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Resumo estendido

As transferéncias orbitais sao importantes porque nos permitem realizar a transferéncia
entre duas orbitas a diferentes altitudes, inclinag¢des ou excentricidades atravez de uma or-
bita eliptica intermédia, entre os seus usos esta a re-orbitacao de satélites ou até mesmo a
interceptacdo de misseis, nesta dissertagcao vamos estudar diferentes métodos de realizar
estas transferéncias Orbitais.

Podemos dividir a transferéncia de érbita em duas categorias principais, os métodos clés-
sicos e os métodos nao classicos. O método classico também conhecido como transferén-
cia de orbita de Hohmann foi descrito em 1925 por Walter Hohmann, o problema deste
método é que obriga a orbita de tranferéncia a comecar no apogeu ou perigeu da orbital
inicial e a acabar no perigeu ou apogeu da 6rbita final respectivamente, devido a este prob-
lema o método acaba por consumir mais energia e tempo do que é realmente necessario.
Para contornar estes problemas, usamos a transferéncia orbital ndo-Hohmann que nos
permite executar a mesma comecando em qualquer ponto da o6rbita inicial e terminando
em qualquer ponto da 6rbita final, minimizando uma func¢éo de custo. Para a resolucao
do problema da transferéncia orbital nao-Hohmann iremos utilizar o método directo que
consiste em dividir a trajectoria em varios segmentos evitando que seja necessario derivar
afuncao de custo permitindo que o problema seja resolvido com o método de programacao
nao-linear (NLP).

O objetivo principal desta tese é encontrar o método para cada tipo de transferéncia orbital
que minimiza a energia global usada sem ter limitagoes quanto ao seu uso como os méto-
dos classicos tais como a transferéncia de Hohmann tém. Na dissertacao foram estudados
trés casos, a 6rbita de transferéncia coplanar de Hohmann, a 6rbita de transferéncia copla-
nar nao-Hohmann e a 6rbita de transferéncia nao-coplanar nao-Hohmann. Para modelar
essas transferéncias orbitais foi utilizado o GMAT (General Mission Analysis Tool) que é
uma ferramenta da NASA e que permite ao utilizador criar uma transferéncia orbital entre
duas orbitas escolhidas pelo usuério com a ajuda das ferramentas que disponibiliza para
o processamento dos dados tais como a ferramenta obter (achieve), propagar (propagate)
e manobra (maneuver) podendo retirar do programa dados importantes como o tempo
necessario para realizar a transferéncia orbital, a energia necessaria a cada impulso, as
coordenadas e velocidades do satélite na 6rbita em cada momento utilizando a ferramenta
reportar (report). Nos casos nao-Hohmann as variaveis de estado usadas no caso copla-
nar foram o raio, a anomalia verdadeira, a velocidade radial e a velocidade transversal e
as variaveis de controlo foram a aceleracao e a direcao de aceleragao de controlo. As var-
iaveis de estado usadas no caso nao coplanar foram as coordenadas esféricas da posicao e
os componentes esféricos da velocidade, as variaveis de controlo foram a aceleracao e os
angulos de direcao da tracao.

Os resultados obtidos foram satisfatorios apesar de em alguns graficos os resultados ap-
resentarem alguns valores fora do esperado no inicio e no fim da transferéncia orbital
isso deve-se ao baixo niimero de iteracoes e nao porque o método e modelo utilizado nao
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foram os indicados. Os resultados gerais obtidos mostraram uma 6rbita de transferéncia
consistente com a 6rbita de transferéncia obtida no GMAT. Com base nos resultados pode-
mos concluir que os métodos das equacoes de Clohessy—Wiltshire para a transferéncia or-
bital de Hohmann e método da utilizacao das equacoes de movimento de satélites para as
transferéncias orbitais ndo-Hohmann sdo indicados para resolver este tipo de problemas
de transferéncia de orbita.

Palavras-chave

Transferéncia orbital nao coplanar, transferéncia de orbita terrestre baixa, transferéncia
nao-Hohmann LEO, transferéncia orbital 6tima.
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Abstract

Orbital transfers are important because they allow us to perform a transfer between two
orbits at different altitudes, inclinations, or eccentricities using an intermediary elliptical
orbit, orbit transfers can be used to re-orbit satellites or even intercept missiles, in this
dissertation we studied different methods of performing these Orbital transfers.

We can divide the orbit transfer into two main categories, the classic methods and the
non-classic methods. The classic method also known as the Hohmann orbit transfer was
described in 1925 by Walter Hohmann, the problem with this method is that it has the
restriction of the orbit transfer having to start in the apogee or the perigee of the initial
orbit and ending at the perigee or the apogee of the final orbit respectively. In order to
bypass these problems, we use the non-Hohmann orbit transfer which allows us to execute
the orbit transfer starting at any point of the initial orbit and finishing at any point of the
final orbit, minimizing the cost function. The main objective of the thesis is to find the
method for each type of orbit transfer minimizes the global energy used without having the
limitations of the normal methods such as the Hohmann transfer. In the dissertation we
will study three cases, the coplanar Hohmann transfer orbit, the coplanar non-Hohmann
transfer orbit, and the non-coplanar non-Hohmann transfer orbit. In order to model these
orbit transfers we used GMAT (General Mission Analysis Tool) which is a tool of NASA
that allows the user to create an orbit transfer between two orbits chosen by the user. In
the non-Hohmann cases the state variables used in the coplanar cases were the radius, the
true anomaly, the radial velocity and the transverse velocity, the control variables were
the acceleration and the control acceleration direction. For the non-coplanar case the
state variables were the spherical coordinates of position and the spherical components
of velocity, the control variables were the acceleration and the thrust direction angles.
The results obtained were satisfactory despite in some graphs the results having some
bumps at the beginning and end of the transfer orbit that was because of the low number
of iterations.

Keywords

Non-coplanar orbital transfer, LEO transfer, non-Hohmann LEO transfer, optimal orbit

transfer
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Chapter 1

Introduction

The Low-earth orbital transfers are needed in many situations such as the re-orbit of satel-
lites and the interceptions of intercontinental missiles. One of the most used methods is
the classic one also called the Hohmann transfer which was invented in 1925, by Walter
Hohmann and the most fuel-optimal orbital transfer between two circular orbits, how-
ever, this dissertation will pore over itself in the modeling of non-conventional orbital
transfers, coplanar, and non-coplanar.

1.1 Hohmann Orbit Transfer

1.1.1 Coplanar orbit transfer

transfer orbit

initial orbit

AV,

final orbit

Figure 1.1: Coplanar Hohmann transfer [3]



The coplanar orbit transfer principle between two circular coplanar orbits was created
in 1925 by the German engineer Walter Hohmann. This transfer that can be seen in fig.i.1
consists of a velocity impulse in the original circular orbit in the direction of the velocity
vector into an elliptical orbit with a perigee equal to the altitude of the 1st circular orbit
and an apogee equal to the altitude of the 2nd circular orbit, after this impulse a second
impulse happens 180° from the 1st impulse into a circular orbit. Both the two main orbits
(the circular ones) and the transfer orbit are in the same plane. These impulses change the
velocity instantaneously therefore they represent an idealistic orbit transfer that doesn’t
happen in reality.

The two impulses can be obtained using the following equations:

1. For the angular moment of each orbit we have:

hy = /2p % (1.1)

Ty X715
TP+ T

)

Tf * Tf
hy = 20 * _ 1.2
2= V4l Tty (1.2)

Ti*Tf
hs = /2 — (1.
3=/ M*”m—i—rf (1.3)

with h; being the angular moment of the initial orbit, i, the angular moment of the
final orbit, and /3 the angular moment of the transfer orbit, ; being the gravitational
parameter, 7; being the radius of the initial orbit and r the radius of the final orbit.

2. we can define the radius of the elliptical transfer orbit in function of the azimuth

angle, 6 as:
h3 1
=—=—— (1
"0 w1+ egcos(6) (1-4)
With the eccentricity of the transfer orbit, e3 being:
’I“f —T;
= (1
es T (1.5)

3. Next we will calculate the velocities in A due to the initial orbit and transfer orbit
and the velocities in B due to the final orbit and transfer orbit:
o _hs

va)1 = va)3 = — (1.6)
T T



ha
=—  vB)3
Ty rf

I
~
=
~J
—

UB)2

4. And finally for the velocities impulse we have:

Avg = |va)s —va)i| (1.8)

Avp = |vg)s —vp)2| (1.9)

Av = Avyg + Avp  (1.10)

5. the Transfer time,r from the initial orbit to the final orbit is:

1.1.2 Non-coplanar orbit transfer

Plane Change
at first Imp.

Final
Orbit

Plane Change
at second Imp.

Figure 1.2: Non-coplanar orbit transfer, from Algarni [i]



The orbit transfer between two circular non-coplanar orbits consists of an orbit transfer
between circular orbits in different orbital inclinations. The first impulse will transfer
the original circular orbit into an elliptical orbit(with an altitude at 0° equal to the initial
orbit and an altitude at 180° equal to the final orbit) with a change in the plane of ©
when compared to the original circular orbit. The second impulse will happen 180° after
the first one and will transfer the elliptical orbit into a final circular orbital with a change
in the plane of ©; when compared to the elliptical orbit. In order to execute this orbit
transfer with the minimum energy consumption, ©; must be so that the partial derivative
with respect to ©; of the total impulse equals to zero.

