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Resumo estendido

As transferências orbitais são importantes porque nos permitem realizar a transferência

entre duas órbitas a diferentes altitudes, inclinações ou excentricidades atravez de umaor-

bita eliptica intermédia, entre os seus usos está a re-orbitação de satélites ou até mesmo a

interceptação de mísseis, nesta dissertação vamos estudar diferentes métodos de realizar

estas transferências Orbitais.

Podemos dividir a transferência de órbita em duas categorias principais, os métodos clás-

sicos e os métodos não clássicos. O método clássico também conhecido como transferên-

cia de órbita de Hohmann foi descrito em 1925 por Walter Hohmann, o problema deste

método é que obriga a orbita de tranferência a começar no apogeu ou perigeu da orbital

inicial e a acabar no perigeu ou apogeu da órbita final respectivamente, devido a este prob-

lema o método acaba por consumir mais energia e tempo do que é realmente necessário.

Para contornar estes problemas, usamos a transferência orbital não-Hohmann que nos

permite executar a mesma começando em qualquer ponto da órbita inicial e terminando

em qualquer ponto da órbita final, minimizando uma função de custo. Para a resolução

do problema da transferência orbital não-Hohmann iremos utilizar o método directo que

consiste em dividir a trajectória em vários segmentos evitando que seja necessário derivar

a funçãode custo permitindoque oproblema seja resolvido comométododeprogramação

não-linear (NLP).

Oobjetivo principal desta tese é encontrar ométodopara cada tipo de transferência orbital

que minimiza a energia global usada sem ter limitações quanto ao seu uso como os méto-

dos clássicos tais como a transferência deHohmann têm. Na dissertação foram estudados

três casos, a órbita de transferência coplanar deHohmann, a órbita de transferência copla-

nar não-Hohmann e a órbita de transferência não-coplanar não-Hohmann. Paramodelar

essas transferências orbitais foi utilizado o GMAT (General Mission Analysis Tool) que é

uma ferramenta daNASA e que permite ao utilizador criar uma transferência orbital entre

duas órbitas escolhidas pelo usuário com a ajuda das ferramentas que disponibiliza para

o processamento dos dados tais como a ferramenta obter (achieve), propagar (propagate)

e manobra (maneuver) podendo retirar do programa dados importantes como o tempo

necessário para realizar a transferência orbital, a energia necessária a cada impulso, as

coordenadas e velocidades do satélite na órbita em cadamomento utilizando a ferramenta

reportar (report). Nos casos não-Hohmann as variáveis de estado usadas no caso copla-

nar foram o raio, a anomalia verdadeira, a velocidade radial e a velocidade transversal e

as variáveis de controlo foram a aceleração e a direção de aceleração de controlo. As var-

iáveis de estado usadas no caso não coplanar foram as coordenadas esféricas da posição e

os componentes esféricos da velocidade, as variáveis de controlo foram a aceleração e os

ângulos de direção da tração.

Os resultados obtidos foram satisfatórios apesar de em alguns gráficos os resultados ap-

resentarem alguns valores fora do esperado no início e no fim da transferência orbital

isso deve-se ao baixo número de iterações e não porque o método e modelo utilizado não
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foram os indicados. Os resultados gerais obtidos mostraram uma órbita de transferência

consistente comaórbita de transferência obtida noGMAT. Combase nos resultados pode-

mos concluir que osmétodos das equações de Clohessy–Wiltshire para a transferência or-

bital de Hohmann e método da utilização das equações de movimento de satélites para as

transferências orbitais não-Hohmann são indicados para resolver este tipo de problemas

de transferência de órbita.

Palavras-chave

Transferência orbital não coplanar, transferência de orbita terrestre baixa, transferência

não-Hohmann LEO, transferência orbital ótima.
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Abstract

Orbital transfers are important because they allow us to perform a transfer between two

orbits at different altitudes, inclinations, or eccentricities using an intermediary elliptical

orbit, orbit transfers can be used to re-orbit satellites or even intercept missiles, in this

dissertation we studied different methods of performing these Orbital transfers.

We can divide the orbit transfer into two main categories, the classic methods and the

non-classic methods. The classic method also known as the Hohmann orbit transfer was

described in 1925 by Walter Hohmann, the problem with this method is that it has the

restriction of the orbit transfer having to start in the apogee or the perigee of the initial

orbit and ending at the perigee or the apogee of the final orbit respectively. In order to

bypass these problems, we use the non-Hohmannorbit transferwhich allows us to execute

the orbit transfer starting at any point of the initial orbit and finishing at any point of the

final orbit, minimizing the cost function. The main objective of the thesis is to find the

method for each type of orbit transferminimizes the global energy usedwithout having the

limitations of the normal methods such as the Hohmann transfer. In the dissertation we

will study three cases, the coplanar Hohmann transfer orbit, the coplanar non-Hohmann

transfer orbit, and the non-coplanar non-Hohmann transfer orbit. In order tomodel these

orbit transfers we used GMAT (General Mission Analysis Tool) which is a tool of NASA

that allows the user to create an orbit transfer between two orbits chosen by the user. In

the non-Hohmann cases the state variables used in the coplanar cases were the radius, the

true anomaly, the radial velocity and the transverse velocity, the control variables were

the acceleration and the control acceleration direction. For the non-coplanar case the

state variables were the spherical coordinates of position and the spherical components

of velocity, the control variables were the acceleration and the thrust direction angles.

The results obtained were satisfactory despite in some graphs the results having some

bumps at the beginning and end of the transfer orbit that was because of the low number

of iterations.

Keywords

Non-coplanar orbital transfer, LEO transfer, non-Hohmann LEO transfer, optimal orbit

transfer

ix



x



Contents

Acknowledgements v

Resumo vii

Abstract ix

Contents xi

List of Figures xiii

List of Tables xv

Acronyms and Abbreviations xvii

1 Introduction 1

1.1 Hohmann Orbit Transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Coplanar orbit transfer . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.2 Non-coplanar orbit transfer . . . . . . . . . . . . . . . . . . . . . . 3

1.1.3 Bi-elliptical Hohmann Orbit Transfer . . . . . . . . . . . . . . . . . 5

1.2 Non-Hohmann transfer with a common apse line . . . . . . . . . . . . . . 8

1.3 Aeroassisted maneuver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.1 Ideal aeroassisted maneuver . . . . . . . . . . . . . . . . . . . . . . 10

1.3.2 Realistic aeroassisted maneuver . . . . . . . . . . . . . . . . . . . . 12

1.4 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.5 Dissertation objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.6 Dissertation outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 Coplanar Hohmann orbit transfer between circular orbits 21

2.1 Coplanar Hohmann orbit transfer design . . . . . . . . . . . . . . . . . . . 21

2.2 Computational Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.1 Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.2 Relative dynamic equations . . . . . . . . . . . . . . . . . . . . . . . 30

2.2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.2.4 Discussion of Results . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Transformation of an optimization of trajectory problem into a non-

Linear programming problem 41

3.1 Formulation into a Non-linear programming problem . . . . . . . . . . . . 41

3.2 Indirect Transcription . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Direct Transcription . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

xi



4 Non-Hohmann transfer orbit methods 45

4.1 Non-Hohmann coplanar orbit transfer design . . . . . . . . . . . . . . . . 47

4.1.1 Orbit dynamics Equations . . . . . . . . . . . . . . . . . . . . . . . 47

4.2 Computational procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.2.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2.2 Discussion of Results . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Non-coplanar and non-Hohmann orbit transfer between elliptical orbits . 53

4.4 Implementation of the non-Hohmann non-coplanar orbit transfer in Matlab 55

4.4.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.4.2 Discussion of Results . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Conclusions and Future Work 60

xii



List of Figures

1.1 Coplanar Hohmann transfer [3] . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Non-coplanar orbit transfer, from Alqarni [1] . . . . . . . . . . . . . . . . . 3

1.3 Bi-elliptical Hohmann Orbit Transfer, adapted from Howard Curtis [6] . . 5

1.4 Bi-elliptical andHomann transfer fuel consumption comparison, fromHoward

Curtis [6] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Non-Hohmann transfer between two coaxial elliptical orbits, fromHoward

Curtis [6] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6 Ideal aeroassisted maneuver, from Naidu, Hibey and Charalambous [9] . . 11

1.7 Realistic aeroassisted maneuver, from Naidu, Hibey and Charalambous [9] 12

1.8 Aeroassisted maneuver between GEO and LEO, from Santos,Rocco and

Carrara [12] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.9 Attack angle α and bank angle σ representation, from Santos,Rocco and

Carrara [12] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1 Mission Sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Coplanar orbit transfer in gmat . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 GMAT Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4 Clohessy–Wiltshire frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.5 The angular velocities used in CaseII . . . . . . . . . . . . . . . . . . . . . . 33

2.6 x and y vs time( Hohmann transfer Case I) . . . . . . . . . . . . . . . . . . 36

2.7 ax vs time( Hohmann transfer Case I) . . . . . . . . . . . . . . . . . . . . . 36

2.8 ay vs time(Hohmann transfer Case I) . . . . . . . . . . . . . . . . . . . . . 37

2.9 Xv vs time and Yv vs time(Hohmann transfer Case I) . . . . . . . . . . . . 37

2.10 Yv vsXv(Hohmann transfer Case I) . . . . . . . . . . . . . . . . . . . . . . 37

2.11 x and y vs time( Hohmann transfer Case II) . . . . . . . . . . . . . . . . . . 38

2.12 ax vs time(Hohmann transfer Case II) . . . . . . . . . . . . . . . . . . . . . 38

2.13 ay vs time(Hohmann transfer Case II) . . . . . . . . . . . . . . . . . . . . . 38

2.14 Xv vs time and Yv vs time(Hohmann transfer Case II) . . . . . . . . . . . . 39

2.15 Yv vsXv(Hohmann transfer Case II) . . . . . . . . . . . . . . . . . . . . . . 39

4.1 Non-Hohmann coplanar transfer in GMAT . . . . . . . . . . . . . . . . . . 47

4.2 GMAT Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.3 2D polar coordinates orbit transfer . . . . . . . . . . . . . . . . . . . . . . . 49

