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Abstract
This thesis studies the dynamics of two prominent classes of models: Cohen-Grossberg
neural network (CGNN) and Lotka-Volterra ecological systems. Firstly, we investigate
the global exponential stability and the existence of a periodic solution of a general
differential equation with unbounded distributed delays. The main stability criterion
depends on the dominance of the non-delay terms over the delay terms. The criterion
for the existence of a periodic solution is obtained by applying the coincidence degree
theorem. We use the main results to obtain criteria for the existence and global ex-
ponential stability of periodic solutions of a generalized higher-order periodic CGNN
model with discrete-time varying delays and infinite distributed delays. Moreover,
we study the convergence of asymptotic systems in nonautonomous CGNN models.
We derive stability results under conditions where the non-delay terms asymptotically
dominate the delay terms. In the second part, we explore Lotka–Volterra-type ecolog-
ical models with delays. We investigate the concept of permanence of a general delay
differential system and apply it to a general Lotka-Volterra type model. Moreover,
we obtain a partial result on the convergence of the system to its asymptotic systems.
Additionally, we provide a comparison with results in the literature and numerical
examples to illustrate the effectiveness of some of our results.

Keywords

Functional differential equation; Cohen-Grossberg neural network; Lotka-Volterra model;
unbounded delay; periodic solution; stability; convergence of models; asymptotic sys-
tem.
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Resumo Alargado

Esta tese estuda a dinâmica de duas classes proeminentes de modelos: modelos de
redes neurais de Cohen-Grossberg e sistemas ecológicos de Lotka-Volterra. Na primeira
parte da tese, fornecemos condições suficientes para a estabilidade exponencial global e
a existência de uma solução periódica do seguinte sistema diferencial geral com atrasos
distribuídos sem limites Cohen-Grossberg de ordem superior com atrasos discretos e
distribuídos não necessariamente limitados

x′i(t) = ai(t, xi(t))
[
− bi(t, xi(t)) + fi(t, xt)

]
, t ≥ 0, i = 1, . . . , n.

O critério para a existência de soluções periódicas é obtido através da aplicação do
teorema do grau de coincidência. O principal critério de estabilidade depende da
dominância dos termos sem atraso sobre os termos com atraso. Usamos os principais
resultados para obter critérios para a existência de soluções periódicas e estabilidade
exponencial global de um modelo de rede neural periódica generalizada num espaço de
fase conveniente. Este modelo é suficientemente geral para incluir diferentes modelos
de ordem baixa e alta. Além disso, estudamos a convergência de sistemas assintóticos
nos seguintes modelos de redes neuronais não autónomas de Cohen-Grossberg

x′i(t) = ai(t, xi(t))

[
− bi(t, xi(t)) + Ii(t)

+ Fi

( P∑
p=1

n∑
j,l=1

cijlp(t)hijlp
(
xj(t− τijp(t)), xl(t− τ̃ilp(t))

)
,

P∑
p=1

n∑
j,l=1

dijlp(t)fijlp

(∫ 0

−∞
gijp(xj(t+ s)) dηijp(s),∫ 0

−∞
g̃ilp(xl(t+ s)) dη̃ilp(s)

))]
, t ≥ 0, i = 1, . . . , n.

em que n, P,Q ∈ N e ai : [0,+∞)×R → (0,+∞), bi : [0,+∞)×R → R, cijlp , dijlq, Ii :
[0,+∞) → R, τijp, τ̃ilp : [0,+∞) → [0,+∞), hijlp , fijlq : R2 → R, Fi, Gi, gijq, g̃ilq :

R → R são funções contínuas, e ηijq, η̃ilq : (−∞, 0] → R são funções limitadas não
decrescentes tais que ηijq(0) − ηijq(−∞) = 1 e η̃ilq(0) − η̃ilq(−∞) = 1, para cada
i, j, l = 1, . . . , n, p = 1, . . . , P , e q = 1, . . . , Q.
Notamos que este modelo é suficientemente geral para englobar modelos de redes neu-
rais de Cohen-Grossberg de ordem baixa e alta, modelos de Hopfield e modelos estáti-
cos. Obtemos resultados de estabilidade sob condições em que os termos sem atraso
dominam assimptoticamente os termos com atraso.

Na segunda parte da tese, introduzimos o conceito de permanência e introduzimos
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condições suficientes para a permanência do seguinte sistema diferencial com atrasos
ilimitados

x′i(t) = xi(t) [gi(t, xi(t))− fi(t, xt)] , t ≥ 0, i = 1, . . . , n,

num espaço de fase conveniente onde xi(t) representa a densidade populacional da i-
ésima espécie no tempo t. Além disso, aplicamos o nosso resultado de permanência ao
seguinte modelo geral do tipo Lotka-Volterra

x′i(t) = xi(t)

[
ri(t)−

n∑
j=1

aij(t)hij
(
xj(t)

)
−

n∑
j=1

bij(t)fj
(
xj(t− τij(t))

)
−

n∑
j=1

cij(t)

∫ t

−∞
Dij(t, ρ)θj(xj(ρ))dρ

]
, t ≥ 0, i = 1, . . . , n,

onde hij, fij, θij, τij : R+
0 → R+

0 , Dij : R+
0 × R → R+

0 são funções contínuas, e
ri, aij, bij, cij ∈ C(R,R+

0 ), para i, j = 1, · · · , n. Devido ao significado biológico, as
condicões inciais serão tomadas num conjunto espaço de funções não negativas.
Adicionalmente, obtemos um resultado parcial sobre convergência do modelo geral
de Lotka-Volterra para os seus sistemas assintóticos. Por último, mas não menos
importante, apresentamos uma comparação com resultados da literatura e exemplos
numéricos para ilustrar a eficácia de alguns dos nossos resultados.

Palavras-chave

Equação diferencial funcional; rede neural de Cohen-Grossberg; modelo de Lotka-
Volterra; atraso não limitado; solução periódica; estabilidade; convergência de modelos;
sistema assintótico.
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Chapter 1

Introduction

Delay differential equations (DDEs) are indispensable tools for analysis and prediction
via mathematical modeling in various areas of life sciences such as neural networks
[69], epidemiology [39], immunology [45] and population dynamics [55]. These systems
often involve delays due to many factors depending on the process we are modeling
such as the maturation time in ecological systems, the incubation time in infectious
diseases, or the transmission time of signals between neurons in neural network models.

Most of the results obtained before the era of Volterra regarding DDEs were concerned
with special properties of very specific equations. Since Volterra [58] has started his
research on predator-prey models and viscoelasticity, he has formulated some gen-
eral functional differential equations that account for the past states of the system.
Due to the considerations of meaningful models in engineering, studying the DDEs
has attracted many researchers. Studying the behavior of solutions of DDEs, partic-
ularly understanding their stability and convergence properties (see [28, 37, 54] and
references therein), is critical for predicting and controlling dynamics of real-world sys-
tems. This was enough motivation to focus on the convergence of asymptotic systems
with unbounded delays, with applications to two prominent classes of models: Cohen-
Grossberg neural network (CGNN) models and Lotka-Volterra ecological systems.
The first part of this thesis, namely Chapter 2, is divided into two parts: the first
concerns studying the stability of general non-autonomous systems with distributed
delays and the second is about studying the convergence of asymptotic systems in
non-autonomous CGNN models, which include both infinite discrete time-varying and
distributed delays.

In the first part of Chapter 2, in Section 2.1, we study a general differential system
with delays. Many researchers have been developing work on general systems with
delay [7, 23, 53, 65].

In [23], Faria established sufficient conditions for the asymptotic and exponential sta-
bility of non-autonomous linear differential systems with infinite distributed delays.
Yskak, in [65], studied the stability of solutions of a certain periodic linear differential
system with infinite distributed delays. In [7], Berezansky and Braverman established
sufficient conditions for the global attractivity of the following non-autonomous neural
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networks with distributed delays

x′i(t) = gi(t)

[
− xi(t)

+

∫ t

hi1(t)

· · ·
∫ t

hin(t)

fi(x1(τ1), . . . , xn(τn)) dτ1ri1(t, τ1) · · · dτnrin(t, τn)

]
,

(1.1)

for i = 1, . . . , n, and applied it to Bidirectional Associative Memory (BAM) neural
network models. In order to apply to BAM models as well, Oliveira [53] obtained
sufficient conditions for the asymptotic stability of the following general system with
infinite distributed delays

x′i(t) = −ai(t)xi(t− τi(t)) + hi
(
t, x(t− τi1(t)), . . . , x(t− τim(t))

)
+ fi(t, xt), (1.2)

for i = 1, . . . , n. None of the general systems, (1.1) or (1.2), can be applied to CGNN
type models.

The neural network introduced and studied by Cohen and Grossberg [15] can be de-
scribed by the following system of ordinary differential equations,

dxi(t)

dt
= −ai(xi(t))

[
bi(xi(t))−

n∑
j=1

cijfj(xj(t)) + Ii
]
, t ≥ 0, i = 1, . . . , n

where n is a natural number that indicates the number of neurons and, for each i, j =
1, . . . , n, xi(t) is the ith neuron state at time t, ai(.) denotes the amplification functions,
bi(.) is the self-signal functions, fj(.) is the activation functions, cij represents the
strengths of connectivity between neurons i and j, and, Ii denotes the input from
outside of the system.
Differential equations modeling neural networks should incorporate time delays due to
synaptic transmission time between neurons or, in the case of artificial neural networks,
communication time among amplifiers, in order to be more realistic. However, it is
known that delays lead to oscillation or instability [44], thus it is worth studying
stability of neural network models with delays.