The two impulses can be obtained using the following equations:

1. We start with defining the 3 normalized radii, Ri; being the radii of initial orbit, Ris
being the radii of the transfer orbit and Ri3 being the radii of the final orbit, r; being
the radius of the initial orbit and  the radius of the final orbit:

2
Ri; = ¥y (1.12)
ri+ Ty
Ris = /Q (1.13)
rf
2 * T
3 = 1.1
Ris - (1.14)

2. Then for the velocities impulse and noting that ©, is the first plane change and ©,
is the second plane change, we have:

Av; = \/rﬁ * \/1 + Ri? — 2Riycos01  (1.15)

Avy = [ \/ R} + RiZRi — 2Ri3Riscos®,  (1.16)
!
3. Total velocity impulse and total plane change:

Noting that the 15! impulse is related to the 1% plane change ©; and the 2" im-
pulse is related to the 2" plane change ©,, next, we can write the total impulse and
the total plane change as follow:

Av = Avi + Avy  (1.17)



0, =07 +060; (1.18)

4. Then we can finally use the following equation of the partial derivative of the to-
tal velocity impulse with respect to the first plane change in order to get the plane
change ©, and ©, that minimize the energy necessary:

OAV Ri1c0s04 Ri3Ri3(sin©;c0os01 — c0sO,;sinO1)
991 \/1+ Ri? —2Rijcos©1 +/Ri2 + RiRi2 — 2Ri3Rizcos(0; — O1)

(1.19)

To obtain #; we have to find the value of #; that equals this derivative to zero, now
with 6; known we can use previous equation to get #; and then use previous equa-

tions (L.15) and (1.16) to get the 15t and 2"¢ impulse.

1.1.3 Bi-elliptical Hohmann Orbit Transfer

Circularinitial orbit

Bi-elliptic
trajectories

“'-..‘_________.‘________...-’

R:

Re

Figure 1.3: Bi-elliptical Hohmann Orbit Transfer, adapted from Howard Curtis [6]

A Bi-elliptical Hohmann transfer consists of three separate impulsive maneuvers. Starting
with a circular orbit with a radius of R, a 1*! impulse occurs in C resulting in an elliptical
orbit With a perigee equal to the radius of the original circular orbit and an apogee of Ry,
then 180° after the 1°¢ impulse a 2" impulse occurs resulting in a second elliptical orbit
with an apogee of Ry this is equal to the apogee of the first elliptical orbit and a perigee of
R,. Then 180° after the 2"¢ impulse a 3"¢ and final impulse will transfer the 2"¢ elliptical
orbit into a circular orbit with a radius of R,,.

1. We start with defining the angular moment of each orbit with /; being the angular
moment of the initial orbit, /s being the angular moment of the first elliptical orbit,
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hs being the angular moment of the second elliptical orbit and 4 being the angular
moment of the target orbit, r,, 7, and r. being the radius as shown in the fig.r.g :

hi = \/2p * \/TZC (1.20)

ho = /2 * Te* T (1.21)

Te+Th

hy = \/2u * b * T (1.22)

Ty + Tq

m:m*ﬁ (1.23)

2. we can define the radius of the elliptical transfer orbit in function of 4 as:

R} 1

== 4 <#<1 .
o 1L T+ eacos(0) if 0<6<180 (1.24)

_h3 1

=—=———if §>180 (1.2
"0 w1+ egcos(6) i 0> (1.25)

With the eccentricity of the first and second elliptical orbit e; and 3. being;:

Tp — T

eg = 2 C (1.26)
Ty + 7
Ty — Tq

e3 = (1.27)
Ty + Tq

3. For the velocities in A due to the target orbit and second elliptical orbit, in B due to
the first and second elliptical orbit, and in C due to the first elliptical orbit and the
initial orbit we have that:

_ _ e

vo) = —; ve)2 (1.28)
Tc Tc
h h

vB)y = —; vp)3 = —  (1.29)
h h
h h

va)s = =5 wals=— (1.30)
Ta Ta



4. And finally using the module of subtraction of the velocities due to the different
orbits in each point we obtain the following velocities impulse:

Ave = |ve)2 —ve)]  (1.31)
Avp = |vp)s —vp)2| (1.32)

Avg = |va)s —va)3| (1.33)

With the total velocity impulses being the sum of all the velocity impulses calculated
above.

Av = Avy + Avg + Ave  (1.34)

which can be further simplified as follows :

B 2(ac+ap) 1+ /ac / 2 I
Av = [ acay Ve B ap(1 + ap) (1- ab)} \/; (1.35)

With the Dimensionless parameters a. and a; being:

rc B
ac=—;  ap=—

TA rA

(1.36)

5. the Transfer time, 7 taken to execute the bi-elliptical transfer orbit is:

T=m\|—F—+7\| —— (1.37)
"

Now we can compare the Av from the Coplanar Hohmann orbit transfer[[.1.1] with the Bi-
elliptical Hohmann orbit transfer and see which a. and q, it is better to use one or another
orbit transfer in order to reduce the fuel consumption, this comparison can be seen in the

graphic [r.4.
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Figure 1.4: Bi-elliptical and Homann transfer fuel consumption comparison, from
Howard Curtis [6]

1.2 Non-Hohmann transfer with a common apse line

A Non-Hohmann transfer consists of an orbital transfer between two coaxial orbits, this is
that have the same apse line, in which the 1% and 2"¢ velocity impulses are not obligatory
tangent to the initial and final orbit respectively. As shown in Figli.5. the 1st impulse
happens in A with an angle of 84 from the apse line and the 2"¢ impulse happens in B
with an angle of 65 from the apse line.

o

s

Commonl\apse line

Figure 1.5: Non-Hohmann transfer between two coaxial elliptical orbits, from Howard
Curtis [6]

1. From the Figl.5 and knowing that &3 is the angular moment of the transfer orbit, e;
the eccentricity of the transfer orbit and 4 and 63 being the azimuth angle in the
point A and B respectively we can write the radius r4 and r 3 as follows:

_ 3 1

A= 11+ escos(04) (1.38)

8



h3 1 (1.39)
rp= —————— .
B w1+ escos(0p) 39
2. Which we can then solve to obtain the eccentricity es and the angular moment /3 of
the orbit transfer:

. rB—TA
@ = racos(04) — rpcos(0p) (1.40)
B cos(04) — cos(0p)
hs = Vurars \/TACOS(GA) —rpcos(6p) (1.41)

3. With the eccentricity e3 and angular moment /3 of the transfer orbit we are able to
write the radius of the transfer orbit in relation to the azimuth angle 6 as follows:

_h3 1

"= 1 1+ egcos() (1.42)

4. Knowing the eccentricity of the initial orbit e;, the eccentricity of the final orbit es,

the the angular moment of the initial orbit /#; and the angular moment of the final
orbit h, we can calculate the total velocity impulse using the following equations:

Av = Avys + Avp (1.43)

With the velocity impulse in A, Avy and the velocity impulse in B, Avg being:

Avy = \/1)1124 + 03124 — 2U1AUSACOS(A'YA> ( )
1.44

Avg = \/UQQB + U32B — 2v9guzpcos(Avyg)

Noting that A~ 4 is the variation of the flight path angle in A and A~ is the variation
of the flight path angle in B. With v; 4 and v34 being the velocity in A due to the
initial and transfer orbit respectively and v2 3 and v3 g being the velocities due to the
final orbit and transfer orbit respectively. We can calculate v; 4 using the following
equation, we can also calculate the other 3 velocities using the same method:

UAI = /UiAl + v'l2‘A1 (1'45)

h
V1, = i (1.46)



Up,yy = hﬂlelsin(ﬁA) (1.47)

Noting that v, is the radial velocity and v, being the tangential velocity.

And the variation of the flight path angle in A, A~ 4 being obtained by the following
equations and the variation of the flight path angle in B, Ay being obtained by
using the same method:

Ya1 = tan™? (UT’“ ) (1.48)

Vla1

_ Ur
Va3 = tan 1("3) (1.49)

Ulas

Ayy =va3 —va1 (1.50)

1.3 Aeroassisted maneuver

The first time that the use of aerodynamic forces was suggested to change the trajectory
and velocity of a body was in 1961 by Howard London which later was named as Aeroas-
sisted maneuvers in 1985 by Walberg. The use of atmospheric drag to reduce the apogee
was first used by the spacecraft Hiten on the 19th of March 1991. The main advantage of
using an aeroassisted maneuver between a GEO and LEO is that it economizes fuel(about
50% of fuel when compared to a Hohmann transfer) which can then increase the payload
capacity of the spacecraft. The aeroassisted maneuver will consist of a multipass aero-
braking strategy, this means that the transfer orbit will consist of various elliptical orbits.