4.4 Radius and θ vs time(Non-Hohmann transfer) . . . . . . . . . . . . . . . . 50

4.5 Radius vs θ(Non-Hohmann transfer) . . . . . . . . . . . . . . . . . . . . . 50

4.6 U(vr)andV (vθ)vstime(Non−Hohmanntransfer) . . . . . . . . . . . . . . 51

4.7 a and β vs time(Non-Hohmann transfer) . . . . . . . . . . . . . . . . . . . 51

4.8 Non-Hohmann non-coplanar transfer in GMAT . . . . . . . . . . . . . . . 53

4.9 GMAT Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

xiii



4.10 3D spherical coordinates orbit transfer . . . . . . . . . . . . . . . . . . . . 55

4.11 Radius, θ and ϕ vs time(Non-Hohmann non-coplanar orbit transfer) . . . 57

4.12 3D representations of the Non-Hohmann non-coplanar orbit transfer . . . 58

4.13 vr,vθ and vϕ vs time(Non-Hohmann non-coplanar orbit transfer) . . . . . . 58

4.14 a, αr and αϕθ vs time(Non-Hohmann non-coplanar orbit transfer) . . . . . 59

xiv



List of Tables

2.1 Initial and Final Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 Example of values for an interpolation . . . . . . . . . . . . . . . . . . . . . 25

4.1 Orbits information. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.2 Matlab Fmincon Output . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Orbits information. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.4 Matlab Fmincon Output . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

xv



xvi



Acronyms and Abbreviations

Nomenclature

h Angular momentum km2s−1

v,V Velocity km s−1

r radius km

τ Transfer time s

Ri Radii -

µ Gravitational parameter 398600km3s−2

Θ Plane change rad

R Radius km

γ Flight path angle rad

F Force N

ρ Atmospheric density kg m−3

S Projected area km2

C Coefficient -

α Angle of attack rad

σ Bank angle rad

ω Angular velocity rad s−1

x,y,z Position coordinates km

∆VP Velocity impulse km s−1

∆VA Velocity impulse in A km s−1

∆VB Velocity impulse in B km s−1

∆VC Velocity impulse in C km s−1

∆VD Velocity impulse in D km s−1

e(t) Position error km

H Altitude km

A SρS
2m

K Induced drag factor km2s−1

J Performance index -

H Hamiltonian ?

θ Azimuth angle rad

ϕ Elevation angle rad

αr, αϕθ thrust direction angles rad

xvii



NLP Non-linear programming -

LEO Low earth orbit -

ri initial radius km

rf final radius km

vr radial Velocity km s−1

vθ azimuth Velocity km s−1

vϕ inclination Velocity km s−1

Dimensionless Numbers

an Normalised radius Rn/Ra

KI Integral gain

KP Proportional gain

KD derivative gain

β Inverse atmospheric slace height

K Induced drag factor

δ ρ
ρs

b Ra
Ha

Superscripts and subscripts

i Initial

f Final/Exit
. First derivative
.. Second derivative

e Entry

s Surface area

D Drag

D0 Parasitic drag

L Lift

LR maximum lift-to-drag ratio

n Normalised

h Normalised altitude

γ Flight path angle

xviii



Chapter 1

Introduction

The Low-earth orbital transfers are needed inmany situations such as the re-orbit of satel-

lites and the interceptions of intercontinental missiles. One of the most used methods is

the classic one also called the Hohmann transfer which was invented in 1925, by Walter

Hohmann and the most fuel-optimal orbital transfer between two circular orbits, how-

ever, this dissertation will pore over itself in the modeling of non-conventional orbital

transfers, coplanar, and non-coplanar.

1.1 Hohmann Orbit Transfer

1.1.1 Coplanar orbit transfer

Figure 1.1: Coplanar Hohmann transfer [3]
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The coplanar orbit transfer principle between two circular coplanar orbits was created

in 1925 by the German engineerWalter Hohmann. This transfer that can be seen in fig.1.1

consists of a velocity impulse in the original circular orbit in the direction of the velocity

vector into an elliptical orbit with a perigee equal to the altitude of the 1st circular orbit

and an apogee equal to the altitude of the 2nd circular orbit, after this impulse a second

impulse happens 180º from the 1st impulse into a circular orbit. Both the twomain orbits

(the circular ones) and the transfer orbit are in the same plane. These impulses change the

velocity instantaneously therefore they represent an idealistic orbit transfer that doesn’t

happen in reality.

The two impulses can be obtained using the following equations:

1. For the angular moment of each orbit we have:

h1 =
√
2µ ∗

√
ri ∗ ri
ri + ri

(1.1)

h2 =
√

2µ ∗
√
rf ∗ rf
rf + rf

(1.2)

h3 =
√
2µ ∗

√
ri ∗ rf
ri + rf

(1.3)

with h1 being the angular moment of the initial orbit, h2 the angular moment of the

final orbit, and h3 the angularmoment of the transfer orbit, µ being the gravitational

parameter, ri being the radius of the initial orbit and rf the radius of the final orbit.

2. we can define the radius of the elliptical transfer orbit in function of the azimuth

angle, θ as:

rθ =
h23
µ

1

1 + e3cos(θ)
(1.4)

With the eccentricity of the transfer orbit, e3 being:

e3 =
rf − ri
rf + ri

(1.5)

3. Next we will calculate the velocities in A due to the initial orbit and transfer orbit

and the velocities in B due to the final orbit and transfer orbit:

vA)1 =
h1
ri

vA)3 =
h3
ri

(1.6)
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vB)2 =
h2
rf

vB)3 =
h3
rf

(1.7)

4. And finally for the velocities impulse we have:

∆vA = |vA)3 − vA)1| (1.8)

∆vB = |vB)3 − vB)2| (1.9)

∆v = ∆vA +∆vB (1.10)

5. the Transfer time,τ from the initial orbit to the final orbit is:

τ = π

√√√√√
(

(ri+rf )
2

)3

µ
(1.11)

1.1.2 Non-coplanar orbit transfer

Figure 1.2: Non-coplanar orbit transfer, from Alqarni [1]
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The orbit transfer between two circular non-coplanar orbits consists of an orbit transfer

between circular orbits in different orbital inclinations. The first impulse will transfer

the original circular orbit into an elliptical orbit(with an altitude at 0º equal to the initial

orbit and an altitude at 180º equal to the final orbit) with a change in the plane of Θ1

when compared to the original circular orbit. The second impulse will happen 180º after

the first one and will transfer the elliptical orbit into a final circular orbital with a change

in the plane of Θ2 when compared to the elliptical orbit. In order to execute this orbit

transfer with the minimum energy consumption,Θ1 must be so that the partial derivative

with respect to Θ1 of the total impulse equals to zero.

The two impulses can be obtained using the following equations:

1. We start with defining the 3 normalized radii,Ri1 being the radii of initial orbit,Ri2
being the radii of the transfer orbit andRi3 being the radii of the final orbit, ri being

the radius of the initial orbit and rf the radius of the final orbit:

Ri1 =

√
2 ∗ rf
ri + rf

(1.12)

Ri2 =

√
ri
rf

(1.13)

Ri3 =

√
2 ∗ ri
ri + rf

(1.14)

2. Then for the velocities impulse and noting that Θ1 is the first plane change and Θ2

is the second plane change, we have:

∆v1 =

√
µ

ri
∗
√
1 +Ri21 − 2Ri1cosΘ1 (1.15)

∆v2 =

√
µ

rf
∗
√
Ri22 +Ri22Ri

2
3 − 2Ri22Ri3cosΘ2 (1.16)

3. Total velocity impulse and total plane change:

Noting that the 1st impulse is related to the 1st plane change Θ1 and the 2nd im-

pulse is related to the 2nd plane changeΘ2, next, we can write the total impulse and

the total plane change as follow:

∆v = ∆v1 +∆v2 (1.17)
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Θt = Θ1 +Θ2 (1.18)

4. Then we can finally use the following equation of the partial derivative of the to-

tal velocity impulse with respect to the first plane change in order to get the plane

change Θ1 and Θ2 that minimize the energy necessary:

∂∆V

∂Θ1
=

Ri1cosΘ1√
1 +Ri21 − 2Ri1cosΘ1

+
Ri22Ri3(sinΘtcosΘ1 − cosΘtsinΘ1)√
Ri22 +Ri22Ri

2
3 − 2Ri22Ri3cos(Θt −Θ1)

(1.19)

To obtain θ1 we have to find the value of θ1 that equals this derivative to zero, now

with θ1 known we can use previous equation to get θ2 and then use previous equa-

tions (1.15) and (1.16) to get the 1st and 2nd impulse.

1.1.3 Bi-elliptical Hohmann Orbit Transfer

Figure 1.3: Bi-elliptical Hohmann Orbit Transfer, adapted from Howard Curtis [6]

ABi-ellipticalHohmann transfer consists of three separate impulsivemaneuvers. Starting

with a circular orbit with a radius of Rc a 1st impulse occurs in C resulting in an elliptical

orbit With a perigee equal to the radius of the original circular orbit and an apogee of Rb,

then 180º after the 1st impulse a 2nd impulse occurs resulting in a second elliptical orbit

with an apogee of Rb this is equal to the apogee of the first elliptical orbit and a perigee of

Ra. Then 180º after the 2nd impulse a 3rd and final impulse will transfer the 2nd elliptical

orbit into a circular orbit with a radius of Ra.

1. We start with defining the angular moment of each orbit with h1 being the angular

moment of the initial orbit, h2 being the angular moment of the first elliptical orbit,

5



h3 being the angular moment of the second elliptical orbit and h4 being the angular

moment of the target orbit, ra, rb and rc being the radius as shown in the fig.1.3 :

h1 =
√
2µ ∗

√
rc
2

(1.20)

h2 =
√
2µ ∗

√
rc ∗ rb
rc + rb

(1.21)

h3 =
√
2µ ∗

√
rb ∗ ra
rb + ra

(1.22)

h4 =
√
2µ ∗

√
ra
2

(1.23)

2. we can define the radius of the elliptical transfer orbit in function of θ as:

rθ =
h22
µ

1

1 + e2cos(θ)
if 0 ≤ θ ≤ 180 (1.24)

rθ =
h23
µ

1

1 + e3cos(θ)
if θ > 180 (1.25)

With the eccentricity of the first and second elliptical orbit e2 and 3e being:

e2 =
rb − rc
rb + rc

(1.26)

e3 =
rb − ra
rb + ra

(1.27)

3. For the velocities in A due to the target orbit and second elliptical orbit, in B due to

the first and second elliptical orbit, and in C due to the first elliptical orbit and the

initial orbit we have that:

vC)1 =
h1
rc

; vC)2 =
h2
rc

(1.28)

vB)2 =
h2
rb

; vB)3 =
h3
rb

(1.29)

vA)3 =
h3
ra

; vA)4 =
h4
ra

(1.30)
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4. And finally using the module of subtraction of the velocities due to the different

orbits in each point we obtain the following velocities impulse:

∆vC = |vC)2 − vC)1| (1.31)

∆vB = |vB)3 − vB)2| (1.32)

∆vA = |vA)4 − vA)3| (1.33)

With the total velocity impulses being the sum of all the velocity impulses calculated

above.