In recent decades, many authors have studied low-order neural network models. How-
ever, it is important to investigate high-order neural network models because, in com-
parison with low-order systems, they exhibit stronger approximation properties, faster
convergence speeds, and higher fault tolerance [26, 60].
Recently, some research has been conducted on the stability of high-order neural net-
work models, with many of them concerning discrete-time models, and the majority
of these studies focusing on the Hopfield-type models (see [6, 9, 33, 52, 60] and refer-
ences therein). In [16], criteria for the exponential stability of a discrete-time high-order
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Cohen-Grossberg model were established. Subsequently, in [17], the situation involving
impulses was studied. As pointed out by Mohamad and Golpassamy [48], the dynamics
of continuous-time and discrete-time models are not necessarily similar. Therefore, it
is worthwhile to investigate continuous-time high-order CGNN models.
In [64], the stability of a fractional high-order CGNN model with delays was examined.
However, this study was limited to the autonomous situation with finite delays. Re-
cently, Aouiti and Driti [3] obtained sufficient conditions for the existence and global
exponential stability of an almost automorphic solution of a general Cohen-Grossberg
BAM neural network model that can include high-order models. Nevertheless, the
model studied in [3] is not general enough to include the non-autonomous continuous-
time high-order CGNN with unbounded delays studied in [40]. In [40], the authors
claimed to have obtained a criterion for the existence and exponential stability of a
periodic solution for the studied model. However, as we explain in Remark 2.2.10, their
proof contains certain issues.

Motivated by the discussion mentioned above, Chapter 2 consists of two main parts
based on the results we obtained in [19, 20]. In [20], we focus on deriving criteria for
the existence of periodic solutions and global exponential stability for a general class
of DDEs with unbounded delays, these results are then applied to high-order CGNN
models. In [19], we investigate the global convergence of asymptotic systems in non-
autonomous CGNN models, providing new insights into the behavior of solutions with
infinite delays.

As referred, in the first part of chapter 2, namely, in Section 2.1, we study the exis-
tence of periodic solutions and global exponential stability for a general class of DDEs
with unbounded delays, in general settings, which includes as a particular situation,
many of the low-order and high-order Cohen-Grossberg type models recently stud-
ied. Namely, we study the global stability of the following general non-autonomous
differential system with infinite delays

x′i(t) = ai(t, xi(t))
[
− bi(t, xi(t)) + fi(t, xt)

]
, t ≥ 0, i = 1, . . . , n, (1.3)

in a convenient phase space. To address the issues encountered in the proof of [40,
Theorem 3.1], we establish a general and easily verifiable criterion for the existence
of a periodic solution of (1.3). In particular, this criterion is applicable to the model
investigated in [40].

Previously, in [24], a criterion for the existence and exponential stability of an equilib-
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rium of

x′i(t) = ai(t, xt)
[
− bi(xi(t)) + fi(xt)

]
, t ≥ 0, i = 1, . . . , n,

was established. In [38], a criterion for the existence and exponential stability of an anti-
periodic solution for the delay system (1.3) with impulses on time scales was obtained.
However, despite the fact that the current study is conducted without impulses on the
time scale R, a less restrictive setting is assumed. For instance, in [38], functions ai
must be even, and bi and fi must be odd in the second variable - symmetry conditions
that are not required here.

Despite the main goal being to apply the obtained results to Cohen-Grossberg type
models, system (1.3) is general enough to be applied to other models such as Lotka-
Volterra type models.

In the second part of Chapter 2, namely Subsection 2.2.2, we study the global con-
vergence of systems describing CGNN type models. Since their introduction, CGNN
models have become a prominent subject of investigation. The dynamical properties of
CGNN models, such as stability, instability, and periodic oscillation, have been exten-
sively studied for both theoretical and practical applications. For instance, in [18], the
author examined the global convergence of the model to ensure that the trajectories
of the network do not exhibit chaotic behavior, thereby maintaining its functionality
as an associative memory or optimization solver. Furthermore, the globally convergent
dynamics indicate that the neural network algorithm will ensure convergence to an
optimal solution from any initial guess when used as an optimization solver.

Several significant studies have been conducted in this area. For an autonomous CGNN
model, sufficient conditions were given for the coexistence and local stability of multiple
equilibrium points [41]. In [3], the authors established sufficient conditions for the
existence and global exponential stability of an almost automorphic solution of a general
Cohen–Grossberg Bidirectional Associative Memory neural network with finite discrete
delays and infinite distributed delays. In [13], the authors studied the stability and
instability of an equilibrium point of a CGNN model with infinite discrete time-varying
delays. The existence of multi-periodic solutions of a generalized CGNN was studied in
[59]. The existence and exponential stability of an almost periodic solution of a CGNN
with infinite distributed delays were explored in [62]. In [12], the global exponential
stability of a periodic solution of a delayed CGNN was investigated but in the case of
discontinuous activation functions. Additionally, a stochastic CGNN with delays was
studied in [61], and criteria for the exponential stability of a discrete time high-order
CGNN model with impulses were established in [17].

To our knowledge, there are few studies on the global convergence of systems in the
context of neural network models [50, 63, 66, 67, 72]. As illustrated by a simple example

4



in [67], the dynamic behavior of a system is generally not determined by the dynamics
of its asymptotic systems (see Definition 2.2.2). Therefore, it is valuable to identify
situations where the dynamics of a system can be inferred by studying the dynamics
of one of its asymptotic systems. In [50, 63, 67, 72], sufficient conditions are provided
to ensure the global convergence of systems in various delayed Hopfield neural network
models. In [66], the convergence of systems was examined for the following low-order
CGNN with finite discrete time-varying delays:

x′i(t) = ai(xi(t))

[
− bi(t, xi(t)) +

n∑
j=1

cij(t)fj
(
xj(t)

)
+

n∑
j=1

bij(t)fj(t− τij(t)) + Ii(t)

]
,

where the coefficients asymptotically converge to periodic functions. Motivated by
these studies, in Subsection 2.2.2, the convergence of systems within the following
generalized high-order CGNN model with both infinite discrete time-varying and dis-
tributed delays:

x′i(t) = ai(t, xi(t))

[
− bi(t, xi(t)) + Ii(t)

+ Fi

( P∑
p=1

n∑
j,l=1

cijlp(t)hijlp
(
xj(t− τijp(t)), xl(t− τ̃ilp(t))

)
,

P∑
p=1

n∑
j,l=1

dijlp(t)fijlp

(∫ 0

−∞
gijp(xj(t+ s)) dηijp(s),∫ 0

−∞
g̃ilp(xl(t+ s)) dη̃ilp(s)

))]
, t ≥ 0, i = 1, . . . , n,

(1.4)

is obtained, where n, P,Q ∈ N and ai : [0,+∞)×R → (0,+∞), bi : [0,+∞)×R → R,
cijlp , dijlq, Ii : [0,+∞) → R, τijp, τ̃ilp : [0,+∞) → [0,+∞), hijlp , fijlq : R2 → R,
Fi, Gi, gijq, g̃ilq : R → R are continuous functions, and ηijq, η̃ilq : (−∞, 0] → R are non-
decreasing bounded functions such that ηijq(0)−ηijq(−∞) = 1 and η̃ilq(0)−η̃ilq(−∞) =

1, for each i, j, l = 1, . . . , n, p = 1, . . . , P , and q = 1, . . . , Q.
We note that model (1.4) is sufficiently general to encompass both low-order [66] and
high-order [20] CGNN models, Hopfield models [50], and static models [49].

The main objective is to achieve the global stability of model (1.4) through the stabil-
ity of one of its asymptotic systems, which may be autonomous, periodic, or almost
periodic, and thus easier to study than the original system (1.4). For instance, model
(1.4) itself may not be periodic, but it can have a periodic asymptotic system. In this
case, an important goal is to provide sufficient conditions to ensure that all solutions
of (1.4) converge to a periodic function assuming that the asymptotic system has a
globally attractive periodic solution.
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The main novelties in this chapter are as follows:

i. The global exponential stability criterion, Theorem 2.1.3, obtained for the gen-
eral nonautonomous delay differential equation (1.3). We emphasize the proof
method employed, which, without resorting to Lyapunov functionals, enabled the
derivation of a new stability criterion. This criterion is easily verifiable, (see con-
dition (2.3) or (2.11)), and applicable to a broad range of neural network models
as seen in Section 2.2. Notice that this criterion can be applied to nonautonomous
situations where we do not have periodicity.

ii. The provided criterion for the existence of periodic solutions of (1.3), Theorem
2.1.9. We stress that the established criterion is easily verifiable, as outlined in
hypothesis (H5*). More, unlike the conditions in [38], where only anti-periodic
solutions are considered, our criterion does not need the knowledge of the upper
limit magnitude, β∗

i (t), in hypothesis (H3*). We stress that this study allowed
us to solve the problems in [40].

iii. The results presented for the new general neural network model (2.31), in Section
2.2, which includes a broad range of low-order and high-order Cohen-Grossberg,
Hopfield, and static neural network type models found in the existing literature
[3, 40, 42, 49, 68]. We highlight the generalization of the main result in [40], as
derived by Corollary 2.2.9.

In the second part of this thesis, namely in Chapter 3, in Section 3.1, we discuss the
concept of permanence for the following general delay differential system

x′i(t) = xi(t) [gi(t, xi(t))− fi(t, xt)] , t ≥ 0, i = 1, . . . , n, (1.5)

in a convenient phase space where xi(t) represents the population density of the ith

species at time t. A biological system is called sustainable if it posses two important
properties, namely, ultimate boundedness and permanence. The first one refers to
the existence of a compact domain within the state space of the system, where each
motion enters it within a finite time and remains in this domain thereafter, the principle
of persistence indicates that during the species interaction, species do not become
extinct; regardless of their initial population sizes, from a specific point in time, their
populations will surpass certain predetermined positive values. A system that possesses
both of these features is called permanent [32].
The concept of permanence for delay differential equations has been attracted many
researchers (see [2, 22, 34, 57] and references therein). Permanence conditions for
biological models described by ordinary differential equations are well investigated (see
for example [10, 11, 36, 43] and the references therein). However, it is important
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to recognize that many realistic models must account for additional factors such as
delays. For example, delays may arise due to the dependence of the growth rates of
some species on the past states of others, variations in reproduction and mortality
rates across different age groups, or similar temporal dependencies (see for example
[2, 22, 34, 57] and references therein). In [34], the authors investigated the following
nonautuonomous n−species Lotka-Volterra model with impulses

x′i(t) = xi(t)

(
ai(t)−

n∑
j=1

bij(t)xj(t)

)
. (1.6)