1.3.1 Ideal aeroassisted maneuver

As shown in the fig.iL.g the vehicle leaves the high Earth orbit, a circular orbit with a radius
of R;, with a velocity impulse of AV;; and enters an elliptical orbit with a perigee of R,
and a flight path angle of 0°. The grazing happens between E and F until enough velocity
has been depleted by the drag, that when lift equals zero the vehicle ascends with a flight
path angle final of zero. At C another velocity impulse AV,; occurs resulting in a circular
orbit LEO with a radius of R,..

We can obtain the velocity impulses in DAV,; and in C AV,¢; using the following equa-
tions:

10



Figure 1.6: Ideal aeroassisted maneuver, from Naidu, Hibey and Charalambous [g]

st (B (E)(E ) oo
s (- () (B (&) oo

These velocity impulses can be normalized using the following dimensionless parameters:

R R, AV
aq = R7d; e = 5~ Av = T (1.53)
a a E

Resulting in the normalized velocity impulses AV}, 4;, AV,,.; and the total normalised ve-

locity impulse AV;,; of:
1 2
AVigi =\ — = ————=
1 2
B = \a " adeern 49

AV’VL’L = A‘/ndi + AV;ch (156)
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1.3.2 Realistic aeroassisted maneuver

Deorbit AVy
i
R

oo
//77@ 3&&;
o
) _— LEQ
[ A=) )
I \\Re% JR"

]

Figure 1.7: Realistic aeroassisted maneuver, from Naidu, Hibey and Charalambous [9]

The vehicle starts in a high Earth orbit (HEO), a circular orbit with a radius of R;. A
velocity impulse AV, changes the orbit from HEO to an elliptical orbit(apogee of R.), at
E the spacecraft enters the atmosphere with a flight path angle of 7. where it will lose
velocity due to the drag and at F it leaves the atmosphere with a flight path angle of ;.
When enough velocity has been depleted it ends with a circularization into LEO due to a

velocity impulse of AV.,.

The velocity impulses AV,, AV, and the total velocity impulses can be obtained using

-y 2<1Rfd>/<1— (gj)Q/cosz%ﬂ (1.57)
AVC:\/}Z - 2<1;%(1Rc>/<1_ (22)2/6032%@)] (1.58)

These velocity impulses can be normalized using the dimensionless parameters in eq.f.53

the following equations:

after being normalized equal to:

1 2(1 — ag)

1 2(1 — ac)
A%CV%_V%uﬂWw&m (1:60)
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AV, = AV,q + AV, (1.61)

1.3.2.1 Aeroassisted transfer controlling the radius

mnmsp]m-n
L um{

Apoapsis trim
maneuvers (o

/l'nrsfl Orbit

(LEO FOROTV)

Final circularization \ GEO

and periapsis adjust periapsis
raise maneéuver —

Figure 1.8: Aeroassisted maneuver between GEO and LEO, from Santos,Rocco and Car-
rara [12]

Starting in a GEO the spacecraft applies a velocity impulse resulting in an elliptical orbit
with an apogee equal to the radius of the GEO and a perigee within the atmosphere limits,
every next time the spacecraft passes in the atmosphere limits it loses velocity leading to a
reduction of the apogee of the transfer orbit, this repeats until the spacecraft reaches the
final apogee altitude when there is a second impulse applied to transfer the vehicle into the
final orbit LEO. We will use an Aeroassisted Spacecraft maneuver Simulator based on the
STRS (Spacecraft trajectory simulator), this simulator requires a reference trajectory and
the trajectory that has been perturbated by external factors. We can see how much fuel
is saved using the aerobraking maneuver technique using a PID (Proportional-Integral-
Derivative). The main forces acting in the spacecraft will be the aerodynamic forces (drag
and lift), thrusters force due to the velocity impulses, and gravitational forces.

Being the Drag Fp and Lift force F7}, the following;:
1 2
Fp = EPSV Ch (1.62)

Fr = %pSVQCL (1.63)

13



Noting that S is the reference area, V is the fluid relative velocity, p the air density, Cp the
drag coefficient, and C/, the lift coefficient.

LONGITUDINAL AXIS

Figure 1.9: Attack angle o and bank angle o representation, from Santos,Rocco and Car-
rara [12]

Knowing that the angle of attack[«] is measured between the longitudinal axis and V/
(velocity in relation to the atmosphere versor), and that the bank angle[s] is measured
between the lift plane and the plane formed by V and the position vector we can calculate
the drag coefficient, the lift coefficient, the altitude lift C'4 and the lateral lift Cz using the
impact method:

Cp = 2(sina)®  (1.64)

Cq = Cpcos(o) (1.65)

Cr, = 2sin(a)cos(a) (1.66)

Cp = Crsin(o) (1.67)
We can then decompose the lift force further into altitude lift[ 7},] and lateral lift[ 7}, ] forces
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respectively:

F,= %pSVQCA (1.68)

F, = %pSVQCB (1.69)

Being r the radius versor and V the velocity versor we can then calculate h the angular
momentum versor and N the altitude versor:

h=rxV (1.70)

N=Vxh (171)

We then can obtain the Drag and Lift force:

Fp=—-FpV (1.72)

F;, = —-F4N + Fgh (1.73)

The velocity in relation to the atmosphere versor can be calculated in the following way:

T+ wy
V=itwxr=|y—wzr| (174)

z

Being the velocity vector in relation to the inertial system and w the angular velocity vector
of the Earth’s rotation.

Then we can finally describe the spacecraft state using the coordinated X=[r V] with an
inertial frame centered on Earth, and define the spacecraft’s dynamic model with i being
the central body gravitational constant and AVp the velocity impulse caused by propulsive
thrusters when activated as:

1
= %r — 5CppSVV + AVp  (1.75)
To control the trajectory of the spacecraft we will use a PID controller c(t) that is aimed
at correcting the deviation between the real trajectory and the reference trajectory of the

spacecraft, with e(t) being the position error with K p being the proportional gain, K; the
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integral gain, K the derivative gain and e(t) the position error, can be computed by:

de(t)
dt

ot) = Kpe(t) + K / e(t)dt + Kp (1.76)

Which can then be discretized with T being the sample period into :

u(k) =u(k = 1) + <Kp + % + K;T)e(k) + ( - Kp— QI;D)e(k —1)— %e(k: ~-2) (1.77)

1.3.2.2 Aeroassisted transfer controlling the radius, flight path angle, and
velocity

In order to define the trajectory of the spacecraft we need the entry velocity v,,. and the
exit velocity vy, s:

2a4(1 — 2a.(1 — a,
Vie = adl adg; an = acl ? )2 (1.78)

cos?ye — a3 cos?yy — a?
Noting that a, and a,. are the dimensionless parameters defined in eq.f.53, 7. is the entry
flight path angle and v, the exit flight path angle.
Some considerations are made such as during the aerobraking maneuver in the atmo-
sphere the motion is planar, the control is obtained only by the lift, the Earth’s rotation is
neglected and drag is assumed parabolic.

knowing that:

S
A= %; H=R—Rg; p=psexp(—HB) (1.79)

Cp=Cpo+ KC% (1.80)

With S being the aerodynamic reference area, pg the fluid density, H the altitude, R the
radius between the center of the spacecraft to the center of the earth, R, being the radius
of the earth, 5 being the inverse atmospheric scale height, Cp the drag coefficient, Cpg
the zero-lift drag coefficient, K the induced drag factor and C/, the lift coefficient.

And knowing the dimensionless parameters:

T = \/tRig; V, = \/VT (1.81)
m Ra

With 7,, being the normalized transfer time, and V;, the normalized velocity.

H, = b= fi; 5= pﬁ = exp(—hBH,) (1.82)
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With H,, being the normalized height, and ¢ being the normalized density.

_ Cp _ [Cpo
= e CrLr = N (1.83)

With 7 being the dimensionless parameters the relates the Lift coefficient C, with the lift
coefficient for maximum lift to drag ratio C.

. CDOSpSHa_ Ao — CLrSpsH,
- T 5. 2= 5

A
! 2m

(1.84)

2m

We can then obtain the equations of motion 4Z 4V and Ccsz with « being the flight path

dt 0 dt
angle:
dH .
T Vsiny (1.85)
dVv _ 9 u .
prie ACpV=exp(—Hp) (Rz)sm’y (1.86)
dry \%4 W

I RQV] cosy (1.87)

That when normalised are:

dHy,
p = bV,siny (1.88)
dv, V2siny
— 2= —Ab(1 47V - o (1.8
dry bV cosy b2cosy
— = AsbndV, — .
g = AVt G g T e w199

The performance index J will be defined as:
J=AV, = AV,q + AV, (1.91)

With AV, , being the normalized velocity impulse at the deorbit from HEO and AV/, . being
the normalized velocity impulse into the LEO obtained by combing the eq.f1.78 and eq.f.5¢
and

AV,q = L <Vne>cos(—’ye) (1.92)
aq Qaq
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1 Va
A‘/nc = - - <f
a

Q¢

- )COS(_’Yf) (1.93)

We can conclude that in order to minimize the performance index J, the flight path angle
at the entry of the atmosphere v, and the flight path angle at the exit of the atmosphere
v¢ need to be zero then we can assume that v(t)=0 during the grazing phase this is the
altitude remains constant during this phase, therefore the optimal trajectory is equal to
the ideal trajectory.