∆v = ∆vA +∆vB +∆vC (1.34)

which can be further simplified as follows :

∆v =

[√
2(ac + ab)

acab
−

1 +
√
ac√

ac
−

√
2

ab(1 + ab)
(1− ab)

]√
µ

rA
(1.35)

With the Dimensionless parameters ac and ab being:

ac =
rC
rA

; ab =
rB
rA

(1.36)

5. the Transfer time, τ taken to execute the bi-elliptical transfer orbit is:

τ = π

√√√√√
(

(rc+rb)
2

)3

µ
+ π

√√√√√
(

(rb+ra)
2

)3

µ
(1.37)

Nowwe can compare the∆v from the CoplanarHohmann orbit transfer[1.1.1] with the Bi-

elliptical Hohmann orbit transfer and see which ac and ab it is better to use one or another

orbit transfer in order to reduce the fuel consumption, this comparison can be seen in the

graphic 1.4.
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Figure 1.4: Bi-elliptical and Homann transfer fuel consumption comparison, from
Howard Curtis [6]

1.2 Non-Hohmann transfer with a common apse line

ANon-Hohmann transfer consists of an orbital transfer between two coaxial orbits, this is

that have the same apse line, in which the 1st and 2nd velocity impulses are not obligatory

tangent to the initial and final orbit respectively. As shown in Fig1.5. the 1st impulse

happens in A with an angle of θA from the apse line and the 2nd impulse happens in B

with an angle of θB from the apse line.

Figure 1.5: Non-Hohmann transfer between two coaxial elliptical orbits, from Howard
Curtis [6]

1. From the Fig1.5 and knowing that h3 is the angular moment of the transfer orbit, e3
the eccentricity of the transfer orbit and θA and θB being the azimuth angle in the

point A and B respectively we can write the radius rA and rB as follows:

rA =
h23
µ

1

1 + e3cos(θA)
(1.38)
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rB =
h23
µ

1

1 + e3cos(θB)
(1.39)

2. Which we can then solve to obtain the eccentricity e3 and the angular moment h3 of

the orbit transfer:

e3 =
rB − rA

rAcos(θA)− rBcos(θB)
(1.40)

h3 =
√
µrArB

√
cos(θA)− cos(θB)

rAcos(θA)− rBcos(θB)
(1.41)

3. With the eccentricity e3 and angular moment h3 of the transfer orbit we are able to

write the radius of the transfer orbit in relation to the azimuth angle θ as follows:

rθ =
h23
µ

1

1 + e3cos(θ)
(1.42)

4. Knowing the eccentricity of the initial orbit e1, the eccentricity of the final orbit e2,

the the angular moment of the initial orbit h1 and the angular moment of the final

orbit h2 we can calculate the total velocity impulse using the following equations:

∆v = ∆vA +∆vB (1.43)

With the velocity impulse in A,∆vA and the velocity impulse in B,∆vB being:

∆vA =
√
v12A + v32A − 2v1Av3Acos(∆γA)

∆vB =
√
v22B + v32B − 2v2Bv3Bcos(∆γB)

(1.44)

Noting that∆γA is the variation of the flight path angle in A and∆γB is the variation

of the flight path angle in B. With v1A and v3A being the velocity in A due to the

initial and transfer orbit respectively and v2B and v3B being the velocities due to the

final orbit and transfer orbit respectively. We can calculate v1A using the following

equation, we can also calculate the other 3 velocities using the same method:

vA1 =
√
v2⊥A1

+ v2rA1
(1.45)

v⊥A1 =
h1
rA

(1.46)
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vrA1 =
µ

h1
e1sin(θA) (1.47)

Noting that vr is the radial velocity and v⊥ being the tangential velocity.

And the variation of the flight path angle in A,∆γA being obtained by the following

equations and the variation of the flight path angle in B, ∆γB being obtained by

using the same method:

γA1 = tan−1

(
vrA1

v⊥A1

)
(1.48)

γA3 = tan−1

(
vrA3

v⊥A3

)
(1.49)

∆γA = γA3 − γA1 (1.50)

1.3 Aeroassisted maneuver

The first time that the use of aerodynamic forces was suggested to change the trajectory

and velocity of a body was in 1961 by Howard London which later was named as Aeroas-

sisted maneuvers in 1985 by Walberg. The use of atmospheric drag to reduce the apogee

was first used by the spacecraft Hiten on the 19th of March 1991. The main advantage of

using an aeroassisted maneuver between a GEO and LEO is that it economizes fuel(about

50% of fuel when compared to a Hohmann transfer) which can then increase the payload

capacity of the spacecraft. The aeroassisted maneuver will consist of a multipass aero-

braking strategy, this means that the transfer orbit will consist of various elliptical orbits.

1.3.1 Ideal aeroassisted maneuver

As shown in the fig.1.6 the vehicle leaves the high Earth orbit, a circular orbit with a radius

of Rd, with a velocity impulse of ∆Vdi and enters an elliptical orbit with a perigee of Ra

and a flight path angle of 0º. The grazing happens between E and F until enough velocity

has been depleted by the drag, that when lift equals zero the vehicle ascends with a flight

path angle final of zero. At C another velocity impulse ∆Vci occurs resulting in a circular

orbit LEO with a radius of Rc.

We can obtain the velocity impulses in D∆Vdi and in C∆Vdci using the following equa-

tions:
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Figure 1.6: Ideal aeroassisted maneuver, from Naidu, Hibey and Charalambous [9]

∆Vdi =

√
µ

Rd
−

√
2

(
µ

Ra

)
/

((
Rd

Ra

)(
Rd

Ra
+ 1

))
(1.51)

∆Vci =

√
µ

Rc
−

√
2

(
µ

Ra

)
/

((
Rc

Ra

)(
Rc

Ra
+ 1

))
(1.52)

These velocity impulses can be normalized using the following dimensionless parameters:

ad =
Rd

Ra
; ac =

Rc

Ra
; ∆v =

∆V√
µ
Ra

(1.53)

Resulting in the normalized velocity impulses ∆Vndi, ∆Vnci and the total normalised ve-

locity impulse∆Vni of:

∆Vndi =

√
1

ad
−

√
2

ad(ad + 1)
(1.54)

∆Vnci =

√
1

ac
−

√
2

ac(ac + 1)
(1.55)

∆Vni = ∆Vndi +∆Vnci (1.56)
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1.3.2 Realistic aeroassisted maneuver

Figure 1.7: Realistic aeroassisted maneuver, from Naidu, Hibey and Charalambous [9]

The vehicle starts in a high Earth orbit (HEO), a circular orbit with a radius of Rd. A

velocity impulse ∆Vd changes the orbit from HEO to an elliptical orbit(apogee of Rc), at

E the spacecraft enters the atmosphere with a flight path angle of γe where it will lose

velocity due to the drag and at F it leaves the atmosphere with a flight path angle of γf .

When enough velocity has been depleted it ends with a circularization into LEO due to a

velocity impulse of∆Vc.

The velocity impulses ∆Vd, ∆Vd and the total velocity impulses can be obtained using

the following equations:

∆Vd =

√
µ

Rd

[
1−

√√√√2

(
1−Rd

Ra

)/(
1−

(
Rd

Ra

)2/
cos2γe

)]
(1.57)

∆Vc =

√
µ

Rc

[
1−

√√√√2

(
1−Rc

Ra

)/(
1−

(
Rc

Ra

)2/
cos2γf

)]
(1.58)

These velocity impulses can be normalized using the dimensionless parameters in eq.1.53

after being normalized equal to:

∆Vnd=

√
1

ad
−

√
2(1− ad)

ad(1− a2d/cos
2γe)

(1.59)

∆Vnc=

√
1

ac
−

√
2(1− ac)

ac(1− a2c/cos
2γf )

(1.60)

12



∆Vn = ∆Vnd +∆Vnc (1.61)

1.3.2.1 Aeroassisted transfer controlling the radius

Figure 1.8: Aeroassisted maneuver between GEO and LEO, from Santos,Rocco and Car-
rara [12]

Starting in a GEO the spacecraft applies a velocity impulse resulting in an elliptical orbit

with an apogee equal to the radius of the GEO and a perigee within the atmosphere limits,

every next time the spacecraft passes in the atmosphere limits it loses velocity leading to a

reduction of the apogee of the transfer orbit, this repeats until the spacecraft reaches the

final apogee altitudewhen there is a second impulse applied to transfer the vehicle into the

final orbit LEO.We will use an Aeroassisted Spacecraft maneuver Simulator based on the

STRS (Spacecraft trajectory simulator), this simulator requires a reference trajectory and

the trajectory that has been perturbated by external factors. We can see how much fuel

is saved using the aerobraking maneuver technique using a PID (Proportional-Integral-

Derivative). The main forces acting in the spacecraft will be the aerodynamic forces (drag

and lift), thrusters force due to the velocity impulses, and gravitational forces.

Being the Drag FD and Lift force FL the following:

FD =
1

2
ρSV 2CD (1.62)

FL =
1

2
ρSV 2CL (1.63)
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Noting that S is the reference area, V is the fluid relative velocity, ρ the air density, CD the

drag coefficient, and CL the lift coefficient.

