrices C; will, for the models, be reduced to vectors [ j=1,...,u, and the

expression of estimable vectors as generalized linear combinations will be

u u
$=ZQZ=Z%&0- (3.7.18)
J= J=

The corresponding expression for LSE will be
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- u u _ u
$=2 67,72 ¢ B0 =2 Y50 (3.7.19)

with y; gthe mean of the observations for the j-th step.

We now will try to generate step nesting. We start by replacing the A(al ), l=1,..,u, by

complete and regular CJAS , A(l) , L=1,...,u, with principal basis

Q(t)=1Q:(1), ... Qm)(U}, t=1,...u.

u
There will be m=>"m( 1) matrices in
=

with

These matrices will correspond to the vectors of

u

ro=J{va } (3.7.20)
=1

where 9, has u components, all null except the |-th which will be equalto 1, | =1,...,u.

Then, with
Qol)=0,4 » =1L (3.7.21)
and
Q(v)=pf,(1),..,Q,(u)) , (3.7.22)

the matrices in Q will be the Q(x) with vOT,. Since the orthogonal projection matrices in

a CJAS are sums of matrices on its principal basis, the orthogonal projection matrices in A

will be the Q(v) with
vOr={v:v=0,...,m(l),l=1.,u}, (3.7.23)

if we include the null matrix Q (Q ) in the family of orthogonal projection matrices.

Given the EO

1(1):in(l)gi(l) ,l=1,.,u , (3.7.24)
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we can combine them into
w
Y= z X B, (3.7.25)

where éo is fixed and the g1 Y s éu are independent, with null mean vectors and variance-

covariance matrices o7 le, 5 o5 al lc, - Moreover we will assume that
X, =D §1a1 s la )
| \ ¢ L . (3.7.26)
{ X; =D (X, (1) Xy(u)) 5 =1, 0w
Then we will have
xt=p|- e . g7 (3.7.27)
O a1 _a1 Ry au _au . .
as well as
xxtoplty 17 )oN
T=XoX§ =D|—JI ... —JI |=>Q(g)0A (3.7.28)
a ay =1
and as

=3 S aby 008 )04, i=1, W . (3.7.29)

Thus T and the M,,...,M,, commute so, according to Proposition 3.3, these models are COBS
thus EO.

For the new model the i-th row vector of the transition matrix will be
b. = : ,i=1,...,u, (3.7.30)

with b (L) the v-th row vector of B(L) , L=1,...,u. If we want to have the partition
B= [ B, B, ], the i-th row vector of B will be constituted by the first components of the
|2v,.(1)(1) Igv]_(u)(u ), the remaining components of these vectors will constitute the i-th row

vector of B,.
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3.8. L Extensions

We now consider a possibility of extending our results to a wider class of models.

Following Moreira et al (2009), we have

Definition 3.8. The model

is an L extension of the EO

whose observation vector, Y°, has n°components and whose principal basis of the

corresponding CJAS A°, is pb(AO):{Q1,...,QW}, when L is a matrix with linearly independent
column vectors and ¢ is an error vector, with null mean vector and variance-covariance

matrix o2 I,,, independent from 10 .

The introduction of matrix L can be seen as a generalization of the approach of Khuri &

Ghosh (1990) to unbalanced models that are unbalanced only with respect to the last stage.

If we have n° treatments and TR observations per treatment, we may take a block

diagonal matrix with the principal blocks ]r1,...,]r0 ,

The OPM on Q =R(L) will be
T=LL
and, since the column vectors of L are linearly independent,
L'L= | o

SO

with £%=L%¢.

(3.8.1)

(3.8.2)

(3.8.3)

. . . . o T
The mean vector of £° will be null and it’s variance-covariance matrix will be o?L*L" .

This vector is independent from Y°, thus Y% will have mean vector

/_100 =Xo éo

(3.8.4)
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and variance-covariance matrix

w m
Vew =D oM+ L =Y yiQ oL L (3.8.5)
i=1 =1

Besides this Y" =(In—T)X will have null mean vector and variance-covariance matrix

UZ(I | —T). Moreover the cross-covariance matrix for Y% and Y will be
ono’xj = 0'2 L+(|n —T)Z JZ(L+ —L+)= 0

since L* T=L*L L' =L". Thus we have the unbiased estimator

(3.8.6)
where
s=[v°F.