In order to minimize the fuel consumption in respect to the C;, we will use the Hamil-
tonian formula as follows:

H = MbVysiny + A,—A1b(1 + 772)5Vn2 _ bPsiny

b—1+H,)?
+ A AsbnéV, + bVncosy bQCos(v ) (1.94)
ot n

(b—1+H,)  (b—1+Hn)2Vs

With Ay, Ay, and A, being the costates that are obtained from the following equations:

dn  OH

& = s (99
v, OH

o g0 (199
d\, oA
P 5 (1.97)

Knowing that E,, is the maximum value of the lift-to-drag ratio and defining the optimal
control as the following we can obtain #:
OH

% =0 (1.98)

n = Em 1 with Em = (L/D)max (199)

VAy

We then define the boundary conditions of the non-linear TPBVP as:

h(t, =0) =1 (1, = Tny) =1 (1.100)

(2 — v2)a2 — 2aq + v2cos’y. = 0; (2 —v%)a? — 2a, + UJ2:6082"Yf =0 (1.101)

We are then able to determine the optical control by calculating the non-linear TPBVP,
obtained by the equations (.95 to [.97) and (.88 to [.9d), which can be solved using a
multiple shooting method as mentioned before.
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1.4 Limitations

The Classic methods of orbital transfer such as the Hohmann transfer and bi-elliptical
Hohmann transfer have the limitations of the orbit transfer being constrained to start in
the periapsis or apoapsis of the initial orbit and ending at the periapsis or apoapsis of the
final orbit. The problem with this limitation is that there are some specific cases in which
it is required that the change of orbit happens in a different place from the periapsis or
apoapsis, among those cases is for example ballistic missiles.

Another limitation is that in order to do the orbital transfer we have to do the calculations
before in order to have enough propulsion all the time to keep the satellite in the transfer
orbit.

1.5 Dissertation objectives

The objectives of this dissertation are to devise computational methods for the optimiza-
tion of the non-conventional orbital transfers for LEO satelites, this is non-Hohmann orbit
transfers by transforming the orbit transfer problem into an orbit optimization problem
which allows us to start and end the orbit transfer at any point of the original and final
orbit respectively. Another objective was, once the method was chosen which in this dis-
sertation was a direct method that allows the transformation of the orbit transfer prob-
lem in a non-linear programming(NLP) method, to verify the methods of optimization of
trajectories of orbital transfers computationally with simulations made in Matlab in real
scenarios in this case in a low earth orbit.
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1.6 Dissertation outline

In chapter 2 we will address the topic of coplanar Hohmann orbit transfer. The implemen-
tation of a computational design of this orbit will be done using the Clohessy—Wiltshire
equations. This type of orbit is usually the most efficient type of orbit transfer to change
the radius of the orbit however it faces some limitations such as the need to start and end
at the periapsis and apoapsis. In Chapter 3 we will explain how to transform the optimiza-
tion of trajectory problems into non-linear programming concepts. In chapter 4 we will
address the topic of the non-Hohmann orbit transfer both coplanar and non-coplanar.
The approach used will be a method of non-linear programming as explained in the pre-
vious chapter, unlike the type of orbit transfer used in Chapter 2 this one can start and
end at any point of the initial and final orbit respectively.
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Chapter 2

Coplanar Hohmann orbit transfer between
circular orbits

2.1 Coplanar Hohmann orbit transfer design

To design this orbit transfer we will use the program GMAT also known as General Mission
Analysis Tool is an open-source software developed by NASA and launched in 2007, it
allows the user to design a space mission from low earth orbit to the lunar orbit or earth-
mars transfer as well as orbit transfers between either coplanar or non-coplanar orbits,
it also allows the user to design rendezvous maneuvers. In this paper in specific, this
paper will be used to execute low earth orbit transfer, both coplanar and non-coplanar. In
order to execute these maneuvers the software offers many tools such as the “spacecraft”
in which we can choose many parameters such as the mass, the drag coefficient, and drag
area, the tool “achieve” which allows us to determine the specifications of the orbit we
want to achieve, the tool “propagate” that allows us to move the spacecraft within the
same orbit, the tool “maneuver” that is used to decide when the spacecraft enters or leaves
one orbit, and the “report” tool that allows the user to know the eccentricity, the radius,
the true anomaly, the inclination, the Cartesian velocities among other parameters at a
certain time interval during the space mission designed.

To design the transfer orbit in GMAT it is needed to first define the initial and final
orbit. The initial and Final orbits were defined as shown in Table p.1.

Initial Orbit | Final Orbit
Radius[Km] 6500 8000
Eccentricity 0 0
Inclination[°] 0 o

Table 2.1: Initial and Final Orbits
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After defining the Initial and final orbits, we can then write the mission sequence as shown
in Figp.1
=1-3 Mission Sequence
%%, InitialOrbit
=@ HohmannTransferQrbit
QF VaryTransferCrbitentry
--a¥ PerformTraferOrbitEntry
¥ GoToApoapsis
@ AchiveRMAG
- VaryTransferOrbitExit
E".n.'l' PerformTransferOrbitExit
(@ AchieveECC
5--# End HohmannTransferOrbit
2%, FinalOrbit

Figure 2.1: Mission Sequence

We start by adding a velocity impulse to transfer the spacecraft from the initial orbit to the
transfer orbit which is then defined as having an Apoapsis of 8000km and by definition
a periapsis of 6500km (equal to the radius of the initial orbit). After 1809, this is in the
transfer orbit’s apoapsis, we add another velocity impulse to transfer the spacecraft from
the transfer orbit to the final orbit which is defined as having an eccentricity of o(circular
orbit). Obtaining the orbit transfer shown in fig.p.J

After defining the mission sequence, it is possible to obtain the magnitude of the velocity
impulses that are needed to fulfill the mission requirement as shown in the figb.3:
As shown in Fig.2.3 the velocity impulses are Av; = 0.39449ms~ ' and Avy = 0.37652ms "
and therefore a total velocity impulse of Av = 0.77091ms 1.
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EarthMJ2000Eqg
Epoch: 01 Jan 2000 15:32:39.012

Figure 2.2: Coplanar orbit transfer in gmat

Solver Window - Target ‘HohmannTransferOrbit' DC1 {SolveMode = Solve, ExitMode = Discard... E@
Control Variable Current Value Last Value Difference
TransferOrbitEntry.Element1 | 0.3944854230215605 0.3944854230215605 5.551115123125783e-17
TransferOrbitExit.Element1  0.3765227320558427 0.3765227320558427 0
Constraints Desired Achieved Difference
(==) Spacecraft.Earth RMAG 8000 7999.9999999999585 -1.546140993013978e-11
CONVERGED

Figure 2.3: GMAT Solver

2.2 Computational Procedure

2.2.1 Interpolation

The interpolation of the data of the arc of transfer is needed because the data comes in
the numerical format but in order to deal with it more efficiently in the computational
context it is needed to represent that data with functions. For the interpolation of the
data obtained by GMAT, we are going to use the cubic spline interpolation[8] which is a
mathematical method used to obtain new points within the boundaries of known points.
These new points are obtained from the interpolation functions that consist of multiple
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cubic piecewise polynomials. Having n+ 1(x; to z,,1) original points we will have n third
degree polynomials f; to f,.

The polynomials will be written as follows:

.
a1r® +bix? +ex +dy if z €[xq, 1)

asr® + box? + cox +do  if z €[Xo, 73]

f(z)= (2.1)

an®® 4+ bpa? + cpx +dy, iz €[X, Typ1]

To determine the coefficients of the polynomials we need to use several equations that are
the following:

filz1) =

f1(562) = Y2

fz(ll?z) = Y2 (2.2)
\fn(xn-f—l) = Yn+1

Noting that the y, must be the same using the function f; or fofor x5 this is y; must be the
same using the polynomial f; _; and f; for z;.

We also know that the first derivative and second derivative of 2 adjacent polynomials
have the same value in the points they touch. For example, the first derivative of the
polynomial 1 for x5 has the same value as the first derivative of the polynomial 2 for xs,
and the same goes for the second derivative.