Moreover, in [35], sufficient conditions on the permanence and global attractivity are
established for the following nonautuonomous Lotka-Volterra model with unbounded
delays and impulses

x′i(t) = xi(t)

(
ai(t)− bii(t)xi(t)−

n∑
j=1
j ̸=i

bij(t)

∫ 0

−∞
ki(s)x(t+ s)ds

)
. (1.7)

In [5], a nonlinear Lotka-Volterra systems with discrete delays, of the form

u′i(t) = ui(t)

[
ri(t)−

n∑
j=1

aij(t)uij(t)−
n∑

j=1

bij(t)fj
(
uj(t)

)
−

n∑
j=1

cij(t)gj
(
uj(t− δj(t))

)]
, t ≥ 0, j = 1, . . . , n, (1.8)

was studied. Last but not least, as example of research focusing on studying the dynam-
ics of general Lotka-Volterra models, in [21], a criterion for the global attractivity of a
positive equilibrium of the following n−dimensional non-autonomous Lotka–Volterra
systems with distributed delays was given

x′(t) = ri(t)xi(t)
[
αi − bixi(t)−

n∑
j=1

lij

∫ 0

−τ

xj(t+ θ)dηij(θ)
]
, i = 1, . . . , n. (1.9)

Motivated by the above discussion, we introduce sufficient conditions for the perma-
nence of the general delay differential system (1.5), which include both discrete and
distributed delays, in Theorem 3.1.2.
Moreover, in Subsection 3.2.1, we apply our permanence result to the Lotka-Volterra
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type models

x′i(t) = xi(t)

[
ri(t)−

n∑
j=1

aij(t)hij
(
xj(t)

)
−

n∑
j=1

bij(t)fij
(
xj(t− τij(t))

)
−

n∑
j=1

cij(t)

∫ 0

−∞
Dij(t, s)θij(xj(t+ s)) ds

]
, t ≥ 0, i = 1, . . . , n,

(1.10)

where due to the biological significance of (1.10), the framework is restricted only to
positive or non-negative initial conditions. We assume that hij, fij, θij, τij : R+

0 → R+
0 ,

Dij : R+
0 × R → R+

0 are continuous functions, and ri, aij, bij, cij ∈ C(R,R+
0 ), for

i, j = 1, . . . , n. This model is more general than (1.6), (1.7), and (1.8) in Corollary
3.2.1. Additionally, we obtain a partial result relating the dynamics of this model to
the dynamic of one of its asymptotic systems in Theorem 3.2.3.
Finally, in Subsection 2.2.3 and Section 3.3, we provide some numerical examples in
order to illustrate the effectiveness of some of our results.
Some results of Chapter 2 are already published in [20], and other contents of Chapter
2 are included in preprint [19].
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Chapter 2

Cohen-Grossberg neural network models

In the beginning of the present chapter, we investigate the global exponential sta-
bility and the existence of a periodic solution of a general differential equation with
unbounded delays. The main stability criterion depends on the dominance of the non-
delay terms over the delay terms. The criterion for the existence of a periodic solution
is obtained with the application of the coincidence degree theorem. We use the main
results to derive criteria for the existence and global exponential stability of periodic
solutions of a generalized higher-order periodic CGNN model with infinite discrete-time
varying and distributed delays.
Additionally, we investigate the convergence of asymptotic systems in non-autonomous
CGNN models. Moreover, we provide a comparison with the results in the literature
and a numerical simulation to illustrate the effectiveness of some of our results.

2.1 A general system with unbounded delays

In the present chapter, firstly, we study the global stability of the general non-autonomous
differential system with infinite delays (1.3) in a convenient phase space. For n ∈ N,
we consider the n-dimensional vector space Rn equipped with the norm

|x| = max{|xi|, i = 1, . . . , n}, for x = (x1, . . . , xn) ∈ Rn.

For a positive real number ε, we consider the Banach space

UCn
ε =

{
ϕ ∈ C((−∞, 0];Rn) : sup

s≤0

|ϕ(s)|
e−εs

< +∞,

ϕ(s)

e−εs
is uniformly continuous on (−∞, 0]

}
,

equipped with the norm
‖ϕ‖ε = sup

s≤0

|ϕ(s)|
e−εs

.

In [31], a basic theory about the existence, uniqueness, and continuation of solutions
is established for the general functional differential equation in the phase space UCn

ε

x′(t) = f(t, xt), t ≥ 0, (2.1)
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where, for an open set D ⊆ UCn
ε , the function f : [0,+∞) × D → Rn is continuous,

and for t ≥ 0, xt denotes the function xt : (−∞, 0] → Rn defined by xt(s) = x(t + s)

for s ≤ 0.
We denote by x(t, t0, ϕ) a solution of (2.1) with initial condition xt0 = ϕ for t0 ≥ 0 and
ϕ ∈ D.
For x ∈ Rn, we also use x to denote the constant function ϕ(s) = x in UCn

ε . A vector
x = (x1, . . . , xn) ∈ Rn is said to be positive if xi > 0 for all i = 1, . . . , n and we denote
this by x > 0.
We introduce the Banach spaceBC of all continuous bounded functions ϕ : (−∞, 0] → Rn

equipped with the norm ‖ϕ‖ = sup
s≤0

|ϕ(s)|. It is clear that BC ⊆ UCn
ε and we have

‖ϕ‖ε ≤ ‖ϕ‖ for all ϕ ∈ BC.
In the phase space UCn

ε , for n ∈ N and ε > 0, we consider the differential system
with infinite delays (1.3) where ai : [0,+∞)× R → (0,∞), bi : [0,+∞)× R → R, and
fi : [0,+∞)× UCn

ε → R are continuous functions.
The goal is to apply the results to CGNN models, thus we only consider bounded initial
conditions. i.e.

xt0 = ϕ, for ϕ ∈ BC and t0 ≥ 0. (2.2)

The continuity of ai, bi, and fi functions assures that the initial value problem (1.3)-
(2.2) has a solution (see [30, Theorem 2.1]).

It is generally known that the Banach space BC is not a convenient phase space for
(2.1) according to [27, 30], and so the typical results about existence, uniqueness, and
continuous dependency of solutions are not accessible. This is the reason why we
considered the space UCn

ε in the discussion above. Thus, more generally, we consider
the space

UCn
G =

{
ϕ ∈ C

(
(−∞, 0];Rn

)
: sup

s≤0

|ϕ(s)|
G(s)

< +∞,

ϕ(s)

G(s)
is uniformly continuous on (−∞, 0]

}
,

equipped with the norm ‖ϕ‖G = sup
s≤0

|ϕ(s)|
G(s) , where G : (−∞, 0] → [1,+∞) is a function

satisfying the following conditions:

(G1) G is a non-increasing continuous function with G(0) = 1;

(G2) lim
u→0−

G(u+s)
G(s) = 1 uniformly on (−∞, 0];

(G3) G(s) → +∞ as s→ −∞.
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Note that UCn
ε is the space UCG with }(s) = e−εs. For more details, see [30]. As

BC ⊆ UCn
G, then we consider the space BC with the norm ‖.‖G. Considering the

functional differential equation (2.1) in the phase space UCn
G, for a function G that

satisfies (G1)-(G3) as mentioned above, the continuity of the function f assures the
existence of solutions of (2.1) with initial condition (2.2) for t0 ≥ 0 and ϕ ∈ UCn

G [30].
As we always consider bounded initial conditions, in this chapter, we consider the
following definition of global exponential stability.

Definition 2.1.1. The system (1.3) is said to be globally exponentially stable if there
are δ > 0 and C ≥ 1 such that

|x(t, t0, ϕ)− x(t, t0, ψ)| ≤ Ce−δ(t−t0)‖ϕ− ψ‖,

∀t0 ≥ 0, ∀t ≥ t0, ∀ϕ, ψ ∈ BC.

It should be emphasized that the preceding definition of global exponential stability is
the one usually considered in the literature on neural networks (see [70, 71]).

2.1.1 Global exponential stability

We obtain sufficient conditions for the global exponential stability of (1.3). To do that,
we assume the following hypotheses.
For each i = 1, . . . , n:

(H1) there are ai, ai > 0 such that

ai < ai(t, u) < ai, ∀t ≥ 0, ∀u ∈ R;

(H2) the function ai is differentiable, and there exists a continuous function Di :

[0,+∞) → R such that

Di(t)a
2
i (t, u) ≤

∂ai
∂t

(t, u), ∀t > 0, ∀u ∈ R;

(H3) there exists a function βi : [0,+∞) → (0,+∞) such that

bi(t, u)− bi(t, v)

u− v
≥ βi(t), ∀t ≥ 0, ∀u, v ∈ R, u 6= v;

(H4) the function fi : [0,+∞)×UCn
ε → R is Lipschitz on its second variable i.e., there

is a continuous function Li : [0,+∞) → [0,+∞) such that

|fi(t, ϕ)− fi(t, ψ)| ≤ Li(t)||ϕ− ψ||ε, ∀t ≥ 0, ∀ϕ, ψ ∈ BC;
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(H5) for all t ≥ 0,

ai
(
βi(t) +Di(t)

)
− aiLi(t) > ε. (2.3)

We state the generalized Gronwall’s inequality so we will use to show that solutions of
(1.3) are defined on R.

Lemma 2.1.1. [29, Lemma 6.2] If ϕ, α are two real valued function and continuous
for a ≤ t ≤ b, β(t) ≥ 0 is integrable on [a, b] and

ϕ(t) ≤ α(t) +

∫ t

a

β(s)ϕ(s)ds, a ≤ t ≤ b,

then

ϕ(t) ≤ α(t) +

∫ t

a

β(s)α(s)e
∫ t
s β(u)duds, a ≤ t ≤ b.

We prove that solutions of (1.4) are defined on R.

Lemma 2.1.2. Assume (H1), (H3), and (H4). For ϕ ∈ BC and t0 ≥ 0, solution
x(t) = x(t, t0, ϕ) of (1.3) is defined on R.