Let the row vectors of A; constitute an orthogonal basis for R(Qj) , j=1,...,m , then

=ATA L i=1,,
{EZ:A;A}J , ;:12 (3.8.7)
with
gj=rank(Qj)=rank(Aj) , j=1,...,m.
The random vector
’Zj:AjX°°=AjX°+AJ~_€° , J=1..,m (3.8.8)
will have mean vector
n, =Au® , j=1,.,m, (3.8.9)

with . =

[=}

, j=z+1..,m , whenever the OPM on the space spanned by x* will be

T=2Qr (3.8.10)

i=1

Since XO and §° are independent, the /7j , J=1,...,m , will have variance-covariance

matrices
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Vi =Hlg e ALLTAT L jE,m (3.8.11)

then taking

2
55 :H 7 H j=1,...,m (3.8.12)

we have the mean value

E(Sj):gjyj +ty0%, j=z+1,...,m, (3.8.13)
with t; :tr(Aj L L+TAJ-T) , j=z+1,...,m. Then we will have the unbiased estimators

S;
y.o=—"2-25* |, j=z+1,...,m, (3.8.14)
g g

which will be the components of J.

If there is segregation or matching for Xo we can use our previous results on estimation

of variance components.

Besides this, the 7

75 j=1,...,z, will be unbiased estimators of the /_7J_ , j=1,...,z, thus

z
P = ZCJ-/L (3.8.15)
j=1
will be an unbiased estimator of
V4
Y= ZCj/_yj ) (3.8.16)
=1

When the OPM on R(LX,) does not commute with Vy, the ¥ may not be BLUE for the

Y. But when the column vectors of L are pairwise orthogonal with norm 1, we have

L =LT
as well as
L'L =1,
LLT =T
and the OPM on R(LX,)will be
T TyT T _ T tTyT T — T
LXO(XOL LXO) Xo L —LXO(X0 XO) XoL =LTL (3.8.17)
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which commutes with
m
Vy =L| > pQ; LT+ o7, (3.8.18)
j=1

and the ¥ will be BLUE for the W . These will be orthogonal L extensions.
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4. Normal Models

We now will focus on a particular case of mixed models, where the random effects
parameters are normal. The assumption of normality turns out to be of great importance
since it allows our previous treatments to lead directly to sufficient statistics, see Nunes et al
(2008). As for completeness a very specific problem arises when we consider mixed models

since linear restrictions on the /'7'1, ,/'7'Z or the canonical variance components may arise and

we will only have sufficient but not complete statistics.
Based on the normality of the observation vectors we include some results on inference.
A particular case of L Extensions in which the column vectors of matrix L are pairwise

orthogonal with norm 1 will be studied.

4.1. Densities and statistics

Definition 4.1. The mixed model

w
Y= inéi
i=0

is called a normal mixed model if the random effects parameters, ,6’1,...,é’w , are normally

distributed.

The mean vector of Y will be
;_/zxogo (4.1.1)

and , if the model is EQ, it will have the regular variance-covariance matrix

m
V=Zijj. (4.1.2)
=1
So that
m
Al =z yi'Q; (4.1.3)
=1

and, since y,,..., ¥, are the eigenvalues of V with multiplicities

g; =rank(Qj) , j=1,...,m
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we also have

m
det( ): |_| y]gl (4.1.4)
=1
Moreover
Q;=AJA; ,j=1.,m (4.1.5)
and so
~ 2
m m |7, =11,
(Y=g v (Y-p) =Y v (Y- u AT A (Y - )= Y - (4.1.6)
j=1 j=1 j
where , as before, /_7J_ =Aj£1 and /_7j =AY , j=1,..,m. Now /_7j =0, j=z+1,...,m, thus,
with
2
s;=|a,| L i=tm (4.1.7)
we have
~ 2
2 Ay mS
(Y-pvi(y-p)=> 20 32 (4.1.8)
- - j=1 ¥; j=z+1 Y;

1
2= Vi

J
m g ’
(2n)? l_l yj%
j:

which belongs to the exponential family and, according to the factorization theorem, has the

sufficient statistics 12'1 ,...,/_'7'Z »Sz4r-eSm -

Putting
u(1)=[aT . AT T
u(2)=(AL, ... AT [
and taking
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and

{2(1):U(1)x
Z

(2)=u(2)y

(4.1.11)

we have the pair (2(1), Z(Z)) of vectors with joint normal distribution, with mean vectors

/_1(1) and /_1(2) , variance-covariance matrices

{v(1):u(1)vu(1)T S AN
(

yZ+1|gz+1 ’ ”"ymlgm )

and null cross covariance matrices, so Z(1) and Z(2) are independent.