For the first derivative, we have:

%fl(x) = %fZ(x) [—

A fo(x) = 4 f3(2) |o=as
(2.3)

drn-1(2) = G ful@) o=z,
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For the second derivative, we have:

(& &2
vl 1(37) = dz2 2($) ’431332

%fg(.ﬁ) = %f:&(ﬂf) |z=as
(2.4)

2 2
\%fu—l(x) = %fn(l’) ‘x:xn

For the last coefficients of the two 1st and two last polynomials we will use the Not-a-Knot
Spline condition in which we have that the third derivative in the same point has the same

value:

3 3
% 1(z) = CZT3f2(37) |e=as

3 3
%fn—l(l") = ngan(:U) 2=

(2.5)

2.2.1.1 practical example

Considering a dataset of 10 points as shown in the table. the interpolation procedure will
be as follows:

Time[s] | o 1 2 3 4 5
x[km] 0 10 18 24 28 30
y[km] 30 28 24 18 10 o

Table 2.2: Example of values for an interpolation
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We start by writing the polynomials as such:

'ax1t3 + bp1t? + cpit +dyy ift €0, 1]
azot® + bpot? + cpot +dyo  ift € [1,2]

fe(t) = { agst® 4+ byst? + cpst +dpz  ift €[2,3] (2.6)
Azat® + bpat? + cpgt +dpy it € [3,4]
4,5

agst® 4 byst? + cpst +dys  ift €

(aylt?’ + by1t? + eyt +dy1 ift €]0,1]
ayot® + byat? + cyot + dyo  ift € [1,2]

Fy() = ayst® + byst? +cyat +dys ift €[2,3] (2.7)
ayat® + byat? + cyat +dys  ift € [3,4]
[4, 5]

KCl,yg,7f3 + by5t2 + cyst + Cly5 ift e

In order to obtain the coefficients the eq.2.2 to eq.k.5 need to be solved, from the eq.2.q
we have that:

ds1 =0
az1 +bz1 +cp1 +dp1 =10 = ago + bpo + cp2 + dy2
8ago + 4byo + 2¢49 + dpo = 18 = 8ayzs + 4byg + 2¢,3 + dzs

27043 + by + 3Cas + dpg = 24 = 27a54 + Oy + 3cas + dus &8
64az4t + 16by4 + 4cpa + dpsa = 28 = 64a,5 + 16by5 + 4cgs + dys

125a,5t 4+ 25bz5 + 5cy5 + dys = 30

dy1 = 30

ay1 +by1 + cy1 +dy1 = 28 = ayo + bya + cy2 + dy2

8ayz + 4bya + 2¢y2 + dy2 = 24 = 8ay3 + 4by3 + 2cy3 + dy3 (2.0)

27ay3 + 9by3 + 3cyz + dy3z = 18 = 27ay4 + Ybys + 3cys + dys
64ay4t + 16[)y4 + 4Cy4 + dy4 =10= 64ay5 + 16by5 + 4Cy5 + dy5

125ay5t + 25by5 + Scys + dys = 0

Then from the eq.2.4 we have that:
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3az1 + 2bg1 + cp1 = 3ag2 + 202 + ¢y
12a,0 + 4bgo + cp2 = 12a,3 + 4be3 + 23

(2.10)
27ay3 + 6by3 + cz3 = 2Tagq + 6bzy + Cya
\48%4 + 8by4 + Cpa = 48a,5 + 8bys + 5
3ay1 + 2by1 +cy1 = 3ay2 + Qbyg + cy2
12a,9 + 4byo + cyo = 12ay3 + 4by3 + ¢y
y2 y2 y2 y3 y3 y3 (2.11)
27ay3 + Gbyg + Cy3 = 27ay4 + 6by4 + Cy4
\48ay4 + 8bys + cys = 48ays + 8bys + cy5
Then from the eq.2.4 we have that:
6az1 + 20,1 = 6azo + 2b,20
12a,9 + 2byo = 12a,3 + 2b,3
(2.12)

18a;3 + 2by3 = 18az4 + 2by4

24a,4 + 2byq = 24a,5 + 2b,5

p
6ay1 + 2by1 = 6ay2 + 2by2

12a,9 + 2b,0 = 12a,3 + 2b
y2 y2 y3 y3 (2.13)
18ay3 + 2by3 = 18ay4 + Qby4

k24(ly4 + 2bys = 24ays5 + 2bys

Then from eq.2.5 we have that:

Qg1 = Qg2

(2.14)
Arq4 = Qg5
WTWE (o)
ay4 = ay5

using all the equations described above we obtain the following coefficients:
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Ar1 — 0.1716

by1 = —1.51482
cy1 = 11.3432
dz1 =0

ayo = 0.1716
bya = —1.51482
cro = 11.3432
dz2 =0

a3 = —0.02899
bzz = —0.31123
cy3 = —3.3829
dz3 = 26.2426
azq = 1.3928
bra = —13.1072
cz4 = 35.0051
dz4 = 8.5569
ays = 1.3928
bys = —13.1072
cz5 = 35.0051
dzs = 8.5569
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ay1 = 0.1716

by1 = —1.51482
¢y1 = —0.6568
dy1 = 30

ays = 0.1716
bya = —1.51482
¢ya = —0.6568
dys = 30

ay3 = —0.02899
bys = —0.3112
¢y3 = —15.3829
dy3 = 56.2426
ays = 1.3928
bys = —13.1072
¢ya = 23.0051
dys = 33.5569
ays = 1.3928
bys = —13.1072
¢ys = 23.0051

| dys = 38.5569

(2.17)

With the coefficient values we can now write the polynomials as such:

fa(t)

(0171663 — 1.51482¢2 + 11.3432¢
0.1716t3 — 1.51482t% 4 11.3432¢
—0.02899¢3 — 0.31123t% — 3.3829¢ + 26.2426
1.3928t3 — 13.1072t% + 35.0051t + 8.5569
1.3928t3 — 13.1072t% + 35.0051t + 8.5569
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0.1716t3 — 1.51482¢% — 0.6568t + 30 ift € 10,1]
0.1716t3 — 1.51482t% — 0.6568t + 30 ift €1,2]

fy(t) = —0.02899¢3 — 0.3112¢% — 15.3829¢ + 56.2426 ift € [2,3] (2.19)
1.3928t% — 13.1072¢% 4 23.0051¢ + 33.5569  if t € [3,4]
1.3928¢% — 13.1072¢% 4 23.0051¢ + 38.5569  ift € [4,5]

2.2.2 Relative dynamic equations

The model we are going to use for the control of the transfer orbit trajectory is going to be
the Clohessy—Whiltshire equations that are deducted as follows:

J
§ Ik
y o\ (“i)-nmving frame
To !
I

VA

Ik/ Inertial frame

Figure 2.4: Clohessy—Wiltshire frame

As can see in Fig.p.4, the radius versor r; with a magnitude of  lies along the axis x so we
have that:

o

7o

(2.20)

We know that the relative acceleration versor r formula is:

F=T)+WXOr+WwWXx (WXIr)+2W X 0V, + 0a,¢ (2.21)

Noting that w is ,w is the angular velocity versor , jv,.; is the relative velocity versor and
da,.; is the relative acceleration versor
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And that the relative position, velocity, and acceleration versor formula are:

o1 = bai + Sy + 62k (2.222)
5Vyer = 021 + 09 + 62k (2.22b)
Saye; = 631 + 6ij + 65k (2.22¢)

Knowing that w = 0 and r = r + 0r and with the equation (p.21) we obtain that:

ST = W X (W X 0F) + 2W X 6V,.¢) + 08,¢) = W(W - 0F) — w20 + 2W X 0V, + 08¢ (2.23)
We can also write the angular velocity versor as:
w=wj (2.24)
Obtaining that:
W 0T = wj - ((5;1:1 +Syj + 5zlA() =wdy (2.25)

and

W X 6Vye = wj x (031 + 69 + 62K) = wozi — woik (2.26)

Finally we can combine the equations (2.24) (p.25) (2.26) and (p.29) into the equation
(R.23) obtaining:

Ot = (—w?0x + 2wd% + 0i)i + (33))j + (—w?dz — 2wéi + 65k (2.27)

Combining the equations (2.20) and (2.22) we know that:

ro - 01 = (rok) - (6ad + Sy + 62K) = rgéz (2.28)

Knowing the equation of motion or:

S = _% [61' - %(ro -or)rg|  (2.29)
7o o
and noting that:
% =w? (2.30)
To

With this information we can use the equations (2.22),(2.30),(2.28) into the equation of
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motion (2.29) and obtain that:

5t = (—w?0x)i + (—w?sy)j + (2w?s2)k  (2.31)

And finally combining the equation (2.27) with (2.31) we obtain the following equations
of Clohessy—Wiltshire that define the orbital relative motion:

0% + 2wdz =0 (2.32a)
8+ w?dy =0 (2.32b)
8% — 2wdi — 3w?dz =0 (2.32¢)

And therefore having the model that we are going to use written as:

F+ 2wi = a, (2.332)
j+wly = ay (2.33b)
5 — 2wi — 3w’z = a, (2.33¢)

In the case of the coplanar orbit transfer in which both the initial orbit the transfer orbit
and the final orbit are in the same plane(z=0), We only have equations (2.33a) and (2.33b)
for x and y written in the following way:

= ay (2.34a)
i+ w'y = a, (2.34b)
Which we can then write as:
T 0O 0 1 0 T 0 0
) 0O 0 01 0 0 |ag
Y= Y1y (2.35)
Ve 0 0 0 of Ve 1 0| |ay
Vv, 0 w?> 0 0| |V, 0 1
being:
0 0
0 0
B = 2.36
L0 (2.36)
01
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(2.37)

b

Il
o o o o
€ o o o
o o o
o o = o

From the above, we can see that Matrix A depends on the angular velocity W, and as we
know the angular velocity in an elliptical orbit(transfer orbit) changes with the change in
the radius so we will study 2 cases. Having the Matrix, A and B for the LQR we can see
that:

-In the first case we will use the average angular velocity w value calculated with the aver-
age between the maximum and minimum value of the angular velocity during the orbital
transfer, and therefore having only one matrix A.