Proof. Let x(t) = (x1(t), . . . , xn(t)) be the maximal solution of the initial value prob-
lem (1.3)-(2.2), such that t ∈ (−∞, a) for some a ∈ (t0,+∞], and define z(t) =

(z1(t), . . . , zn(t)) := (|x1(t)|, . . . , |xn(t)|).
From (1.3) and (H1), we have the following

z′i(t) = sign(xi(t))x′i(t)
≤ − sign(xi(t))ai(t, xi(t))

[
bi(t, xi(t))− fi(t, xt)

]
≤ − sign(xi(t))ai(t, xi(t))

[
bi(t, xi(t))− bi(t, 0)

]
+ai|fi(t, xt)− fi(t, 0)|+ ai|bi(t, 0) + fi(t, 0)|.

From (H3) and (H4), and by integrating over [t0, t], we obtain

zi(t) ≤ zi(t0)−
∫ t

t0

sign(xi(u))ai(u, xi(u))
[
bi(u, xi(u))− bi(u, 0)

]
du

+

∫ t

t0

ai|fi(u, xu)− fi(u, 0)|du+
∫ t

t0

ai|bi(u, 0) + fi(u, 0)|du,
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thus

zi(t) ≤ ‖ϕ‖ −
∫ t

t0

sign(xi(u))ai(u, xi(u))xi(u)βi(u)du

+

∫ t

t0

aiLi(u)‖xu‖εdu+
∫ t

t0

ai|bi(u, 0) + fi(u, 0)|du

≤ ‖ϕ‖+
∫ t

t0

aiLi(u)‖xu‖εdu+
∫ t

t0

ai|bi(u, 0) + fi(u, 0)|du

≤ ‖ϕ‖+
∫ t

t0

Li(u)‖xu‖εdu+
∫ t

t0

(
bi(u, 0) + f i(u, 0)

)
du, (2.4)

where

Li(t) = max
i

|aiLi(u)|, bi(u, 0) = max
i

|aibi(u, 0)|, and f i(u, 0) = max
i

|aifi(u, 0)|.

Define a continuous function Φ : [t0,+∞) → [0,+∞) by

Φ(t) = ||ϕ||+
∫ t

t0

(
bi(u, 0) + f i(u, 0)

)
du.

For t ≥ t0, using (2.4), we obtain

||zt|| ≤ Φ(t) +

∫ t

t0

Li(u)||zu||du,

and by applying the generalized Gronwall’s inequality (see Lemma 2.1.1), we obtain

||zt|| ≤ Φ(t) +

∫ t

t0

Li(u)Φ(u)e
∫ t
u Li(v)dvdu. (2.5)

Then, by the continuation theorem [30, Theorem 2.4],

lim
t→a

||xt|| = lim
t→a

||zt|| = +∞. (2.6)

Since the functions Li : R → [0,+∞) and Φ : [t0,+∞) → [0,+∞) are continuous
functions, from (2.5) and (2.6), we conclude that a = +∞, i.e., solutions of the system
(1.3) are defined on R.

Now, we are in a position to obtain the main stability criterion for system (1.3).

Theorem 2.1.3. If (H1)-(H5) hold, then the system (1.3) is globally exponentially
stable.

Proof. Let t0 > 0, ϕ = (ϕ1, . . . , ϕn) ∈ BC, ψ = (ψ1, . . . , ψn) ∈ BC, and consider
two solutions, x(t) = x(t, t0, ϕ) and y(t) = x(t, t0, ψ), of (1.3), note that we denote by
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x(t, t0, ϕ), a solution of (1.3) with initial condition xt0 = ϕ for t0 ≥ 0 and ϕ ∈ BC.
For each t ≥ t0, define

V (t) = V (t, t0, x(·), y(·)) = (V1(t), . . . , Vn(t)) ∈ Rn

by

Vi(t) := eε(t−t0)sign
(
xi(t)− yi(t)

) ∫ xi(t)

yi(t)

1

ai(t, u)
du, i = 1, . . . , n. (2.7)

From (H1), we conclude that

e−ε(t−t0)aiVi(t) ≤ |xi(t)− yi(t)| ≤ e−ε(t−t0)aiVi(t), (2.8)

∀t ≥ t0, i = 1, . . . , n.

Firstly, we show that

|V (t)| ≤ max
i

{a−1
i }‖ϕ− ψ‖, ∀t ≥ t0. (2.9)

Obviously, from (2.8), we have

|V (t0)| ≤ max
i

{
a−1
i |xi(t0)− yi(t0)|

}
≤ max

i
{a−1

i }‖ϕ− ψ‖.

Now, to obtain a contradiction, we assume that inequality (2.9) is false. Consequently,
there exists t1 > t0 such that

|V (t1)| > max
i

{a−1
i }‖ϕ− ψ‖.

Define
T := min

{
t ∈ [t0, t1] : |V (t)| = max

s∈[t0,t1]
|V (s)|

}
.

Choosing i ∈ {1, . . . , n} such that Vi(T ) = |V (T )|, we have

Vi(T ) > 0, V ′
i (T ) ≥ 0, and Vi(T ) > |V (t)|, ∀t ∈ [t0, T ). (2.10)

From (1.3), and hypotheses (H2), (H3), and (H4), we obtain

V ′
i (T ) = εVi(T ) + eε(T−t0) sign

(
xi(T )− yi(T )

)[ 1

ai(T, xi(T ))
x′i(T )

− 1

ai(T, yi(T ))
y′i(T ) +

∫ xi(T )

yi(T )

−∂tai(T, u)
a2i (T, u)

du

]
,
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thus,

V ′
i (T ) = εVi(T ) + eε(T−t0) sign

(
xi(T )− yi(T )

)[
bi(T, yi(T ))− bi(T, xi(T ))

+fi(T, xT )− fi(T, yT ) +

∫ xi(T )

yi(T )

−∂tai(T, u)
a2i (T, u)

du

]
≤ εVi(T ) + eε(T−t0)

[
− βi(T )|xi(T )− yi(T )|+ Li(T )‖xT − yT‖ε

−Di(T )|xi(T )− yi(T )|
]
.

Hypothesis (H5) implies βi(T ) +Di(T ) > 0, and from (2.8), we obtain

V ′
i (T ) ≤ εVi(T )− ai

[
βi(T ) +Di(T )

]
Vi(T )

+eε(T−t0)Li(T )max
{

sup
s≤t0−T

|x(T + s)− y(T + s)|eεs,

sup
t0−T<s≤0

|x(T + s)− y(T + s)|eεs
}

≤ εVi(T )− ai
[
βi(T ) +Di(T )

]
Vi(T )

+eε(T−t0)Li(T )max
{
‖ϕ− ψ‖eε(t0−T ),

sup
t0−T<s≤0

|x(T + s)− y(T + s)|eεs
}
.

By (2.8), we obtain

V ′
i (T ) ≤ εVi(T )− ai

[
βi(T ) +Di(T )

]
Vi(T )

+eε(T−t0)Li(T )max
{
‖ϕ− ψ‖eε(t0−T ),

sup
t0−T<s≤0

e−ε(T+s−t0)+εsaiVi(T + s)
}

= εVi(T )− ai
[
βi(T ) +Di(T )

]
Vi(T )

+aiLi(T )max
{
‖ϕ− ψ‖

ai
, sup
t0−T<s≤0

Vi(T + s)

}
.

By (2.10) and definitions of t1 and T , we have

V ′
i (T ) ≤ εVi(T )− ai

[
βi(T ) +Di(T )

]
Vi(T ) + aiLi(T )Vi(T ).

From (2.10) and (H5), we conclude that

V ′
i (T ) ≤

[
ε− ai

(
βi(T ) +Di(T )

)
+ aiLi(T )

]
Vi(T ) < 0,

which contradicts (2.10) and hence (2.9) holds.
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From (2.8) and (2.9), we obtain

|x(t)− y(t)|eε(t−t0) min
i

{
a−1
i

}
≤ |V (t)| ≤ max

i
{a−1

i }‖ϕ− ψ‖,

thus
|x(t)− y(t)| ≤ Ce−ε(t−t0)‖ϕ− ψ‖, ∀t ≥ t0,

with C =
maxi{a−1

i }
mini{a−1

i } = maxi{ai}
mini{ai}

≥ 1, which shows that the system (1.3) is globally
exponentially stable.

We remark that hypothesis (H2) trivially holds (with Di(t) = 0 for all t > 0) when
all functions ai that do not explicitly depend on time t, i.e. ai(t, u) = ai(u) for all
i = 1, . . . , n and u ∈ R. Thus, under the assumption

(h5) For all t ≥ 0 and i = 1, . . . , n, we have

aiβi(t)− aiLi(t) > ε, (2.11)

the following stability result can be obtained for the system

x′i(t) = ai(xi(t))
[
− bi(t, xi(t)) + fi(t, xt)

]
, t ≥ 0, i = 1, . . . , n. (2.12)

Corollary 2.1.4. Assume (H1), (H3), (H4), and (h5) hold. Then, system (2.12) is
globally exponentially stable.

Proof. Hypothesis (H2) holds withD(t) = 0, thus the result follows from Theorem 2.1.3.

Now, consider the model studied in [51]

x′i(t) = ai(t, xi(t))

[
−bi(t, xi(t)) +

K∑
k=1

n∑
j=1

fijk(t, xjt)

]
, (2.13)

t ≥ 0, i = 1, . . . , n, where n,K ∈ N, ai and bi are functions as in system (1.3) and
fijk : [0,+∞)×UC1

ε → R are continuous functions for i, j = 1, . . . , n and k = 1, . . . , K.
We will also assume the following conditions:

(h4) for each i, j = 1, . . . , n and k = 1, . . . , K, there exists a continuous function
Fijk : [0,+∞) → [0,+∞) such that

|fijk(t, ϕ)− fijk(t, ψ)| ≤ Fijk(t)‖ϕ− ψ‖ε, ∀t ≥ 0, ϕ, ψ ∈ UC1
ε .
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(h5’) for all t ≥ 0 and i = 1, . . . , n, we have

ai
(
βi(t) +Di(t)

)
− ai

K∑
k=1

n∑
j=1

Fijk(t) > ε.

As system (2.13) is a particular situation of (1.3), the following stability criterion holds.

Corollary 2.1.5. Assume that (H1), (H2), (H3), (h4) and (h5’) hold. Then system
(2.13) is globally exponentially stable.