Putting

5 2
gl
e 2F Y
Ny (X): 7 s
@ v
J=1
1 m S
(Y) e ij:%ﬂ?j
n\1r)= )
(ZIT) ) - yg%
j=z+1 )

(4.1.12)

(4.1.13)

(4.1.14)

The first of these has sufficient statistics /_7J_ , 1=1,...,z , while the sufficient statistics for

the second one will be S,,,...,S,.

As we saw, the LSE for estimable vectors in these models are BLUE. We now look for

optimal properties for estimators of variance components.

We have i/_7J,DR(AJ-X0), j=1,...,m, so there will be no linear restrictions on the g;

]

components of /_7j if and only if

rank(AjX0)=gj, j=1,...,Z.

Thus we have

(4.1.15)
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Proposition 4.1. The /2'1, ,/Z‘Z are sufficient and complete if and only if

rank (A;Xo)=g;, i=1,...,z.

Proof. Density n; (X) belongs to the exponential family and has parameters l/7J_ ,
¥y —

j=1,...,m. Using the factorization criterion it is straightforward to see that the /2'1, ,/Z‘Z are

sufficient. Now, see Lukacs & Laha (1964, pgs 37 to 42), these statistics will be sufficient

. : " 1 .
when there is no linear restrictions on the components of the —n;,3= 1,...,Z.
v~

Using Proposition 4.1. and the Blackwell-Lehman-Scheffé theorem we see that when

z
(4.1.15) holds the 7. ,j=1,...,z, are UMVUE for the /7j ,j=1,...,z, and the 9=2Uj/_7j for
=1

VA
the W = ZUJ"ZJ- .
=1

Density n, ([) belongs to the exponential family and, see Lukacs & Laha (1964, pgs 37 to
42), statistics S,.4,...,S, Will be sufficient and complete whenever the parameters space of
n, (D) contains the Cartesian product of m-z non degenerate intervals, since we can assume

the y,.1,...,Vm to be linearly independent. We now have the

Proposition 4.2. The statistics S,.4,...,S,, are sufficient and complete if and only if matrix

B, is invertible.

Proof. From (3.3.1), ;_/(Z)D R(BI) for the parameter space of n, (E) containing the required

Cartesian product of non degenerated intervals we must have
rank(BI)= m-z.
Since B; is a wx(m-z) matrix it is invertible if and only if

w=m—z=rank(B{).
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Corollary 4.1. When B, is invertible we have segregation and the ;_72 , QZ and £/1 will be

UMVUE(Z(Z )) , this is, they will be UMVUE in the family of estimators derived from Z(Z )

Proof. If B, is invertible its row vectors will be linearly independent and we will have

segregation. The rest of the proof follows from the Blackwell-Lehman-Scheffé theorem.

O

4.2. Inference

Starting with the directly estimable canonic variance components, since 7, |,

j=z+1,...,,m, are normal with null mean vectors and variance-covariance matrices ; Igj s

S.
j=z+1,...,m , and, by construction, — has a central chi-square distribution with g;
Y;

degrees of freedom , S j=z+1,...,m will be the products by the y; , j=z+1,...,m of

j oo
central chi-squares with g; degrees of freedom, S5~ yj)(;_ , j=z+1,...,m.

We then have for vy, J=z+1,...,m, the 1-q level confidence intervals

5; 5; S; S;
; , | 0; = and Dol
Xg1-9  Xg.9 Xg;.q Xg;,1-q

with x4 , the p-th quantile for )(é. We can use these intervals to, through duality, test the

hypothesis

Hoi:Vi=0o;,J=2+1..,m . (4.2.1)

Then the q level bilateral [ right unilateral; left unilateral] test reject Hy ; if ), ; does not
belong to the first [ second ; third ] 1-q level confidence interval, j=z +1,...,m.

Now the 7., j=1,...,m , have joint normal distribution and null cross covariance

matrices so they will be independent. Then the S;, j=1,...,m, will be independent, and