-In the second case we will have five matrices A each one with a different angular velocity
being the angular velocities used W,,in, Winea1, Wined, Wmeqazand W, ... equally spaced
as shown below:

Whmin Wmed1 Wmed Whmed2 Wmax
| | | ] ]
| | | | |
Wmin Whmax w

Figure 2.5: The angular velocities used in Casell

Written mathematically we have that:

_ : H o (Wmed2 + Wmax)
w= Whaz ’lf’/Raio3 >= 5 (2.38)

. Wme Wma:p Wme Wme
w = Wmed? ’lf d2 + >= Iu > d2 + d (239)
2 Raio3 2

W, W, w, W,
w=Wined ,lf med2 + Wmed - ,U > medl T Wimed (2'40)
2 Raio3 2
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LW, w, W, Wini
w = Wyeqr ,if medl T Wmed - H > medl T Wmin (2.41)
2 Raio? 2

Winedl + Wined - H

ey min ’.f — . min 2' 2
w =W, ! 2 Raio3 > W (2:42)

With Wmiru Wmed, Wmedla Wmed2 and Wmaaz being:

Winin = Rondd (2.432)

Winaz = RZ g (2.43b)

Wined = w (2.43¢)

Winear = 2im _; Woned (2.43d)
Wineaz = Winaa —2i- Wined (2.43e)

In this model, the x, y, and z (in this specific problem only x, and y) are the distance be-

tween the theoretical orbit and the real orbit, in order to make this distance the minimum
possible during the transfer we use the model described in .35 as a system controlled to
regulate the dynamic of these same variables (x and y)
After having the Matrices A and B we will need to define the control matrices Q and R, with
the matrix Q defining the weights of the states and the matrix R defining weights on the
control input in the cost function, both these matrices are symmetric and positive-defined.
The matrix Q and R are obtained using the following equations:

1 0 0 0 25 0 0 O
01 0 0 0 25 0 O
= * Id(4) = 25 % = 2.
Q=g+ 1d4) 0010 0 0 25 of &4
0 0 0 1 0O 0 0 25
1 0 0,9 0
R=pugr+1d(2) =0,90 * =1 2.
KR (2) [O 1] 0 079] (2.45)

Having the Matrices A, B, Q, and R we can use the LQR (linear quadratic Regulator) to
obtain the Matrix P that satisfies the equation (2.46).
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ATP+ PA—PBR'BTP+Q =0 (2.46)

With the matrix P, we can obtain the matrix K as follows:

K=R'BTP (2.47)

We can write the continuous time state model (2.35) as follows:

T = Az + Bu,. (2.48)

The control vector used for this state model will be as follows:

u. = —Kz (2.49)

From (R.48) and (2.49) we can write the discrete model as:

Tpi1 = Agxp + Baue (2.50)
Uep = —Kxy,

For that we need to discretize the matrices A and B as follows:

Ad = eAh

2 _
Bg=(Ih+ Y07 4 4 AT p

(2.51)

N
With h being the discretization step and | |% || - <€, € being the precision
As we can see to start the iteration process we need to have z first for which we used the
following values:

—10

10
=, (2.52)
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2.2.3 Results

2.2.3.1

Casel
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Figure 2.6: x and y vs time( Hohmann transfer Case I)
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Figure 2.7: a, vs time( Hohmann transfer Case I)
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2.2.3.2 Casell
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Figure 2.11: x and y vs time( Hohmann transfer Case II)
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2.2.4 Discussion of Results
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In this subchapter, we will discuss the results obtained from using w different approaches

to the same problem of Coplanar Hohmann transfer.

In the first case that we used only the average w(angular velocity), we can see in the figure

that compares the accelerations a, and a, with the time we can see that the acceleration

tended to zero after a few seconds, that was to be expected because the acceleration used in

this approach is the relative acceleration(real acceleration minus expected acceleration).

From the figures of the distance( x and y) from the theoretic position and real position,

we can see that the distance tends to zero in just a few seconds which was to be expected
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with the model that was used. From the figures of the position(X, and Y,) vs time, we
can see that the position of the spacecraft changes smoothly with no abrupt change in the
position as time passes which indicates that the model used is working as was expected.
In the final figure, we can see the trajectory obtained from the model used which is equal
to the one we had from the GMAT program showing that the results obtained are satis-
factory.

In the second case in which we used five different values for the angular velocity(w) ac-
cording to the radius at that point of the trajectory. In the first and second figures of the
results about the relative acceleration vs time, we can see that after 5s the relative accel-
eration stabilizes in zero which was expected because we are talking about the difference
between the real acceleration and the predicted acceleration which should equal 0 when
the model used is indicated to the problem. From the figures of the distance( X and y)
from the theoretic position and real position, we can see that the distance tends to zero in
just a few seconds which was to be expected with the model that was used. In the third
figure about the position vs time, we can see that there is no sudden spike in the position
as time passes and in the last figure we can view the trajectory obtained from the model
used in Matlab and conclude that it is equal to the one created in GMAT, therefore, the
model used to modulate the orbit transfer trajectory is satisfactory. When comparing the
two cases we can see that the results obtained do not vary despite the different approaches
in the angular velocity used, that must be the case because the difference of the angular
velocities used in case II are so identical that it doesn’t affect the overall result.
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Chapter 3

Transformation of an optimization of
trajectory problem into a non-Linear
programming problem

In this chapter we will explain the method used to transform the optimization of trajectory
problem into a non-linear programming method, showcasing the formulation of the non-
linear programming as well as the transcription method used for it.

3.1 Formulation into a Non-linear programming problem

In order to solve an optimization of trajectory problem we have to transform it into a
non-linear programming problem[10],[7],[5],[4]. We can formulate the optimization of
the trajectory problem as a problem with N phases, with each phase having its own time
interval and the consequent phase time starting at the end time of the previous phase.
Within each phase, the problem is defined as a system of dynamic variables. With N,
state variables y and N, control variables u.

The dynamic of this system is defined by a set of first-order differential equations also
known as state equations. With p being a vector of parameters independent of time:

Y= f[ y(t)a u(t)apa t] (3.1)

With the y being the state vector. The dynamic variables are constrained at ¢ as follow:

Yo = Y[y(to),u(to), to] (3.2)

And constrained at ¢; by the terminal conditions defined by:

Vr=Y[y(tp)alty),ty] (3.3)

In addition, the solution must satisfy the algebraic path constraints:

g=vly(®)u(t)t] (3.4)

With g being an N, dimension vector.
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The dynamic variables must respect the boundary conditions:

Yo < Ply(to),alto),p,to] < You (3.5)

Y < Ply(ty),alty), Pty ] <vpe (3.6

g < gly®),u(),p,t] <g. (3.7)

As well as in the state and control variables:

The performance functions to be minimized have the following form:

Jw = [ aly.u),p).t]d (3.10)

to

The functions above are named as the vector of continuous functions.

The performance index takes the following form as the result of the numerical expres-
sion of the integral in eq.3.1d

J = oly(to), to, y(t1),p1, t1, ., y(tn—1),tn—1,PN—-1,Y(tN), PN, EN ] (3.11)

We can write the set of dynamic variables as such:
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Then we will use a transcription method that are used for solving two-point boundary
value problems, there are two types of transcription methods, indirect transcription method
and direct transcription methods. The main difference between the direct and indirect
collocation methods is that the direct method can be applied without explicitly deriving
the necessary conditions( adjoint, transversality, maximum principle) while the indirect
method requires this derivation to be made to encounter the solution.

3.2 Indirect Transcription

We will start by defining the indirect transcription method which was the one used in
this thesis. We start by computing the unknown initial values v0 = v(t0), with v; for
j =0,...,(N —1) being the initial value for the dynamic variables at the beginning of each
segment, such that the theoretic and real value of the final value of the dynamic variables
is the same

0=o[v(ty),tf] (3.13)

For some value of t; > ¢

v=flv(t),t] (3.14)

Then we use the multiple shooting method that allows us to solve ODE’s with an initial
guess. We start by defining the NLP variables as such:

r =19,V1,...,vN-1 (3.15)

Imposing that the segments join at the boundaries.

v — 1
vy — U1
c(x) = ' (3.16)
zanl
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After the multiple shooting method, we start by imposing the following constraints, with
h being the time length of each segment

0=vj1—vj =vjy1— (v +hif;) (8.17)

With J being j =0,...,N — 1
Then we use the hermite-simpson method for the defect constraint in the collocation
method:

0=vjt1—vj — (hjr1/6)[fj+1 +4fi1 + 5] = ¢ (318)

also written as:

i1 = 3l O S el (319)

3.3 Direct Transcription

Another type of transcription method is the direct transcription method which is cur-
rently used because it does not require the derivation of the necessary conditions ( adjoint,
transversality, maximum principle, etc). Another reason for the use of this method is that
it does not require a prior specification of the sequence of segments of the trajectory with
path inequalities. Both of these reason make this method more suitable for complicated
applications.