Proof. System (2.13) is a particular situation of (1.3) with

fi(t, φ) =
K∑
k=1

n∑
j=1

fijk(t, φj), ∀t ≥ 0, φ = (φ1, . . . , φn) ∈ UCn
ε .

From (h4), we know that (H4) holds with

Li(t) =
K∑
k=1

n∑
j=1

Fijk(t), ∀t ≥ 0, i = 1, . . . , n.

Moreover, (H5) reads as (h5’). Thus the result follows from Theorem 2.1.3.

Remark 2.1.6. We remark that the exponential stability of (2.13) was proved in [51]
under the assumptions (H1), (H2), (H3), (h4), and a condition similar to

(h5”) for all t ≥ 0 and i = 1, . . . , n, we have

ai
(
βi(t) +Di(t)

)
−

K∑
k=1

n∑
j=1

ajFijk(t) > ε. (2.14)

We emphasize that conditions (h5’) and (h5”) are different, thus Corollary 2.1.5
presents a new exponential stability criterion for the system (2.13).

2.1.2 Existence of periodic solution

In this section, we assume that (1.3) is a periodic system which means that ai(t, .),
bi(t, .), and fi(t, .) are periodic functions with the same period and, we establish suffi-
cient conditions for the existence of a periodic solution.
The existence of a periodic solution will be proved through Mawhin’s Continuation
Theorem [46]. Before stating the referred theorem, we need to recall some definitions
and facts.

Definition 2.1.2. Let X and Z be two Banach spaces.
A linear mapping L : Dom L ⊆ X → Z is called a Fredholm mapping of index zero if
dimKerL = codim ImL < +∞ and ImL is closed in Z.
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Given a Fredholm mapping of index zero, L : Dom L ⊆ X → Z , it is well known
that there are continuous projectors P : X → X and Q : Z → Z such that ImP =

KerL, KerQ = ImL = ImI−Q, X = KerL ⊕KerP and Z = ImL ⊕ ImQ. It follows that
L|Dom L∩ kerP : Dom L ∩ kerP → ImL is invertible. We denote the inverse of that map
by KP .

Definition 2.1.3. Let U be an open bounded subset of X. We say that a continuous
mapping N : U ⊆ X → Z is L-compact on U if the set QN(U) is bounded and the
mapping KP (I −Q)N : U ⊆ X → X is compact.

Theorem 2.1.7 (Mawhin’s Continuation Theorem). Let X be a Banach space and
Ω ⊆ X an open bounded set. Suppose L : Dom L ⊂ X → X is a Fredholm mapping
of index zero and that N : Ω → X is L-compact on Ω . Moreover, assume that all the
following conditions are satisfied:

(i) Lx 6= λNx, ∀x ∈ ∂Ω ∩Dom L, λ ∈ (0, 1);

(ii) QNx 6= 0, ∀x ∈ ∂Ω ∩KerL;

(iii) degB{QN,Ω ∩KerL, 0} 6= 0, where degB denotes the Brouwer degree.

Then, the equation Lx = Nx has at least one solution in Ω.

For studying the system (1.3) in case of being periodic, the following hypotheses will
be considered:

(H1*) For each i = 1, . . . , n, there exist ai , ai > 0 such that

ai < ai(t, u) < ai, ∀t ≥ 0, u ∈ R;

(H2*) There is ω > 0 such that, for each i = 1, . . . , n,

ai(t, u) = ai(t+ ω, u), bi(t, u) = bi(t+ ω, u),

fi(t, ϕ) = fi(t+ ω, ϕ),

for all t ≥ 0, u ∈ R, and ϕ ∈ BC;

(H3*) For each i = 1, . . . , n, there exist ω−periodic continuous functions βi, β∗
i : [0,+∞) →

(0,+∞) such that

βi(t) ≤
bi(t, u)− bi(t, v)

u− v
≤ β∗

i (t), ∀t ∈ [0, ω], ∀u, v ∈ R, u 6= v;

(H4*) For each i = 1, . . . , n, there exists a ω−periodic continuous function Li : [0,+∞) →
[0,+∞) such that

|fi(t, ϕ)− fi(t, ψ)| ≤ Li(t)‖ϕ− ψ‖, ∀t ∈ [0, ω], ∀ϕ, ψ ∈ BC;
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(H5*) For each i = 1, . . . , n,

βi(t) > Li(t), ∀t ∈ [0, ω].

From (H2*), we conclude that for fixed u ∈ R and ϕ ∈ BC, the continuous functions
t 7→ bi(t, 0) and t 7→ fi(t, 0) are ω-periodic and therefore bounded. From (H3*), we
also conclude that βi are bounded away from zero and β∗

i are bounded.
Defining

β
i
:= min

t∈[0,ω]
βi(t), β

∗
i := max

t∈[0,ω]
β∗
i (t),

bi := max
t∈[0,ω]

|bi(t, 0)|, and f i := max
t∈[0,ω]

|fi(t, 0)|,
(2.15)

we have 0 < β
i
, β

∗
i , and 0 ≤ bi, f i.

We denote by X the Banach space

X =
{
ϕ ∈ C(R : Rn) : ϕ is ω − periodic

}
,

with the norm ‖ϕ‖ = sup
t∈[0,ω]

|ϕ(t)|, for ϕ ∈ X.

For DomL = {ϕ ∈ X : ϕ′ ∈ X} ⊆ X, define the linear operator L : DomL → X by

Lϕ = ϕ′ (2.16)

i.e., for all t ∈ R and ϕ(t) = (ϕ1(t), . . . , ϕn(t)) ∈ DomL, we have

(
Lϕ
)
(t) = (ϕ′

1(t), . . . , ϕ
′
n(t)).

It is not difficult to show that KerL ∼= Rn and

ImL =

{
ϕ = (ϕ1, . . . , ϕn) ∈ X :

∫ ω

0

ϕ1(t)dt = · · · =
∫ ω

0

ϕn(t)dt = 0

}
, (2.17)

with ImL closed in X and dimKerL = codim ImL = n, thus L is a Fredhom operator
of index zero.
Now, we consider the projection P : X → X defined by

Pϕ =
1

ω

∫ ω

0

ϕ(t)dt =
1

ω

(∫ ω

0

ϕ1(t)dt, . . . ,

∫ ω

0

ϕn(t)dt

)
, (2.18)

∀ϕ = (ϕ1, . . . , ϕn) ∈ X. The projection P is continuous and, considering Qϕ = Pϕ, we
have ImP = KerL, KerQ = ImL, and the operator L|DomL ∩ KerP

: DomL ∩KerP → ImL

is invertible. We denote the inverse by KP . By (2.16) and (2.17), we obtain that
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KPϕ =
(
(KPϕ)1, · · · , (KPϕ)n

)
with

(KPϕ)i(t) =

∫ t

0

ϕi(u)du−
1

ω

∫ ω

0

∫ u

0

ϕi(s)dsdu, (2.19)

∀ϕ = (ϕ1, . . . , ϕn) ∈ ImL, for i = 1, . . . , n.
For a convenient bounded open set Ω ⊆ X, define the function N : Ω → X by
Nϕ =

(
(Nϕ)1, . . . , (Nϕ)n

)
, where

(Nϕ)i(t) = ai(t, ϕi(t))

[
− bi(t, ϕi(t)) + fi(t, ϕt)

]
, (2.20)

for all t ∈ R, ϕ = (ϕ1, . . . , ϕn) ∈ X, and i = 1, . . . , n.
We claim that, from the continuity of ai, bi, and fi, (2.19) and (2.20), we can conclude
that, for any α > 0, the mapping N is L-compact in the set Ω = {ϕ ∈ X : ‖ϕ‖ < α}.
In fact, for any x ∈ X, from (H1*), (H3*), (H4*), (H5*), and (2.15), we have

‖QNx‖ ≤ max
i

{
ai

[
2β

∗
i ‖x‖+ bi + f i

]}
from which we conclude that QN(Ω) is bounded.
Additionally, we also need to show that the mapping KP (I − Q)N is compact. To
achieve this, we show that for any bounded sequence (ϕm)m∈N in Ω, the sequence
(KP (I −Q)N(ϕm))m∈N has a convergent subsequence in X.
Defining the sequence (Φm)m∈N by

Φm := KP (I −Q)N(ϕm), m ∈ N,

from the definition of Q, (2.18), and (2.19), we obtain

(Φm)i (t) =

∫ t

0

(Nϕm)i(u)du−
t

ω

∫ ω

0

(Nϕm)i(v)dv + (cm)i,

with
(cm)i := − 1

ω

∫ ω

0

∫ u

0

(Nϕm)i(s)ds+
1

2

∫ ω

0

(Nϕm)i(v)dv,

for all t ∈ R and i = 1, . . . , n.
As ϕm and Φm are ω−periodic functions, we do not lose generality considering

ϕ̃m = ϕm
|[0,ω]

and,
Φ̃m = Φm

|[0,ω]
.

For simplicity, we drop the tildes.
As (ϕm)m∈N is a bounded sequence, then (Nϕm)m∈N is also a bounded sequence.
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Through easy computations, we also conclude that (Φm)m∈N is a bounded sequence.
Defining N := sup

m
‖Nϕm‖, for any s1, s2 ∈ [0, ω], m ∈ N, and i = 1, . . . , n, we have

|(Φm(s1))− (Φm(s2))| =

∣∣∣∣sign(s2 − s1)

∫ s2

s1

(Nϕm)i(u)du+
s1 − s2
ω

∫ ω

0

(Nϕm)i(u)du

∣∣∣∣
≤ 2N |s1 − s2|.

Consequently,
{
Φm : m ∈ N

}
is a bounded equicontinuous set in C([0, ω];Rn), thus

Ascoli-Arzela theorem allows us to conclude that (Φm)m∈N has a convergent subse-
quence, which proves that N is L-compact in Ω.
In view of (2.20) and (2.16), for λ ∈ (0, 1) and x(t) = (x1(t), . . . , xn(t)) ∈ X, the
operator equation Lx = λNx is equivalent to the following equation:

x′i(t) = λai(t, xi(t))

[
− bi(t, xi(t)) + fi(t, xt)

]
, ∀λ ∈ (0, 1), i = 1, . . . , n. (2.21)

We mention the homotopy invariance notion (see [47]) because it plays a crucial rule
in proving the existence of a periodic solution of the general differential system (1.3),
this property is essential in satisfying the third condition of Theorem 2.1.7.