.S
» _81 2 5 §,i=z+1,..,m (4.2.2)
8; SJ
will be the product by
Py =2, Qg =z+1e,m (4.2.3)
Yy
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of random variables with central F distribution, F( |gj,gj,), with g; and g; degrees of
freedom, j,j' =z +1,...,m. Thus, with fr s,p the p-th quantile of F( |r,s) we get, for p; 5,

j, i =z+1,...,m , the 1-q level confidence intervals
fFj,j' ;fFj,j' ’ lo;fFj,j' ] and [ Fig ;+oo[,
g.81-%  g.81.% 8,859 fo, 8, .1-a
As before, we can use these confidence intervals to test, through duality,
HO,j,j' : pj,j' = pO,j,j' ) j)j, :Z+1)---)m .
Moreover, if g; >2 , the mean value of F( | g; ,gjr) will be &5 so the mean value
8y ~
of F;; will be 8y 5 pj,; and we have the unbiased estimators
, g - ,
-2 =25,
i, J _gJ Fj,j' _gJ — , i =z+1,..,m (4.2.4)
gy g Sy
If the model is MEO these results apply to all canonical variance components.
Whenever j<z<j ,if y;=)
E:Gj /zj (4.2.5)
will be normal, with mean vector
Y= Gj /—7j (4.2.6)
and variance covariance matrix ; G; GjT, independent from S; . Thus
T TV (g 2
(EJ _Ej) (Gj Gy ) (Ej ‘Ej)~ Vi X (4.2.7)
with
r= rank(Gj GJ-T): rank(Gj ),
see Mexia (1990), are independent of S, ~ y; )(gj , SO
Ej) .
) J’J’= Z+1!"')m)

85 @j _Ej)T (Gj GjT)+ @j -
Sjr

Fiy=—
I
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will have distribution F( alr ,gj,) . We then get, for ¥, the 1-q level confidence ellipsoid

given by

~ - S,
T T j
(Ej _Ej) (GjGj) (Ej _Ej) < T fr g1 g
j
We may use this ellipsoid to test, through duality, the hypothesis

(4.2.9)

The q level test rejecting this hypothesis when Yo, does not belongs to the 1-q level

confidence ellipsoid.
Besides this, an extension of the Scheffé theorem gives us, see Scheffé (1959) and Mexia

(1989), the simultaneous confidence interval

DU AW -d" 9| < o g d

d d"(G; 6] )d ) : (4.2.10)

for the QTEJ-. In this expression, 9 indicates that all possible eligible vectors d are used.

The joint confidence level for all these intervals is 1—-q.

Moreover the statistics

- T + [~
Fos s = 8r_j (@, -w, ) (GJSJGJT) (@, -wo,) “.2.11)

will have the F distribution with r; and g; degrees of freedom and non-centrality parameter
1 +
9; a (Ej ‘Eo,j)T (GjGjT) (Ej ‘Eo,j) , (4.2.12)
]

F(.1r;,85,0;). So we may use the statistic defined in (4.2.11) to test

Ho j: W5 =¥, - (4.2.13)

When H'OJ hold the statistic F,; ; can be rewritten as F; which has distribution

3io
F( O] rj,gjr). This is easy to see that this test enjoys duality since, when it has level q,
Hy ; is rejected when and only when the 1-q level confidence ellipsoid does not contain
Woi-

If the row vectors of G; are linearly independent

(6;6]) =l6,6] )" (4.2.14)
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and Hy ; may be written as

and, see Mexia (1995) and Nunes (2005), this test is strictly unbiased.

When the model is MEO these results apply to all pairs (j , j+z) j=1,...,zZ.

4.3. Orthogonal L Extensions

We now consider orthogonal L extensions of normal EO.

Thus we will have

and so
L'L=I,.

So Y will have mean vector

and variance -covariance matrix

V=Y yLQLlT +a?l,.
=1

Matrices
Q;=LQ,L", j=1,..,m

will be POOPM, since they are symmetrical and idempotent and aj aj, =0,xns J%27 -

As before, we take

Q;=AA;, j=1,.,m,
moreover
m_ p—
>Q;=LL" =T,
j=1

where T is the OPM on R(L) and, with
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(4.2.15)

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)



we will have

TC

o

— _C .
;=Q;T =0ppn, j=1,...,m

thus the Q;,...,Q,, and T are POOPM. We now can write

m
1=l st o

—

so we obtain

with, see once again Silvey (1975),

rank(aj): rank(LAjT): rank(AjT): rank(Qj), j=1,...,m,

(4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)

where rank(LAjT)=rank(AJ-T), j=1,...,m , since the column vectors of L are linearly

independent and so N(LAJT)=N(AJ-T), j=1,...,m, as well as

rank(LAT)=n°® —dim (N(LAT)) = n° ~dim (N(A])) =rank(AT) , j=1,...

]

Since, from (4.3.5) and (4.3.6), we have
Q;=LAJAL", j=1,..,m,

we will take

SO

Y -7Q (Y -s)= (gL AT AT (v

11
1<

as well as

- T 0 _ 0 .
j_AjL ['—X +£]—Aji +Aje j=1,...,m
j =ALTLAS = A u° j=1,..,m

1S <

,m . (4.3.13)
(4.3.14)
(4.3.15)

LM (4.3.16)
(4.3.17)
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with 4° =E(Y°).