In the next chapters about the non-Hohmann transfer orbit the non-linear program-

ming methods used to optimize this type of orbit in order to minimize the global energy
used with the objective function J will be based on the concepts analyzed in this chapter.
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Chapter 4

Non-Hohmann transfer orbit methods

Until now we only talked about the classic method which is the Hohmann transfer in which
the vehicle begins in the apoapsis or periapsis of the original orbit and ends in the apoap-
sis or periapsis of the destiny orbit. With the non-classic method that will be deepened
in this chapter, we can perform the orbit transfer starting at any point of the initial orbit
and ending at any point of the target orbit, which allows us to save time on the transfer
orbit since we don’t have to wait to reach the periapsis/apoapsis of the initial orbit and we
don’t have to make a half revolution (180°) allowing us to choose the target point on the
destiny orbit. We will use a direct method approach to this problem in which the trajec-
tory is divided into various segments avoiding the need to derive the optimality variables
and allowing the problem to be solved with a nonlinear programming method(NLP). In
sections [4.1 and 4.2 we will tackle the non-Hohmann method for a 2D orbit transfer which
is a coplanar transfer. In sections and j4.4 we will tackle the 3D orbit transfer version,
which is the non-coplanar orbit transfer.

To solve this type of Non-Hohmann transfer orbit problem we begin by describing the
boundary conditions as so:

t(to) = to

7(to) = 703

0(to) = Oo;

d(to) = o vr(to) = vrg;
vg(to) = vpy;

vg(to) = Vgy;

t(ty) =ty (4.1)
r(ty) =7y;

e(tf) = 9f;

o(to) = o5

vp(ty) = vr

vg(ts) = vy,

vg(tg) = vg

In the equation 4.1 we can see the boundary conditions used in the case of the non-coplanar
non-Hohmann transfer orbit, if the transfer orbit happens to be coplanar we will not have
the phi and vy variables.
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We will also use the following motion equations as constraint equations:

For the coplanar case:

’f‘ = UT (4.23)
) v (4.2b)
r
2
i = asin(B) + % _ % (4.2¢)
roor
0 = acos(B) — %:)T (4.2d)
For the non-coplanar case:
T = U (4.32)
. . ’Ue

0=— @ (4.3b)

.
_ Y% (4.3¢)

”

2 g2
Op = Y% + -2 _ % + acos(ay) (4.3d)

r roor
. t . .
Vg = _vrve 4 YoY% :n(qﬁ) + asin(oy)sin(ag) (4.3¢)
2
r 3 .

by = _brts vgtan(e) + asin(a,)cos(ogp) (4.31)

r r

The objective function utilized will be the one that minimizes the energy used:

tf
7= [ gena @

In order to obtain the results we start firstly by making a guess for the first values of the
variables strings. This guess is done by using a linear regression from the variable values
at ¢y to the variable values at ¢;. This linear regression is done by using the following
equations:

X(k) = # xk+ X, K €[1,N] (4.5)
With N being the number of nodes used and X being the variable.
We can then use the fmincon tool that allows us to minimize an equation based on some
restrictions that we choose. In this case, the equation to be minimized is the total energy
used eq.l4.4, The restriction equations will be the boundary conditions eq.4.1 because at
the beginning of the transfer orbit and at the end of the transfer orbit the values of the

variables need to be equal to the ones obtain from GMAT. The other restriction will be
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the equation of motions eq.4.24 of eq.4.3d conforming the orbit transfer is coplanar or
non-coplanar, these restrictions are to restrict the values of the variables between the ini-
tial point and final point of the transfer orbit, because the transfer orbit has to abide by
the equations of motion. After this, we will be able to obtain the results as shown in the
following subchapters.

4.1 Non-Hohmann coplanar orbit transfer design

4.1.1 Orbit dynamics Equations

We started by choosing the initial and final orbit in GMAT and then choosing the depar-
ture point and arrival point. In figure 4.1 we can see the design of the orbits including the
transfer orbit and in the tablel4.] we can see further information about these orbits.

=

EarthMJ2000Eg
Epoch: 01 Jan 2000 18:11:19.369

Figure 4.1: Non-Hohmann coplanar transfer in GMAT

Initial orbit Final orbit
a[km] 7000 7200
Eccentricity 0.05 0.08
Inclination 0 0

Table 4.1: Orbits information.
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The Transfer orbit begins in the 1st orbit at a radius of 6694km and a true anomaly of the
1st orbit off 30°, and ends at the second orbit at a radius of 7344,5km and a true anomaly
of the second orbit of 250°

Solver Window - Target 'HohmannTransferOrbit" DC1 {SolveMode = Solve, ExitMode = DiscardA... EI@

Control Variable Current Value Last Value Difference
TransferOrbitEntry.Element1 | 0.1005853090721741 0.1005853090721741 -1.387778780781446e-17
TransferQOrbitExit.Element1 0.2167760439967331 0.2167760439967331 0

Constraints Desired Achieved Difference

(==) Spacecraft.Earth.TA 250 249.9999999745397 -2.54603378380124%9e-08
(==) Spacecraft.Earth.SMA 7200 7200.000000124821 1.248208718607202e-07
(==) Spacecraft.Earth.ECC 0.08 0.07999999608115187 -3.918848134887298e-09
CONVERGED

Figure 4.2: GMAT Solver

As shown in the fig 4.2 first velocity impulse being Av; = 0.10059ms~ ! and the second
velocity impulse being Avs = 0.21678ms~ ! and therefore a total velocity impulse of Av =
0.31737ms 1.

4.2 Computational procedure

We start by defining the Equations of motion that can be shown in eq.4.6, the state vari-
ables were the radius r, # the true anomaly, u the radial velocity and v the transverse
velocity and the control variables were a being the acceleration and 5 being the control
acceleration direction. In fig.4.4 we can see the representation of the polar coordinates
orbit transfer.

=, (4.6a)
o="2 (4.6b)

r
= asin(B) + Qf — 7% (4.6¢)
0 = acos(f) — Uivr (4.6d)
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¥

Figure 4.3: 2D polar coordinates orbit transfer

[2]

We used the Matlab tool “fmincon” which allows us to find the minimum of a function(the
objective/cost function) with nonlinear constraint functions and an initial guess. The ob-
jective function chosen is shown in eq.[4.§ that was chosen to minimize the overall energy
used in the transfer, the restrictions used were the equations of motion eq.4.d and the
initial and final coordinates shown in eq.4.7, for the first estimate we used a linear pro-
gression between the initial and final values for the polar coordinates and the velocities,
for the control variables a and 3 we used the value 0.05.

to = 0s

r(to) = 6834.34397Tkm;
vr(to) = 0.394580374km /s;
vo(to) = 8.590995868km /s;
B(to) = 0.215551283;

ty = 2084.841046s

r(ty) = 10000km;

vr(ty) = 1.588877143km/s;
vp(ty) = 5.871450397km /s;
0(ts) = 2.094395103;

(4.7)

The objective/cost function utilised was:

tf 1 )
J= /0 S0l (48)
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4.2.1 Results

The results obtained for the state coordinates were:
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Figure 4.4: Radius and 6 vs time(Non-Hohmann transfer)
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And for the control variables the results obtained were:
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4.2.2 Discussion of Results

In this subchapter, we will discuss the results of the non-Hohmann coplanar orbit transfer
that were obtained using a direct method which allowed us to solve the problem with an
NLP (non-linear programming method) in Matlab.

As we can see from the tablel4.d the number of iterations needed to obtain the local min-
imum that satisfies the constraints was 278 and the value of the objective function was
0.12734. From the first figure we can see that the radius stays basically the same at the
beginning of the transfer and at the end, this is to be expected because the orbit transfer
trajectory must have the beginning section and the ending section adjacent to the origin
and target orbit respectively, in the radius graphic we can see that it has an almost linear
relation with the time which is to expect because the orbit transfer is almost circular as we
can see in the next figure. In the second figure, we can see that the orbit transfer trajectory
obtained from the model used in Matlab is exactly the same one that was expected based
on the GMAT orbit design. In the third figure about the polar velocities vs time we can
see that the velocity spikes abruptly at the beginning and end of the orbit transfer while
changing smoothly during the rest of the orbit transfer, this is to be expected because at
the beginning and end of the orbit transfer there is the need to transition from the initial
orbit and to the final orbit. In the final figure about the control variables, acceleration, and
the control acceleration direction the results are pretty similar to the ones obtained in the
velocity graphics. We have a big spike in both of the control variables at the beginning
and end of the transfer orbit because of the transition from the initial orbit to the transfer
orbit and from the transfer orbit to the final orbit, while in the meantime the oscillation
in the control variables in much smaller, especially in the acceleration.

Constraint tolerance 1e°
Optimality tolerance 13
Number of Iterations 278
Objective function value 0.12734

Table 4.2: Matlab Fmincon Output
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4.3 Non-coplanar and non-Hohmann orbit transfer between
elliptical orbits
We started by choosing the initial and final orbit in GMAT and then choosing the depar-

ture point and arrival point. In Fig4.§ we can see the design of the orbits including the
transfer orbit and in the table 4.3 we can see further information about these orbits.

EarthMJ2000Eq
Epoch: 01 Jan 2000 17:03:17.681

Figure 4.8: Non-Hohmann non-coplanar transfer in GMAT

Initial orbit Final orbit
alkm] 7200 7500
Eccentricity 0.05 0.05
Inclination[°] 0 8

Table 4.3: Orbits information.