Figure 1.9: Attack angle α and bank angle σ representation, from Santos,Rocco and Car-
rara [12]

Knowing that the angle of attack[α] is measured between the longitudinal axis and V̂

(velocity in relation to the atmosphere versor), and that the bank angle[σ] is measured

between the lift plane and the plane formed by V̂ and the position vector we can calculate

the drag coefficient, the lift coefficient, the altitude lift CA and the lateral lift CB using the

impact method:

CD = 2(sinα)2 (1.64)

CA = CLcos(σ) (1.65)

CL = 2sin(α)cos(α) (1.66)

CB = CLsin(σ) (1.67)

We can then decompose the lift force further into altitude lift[Fb] and lateral lift[Fa] forces
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respectively:

Fa =
1

2
ρSV 2CA (1.68)

Fb =
1

2
ρSV 2CB (1.69)

Being r the radius versor and V the velocity versor we can then calculate h the angular

momentum versor andN the altitude versor:

h = r×V (1.70)

N = V× h (1.71)

We then can obtain the Drag and Lift force:

FD = −FDV (1.72)

FL = −FAN+ FBh (1.73)

The velocity in relation to the atmosphere versor can be calculated in the following way:

V = ṙ+ ω × r =

ẋ+ ωy

ẏ − ωx

ż

 (1.74)

Being the velocity vector in relation to the inertial systemandω the angular velocity vector

of the Earth’s rotation.

Then we can finally describe the spacecraft state using the coordinated X=[r V] with an

inertial frame centered on Earth, and define the spacecraft’s dynamic model with µ being

the central body gravitational constant and∆VP the velocity impulse caused by propulsive

thrusters when activated as:

r̈ =
µ

r3
r− 1

2
CDρSV V+∆VP (1.75)

To control the trajectory of the spacecraft we will use a PID controller c(t) that is aimed

at correcting the deviation between the real trajectory and the reference trajectory of the

spacecraft, with e(t) being the position error withKP being the proportional gain,KI the
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integral gain,KD the derivative gain and e(t) the position error, can be computed by:

c(t) = KP e(t) +KI

∫
e(t)dt+KD

de(t)

dt
(1.76)

Which can then be discretized with T being the sample period into :

u(k) = u(k − 1) +

(
KP +

KD

T
+KIT

)
e(k) +

(
−KP − 2

KD

T

)
e(k − 1)− KD

T
e(k − 2) (1.77)

1.3.2.2 Aeroassisted transfer controlling the radius, flight path angle, and

velocity

In order to define the trajectory of the spacecraft we need the entry velocity vne and the

exit velocity vnf :

Vne =

√
2ad(1− ad)

cos2γe − a2d
; Vnf =

√
2ac(1− ac)

cos2γf − a2c
(1.78)

Noting that ad and ac are the dimensionless parameters defined in eq.1.53, γe is the entry

flight path angle and γf the exit flight path angle.

Some considerations are made such as during the aerobraking maneuver in the atmo-

sphere the motion is planar, the control is obtained only by the lift, the Earth’s rotation is

neglected and drag is assumed parabolic.

knowing that:

A =
SρS
2m

; H = R−RE ; ρ = ρsexp(−Hβ) (1.79)

CD = CD0 +KC2
L (1.80)

With S being the aerodynamic reference area, ρS the fluid density, H the altitude, R the

radius between the center of the spacecraft to the center of the earth, Re being the radius

of the earth, β being the inverse atmospheric scale height, CD the drag coefficient, CD0

the zero-lift drag coefficient, K the induced drag factor and CL the lift coefficient.

And knowing the dimensionless parameters:

τn =
t√
R3

a
µ

; Vn =
V√
µ
Ra

(1.81)

With τn being the normalized transfer time, and Vn the normalized velocity.

Hn =
H

Ha
; b =

Ra

Ha
; δ =

ρ

ρs
= exp(−hβHa) (1.82)
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WithHn being the normalized height, and δ being the normalized density.

η =
CL

CLR
; CLR =

√
CD0

K
(1.83)

With η being the dimensionless parameters the relates the Lift coefficient CL with the lift

coefficient for maximum lift to drag ratio CLR

A1 =
CD0SρSHa

2m
; A2 =

CLRSρSHa

2m
(1.84)

We can then obtain the equations of motion dH
dt ,

dV
dt and

dγ
dt with γ being the flight path

angle:

dH

dt
= V sinγ (1.85)

dV

dt
= −ACDV

2exp(−Hβ)−
(
µ

R2

)
sinγ (1.86)

dγ

dt
= ACLV exp(−Hβ) +

[
V

R
− µ

R2V

]
cosγ (1.87)

That when normalised are:

dHn

dt
= bVnsinγ (1.88)

dVn
dt

= −A1b(1 + η2)δV 2
n − V 2

n sinγn
(b− 1 +Hn)2

(1.89)

dγ

dt
= A2bηδVn +

bVncosγ

(b− 1 +Hn)
− b2cosγ

(b− 1 +Hn)2Vn
(1.90)

The performance index J will be defined as:

J = ∆Vn = ∆Vnd +∆Vnc (1.91)

With∆Vnd being the normalized velocity impulse at the deorbit fromHEOand∆Vnc being

the normalized velocity impulse into the LEO obtained by combing the eq.1.78 and eq.1.59

and 1.60

∆Vnd =

√
1

ad
−
(
Vne
ad

)
cos(−γe) (1.92)
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∆Vnc =

√
1

ac
−
(
Vnf
ac

)
cos(−γf ) (1.93)

We can conclude that in order to minimize the performance index J, the flight path angle

at the entry of the atmosphere γe and the flight path angle at the exit of the atmosphere

γf need to be zero then we can assume that γ(t)=0 during the grazing phase this is the

altitude remains constant during this phase, therefore the optimal trajectory is equal to

the ideal trajectory.

In order to minimize the fuel consumption in respect to the CL we will use the Hamil-

tonian formula as follows:

H = λhbVnsinγ + λv−A1b(1 + η2)δV 2
n − b2sinγ

(b−1+Hn)2

+λγA2bηδVn + bVncosγ
(b−1+Hn)

− b2cosγ
(b−1+Hn)2Vn

(1.94)

With λh, λv, and λγ being the costates that are obtained from the following equations:

dλHn

dτ
= −δH

δh
(1.95)

dλV n

dτ
= −δH

δv
(1.96)

dλγ
dτ

= −δH
δγ

(1.97)

Knowing that Em is the maximum value of the lift-to-drag ratio and defining the optimal

control as the following we can obtain η:

δH
δη

= 0 (1.98)

η = Em
γ

vλv
with Em = (L/D)max (1.99)

We then define the boundary conditions of the non-linear TPBVP as:

h(τn = 0) = 1;h(τn = τnf ) = 1 (1.100)

(2− v2e)a
2
d − 2ad + v2ecos

2γe = 0; (2− v2f )a
2
c − 2ac + v2fcos

2γf = 0 (1.101)

We are then able to determine the optical control by calculating the non-linear TPBVP,

obtained by the equations (1.95 to 1.97) and (1.88 to 1.90), which can be solved using a

multiple shooting method as mentioned before.
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1.4 Limitations

The Classic methods of orbital transfer such as the Hohmann transfer and bi-elliptical

Hohmann transfer have the limitations of the orbit transfer being constrained to start in

the periapsis or apoapsis of the initial orbit and ending at the periapsis or apoapsis of the

final orbit. The problem with this limitation is that there are some specific cases in which

it is required that the change of orbit happens in a different place from the periapsis or

apoapsis, among those cases is for example ballistic missiles.

Another limitation is that in order to do the orbital transfer we have to do the calculations

before in order to have enough propulsion all the time to keep the satellite in the transfer

orbit.

1.5 Dissertation objectives

The objectives of this dissertation are to devise computational methods for the optimiza-

tion of the non-conventional orbital transfers for LEOsatelites, this is non-Hohmannorbit

transfers by transforming the orbit transfer problem into an orbit optimization problem

which allows us to start and end the orbit transfer at any point of the original and final

orbit respectively. Another objective was, once the method was chosen which in this dis-

sertation was a direct method that allows the transformation of the orbit transfer prob-

lem in a non-linear programming(NLP) method, to verify the methods of optimization of

trajectories of orbital transfers computationally with simulations made in Matlab in real

scenarios in this case in a low earth orbit.
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1.6 Dissertation outline

In chapter 2wewill address the topic of coplanarHohmann orbit transfer. The implemen-

tation of a computational design of this orbit will be done using the Clohessy–Wiltshire

equations. This type of orbit is usually the most efficient type of orbit transfer to change

the radius of the orbit however it faces some limitations such as the need to start and end

at the periapsis and apoapsis. In Chapter 3 wewill explain how to transform the optimiza-

tion of trajectory problems into non-linear programming concepts. In chapter 4 we will

address the topic of the non-Hohmann orbit transfer both coplanar and non-coplanar.

The approach used will be a method of non-linear programming as explained in the pre-

vious chapter, unlike the type of orbit transfer used in Chapter 2 this one can start and

end at any point of the initial and final orbit respectively.
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Chapter 2

Coplanar Hohmann orbit transfer between
circular orbits

2.1 Coplanar Hohmann orbit transfer design

Todesign this orbit transferwewill use the programGMATalso knownasGeneralMission

Analysis Tool is an open-source software developed by NASA and launched in 2007, it

allows the user to design a space mission from low earth orbit to the lunar orbit or earth-

mars transfer as well as orbit transfers between either coplanar or non-coplanar orbits,

it also allows the user to design rendezvous maneuvers. In this paper in specific, this

paper will be used to execute low earth orbit transfer, both coplanar and non-coplanar. In

order to execute these maneuvers the software offers many tools such as the “spacecraft”

in which we can choose many parameters such as the mass, the drag coefficient, and drag

area, the tool “achieve” which allows us to determine the specifications of the orbit we

want to achieve, the tool “propagate” that allows us to move the spacecraft within the

same orbit, the tool “maneuver” that is used to decide when the spacecraft enters or leaves

one orbit, and the “report” tool that allows the user to know the eccentricity, the radius,

the true anomaly, the inclination, the Cartesian velocities among other parameters at a

certain time interval during the space mission designed.

To design the transfer orbit in GMAT it is needed to first define the initial and final

orbit. The initial and Final orbits were defined as shown in Table 2.1.