Definition 2.1.4. [47] If f : Ω ⊂ Rn → Rn is a continuous function, Ω is an open
bounded subset, p ∈ Rn is a given point such that f(x) 6= p for all x ∈ ∂Ω, then the
Brouwer degree degB[f,Ω, p] is an algebraic count of the number of zeros of f located
in Ω.

Lemma 2.1.8 (Homotopy Invariance Property). [47]
Assume that fε : Ω → Rn is a continuous homotopy such that fε(x) 6= p for all x ∈ ∂Ω

and ε ∈ [0, 1]. Then the Brouwer degree deg(fε,Ω, p) is invariant under this homotopy,
i.e.,

deg(f0,Ω, p) = deg(f1,Ω, p).

Now, we are in a position to prove the existence of a periodic solution of the general
differential system (1.3).

Theorem 2.1.9. Suppose that (H1*), (H2*), (H3*), (H4*), and (H5*) hold. Then,
system (1.3) has at least one ω−periodic solution.

Proof. Our objective is to apply Theorem 2.1.7. To accomplish this, it is needed to
define a bounded open set Ω ⊆ X for which the conditions 1., 2., and 3. in Theorem
2.1.7 hold.
Let x = x(t) = (x1(t), . . . , xn(t)) be an arbitrary ω−periodic solution of equation
(2.21). The components xi(t) of x(t) are all continuously differentiable, thus, for each
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i = 1, . . . , n, there is ti ∈ [0, ω] such that

|xi(ti)| = max
t∈[0,ω]

|xi(t)|.

Hence x′i(ti) = 0 for all i = 1, . . . , n.

Choose i ∈ {1, . . . , n} such that |xi(ti)| = max
t∈[0,ω]

|x(t)|. Consequently, from (2.21), we
have

bi(ti, xi(ti)) = fi(ti, xti), (2.22)

thus

∣∣bi(ti, xi(ti))− bi(ti, 0)
∣∣− |bi(ti, 0)| ≤

∣∣fi(ti, xti)− fi(ti, 0)
∣∣+ |fi(ti, 0)|.

By (H3*), (H4*), and (2.15), we obtain

βi(ti)|xi(ti)| − bi ≤ Li(ti)‖xti‖+ f i,

and, as ‖xti‖ = |x(ti)| = |xi(ti)|, we get

|xi(ti)|
(
1− Li(ti)

βi(ti)

)
≤ f i + bi

βi(ti)
≤ f i + bi

β
i

.

As βj and Lj are ω−periodic functions, from (H5*) and (2.15), we can define

ξ =: max
j,t

{(
1− Lj(t)

βj(t)

)−1
f + b

β

}
+ 1 > 0, (2.23)

where b = max
i
bi, f = max

i
f i, and β = min

i
β
i
. Thus we conclude that

|xi(ti)| < ξ. (2.24)

Consequently, ‖x‖ < ξ, and taking

Ω =
{
ϕ ∈ X : ‖ϕ‖ < ξ

}
, (2.25)

we conclude that the first condition of Theorem 2.1.7 is satisfied.

Now, we prove that the second condition of Theorem 2.1.7 holds.

Let x = x(t) = (x1(t), . . . , xn(t)) ∈ ∂Ω ∩ KerL. As KerL ∼= Rn, then x(t) is identified
with a constant vector in Rn, i.e. x(t) = (x1, . . . , xn), and by (2.25), we conclude that
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there is i ∈ {1, . . . , n} such that |xi| = ξ. By (2.18) and (2.20), we have

(QNx)i(t) = (QNx)i =
1

ω

∫ ω

0

ai(u, xi) [−bi(u, xi) + fi(u, x)] du. (2.26)

We claim that

|(QNx)i| > 0. (2.27)

By contradiction, we assume that |(QNx)i| = 0. Then there is t∗i ∈ [0, ω] such that

bi(t
∗
i , xi) = fi(t

∗
i , x).

Reproducing the same computations above (see how (2.22) implies (2.24)), we conclude
that

ξ = |xi| < ξ,

which is a contradiction. Consequently, (2.27) holds and the second condition of The-
orem 2.1.7 is proved.

In order to prove the last condition of Theorem 2.1.7, we consider the continuous
function Ψ : (Ω ∩KerL) × [0, 1] → X defined by Ψ(x, µ) = (Ψ(x, µ)1, . . . ,Ψ(x, µ)n)

with
Ψ(x, µ)i = −µaiβ

∗
ixi + (1− µ)(QNx)i,

for all x = (x1, . . . , xn) ∈ Ω ∩KerL ∼= Ω ∩ Rn, µ ∈ [0, 1], and i = 1, . . . , n.

We claim that

|Ψ(x, µ)| 6= 0, ∀x ∈ (∂Ω) ∩KerL, µ ∈ [0, 1]. (2.28)

Consequently, defining Φ̄ : Rn → Rn by

Φ̄x =
(
−a1β

∗
1x1, . . . ,−anβ

∗
nxn

)
, ∀x = (x1, . . . , xn) ∈ Rn,

the homotopy invariance property (see Lemma 2.1.8) implies that

degB {QN,Ω ∩KerL, 0} = degB
{
Φ̄,Ω ∩KerL, 0

}
6= 0.

Now, it remains to prove that (2.28) holds to conclude the proof.

Let x = (x1, . . . , xn) ∈ (∂Ω) ∩KerL and µ ∈ [0, 1]. The function x is constant because
KerL ∼= Rn and, by (2.25), we conclude that there is i ∈ {1, . . . , n} such that |x| =
|xi| = ξ. We claim that

|Ψ(x, µ)i| 6= 0.
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By contradiction assume that

|Ψ(x, µ)i| = 0. (2.29)

From (2.20), (2.26), and (2.29), we have

−µaiβ
∗
ixi +

1− µ

ω

∫ ω

0

ai(t, xi)
[
− bi(t, xi) + fi(t, x)

]
dt = 0,

thus there exists t∗∗i ∈ [0, ω] such that

−µaiβ
∗
ixi + (1− µ)ai(t

∗∗
i , xi)

[
− bi(t

∗∗
i , xi) + fi(t

∗∗
i , x)

]
= 0. (2.30)

Now, we assume that |x| = xi = ξ > 0 (the situation |x| = −xi = ξ is analogous).

By condition (H1*) and (H3*), we have

ai(t
∗∗
i , xi)bi(t

∗∗
i , xi) = ai(t

∗∗
i , xi)

[
bi(t

∗∗
i , xi)− bi(t

∗∗
i , 0)

]
+ ai(t

∗∗
i , xi)bi(t

∗∗
i , 0)

≤ aiβ
∗
ixi + ai(t

∗∗
i , xi)bi(t

∗∗
i , 0),

then
ai(t

∗∗
i , xi)bi(t

∗∗
i , xi)− aiβ

∗
ixi − ai(t

∗∗
i , xi)bi(t

∗∗
i , 0) ≤ 0.

Consequently, from (2.30), we have

−ai(t∗∗i , xi)bi(t∗∗i , xi) + (1− µ)ai(t
∗∗
i , xi)fi(t

∗∗
i , x)

≥ µ
[
ai(t

∗∗
i , xi)bi(t

∗∗
i , xi)− aiβ

∗
ixi − ai(t

∗∗
i , xi)bi(t

∗∗
i , 0)

]
−ai(t∗∗i , xi)bi(t∗∗i , xi) + (1− µ)ai(t

∗∗
i , xi)fi(t

∗∗
i , x)

= −µaiβ
∗
ixi + (1− µ)ai(t

∗∗
i , xi)

[
− bi(t

∗∗
i , xi) + fi(t

∗∗
i , x)

]
−µai(t∗∗i , xi)bi(t∗∗i , 0)

= −µai(t∗∗i , xi)bi(t∗∗i , 0)

≥ ai(t
∗∗
i , xi)min

{
0,−bi(t∗∗i , 0)

}
.

and by (H1*), we obtain

−bi(t∗∗i , xi) + (1− µ)fi(t
∗∗
i , x) ≥ min

{
0,−bi(t∗∗i , 0)

}
.

Consequently,

bi(t
∗∗
i , xi)− bi(t

∗∗
i , 0) ≤ |fi(t∗∗i , x)− fi(t

∗∗
i , 0)|+ bi + f i,
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and recalling that xi > 0, and ‖x‖ = |x|, from (H3*), (H4*), and (2.15), we have

xi ≤
Li(t

∗∗
i )

βi(t∗∗i )
|x|+ bi + f i

β
i

.

As |x| = xi = ξ > 0, we obtain, taking into account (H5*),

ξ = xi ≤
(
1− Li(t

∗∗
i )

βi(t∗∗i )

)−1
bi + f i

β
i

,

and by (2.23) we conclude that

ξ = xi ≤
(
1− Li(t

∗∗
i )

βi(t∗∗i )

)−1
bi + f i

β
i

< ξ,

which is a contradiction.
The case when xi < 0 is very similar to the previous one and we present it briefly.
From (H1*), (H3*), and (2.15), we obtain

ai(t
∗∗
i , xi)bi(t

∗∗
i , xi)− aiβ

∗
ixi − ai(t

∗∗
i , xi)bi(t

∗∗
i , 0) ≥ 0

and, from (H1*), (H5*), and (2.23), we obtain

−bi(t∗∗i , xi) + (1− µ)fi(t
∗∗
i , x) ≤ max

{
0,−bi(t∗∗i , 0)

}
.

Therefore,
bi(t

∗∗
i , xi)− bi(t

∗∗
i , 0) ≥ −|fi(t∗∗i , x)− fi(t

∗∗
i , 0)| − bi − f i.

Since xi < 0 and ‖x‖ = |x|, from (H3*), (H4*), (2.15) and taking into account that
|x| = −xi = ξ > 0, we obtain

xi ≥
Li(t

∗∗
i )

βi(t∗∗i )
xi −

bi + f i

β
i

.