The Transfer orbit begins in the first orbit at a radius of 7490,77km and a true anomaly
of the first orbit off 210° and ends at the second orbit at a radius of 7430,71km and a true
anomaly of the second orbit of 15°
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Control Variable

TransferOrbitEntry.Element1
TransferQOrbitEntry.Element2
TransferQOrbitEntry.Element3
TransferOrbitExitElement]
TransferOrbitExitElement2
TransferOrbitExitElement3

Constraints

(==) Spacecraft.Earth.SMA
(==) Spacecraft.Earth.ECC

CONVERGED

Current Value

0.124539911133357
0.5795819774746182
0.3057629094278278
0
0.5956422277217156
0.2730490573806138

Desired

7500
0.05

(==) Spacecraft.EarthMJ2000E 8

Last Value

0.124539911133357
0.5795819774746182
0.3057629094278278
0
0.5956422277217156
0.2730490573806138

Achieved

7500.016753090193
0.05147164324589076
7.993808854226006

Solver Window - Target '"HohmannTransferQOrbit' DC1 {SolveMode = Solve, ExitMode = DiscardA.. E@

Difference

-4.163336342344337e-17
0

0

0

0

-5.551115123125783e-17
Difference

0.01675309019265114

0.001471643245890754

-0.006191145773994045

Figure 4.9: GMAT Solver

As shown in the fig.l4.d first velocity impulse being Av; = 0.66702ms~! and the second
velocity impulse being Av, = 0.655244ms~ ! and therefore a total velocity impulse of Av =

1.32226ms L.
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4.4 Implementation ofthe non-Hohmann non-coplanar or-

bit transfer in Matlab

We start by defining the Equations of motion that can be shown in eq.4.g. The state vari-
ables are the r, 6, and ¢ that are the spherical coordinates, and the v,, vy and vy that are
the spherical components of the velocity. The control variables are the acceleration « and
the thrust direction angles o, and ag.In Fig4.1d we can see the representation of the
spherical coordinates orbit transfer.

y
Figure 4.10: 3D spherical coordinates orbit transfer
[11]
7= U (4.92)
. - ’1}9
o= —— @ (4.9b)
.
¢ = 7“’ (4.9¢)
2 2
Up = % +-2_ % + acos(ay.) (4.9d)
T T T
Vg = 7%:9 + vgv(z)t:,n(qﬁ) + asin(oy)sin(ag) (4.9¢)
Uy, vatan .
by = — rd) _ 20 . (¢) + asin(a,)cos(ogp) (4.9)
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Just as in the l4.d, we used the Matlab tool “fmincon” which allows us to find the minimum
of a function(the objective/cost function) with nonlinear constraint functions and an ini-
tial guess. The objective function chosen is shown in eq.44.11 that was chosen to minimize
the overall energy used in the transfer, the restrictions used were the equations of motion
eq.?? and the initial and final coordinates shown in eq.4.1d, for the first estimate we used
a linear progression between the initial and final values for the polar coordinates and the
velocities, for the control variables a, o, and a9 we used the value 0.05.

~
O

0=
r(to) = T490.7766km;
8(to) = —2.61799;
(to)
»(to) = —0.181050226km /s;
ve(to) = 7.296693388km /s;
vg(to) = 6.87622F — 5km/s;
ty = 2123.153752s

r(ts) = 7393.87066km;
O(ts) = 2,65103;

() = 0.139626;

vp(ty) = 0.093341349km /s,
vo(ts) = 7.483739058km/s;
vg(ty) = 0.568300774km /s;

-

<

(4.10)

The objective/cost function utilised was:

tf
J= /0 %uz(t)dt (4.11)
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4.4.1 Results

For the state variables the results obtained were

7500

7480 e
7460 -

7440 AN 1

e
O[rad]

Radius[km]
& 3
j=] N
Qo (=]

/

7380 \
AN
7360 - B

7340

7320 0 500 1000 1500 2000 2500
0 500 1000 1500 2000 2500 Timels]

Time[s]
0.14 ——

0.12 | /

0.1

0.08 -

$lrad]

0.06 -

0.04 |

0.02 -

0
0 500 1000 1500 2000 2500

Time[s]

Figure 4.11: Radius, 6 and ¢ vs time(Non-Hohmann non-coplanar orbit transfer)

For the control variables the results obtained were

4.4.2 Discussion of Results

In this subchapter, we will discuss the results of the non-Hohmann non-coplanar orbital
transfer obtained by using a direct method which allowed us to solve the problem with an
NLP (non-linear programming) method in Matlab.

As we can see from the tablel4.4 the number of iterations needed to obtain the local min-
imum that satisfies the constraints was 146 and the value of the objective function was
0.049323.

From the first figure, we can see that the radius as has happened in the co-planar non-
Hohmann orbit transfer stays basically the same at the beginning and end of the orbit
transfer in order for the orbit transfer to be adjacent to the initial orbit and final orbit at
the respective points. We can also see that the theta varies linearly with time as expected,
in the /phi graph we can see that it increased faster in the beginning and then started
to slow down until reaching the final inclination of 0.14rad, we see that the final section
of the transfer the inclination graph as a little bump this must be due to a low number
of nodes used in the iteration. In the second figure, we can see the 3D Trajectory of the
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Figure 4.12: 3D representations of the Non-Hohmann non-coplanar orbit transfer
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Figure 4.13: v,,vy and v, vs time(Non-Hohmann non-coplanar orbit transfer)
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Figure 4.14: a, o, and o vs time(Non-Hohmann non-coplanar orbit transfer)

orbit transfer obtained from the Matlab implementation and verify it is similar to the one
obtained from GMAT. In the third figure of velocities vs time, we can see that the velocity
values vary very smoothly with time except at the beginning of the orbit transfer and at
the end of the orbit transfer which is to be expected because of the change of orbits. In the
final figure about the control variables, acceleration, and the thrust direction angles the
results are pretty similar to the ones obtained in the velocity graphics. We have a big spike
in both of the control variables at the beginning and end of the transfer orbit because of
the transition from the initial orbit to the transfer orbit and from the transfer orbit to the
final orbit, while in the meantime the oscillation in the values of the control variables is
much smaller.

Constranit tolerance 1e~°
Optimality tolerenace 1€ 3
Number of Tterations 146
Objective function value 0.049323

Table 4.4: Matlab Fmincon Output
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Chapter 5

Conclusions and Future Work

The objectives of the dissertation are aimed at dealing with methods and models for opti-
mal orbit transfer for LEO satelites. The main objective revolves around the non-Hohmann
transfers because the Hohmann transfer has some limitations on its use such as its inabil-
ity to start and end the transfer orbit at any point of the original and final orbit respectively
since it has to start and end at the periapsis/apoapsis. The approach used to combat the
limitations of the transfer method is the transformation of the transfer orbit into an op-
timization problem. In this paper, we studied 3 examples, the coplanar Hohmann orbit
transfer, the coplanar non-Hohmann orbit transfer, and the non-coplanar non-Hohmann
orbit transfer. In the coplanar Hohmann orbit transfer, we used an approach of relative
dynamic equations based on the Clohessy—Wiltshire equations in which the state variables
used are the relative position which is the position difference between the real trajectory
and the projected trajectory, and the control variables are the acceleration Cartesian com-
ponents. We can see from the results obtained that the projected trajectory and the real
trajectory quickly converge showing that this approach to the coplanar Hohmann orbit
transfer problem is well-adjusted and creates the results that would be expected in an
orbit controller. To solve the non-Hohmann orbital transfer problem we will use the di-
rect method which consists of dividing the trajectory into several segments avoiding the
need to derive the optimization variables allowing the problem to be solved with the non-
linear programming method (NLP ). In the coplanar and non-coplanar non-Hohmann
orbit transfers the approach used was a direct method in which the trajectory is divided
in various segments avoiding the need to derive the optimality variables and allowing the
problem to be solved with a nonlinear programming method(NLP) for which we used
fmincon in Matlab. For the coplanar case, the state variables were the polar coordinates
of position and velocity and the control variables were the acceleration and the thrust
angle. For the non-coplanar case, the state variables were the spherical coordinates of
position and velocity, and the control variables were the acceleration and the thrust di-
rection angles alpha r and a4p. We can see from the results that the trajectory obtained
from the optimization is what we expected, however, it could have been more refined if
more nodes were added to the trajectory in the beginning and in the final part of the tra-
jectory where the acceleration graphics has its spikes, we can see that the overall energy
used is low which shows that this is a good approach to the problem, we can also see that
this approach allows us to find the minimum overall energy necessary in to execute the
orbit transfer.
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In the future, it would be interesting to increase the knowledge of other direct meth-
ods as well as the indirect methods which are based on Pontryagin’s minimum principle
which requires the derivation of the adjoint and transversality equations as well as the
minimization of the Hamiltonian in respect to the control, and afterward compare both
methods in the different case to see which one is more suitable and delivers the best re-
sults. It would also be interesting to study other types of orbits such as the Geostationary
Earth Orbits.
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