Initial Orbit Final Orbit
Radius[Km] 6500 8000
Eccentricity 0 0
Inclination[º] 0 0

Table 2.1: Initial and Final Orbits
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After defining the Initial and final orbits, we can thenwrite themission sequence as shown

in Fig2.1

Figure 2.1: Mission Sequence

We start by adding a velocity impulse to transfer the spacecraft from the initial orbit to the

transfer orbit which is then defined as having an Apoapsis of 8000km and by definition

a periapsis of 6500km (equal to the radius of the initial orbit). After 180º, this is in the

transfer orbit’s apoapsis, we add another velocity impulse to transfer the spacecraft from

the transfer orbit to the final orbit which is defined as having an eccentricity of 0(circular

orbit). Obtaining the orbit transfer shown in fig.2.2

After defining themission sequence, it is possible to obtain themagnitude of the velocity

impulses that are needed to fulfill the mission requirement as shown in the fig2.3:

As shown inFig.2.3 the velocity impulses are∆v1 = 0.39449ms−1 and∆v2 = 0.37652ms−1

and therefore a total velocity impulse of∆v = 0.77091ms−1.
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Figure 2.2: Coplanar orbit transfer in gmat

Figure 2.3: GMAT Solver

2.2 Computational Procedure

2.2.1 Interpolation

The interpolation of the data of the arc of transfer is needed because the data comes in

the numerical format but in order to deal with it more efficiently in the computational

context it is needed to represent that data with functions. For the interpolation of the

data obtained by GMAT, we are going to use the cubic spline interpolation[8] which is a

mathematical method used to obtain new points within the boundaries of known points.

These new points are obtained from the interpolation functions that consist of multiple
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cubic piecewise polynomials. Having n+1(x1 to xn+1) original points we will have n third

degree polynomials f1 to fn.

The polynomials will be written as follows:

f(x) =



a1x
3 + b1x

2 + c1x+ d1 if x ∈[x1, x2]

a2x
3 + b2x

2 + c2x+ d2 if x ∈[x2, x3]

...

anx
3 + bnx

2 + cnx+ dn if x ∈[xn, xn+1]

(2.1)

To determine the coefficients of the polynomials we need to use several equations that are

the following:



f1(x1) = y1

f1(x2) = y2

f2(x2) = y2

...

fn(xn) = yn

fn(xn+1) = yn+1

(2.2)

Noting that the y2 must be the same using the function f1 or f2for x2 this is yi must be the

same using the polynomial fi−1 and fi for xi.

We also know that the first derivative and second derivative of 2 adjacent polynomials

have the same value in the points they touch. For example, the first derivative of the

polynomial 1 for x2 has the same value as the first derivative of the polynomial 2 for x2,

and the same goes for the second derivative.

For the first derivative, we have:

d
dxf1(x) =

d
dxf2(x) |x=x2

d
dxf2(x) =

d
dxf3(x) |x=x3

...

d
dxfn−1(x) =

d
dxfn(x) |x=xn

(2.3)
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For the second derivative, we have:

d2

dx2 f1(x) =
d2

dx2 f2(x) |x=x2

d2

dx2 f2(x) =
d2

dx2 f3(x) |x=x3

...

d2

dx2 fn−1(x) =
d2

dx2 fn(x) |x=xn

(2.4)

For the last coefficients of the two 1st and two last polynomials we will use the Not-a-Knot

Spline condition in which we have that the third derivative in the same point has the same

value:


d3

dx3 f1(x) =
d3

dx3 f2(x) |x=x2

d3

dx3 fn−1(x) =
d3

dx3 fn(x) |x=xn

(2.5)

2.2.1.1 practical example

Considering a dataset of 10 points as shown in the table. the interpolation procedure will

be as follows:

Time[s] 0 1 2 3 4 5
x[km] 0 10 18 24 28 30
y[km] 30 28 24 18 10 0

Table 2.2: Example of values for an interpolation
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We start by writing the polynomials as such:

fx(t) =



ax1t
3 + bx1t

2 + cx1t+ dx1 if t ∈ [0, 1]

ax2t
3 + bx2t

2 + cx2t+ dx2 if t ∈ [1, 2]

ax3t
3 + bx3t

2 + cx3t+ dx3 if t ∈ [2, 3]

ax4t
3 + bx4t

2 + cx4t+ dx4 if t ∈ [3, 4]

ax5t
3 + bx5t

2 + cx5t+ dx5 if t ∈ [4, 5]

(2.6)

fy(t) =



ay1t
3 + by1t

2 + cy1t+ dy1 if t ∈ [0, 1]

ay2t
3 + by2t

2 + cy2t+ dy2 if t ∈ [1, 2]

ay3t
3 + by3t

2 + cy3t+ dy3 if t ∈ [2, 3]

ay4t
3 + by4t

2 + cy4t+ dy4 if t ∈ [3, 4]

ay5t
3 + by5t

2 + cy5t+ dy5 if t ∈ [4, 5]

(2.7)

In order to obtain the coefficients the eq.2.2 to eq.2.5 need to be solved, from the eq.2.2

we have that:



dx1 = 0

ax1 + bx1 + cx1 + dx1 = 10 = ax2 + bx2 + cx2 + dx2

8ax2 + 4bx2 + 2cx2 + dx2 = 18 = 8ax3 + 4bx3 + 2cx3 + dx3

27ax3 + 9bx3 + 3cx3 + dx3 = 24 = 27ax4 + 9bx4 + 3cx4 + dx4

64ax4t+ 16bx4 + 4cx4 + dx4 = 28 = 64ax5 + 16bx5 + 4cx5 + dx5

125ax5t+ 25bx5 + 5cx5 + dx5 = 30

(2.8)



dy1 = 30

ay1 + by1 + cy1 + dy1 = 28 = ay2 + by2 + cy2 + dy2

8ay2 + 4by2 + 2cy2 + dy2 = 24 = 8ay3 + 4by3 + 2cy3 + dy3

27ay3 + 9by3 + 3cy3 + dy3 = 18 = 27ay4 + 9by4 + 3cy4 + dy4

64ay4t+ 16by4 + 4cy4 + dy4 = 10 = 64ay5 + 16by5 + 4cy5 + dy5

125ay5t+ 25by5 + 5cy5 + dy5 = 0

(2.9)

Then from the eq.2.3 we have that:
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

3ax1 + 2bx1 + cx1 = 3ax2 + 2bx2 + cx2

12ax2 + 4bx2 + cx2 = 12ax3 + 4bx3 + cx3

27ax3 + 6bx3 + cx3 = 27ax4 + 6bx4 + cx4

48ax4 + 8bx4 + cx4 = 48ax5 + 8bx5 + cx5

(2.10)



3ay1 + 2by1 + cy1 = 3ay2 + 2by2 + cy2

12ay2 + 4by2 + cy2 = 12ay3 + 4by3 + cy3

27ay3 + 6by3 + cy3 = 27ay4 + 6by4 + cy4

48ay4 + 8by4 + cy4 = 48ay5 + 8by5 + cy5

(2.11)

Then from the eq.2.4 we have that:



6ax1 + 2bx1 = 6ax2 + 2bx2

12ax2 + 2bx2 = 12ax3 + 2bx3

18ax3 + 2bx3 = 18ax4 + 2bx4

24ax4 + 2bx4 = 24ax5 + 2bx5

(2.12)



6ay1 + 2by1 = 6ay2 + 2by2

12ay2 + 2by2 = 12ay3 + 2by3

18ay3 + 2by3 = 18ay4 + 2by4

24ay4 + 2by4 = 24ay5 + 2by5

(2.13)

Then from eq.2.5 we have that:

ax1 = ax2

ax4 = ax5
(2.14)

ay1 = ay2

ay4 = ay5
(2.15)

using all the equations described above we obtain the following coefficients:
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

ax1 = 0.1716

bx1 = −1.51482

cx1 = 11.3432

dx1 = 0

ax2 = 0.1716

bx2 = −1.51482

cx2 = 11.3432

dx2 = 0

ax3 = −0.02899

bx3 = −0.31123

cx3 = −3.3829

dx3 = 26.2426

ax4 = 1.3928

bx4 = −13.1072

cx4 = 35.0051

dx4 = 8.5569

ax5 = 1.3928

bx5 = −13.1072

cx5 = 35.0051

dx5 = 8.5569

(2.16)
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

ay1 = 0.1716

by1 = −1.51482

cy1 = −0.6568

dy1 = 30

ay2 = 0.1716

by2 = −1.51482

cy2 = −0.6568

dy2 = 30

ay3 = −0.02899

by3 = −0.3112

cy3 = −15.3829

dy3 = 56.2426

ay4 = 1.3928

by4 = −13.1072

cy4 = 23.0051

dy4 = 33.5569

ay5 = 1.3928

by5 = −13.1072

cy5 = 23.0051

dy5 = 38.5569

(2.17)

With the coefficient values we can now write the polynomials as such:

fx(t) =



0.1716t3 − 1.51482t2 + 11.3432t if t ∈ [0, 1]

0.1716t3 − 1.51482t2 + 11.3432t if t ∈ [1, 2]

−0.02899t3 − 0.31123t2 − 3.3829t+ 26.2426 if t ∈ [2, 3]

1.3928t3 − 13.1072t2 + 35.0051t+ 8.5569 if t ∈ [3, 4]

1.3928t3 − 13.1072t2 + 35.0051t+ 8.5569 if t ∈ [4, 5]

(2.18)
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fy(t) =



0.1716t3 − 1.51482t2 − 0.6568t+ 30 if t ∈ [0, 1]

0.1716t3 − 1.51482t2 − 0.6568t+ 30 if t ∈ [1, 2]

−0.02899t3 − 0.3112t2 − 15.3829t+ 56.2426 if t ∈ [2, 3]

1.3928t3 − 13.1072t2 + 23.0051t+ 33.5569 if t ∈ [3, 4]

1.3928t3 − 13.1072t2 + 23.0051t+ 38.5569 if t ∈ [4, 5]

(2.19)

2.2.2 Relative dynamic equations

The model we are going to use for the control of the transfer orbit trajectory is going to be

the Clohessy–Whiltshire equations that are deducted as follows:

Figure 2.4: Clohessy–Wiltshire frame

As can see in Fig.2.4, the radius versor r0 with a magnitude of r lies along the axis x so we

have that:

î =
r0
r0

(2.20)

We know that the relative acceleration versor r̈ formula is:

r̈ = r̈0 + ẇ× δr+w× (w× δr) + 2w× δvrel + δarel (2.21)