. 2 . .
Since S= “XDH ~ szﬁ_no , reasoning as above we can establish

2
Proposition 4.3. Statistics /_7j , I1=1,..,2, S =H /_7j , j=z+1,...,m and S are sufficient.

Thus we will prefer using estimators given by functions of these statistics.

Moreover for o2 we have the 1-q level confidence intervals

> ;S ,O;S and #;m,
X 0’1_g X D’g /Yn—n",q Xn—n°,1—q

and for y; = y; +0?, j=1,...,m we have the 1-q level confidence intervals

< S, S,
—;——| , |0 ;——| and — ool
Xg. 1-9 Xg. q Xej, Xgj,1-q
2 )

j=1,..,m, since S~-o’x? , and S; - y; )(;_ , j=1,...,m. These confidence intervals can be

used to test the hypothesis
Ho : 0% = o} (4.3.18)
and
Hoj: ¥ =V » 3=1..,m (4.3.19)

thus getting, through duality, q level two-sided [right one-sided ; left one-sided] tests.

Moreover, taking

AN (4.3.20)
and
_ Y ..
Py =— JJi=z+1,..,m (4.3.21)
yj'
the statistics
%Sy L
Fy=—"— J,j=z+1,...,m+1 (4.3.22)
8; sJ
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will be the product by p; ; of a variable with distribution F( Og; ,gj.) where g, .,=n-n°.

Reasoning as in Section 4.2, we get, for the p; ;, the confidence intervals

F o F. . Fi F. s
g8, 1-% 85810 8,84 9,85,1-d

As before, we can use the confidence intervals to obtain the q level two-sided [right one-

sided; left one-sided] tests for the hypothesis
Ho i3t P57 =Poy,y Ji=z+1,...,m+1. (4.3.23)
We point out that the hypothesis
Ho jme1 * Pjmu =1 j=z+1,...,m (4.3.24)
can be rewritten as

Ho; : 15=0 j=z+1,...,m . (4.3.25)

Besides this, if g; >2, £ ; will have mean value

g _
LDy Bi=z+1,.,m+1 (4.3.26)

gy —2

so we have the UMVUE

gy —2

i

F_

5 s =z, m. (4.3.27)

Py =
Let us now assume that, with j<z<j , y; = V; so that y; =y; . Thus
W, =G;7 (4.3.28)

will be normal with mean vector W, =Gj/7; and variance-covariance matrix VjGjGjT, thus,

see once again Mexia (1990),
@j ‘Ej)T(Gj GjT)+ (91 ‘EJ‘) -V Xe (4.3.29)

with ry = rank(Gj GJ-T)+ = rank(Gj), independent from Sy ~Vy )(;_, , SO

8y (Ej ‘Ej)T(GjGjT)+ (Ej _Ej)
"

Fy = (4.3.30)

Sy
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will have distribution F( ar; ,gj,), so we have the 1-q level confidence ellipsoid

W, -9, (6;6]) [w, -9,) = 1 frj,gj,,1_q2 (4.3.31)
J

for ¥, as well as the simultaneous confidence intervals, with joint confidence level 1-q,

9{\& ;-dTE < \/ rg1qdT(GjGjT)d:;—J: . (4.3.32)
- J

The confidence ellipsoid can be used to test the hypothesis

Ho: W, =W (4.3.33)

oo Xj T Xj,0
through duality. The corresponding F test will have statistics

_JL L"o;) (o jGjT)+(91‘$o,j)

Sy

(4.3.34)
with distribution F( ar;,85,90

i

5 _—L ~wo, ) (6,67 ) (w, - v, ). (4.3.35)

), where

This F test enjoys duality and is unbiased being strictly unbiased when the row vectors of G;

are linearly independent.
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5. Final comments and future work

In this thesis we presented the theory of Error-orthogonal models, EO, basing ourselves on
their algebraic structure thus on COBS approach.
This enabled

e The estimation of variance components under general conditions;

e The introduction for EO of operations leading to complex models built combining

simple ones and, in the case of step nesting, leading to a great economy on the
number of observations;

e The study of conditions for having UMVUE for relevant parameters.

We restricted ourselves to isolated models. In continuation of our study, as a natural
development, we intend to study structured families of EO. In these families we have a model
for each one of the treatments of a base design and study the action of the factors of that

design, namely on the fixed effects parameters of the models in the family.
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