Using this last equation and (2.23), we conclude that

−ξ = xi ≥ −
(
1− Li(t

∗∗
i )

βi(t∗∗i )

)−1
bi + f i

β
i

> −ξ,

and we obtain again a contradiction.

From Theorems 2.1.3 and 2.1.9, we have the following result.

Theorem 2.1.10. Assume (H1*), (H2*), (H2), (H3*), (H4) with Li being ω−periodic
continuous functions, (H5*), and (H5). Then the system (1.3) has an ω−periodic

25



solution which is globally exponentially stable.

In the case of Di(t) ≤ 0, for all t ≥ 0 and i = 1, . . . , n, hypothesis (H5) implies (H5*),
thus the following result is an immediate consequence of Theorem 2.1.10.

Corollary 2.1.11. If (H1*), (H2*), (H2) with Di(t) ≤ 0, for all t ≥ 0 and i = 1, . . . , n,
(H3*), (H4) with Li being ω−periodic continuous functions, and (H5) hold, then the
system (1.3) has an ω−periodic solution which is globally exponentially stable.

In the particular case of functions ai that do not explicitly depend on time t, from the
Corollary 2.1.11, we have the following result.

Corollary 2.1.12. If (H1*), (H3*), (H4) with Li being ω−periodic continuous func-
tions, and (H5) hold, then system (2.12) has an ω−periodic solution which is globally
exponentially stable.

2.2 Cohen-Grossberg type models

In this section, we apply the results in Subsections 2.1.1 and 2.1.2 to Cohen-Grossberg
type models.

2.2.1 Existence of periodic orbits and exponential stability

We consider the general CGNN model with discrete-time varying and distributed delays

x′i(t) =ai(t, xi(t))

[
− bi(t, xi(t)) + Fi(Ui(t, xt)) +Gi(Vi(t, xt)) + Ii(t)

]
,

t ≥ 0, i = 1, . . . , n,

(2.31)

where

Ui(t, φ) =
P∑

p=1

n∑
j,l=1

cijlp(t)hijlp
(
φj(−τijp(t)), φl(−τ̃ilp(t))

)
,

Vi(t, φ) =
P∑

p=1

n∑
j,l=1

dijlp(t)fijlp

(∫ 0

−∞
gijp(φj(s)) dηijp(s),

∫ 0

−∞
g̃ilp(φl(s)) dη̃ilp(s)

)
,

such that n, P,Q ∈ N and ai : [0,+∞) × R → (0,+∞), bi : [0,+∞) × R → R,
cijlp , dijlq, Ii : [0,+∞) → R, τijp, τ̃ilp : [0,+∞) → [0,+∞), hijlp , fijlq : R2 → R,
Fi, Gi, gijq, g̃ilq : R → R are continuous functions, and ηijq, η̃ilq : (−∞, 0] → R are non-
decreasing bounded functions such that ηijq(0)−ηijq(−∞) = 1 and η̃ilq(0)− η̃ilq(−∞) = 1,
for each i, j, l = 1, . . . , n, p = 1, . . . , P , and q = 1, . . . , Q.
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As mentioned in Section 2.1, since we intend to apply our results to neural networks,
we restrict our study to solutions of (2.31) with bounded initial condition, i.e.

xt0 = ϕ, (2.32)

for some t0 ≥ 0 and ϕ ∈ BC. Here, we consider the space UCn
ε for some ε > 0 defined

in the proof of Theorem 2.2.1. as the phase space of system (2.31).

In order to apply the results obtained in Sections 2.1.1 and 2.1.2 to Cohen-Grossberg
type models, we start by assuming the next Lipschitz conditions:

(H4**) For each i, j, l = 1, . . . , n, p = 1, . . . , P , and q = 1, . . . , Q, there are positive
numbers γ(1)ijlp, γ

(2)
ijlp, µ

(1)
ijlq, µ

(2)
ijlq, ξijq, ξ̃ilq, ζi, and ςi such that

|hijlp(u1, u2)− hijlp(v1, v2)| ≤ γ
(1)
ijlp|u1 − v1|+ γ

(2)
ijlp|u2 − v2|,

|fijlq(u1, u2)− fijlq(v1, v2)| ≤ µ
(1)
ijlq|u1 − v1|+ µ

(2)
ijlq|u2 − v2|,

for all u1, u2, v1, v2 ∈ R, and

|gijq(u)− gijq(v)| ≤ ξijq|u− v|, |g̃ilq(u)− g̃ilq(v)| ≤ ξ̃ilq|u− v|,

|Fi(u)− Fi(v)| ≤ ζi|u− v|, |Gi(u)−Gi(v)| ≤ ςi|u− v|.

for all u, v ∈ R.

Now, we state our main stability criterion for model (2.31).

Theorem 2.2.1. Assume (H1)-(H3), (H4**), that the functions τijp, τ̃ijp are bounded,
and that there exists ϑ > 0 such that∫ 0

−∞
e−ϑsdηijq(s) < +∞,

∫ 0

−∞
e−ϑsdη̃ilq(s) < +∞. (2.33)

If there exist ε > 0 and w = (w1, . . . , wn) > 0 such that, for all t ≥ 0 and i = 1, . . . , n,

ai
(
βi(t) +Di(t)

)
− ai

n∑
j,l=1

[
P∑

p=1

ζi|cijlp(t)|
(
wj

wi

γ
(1)
ijlp +

wl

wi

γ
(2)
ijlp

)

+

Q∑
q=1

ςi|dijlq(t)|
(
wj

wi

µ
(1)
ijlqξijq +

wl

wi

µ
(2)
ijlq ξ̃ilq

)]
> ε, (2.34)

then the model (2.31) is globally exponentially stable.
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Proof. With the change of variables yi(t) = w−1
i xi(t), model (2.31) is transformed into

y′i(t) = ai(t, wiyi(t))w
−1
i

[
− bi(t, wiyi(t)) + Ii(t)

+Fi

( P∑
p=1

n∑
j,l=1

cijlp(t)hijlp
(
wjyj(t− τijp(t)), wlyl(t− τ̃ilp(t))

))

+Gi

( Q∑
q=1

n∑
j,l=1

dijlq(t)fijlq

(∫ 0

−∞
gijq(wjyj(t+ s)) dηijq(s),∫ 0

−∞
g̃ilq(wlyl(t+ s)) dη̃ilq(s)

))]
,

(2.35)

for t ≥ 0, and i = 1, . . . , n.

From (2.34), there exists ν > 0 such that

ai
(
βi(t) +Di(t)

)
− ai

n∑
j,l=1

[
P∑

p=1

ζi|cijlp(t)|
(
wj

wi

γ
(1)
ijlp +

wl

wi

γ
(2)
ijlp

)

+

Q∑
q=1

ςi|dijlq(t)|
(
wj

wi

µ
(1)
ijlqξijq +

wl

wi

µ
(2)
ijlq ξ̃ilq

)]
(1 + ν) > ν,

(2.36)

for all t ≥ 0 and i = 1, . . . , n.

As τijp and τ̃ilp are bounded functions, it is possible to define the non-negative real
number

τ := max
i,j,p

(
sup
t≥0

{τijp(t), τ̃ijp(t)}
)
.

We claim that there exists α ∈ (0, ϑ) such that∫ 0

−∞
e−αsdηijq(s) < 1 + ν and

∫ 0

−∞
e−αsdη̃ilq(s) < 1 + ν, (2.37)

for all i, j, l = 1, . . . , n and q = 1, . . . , Q. The claim can be proved by a similar argument
to the one in [24, Theorem 4.3].
Let ε := min{ν, α, log(1+ν)

τ+1
}, and consider the system (2.35) in the phase space UCn

ε .
Defining, for each i = 1, . . . , n, ãi(t, u) := ai(t, wiu), b̃i(t, u) = w−1

i bi(t, wiu), and

f̃i(t, ϕ) := w−1
i Fi

( P∑
p=1

n∑
j,l=1

cijlp(t)hijlp
(
wjϕj(−τijp(t)), wlϕl(−τ̃ilp(t))

))
+ w−1

i Ii(t)

+ w−1
i Gi

(
Q∑

q=1

n∑
j,l=1

dijlq(t)fijlq

(∫ 0

−∞
gijq(wjϕj(s))dηijq(s),

∫ 0

−∞
g̃ilq(wlϕl(s))dη̃ilq(s)

))
,
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for all u ∈ R and ϕ = (ϕ1, . . . , ϕn) ∈ UCn
ε , the model (2.35) has the form

y′i(t) = ãi(t, yi(t))
[
− b̃i(t, yi(t)) + f̃i(t, yt)

]
, t ≥ 0, i = 1, . . . , n. (2.38)

For the model (2.38), the hypotheses (H1), (H2), and (H3) hold with same constants
ai, ai and same functions Di(t), βi(t).
From Theorem 2.1.3, the proof is concluded if hypotheses (H4) and (H5) hold.