Noting that ẇ is ,w is the angular velocity versor , δvrel is the relative velocity versor and

δarel is the relative acceleration versor
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And that the relative position, velocity, and acceleration versor formula are:

δr = δxî+ δyĵ+ δzk̂ (2.22a)

δvrel = δẋî+ δẏĵ+ δżk̂ (2.22b)

δarel = δẍî+ δÿĵ+ δz̈k̂ (2.22c)

Knowing that ẇ = 0 and r = r0 + δr and with the equation (2.21) we obtain that:

δr̈ = w× (w× δr) + 2w× δvrel + δarel = w(w · δr)− w2δr+ 2w× δvrel + δarel (2.23)

We can also write the angular velocity versor as:

w = wĵ (2.24)

Obtaining that:

w · δr = wĵ · (δxî+ δyĵ+ δzk̂) = wδy (2.25)

and

w× δvrel = wĵ× (δẋî+ δẏĵ+ δżk̂) = wδżî− wδẋk̂ (2.26)

Finally we can combine the equations (2.24) (2.25) (2.26) and (2.22) into the equation

(2.23) obtaining:

δr̈ = (−w2δx+ 2wδż + δẍ)̂i+ (δÿ)̂j+ (−w2δz − 2wδẋ+ δz̈)k̂ (2.27)

Combining the equations (2.20) and (2.22) we know that:

r0 · δr = (r0k̂) · (δxî+ δyĵ+ δzk̂) = r0δz (2.28)

Knowing the equation of motion δr̈:

δr̈ = − µ

r30

[
δr− 3

r20
(r0 · δr)r0

]
(2.29)

and noting that:

µ

r30
= w2 (2.30)

With this information we can use the equations (2.22),(2.30),(2.28) into the equation of

31



motion (2.29) and obtain that:

δr̈ = (−w2δx)̂i+ (−w2δy)̂j+ (2w2δz)k̂ (2.31)

And finally combining the equation (2.27) with (2.31) we obtain the following equations

of Clohessy–Wiltshire that define the orbital relative motion:

δẍ+ 2wδż = 0 (2.32a)

δÿ + w2δy = 0 (2.32b)

δz̈ − 2wδẋ− 3w2δz = 0 (2.32c)

And therefore having the model that we are going to use written as:

ẍ+ 2wż = ax (2.33a)

ÿ + w2y = ay (2.33b)

z̈ − 2wẋ− 3w2z = az (2.33c)

In the case of the coplanar orbit transfer in which both the initial orbit the transfer orbit

and the final orbit are in the same plane(z=0),We only have equations (2.33a) and (2.33b)

for x and y written in the following way:

ẍ = ax (2.34a)

ÿ + w2y = ay (2.34b)

Which we can then write as:


ẋ

ẏ

V̇x

V̇y

 =


0 0 1 0

0 0 0 1

0 0 0 0

0 w2 0 0



x

y

Vx

Vy

+


0 0

0 0

1 0

0 1


[
ax

ay

]
(2.35)

being:

B =


0 0

0 0

1 0

0 1

 (2.36)
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A =


0 0 1 0

0 0 0 1

0 0 0 0

0 w2 0 0

 (2.37)

From the above, we can see that Matrix A depends on the angular velocity W, and as we

know the angular velocity in an elliptical orbit(transfer orbit) changes with the change in

the radius so we will study 2 cases. Having the Matrix, A and B for the LQR we can see

that:

-In the first case we will use the average angular velocity w value calculated with the aver-

age between the maximum and minimum value of the angular velocity during the orbital

transfer, and therefore having only one matrix A.

-In the second case we will have five matrices A each one with a different angular velocity

being the angular velocities used Wmin, Wmed1, Wmed, Wmed2and Wmax equally spaced

as shown below:

Figure 2.5: The angular velocities used in CaseII

Written mathematically we have that:

w =Wmax ,if

√
µ

Raio3
>=

(Wmed2 +Wmax)

2
(2.38)

w =Wmed2 ,if
Wmed2 +Wmax

2
>=

√
µ

Raio3
>
Wmed2 +Wmed

2
(2.39)

w =Wmed ,if
Wmed2 +Wmed

2
>=

√
µ

Raio3
>
Wmed1 +Wmed

2
(2.40)
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w =Wmed1 ,if
Wmed1 +Wmed

2
>=

√
µ

Raio3
>
Wmed1 +Wmin

2
(2.41)

w =Wmin ,if
Wmed1 +Wmed

2
>=

√
µ

Raio3
> Wmin (2.42)

WithWmin,Wmed,Wmed1,Wmed2 andWmax being:

Wmin =

√
µ

Rma
3
x

(2.43a)

Wmax =

√
µ

Rmi
3
n

(2.43b)

Wmed =
Wmin +Wmax

2
(2.43c)

Wmed1 =
Wmin +Wmed

2
(2.43d)

Wmed2 =
Wmax +Wmed

2
(2.43e)

In this model, the x, y, and z (in this specific problem only x, and y) are the distance be-

tween the theoretical orbit and the real orbit, in order to make this distance the minimum

possible during the transfer we use the model described in 2.35 as a system controlled to

regulate the dynamic of these same variables (x and y)

After having theMatrices A andBwewill need to define the controlmatrices Q andR,with

the matrix Q defining the weights of the states and the matrix R defining weights on the

control input in the cost function, both thesematrices are symmetric and positive-defined.

The matrix Q and R are obtained using the following equations:

Q = µQ ∗ Id(4) = 25 ∗


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 =


25 0 0 0

0 25 0 0

0 0 25 0

0 0 0 25

 (2.44)

R = µR ∗ Id(2) = 0, 90 ∗

[
1 0

0 1

]
=

[
0, 9 0

0 0, 9

]
(2.45)

Having the Matrices A, B, Q, and R we can use the LQR (linear quadratic Regulator) to

obtain the Matrix P that satisfies the equation (2.46).
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ATP + PA− PBR−1BTP +Q = 0 (2.46)

With the matrix P, we can obtain the matrix K as follows:

K = R−1BTP (2.47)

We can write the continuous time state model (2.35) as follows:

ẋ = Ax+Buc (2.48)

The control vector used for this state model will be as follows:

uc = −Kx (2.49)

From (2.48) and (2.49) we can write the discrete model as:

xk+1 = Adxk +Bduc,k

uc,k = −Kxk
(2.50)

For that we need to discretize the matrices A and B as follows:

Ad = eAh

Bd = (Ih+ (Ah2)
2! + ...+ AN−1hN

N ! )B
(2.51)

With h being the discretization step and || (Ah)N

N ! ||F<ε, ε being the precision

As we can see to start the iteration process we need to have x0 first for which we used the

following values:

x0 =


−10

10

0

0

 (2.52)
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2.2.3 Results

2.2.3.1 Case I

Figure 2.6: x and y vs time( Hohmann transfer Case I)

Figure 2.7: ax vs time( Hohmann transfer Case I)
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Figure 2.8: ay vs time(Hohmann transfer Case I)

Figure 2.9: Xv vs time and Yv vs time(Hohmann transfer Case I)

Figure 2.10: Yv vsXv(Hohmann transfer Case I)
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2.2.3.2 Case II

Figure 2.11: x and y vs time( Hohmann transfer Case II)

Figure 2.12: ax vs time(Hohmann transfer Case II)

Figure 2.13: ay vs time(Hohmann transfer Case II)
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Figure 2.14: Xv vs time and Yv vs time(Hohmann transfer Case II)

Figure 2.15: Yv vsXv(Hohmann transfer Case II)

2.2.4 Discussion of Results

In this subchapter, we will discuss the results obtained from using w different approaches

to the same problem of Coplanar Hohmann transfer.

In the first case that we used only the average w(angular velocity), we can see in the figure

that compares the accelerations ax and ay with the time we can see that the acceleration

tended to zero after a few seconds, that was to be expected because the acceleration used in

this approach is the relative acceleration(real acceleration minus expected acceleration).

From the figures of the distance( x and y) from the theoretic position and real position,

we can see that the distance tends to zero in just a few seconds which was to be expected
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with the model that was used. From the figures of the position(Xv and Yv) vs time, we

can see that the position of the spacecraft changes smoothly with no abrupt change in the

position as time passes which indicates that the model used is working as was expected.

In the final figure, we can see the trajectory obtained from the model used which is equal

to the one we had from the GMAT program showing that the results obtained are satis-

factory.

In the second case in which we used five different values for the angular velocity(w) ac-

cording to the radius at that point of the trajectory. In the first and second figures of the

results about the relative acceleration vs time, we can see that after 5s the relative accel-

eration stabilizes in zero which was expected because we are talking about the difference

between the real acceleration and the predicted acceleration which should equal 0 when

the model used is indicated to the problem. From the figures of the distance( X and y)

from the theoretic position and real position, we can see that the distance tends to zero in

just a few seconds which was to be expected with the model that was used. In the third

figure about the position vs time, we can see that there is no sudden spike in the position

as time passes and in the last figure we can view the trajectory obtained from the model

used in Matlab and conclude that it is equal to the one created in GMAT, therefore, the

model used to modulate the orbit transfer trajectory is satisfactory. When comparing the

two cases we can see that the results obtained do not vary despite the different approaches

in the angular velocity used, that must be the case because the difference of the angular

velocities used in case II are so identical that it doesn’t affect the overall result.
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Chapter 3

Transformation of an optimization of
trajectory problem into a non-Linear
programming problem

In this chapter wewill explain themethod used to transform the optimization of trajectory

problem into a non-linear programming method, showcasing the formulation of the non-

linear programming as well as the transcription method used for it.

3.1 Formulation into a Non-linear programming problem

In order to solve an optimization of trajectory problem we have to transform it into a

non-linear programming problem[10],[7],[5],[4]. We can formulate the optimization of

the trajectory problem as a problem with N phases, with each phase having its own time

interval and the consequent phase time starting at the end time of the previous phase.

Within each phase, the problem is defined as a system of dynamic variables. With Ny

state variables y and Nu control variables u.

The dynamic of this system is defined by a set of first-order differential equations also

known as state equations. With p being a vector of parameters independent of time:

ẏ = f[ y(t), u(t),p, t ] (3.1)

With the y being the state vector. The dynamic variables are constrained at t0 as follow:

ψ0 = ψ[ y(t0),u(t0), t0 ] (3.2)

And constrained at tf by the terminal conditions defined by:

ψf = ψ[ y(tf ),u(tf ), tf ] (3.3)

In addition, the solution must satisfy the algebraic path constraints:

g = ψ[ y(t),u(t), t ] (3.4)

With g being an Ng dimension vector.
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The dynamic variables must respect the boundary conditions:

ψ0l ≤ ψ[ y(t0),u(t0),p, t0 ] ≤ ψ0u (3.5)

ψf l ≤ ψ[ y(tf ),u(tf ),p, tf ] ≤ ψf u (3.6)

gl ≤ g[ y(t),u(t),p, t ] ≤ gu (3.7)

As well as in the state and control variables:

yl ≤ yt ≤ yu (3.8)

ul ≤ ut ≤ uu (3.9)

The performance functions to be minimized have the following form:

J(u) =

∫ tf

t0

q[ y(t),u(t),p(t), t ] dt (3.10)

The functions above are named as the vector of continuous functions.

The performance index takes the following form as the result of the numerical expres-

sion of the integral in eq.3.10

J = ϕ[y(t0), t0, y(t1), p1, t1, ..., y(tN−1), tN−1, pN−1, y(tN ), pN , tN ] (3.11)

We can write the set of dynamic variables as such:

z =

[
y(t)

u(t)

]
(3.12)
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Then we will use a transcription method that are used for solving two-point boundary

value problems, there are two types of transcriptionmethods, indirect transcriptionmethod

and direct transcription methods. The main difference between the direct and indirect

collocation methods is that the direct method can be applied without explicitly deriving

the necessary conditions( adjoint, transversality, maximum principle) while the indirect

method requires this derivation to be made to encounter the solution.

3.2 Indirect Transcription

We will start by defining the indirect transcription method which was the one used in

this thesis. We start by computing the unknown initial values v0 = v(t0), with vj for

j = 0, ..., (N − 1) being the initial value for the dynamic variables at the beginning of each

segment, such that the theoretic and real value of the final value of the dynamic variables

is the same

0 = ϕ[ν(tf ), tf ] (3.13)

For some value of tf > t0

ν̇ = f [ν(t), t] (3.14)

Then we use the multiple shooting method that allows us to solve ODE’s with an initial

guess. We start by defining the NLP variables as such:

x = ν0, ν1, ..., νN−1 (3.15)

Imposing that the segments join at the boundaries.

c(x) =



ν1 − ν̄0

ν2 − ν̄1

.

.

.

ϕ[νN , tf ]


(3.16)
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After the multiple shooting method, we start by imposing the following constraints, with

h being the time length of each segment

0 = νj+1 − ν̄j = νj+1 − (νj + hjfj) (3.17)

With J being j = 0, ..., N − 1

Then we use the hermite-simpson method for the defect constraint in the collocation

method:

0 = νj+1 − νj − (hj+1/6)[fj+1 + 4f̄j+1 + fj ] = ζj (3.18)

also written as:

ν̄j+1 =
1

2
[νj +j +1]+)hj+1/8)[fj − fj+1] (3.19)

3.3 Direct Transcription

Another type of transcription method is the direct transcription method which is cur-

rently used because it does not require the derivation of the necessary conditions ( adjoint,

transversality, maximum principle, etc). Another reason for the use of this method is that

it does not require a prior specification of the sequence of segments of the trajectory with

path inequalities. Both of these reason make this method more suitable for complicated

applications.

In the next chapters about the non-Hohmann transfer orbit the non-linear program-

ming methods used to optimize this type of orbit in order to minimize the global energy

used with the objective function J will be based on the concepts analyzed in this chapter.
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Chapter 4

Non-Hohmann transfer orbit methods

Until nowweonly talked about the classicmethodwhich is theHohmann transfer inwhich

the vehicle begins in the apoapsis or periapsis of the original orbit and ends in the apoap-

sis or periapsis of the destiny orbit. With the non-classic method that will be deepened

in this chapter, we can perform the orbit transfer starting at any point of the initial orbit

and ending at any point of the target orbit, which allows us to save time on the transfer

orbit since we don’t have to wait to reach the periapsis/apoapsis of the initial orbit and we

don’t have to make a half revolution (180º) allowing us to choose the target point on the

destiny orbit. We will use a direct method approach to this problem in which the trajec-

tory is divided into various segments avoiding the need to derive the optimality variables

and allowing the problem to be solved with a nonlinear programming method(NLP). In

sections 4.1 and 4.2 wewill tackle the non-Hohmannmethod for a 2D orbit transfer which

is a coplanar transfer. In sections 4.3 and 4.4 we will tackle the 3D orbit transfer version,

which is the non-coplanar orbit transfer.

To solve this type of Non-Hohmann transfer orbit problem we begin by describing the

boundary conditions as so:



t(t0) = t0

r(t0) = r0;

θ(t0) = θ0;

ϕ(t0) = ϕ0 vr(t0) = vr0;

vθ(t0) = vθ0;

vϕ(t0) = vϕ0;

t(tf ) = tf

r(tf ) = rf ;

θ(tf ) = θ
f ;

ϕ(t0) = ϕf

vr(tf ) = vrf ;

vθ(tf ) = vθf ;

vϕ(tf ) = vϕf ;

(4.1)

In the equation4.1we can see the boundary conditions used in the case of the non-coplanar

non-Hohmann transfer orbit, if the transfer orbit happens to be coplanar we will not have

the phi and vϕ variables.
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We will also use the following motion equations as constraint equations:

For the coplanar case:

ṙ = vr (4.2a)

θ̇ =
vθ
r

(4.2b)

u̇ = asin(β) +
v2θ
r

− µ

r2
(4.2c)

v̇ = acos(β)− vθvr
r

(4.2d)

For the non-coplanar case:

ṙ = vr (4.3a)

θ̇ =
vθ

rcos(ϕ)
(4.3b)

ϕ̇ =
vϕ
r

(4.3c)

v̇r =
v2θ
r

+
v2ϕ
r

− µ

r2
+ acos(αr) (4.3d)

v̇θ = −vrvθ
r

+
vθvϕtan(ϕ)

r
+ asin(αr)sin(αϕθ) (4.3e)

v̇ϕ = −
vrvϕ
r

−
v2θtan(ϕ)

r
+ asin(αr)cos(αϕθ) (4.3f)

The objective function utilized will be the one that minimizes the energy used:

J =

∫ tf

0

1

2
u2(t)dt (4.4)

In order to obtain the results we start firstly by making a guess for the first values of the

variables strings. This guess is done by using a linear regression from the variable values

at t0 to the variable values at tf . This linear regression is done by using the following

equations:

X(k) =
Xf −X0

N
∗ k +X0,K ∈ [1, N ] (4.5)

With N being the number of nodes used and X being the variable.

We can then use the fmincon tool that allows us to minimize an equation based on some

restrictions that we choose. In this case, the equation to be minimized is the total energy

used eq.4.4, The restriction equations will be the boundary conditions eq.4.1 because at

the beginning of the transfer orbit and at the end of the transfer orbit the values of the

variables need to be equal to the ones obtain from GMAT. The other restriction will be
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the equation of motions eq.4.2a of eq.4.3a conforming the orbit transfer is coplanar or

non-coplanar, these restrictions are to restrict the values of the variables between the ini-

tial point and final point of the transfer orbit, because the transfer orbit has to abide by

the equations of motion. After this, we will be able to obtain the results as shown in the

following subchapters.

4.1 Non-Hohmann coplanar orbit transfer design

4.1.1 Orbit dynamics Equations

We started by choosing the initial and final orbit in GMAT and then choosing the depar-

ture point and arrival point. In figure 4.1 we can see the design of the orbits including the

transfer orbit and in the table4.1 we can see further information about these orbits.

Figure 4.1: Non-Hohmann coplanar transfer in GMAT

Initial orbit Final orbit
a[km] 7000 7200
Eccentricity 0.05 0.08
Inclination 0 0

Table 4.1: Orbits information.
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The Transfer orbit begins in the 1st orbit at a radius of 6694km and a true anomaly of the

1st orbit off 30º, and ends at the second orbit at a radius of 7344,5km and a true anomaly

of the second orbit of 250º

Figure 4.2: GMAT Solver

As shown in the fig.4.2 first velocity impulse being∆v1 = 0.10059ms−1 and the second

velocity impulse being∆v2 = 0.21678ms−1 and therefore a total velocity impulse of∆v =

0.31737ms−1.

4.2 Computational procedure

We start by defining the Equations of motion that can be shown in eq.4.6, the state vari-

ables were the radius r, θ the true anomaly, u the radial velocity and v the transverse

velocity and the control variables were a being the acceleration and β being the control

acceleration direction. In fig.4.3 we can see the representation of the polar coordinates

orbit transfer.

ṙ = vr (4.6a)

θ̇ =
vθ
r

(4.6b)

u̇ = asin(β) +
v2θ
r

− µ

r2
(4.6c)

v̇ = acos(β)− vθvr
r

(4.6d)
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Figure 4.3: 2D polar coordinates orbit transfer
[2]

We used theMatlab tool “fmincon” which allows us to find theminimum of a function(the

objective/cost function) with nonlinear constraint functions and an initial guess. The ob-

jective function chosen is shown in eq.4.8 that was chosen to minimize the overall energy

used in the transfer, the restrictions used were the equations of motion eq.4.6 and the

initial and final coordinates shown in eq.4.7, for the first estimate we used a linear pro-

gression between the initial and final values for the polar coordinates and the velocities,

for the control variables a and β we used the value 0.05.



t0 = 0s

r(t0) = 6834.343977km;

vr(t0) = 0.394580374km/s;

vθ(t0) = 8.590995868km/s;

θ(t0) = 0.215551283;

tf = 2084.841046s

r(tf ) = 10000km;

vr(tf ) = 1.588877143km/s;

vθ(tf ) = 5.871450397km/s;

θ(tf ) = 2.094395103;

(4.7)

The objective/cost function utilised was:

J =

∫ tf

0

1

2
u2(t)dt (4.8)
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4.2.1 Results

The results obtained for the state coordinates were:

Figure 4.4: Radius and θ vs time(Non-Hohmann transfer)

Figure 4.5: Radius vs θ(Non-Hohmann transfer)
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Figure 4.6: U(vr)andV (vθ)vstime(Non−Hohmanntransfer)

And for the control variables the results obtained were:

Figure 4.7: a and β vs time(Non-Hohmann transfer)
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4.2.2 Discussion of Results

In this subchapter, wewill discuss the results of the non-Hohmann coplanar orbit transfer

that were obtained using a direct method which allowed us to solve the problem with an

NLP (non-linear programming method) in Matlab.

As we can see from the table4.2 the number of iterations needed to obtain the local min-

imum that satisfies the constraints was 278 and the value of the objective function was

0.12734. From the first figure we can see that the radius stays basically the same at the

beginning of the transfer and at the end, this is to be expected because the orbit transfer

trajectory must have the beginning section and the ending section adjacent to the origin

and target orbit respectively, in the radius graphic we can see that it has an almost linear

relation with the time which is to expect because the orbit transfer is almost circular as we

can see in the next figure. In the second figure, we can see that the orbit transfer trajectory

obtained from the model used in Matlab is exactly the same one that was expected based

on the GMAT orbit design. In the third figure about the polar velocities vs time we can

see that the velocity spikes abruptly at the beginning and end of the orbit transfer while

changing smoothly during the rest of the orbit transfer, this is to be expected because at

the beginning and end of the orbit transfer there is the need to transition from the initial

orbit and to the final orbit. In the final figure about the control variables, acceleration, and

the control acceleration direction the results are pretty similar to the ones obtained in the

velocity graphics. We have a big spike in both of the control variables at the beginning

and end of the transfer orbit because of the transition from the initial orbit to the transfer

orbit and from the transfer orbit to the final orbit, while in the meantime the oscillation

in the control variables in much smaller, especially in the acceleration.

Constraint tolerance 1e−5

Optimality tolerance 1e−3

Number of Iterations 278
Objective function value 0.12734

Table 4.2: Matlab Fmincon Output
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4.3 Non-coplanarandnon-Hohmannorbit transferbetween

elliptical orbits

We started by choosing the initial and final orbit in GMAT and then choosing the depar-

ture point and arrival point. In Fig.4.8 we can see the design of the orbits including the

transfer orbit and in the table 4.3 we can see further information about these orbits.

Figure 4.8: Non-Hohmann non-coplanar transfer in GMAT

Initial orbit Final orbit
a[km] 7200 7500
Eccentricity 0.05 0.05
Inclination[º] 0 8

Table 4.3: Orbits information.

The Transfer orbit begins in the first orbit at a radius of 7490,77km and a true anomaly

of the first orbit off 210º and ends at the second orbit at a radius of 7430,71km and a true

anomaly of the second orbit of 15º
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Figure 4.9: GMAT Solver

As shown in the fig.4.9 first velocity impulse being ∆v1 = 0.66702ms−1 and the second

velocity impulse being∆v2 = 0.655244ms−1 and therefore a total velocity impulse of∆v =

1.32226ms−1.
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4.4 Implementationof thenon-Hohmannnon-coplanaror-

bit transfer in Matlab

We start by defining the Equations of motion that can be shown in eq.4.9. The state vari-

ables are the r, θ, and ϕ that are the spherical coordinates, and the vr, vθ and vϕ that are

the spherical components of the velocity. The control variables are the acceleration a and

the thrust direction angles αr and αϕθ.In Fig.4.10 we can see the representation of the

spherical coordinates orbit transfer.

Figure 4.10: 3D spherical coordinates orbit transfer
[11]

ṙ = vr (4.9a)

θ̇ =
vθ

rcos(ϕ)
(4.9b)

ϕ̇ =
vϕ
r

(4.9c)

v̇r =
v2θ
r

+
v2ϕ
r

− µ

r2
+ acos(αr) (4.9d)

v̇θ = −vrvθ
r

+
vθvϕtan(ϕ)

r
+ asin(αr)sin(αϕθ) (4.9e)

v̇ϕ = −
vrvϕ
r

−
v2θtan(ϕ)

r
+ asin(αr)cos(αϕθ) (4.9f)
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Just as in the 4.2, we used theMatlab tool “fmincon” which allows us to find theminimum

of a function(the objective/cost function) with nonlinear constraint functions and an ini-

tial guess. The objective function chosen is shown in eq.4.11 that was chosen to minimize

the overall energy used in the transfer, the restrictions used were the equations of motion

eq.?? and the initial and final coordinates shown in eq.4.10, for the first estimate we used

a linear progression between the initial and final values for the polar coordinates and the

velocities, for the control variables a, αr and αϕθ we used the value 0.05.



t0 = 0s

r(t0) = 7490.7766km;

θ(t0) = −2.61799;

ϕ(t0) = 0

vr(t0) = −0.181050226km/s;

vθ(t0) = 7.296693388km/s;

vϕ(t0) = 6.87622E − 5km/s;

tf = 2123.153752s

r(tf ) = 7393.87066km;

θ(tf ) = 2, 65103;

ϕ(tf ) = 0.139626;

vr(tf ) = 0.093341349km/s;

vθ(tf ) = 7.483739058km/s;

vϕ(tf ) = 0.568300774km/s;

(4.10)

The objective/cost function utilised was:

J =

∫ tf

0

1

2
u2(t)dt (4.11)
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4.4.1 Results

For the state variables the results obtained were

Figure 4.11: Radius, θ and ϕ vs time(Non-Hohmann non-coplanar orbit transfer)

For the control variables the results obtained were

4.4.2 Discussion of Results

In this subchapter, we will discuss the results of the non-Hohmann non-coplanar orbital

transfer obtained by using a direct method which allowed us to solve the problem with an

NLP (non-linear programming) method in Matlab.

As we can see from the table4.4 the number of iterations needed to obtain the local min-

imum that satisfies the constraints was 146 and the value of the objective function was

0.049323.

From the first figure, we can see that the radius as has happened in the co-planar non-

Hohmann orbit transfer stays basically the same at the beginning and end of the orbit

transfer in order for the orbit transfer to be adjacent to the initial orbit and final orbit at

the respective points. We can also see that the theta varies linearly with time as expected,

in the /phi graph we can see that it increased faster in the beginning and then started

to slow down until reaching the final inclination of 0.14rad, we see that the final section

of the transfer the inclination graph as a little bump this must be due to a low number

of nodes used in the iteration. In the second figure, we can see the 3D Trajectory of the
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Figure 4.12: 3D representations of the Non-Hohmann non-coplanar orbit transfer

Figure 4.13: vr,vθ and vϕ vs time(Non-Hohmann non-coplanar orbit transfer)
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Figure 4.14: a, αr and αϕθ vs time(Non-Hohmann non-coplanar orbit transfer)

orbit transfer obtained from the Matlab implementation and verify it is similar to the one

obtained from GMAT. In the third figure of velocities vs time, we can see that the velocity

values vary very smoothly with time except at the beginning of the orbit transfer and at

the end of the orbit transfer which is to be expected because of the change of orbits. In the

final figure about the control variables, acceleration, and the thrust direction angles the

results are pretty similar to the ones obtained in the velocity graphics. We have a big spike

in both of the control variables at the beginning and end of the transfer orbit because of

the transition from the initial orbit to the transfer orbit and from the transfer orbit to the

final orbit, while in the meantime the oscillation in the values of the control variables is

much smaller.

Constranit tolerance 1e−5

Optimality tolerenace 1e−3

Number of Iterations 146
Objective function value 0.049323

Table 4.4: Matlab Fmincon Output
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Chapter 5

Conclusions and Future Work

The objectives of the dissertation are aimed at dealing with methods and models for opti-

mal orbit transfer for LEOsatelites. Themain objective revolves around thenon-Hohmann

transfers because the Hohmann transfer has some limitations on its use such as its inabil-

ity to start and end the transfer orbit at any point of the original and final orbit respectively

since it has to start and end at the periapsis/apoapsis. The approach used to combat the

limitations of the transfer method is the transformation of the transfer orbit into an op-

timization problem. In this paper, we studied 3 examples, the coplanar Hohmann orbit

transfer, the coplanar non-Hohmann orbit transfer, and the non-coplanar non-Hohmann

orbit transfer. In the coplanar Hohmann orbit transfer, we used an approach of relative

dynamic equations based on theClohessy–Wiltshire equations inwhich the state variables

used are the relative position which is the position difference between the real trajectory

and the projected trajectory, and the control variables are the acceleration Cartesian com-

ponents. We can see from the results obtained that the projected trajectory and the real

trajectory quickly converge showing that this approach to the coplanar Hohmann orbit

transfer problem is well-adjusted and creates the results that would be expected in an

orbit controller. To solve the non-Hohmann orbital transfer problem we will use the di-

rect method which consists of dividing the trajectory into several segments avoiding the

need to derive the optimization variables allowing the problem to be solved with the non-

linear programming method (NLP ). In the coplanar and non-coplanar non-Hohmann

orbit transfers the approach used was a direct method in which the trajectory is divided

in various segments avoiding the need to derive the optimality variables and allowing the

problem to be solved with a nonlinear programming method(NLP) for which we used

fmincon in Matlab. For the coplanar case, the state variables were the polar coordinates

of position and velocity and the control variables were the acceleration and the thrust

angle. For the non-coplanar case, the state variables were the spherical coordinates of

position and velocity, and the control variables were the acceleration and the thrust di-

rection angles alpha r and αϕθ. We can see from the results that the trajectory obtained

from the optimization is what we expected, however, it could have been more refined if

more nodes were added to the trajectory in the beginning and in the final part of the tra-

jectory where the acceleration graphics has its spikes, we can see that the overall energy

used is low which shows that this is a good approach to the problem, we can also see that

this approach allows us to find the minimum overall energy necessary in to execute the

orbit transfer.
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In the future, it would be interesting to increase the knowledge of other direct meth-

ods as well as the indirect methods which are based on Pontryagin’s minimum principle

which requires the derivation of the adjoint and transversality equations as well as the

minimization of the Hamiltonian in respect to the control, and afterward compare both

methods in the different case to see which one is more suitable and delivers the best re-

sults. It would also be interesting to study other types of orbits such as the Geostationary

Earth Orbits.
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