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤ w−1
i

n∑
j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
∣∣∣hijlp(wjϕj(−τijp(t)), wlϕl(−τ̃ilp(t))

)
−hijlp

(
wjψj(−τijp(t)), wlψl(−τ̃ilp(t))

)∣∣∣
+ςi

Q∑
q=1

|dijlq(t)|

∣∣∣∣∣fijlq
(∫ 0

−∞
gijq(wjϕj(s)) dηijq(s),∫ 0

−∞
g̃ilq(wlϕl(s)) dη̃ilq(s)

)
− fijlq

(∫ 0

−∞
gijq(wjψj(s)) dηijq(s),∫ 0

−∞
g̃ilq(wlψl(s)) dη̃ilq(s)

)∣∣∣∣∣
]

≤ w−1
i

n∑
j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlpwj

∣∣ϕj(−τijp(t))− ψj(−τijp(t))
∣∣

+γ
(2)
ijlpwl

∣∣ϕl(−τ̃ilp(t))− ψl(−τ̃ilp(t))
∣∣)

+ςi

Q∑
q=1

|dijlq(t)|

(
µ
(1)
ijlq

∣∣∣ ∫ 0

−∞

(
gijq(wjϕj(s))− gijq(wjψj(s))

)
dηijq(s)

∣∣∣
+µ

(2)
ijlq

∣∣∣ ∫ 0

−∞

(
g̃ilq(wlϕl(s))− g̃ilq(wlψl(s))

)
dη̃ilq(s)

∣∣∣)].
Again, from (H4**) and by the monotony of ηijq and η̃ilq, we obtain,

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤
n∑

j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

∣∣ϕj(−τijp(t))− ψj(−τijp(t))
∣∣

+ γ
(2)
ijlp

wl

wi

∣∣ϕl(−τ̃ilp(t))− ψl(−τ̃ilp(t))
∣∣)

+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlq

∫ 0

−∞
ξijq

wj

wi

|ϕj(s)− ψj(s)| dηijq(s)

+ µ
(2)
ijlq

∫ 0

−∞
ξ̃ilq

wl

wi

|ϕl(s)− ψl(s)| dη̃ilq(s)
)]

,

(2.39)
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and consequently,

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤
n∑

j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

∣∣(ϕj − ψj)(−τijp(t))
∣∣

e−ε(−τijp(t))
eετijp(t)

+ γ
(2)
ijlp

wl

wi

∣∣(ϕl − ψl)(−τ̃ilp(t))
∣∣

e−ε(−τ̃ilp(t))
eετ̃ilp(t)

)
+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlq

∫ 0

−∞
ξijq

wj

wi

|(ϕj − ψj)(s)|
e−εs

e−εsdηijq(s)

+ µ
(2)
ijlq

∫ 0

−∞
ξ̃ilq

wl

wi

|(ϕl − ψl)(s)|
e−εs

e−εsdη̃ilq(s)

)]
.

Therefore,

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤ ‖ϕ− ψ‖ε
n∑

j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

+ γ
(2)
ijlp

wl

wi

)
eετ

+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlqξijq

wj

wi

∫ 0

−∞
e−εsdηijq(s)

+ µ
(2)
ijlq ξ̃ilq

wl

wi

∫ 0

−∞
e−εsdη̃ilq(s)

)]
.

As ε ≤ α, (2.37) implies∫ 0

−∞
e−εsdηijq(s) < 1 + ν and

∫ 0

−∞
e−εsdη̃ilq(s) < 1 + ν,

for all i, j, l = 1, . . . , n and q = 1, . . . , Q. As ε ≤ log(1 + ν)

τ + 1
, then we also have

eετ < eε(τ+1) ≤ 1 + ν.

Consequently,

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤

[
n∑

j,l=1

(
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

+ γ
(2)
ijlp

wl

wi

)

+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlqξijq

wj

wi

+ µ
(2)
ijlq ξ̃ilq

wl

wi

))
(1 + ν)

]
‖ϕ− ψ‖ε,
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and hypothesis (H4) holds with

Li(t) =
n∑

j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

+ γ
(2)
ijlp

wl

wi

)

+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlqξijq

wj

wi

+ µ
(2)
ijlq ξ̃ilq

wl

wi

)]
(1 + ν),

for all i = 1, . . . , n.

As ε ≤ ν and (2.36) holds, the hypothesis (H5) also holds and the proof is concluded.

Now, we assume that the model (2.31) is periodic, i.e.

(H2**) There is ω > 0 such that, for each i, j, l = 1, . . . , n, p = 1, . . . , P , and q = 1, . . . , Q,

ai(t, u) = ai(t+ ω, u), cijlp(t) = cijlp(t+ ω), τijp(t) = τijp(t+ ω),

bi(t, u) = bi(t+ ω, u), dijlq(t) = dijlq(t+ ω), τ̃ijp(t) = τ̃ijp(t+ ω), and
Ii(t) = Ii(t+ ω)

for all t ≥ 0 and u ∈ R.

Theorem 2.2.2. Assume the hypotheses (H2**), (H1), (H3*), and (H4**).

If there exists w = (w1, . . . , wn) > 0 such that for all t ∈ [0, ω], and i = 1, . . . , n,

βi(t) >
n∑

j,l=1

[
P∑

p=1

ζi|cijlp(t)|
(
wj

wi

γ
(1)
ijlp +

wl

wi

γ
(2)
ijlp

)

+

Q∑
q=1

ςi|dijlq(t)|
(
wj

wi

µ
(1)
ijlqξijq +

wl

wi

µ
(2)
ijlq ξ̃ilq

)]
,

(2.40)

then the model (2.31) has an ω−periodic solution.

Proof. As in the previous proof, the change of variables yi(t) = w−1
i xi(t) transforms

the model (2.31) into (2.35).

The model (2.35) in the phase space UCn
ε , for some ε > 0, has the form (2.38).

Proceeding as in the proof of Theorem 2.2.1, the functions f̃i verify (2.39) for all
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ϕ = (ϕ1, . . . , ϕn), ψ = (ψ1, . . . , ψn) ∈ BC and t ≥ 0. Consequently,

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤ ‖ϕ− ψ‖
n∑

j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

+ γ
(2)
ijlp

wl

wi

)

+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlqξijq

wj

wi

∫ 0

−∞
dηijq(s)

+ µ
(2)
ijlq ξ̃ilq

wl

wi

∫ 0

−∞
dη̃ilq(s)

)]
.

Taking into account the properties of ηijq and η̃ilq, we obtain

|f̃i(t, ϕ)− f̃i(t, ψ)| ≤ Li(t)‖ϕ− ψ‖,

with

Li(t) =
n∑

j,l=1

[
ζi

P∑
p=1

|cijlp(t)|
(
γ
(1)
ijlp

wj

wi

+ γ
(2)
ijlp

wl

wi

)

+ ςi

Q∑
q=1

|dijlq(t)|
(
µ
(1)
ijlqξijq

wj

wi

+ µ
(2)
ijlq ξ̃ilq

wl

wi

)]
.

Thus, hypothesis (H4*) holds for the model (2.38).
By (2.40), hypothesis (H5*) also holds and the conclusion follows from Theorem 2.1.9.

Immediately, from Theorems 2.2.1 and 2.2.2, we have the following result.

Corollary 2.2.3. Assume (H1), (H2) with Di an ω−periodic continuous function,
(H2**), (H3*), (H4**), and (2.33).
If there exists w = (w1, . . . , wn) > 0 such that, for all t ∈ [0, ω] and i = 1, . . . , n,
inequalities (2.40) and

ai
(
βi(t) +Di(t)

)
> ai

n∑
j,l=1

[
P∑

p=1

ζi|cijlp(t)|
(
wj

wi

γ
(1)
ijlp +

wl

wi

γ
(2)
ijlp

)

+

Q∑
q=1

ςi|dijlq(t)|
(
wj

wi

µ
(1)
ijlqξijq +

wl

wi

µ
(2)
ijlq ξ̃ilq

)] (2.41)

hold, then the model (2.31) has an ω−periodic solution which is globally exponentially
stable.

Proof. From (H2**), the functions τijp, τ̃ijp are bounded. Moreover, from (H2**) and
(H3*), we know that βi, cijlp, and dijlq are ω−periodic functions. As Di are also
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ω−periodic, then there is ε > 0 such that inequality (2.34) holds and the conclusion
follows from Theorems 2.2.1 and 2.2.2.

Now, we consider the model (2.31) with amplification functions, ai, that do not explic-
itly depend on time t, i.e.

x′i(t) = ai(xi(t))

[
− bi(t, xi(t))

+ Fi

( P∑
p=1

n∑
j,l=1

cijlp(t)hijlp
(
xj(t− τijp(t)), xl(t− τ̃ilp(t))

))

+Gi

( Q∑
q=1

n∑
j,l=1

dijlq(t)fijlq

(∫ 0

−∞
gijq(xj(t+ s)) dηijq(s),∫ 0

−∞
g̃ilq(xl(t+ s)) dη̃ilq(s)

))
+ Ii(t)

]
, t ≥ 0, i = 1, . . . , n.

(2.42)

From Corollary 2.2.3, we have the following result.

Corollary 2.2.4. Assume (H1), (H2**), (H3*), (H4**), and (2.33).
If there exists w = (w1, . . . , wn) > 0 such that, for all t ∈ [0, ω] and i = 1, . . . , n,

aiβi(t) > ai

n∑
j,l=1

[
P∑

p=1

ζi|cijlp(t)|
(
wj

wi

γ
(1)
ijlp +

wl

wi

γ
(2)
ijlp

)

+

Q∑
q=1

ςi|dijlq(t)|
(
wj

wi

µ
(1)
ijlqξijq +

wl

wi

µ
(2)
ijlq ξ̃ilq

)]
,

(2.43)

then the model (2.42) has an ω−periodic solution which is globally exponentially stable.

Proof. Noting that ai(t, u) = ai(u) for all t, u ∈ R and i = 1, . . . , n, the hypothesis
(H2) trivially holds with Di(t) = 0. Consequently, inequality (2.43) implies (2.40), and
the result follows from Corollary 2.2.3.

For the model (2.42) under the hypotheses (H2**), (H1), (H3*), and (H4**), consider
the constants

β
i
:= min

t∈[0,ω]
βi(t), cijlp := max

t∈[0,ω]
|cijlp(t)|, and dijlq := max

t∈[0,ω]
|dijlq(t)|, (2.44)

for each i, j, l = 1, . . . , n, p = 1, . . . , P , q = 1, . . . , Q, and the square real matrix M
defined by

M := diag
(
a1β1

, . . . , anβn

)
−
[
mij

]n
i,j=1

, (2.45)
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where, for each i, j = 1, . . . , n,

mij := ai

n∑
l=1

[
ζi

P∑
p=1

(
cijlpγ

(1)
ijlp + ciljpγ

(2)
iljp

)
+ ςi

Q∑
q=1

(
dijlqµ

(1)
ijlqξijq + diljqµ

(2)
iljq ξ̃ijq

)]
.

We give the definition of M-matrix so that we use it in obtaining stability criteria for
(2.42).

Definition 2.2.1. If M = [mij] is a square matrix with non-positive off-diagonal
entries, i.e., mij ≤ 0 for all i 6= j,we say that M is a non-singular M-matrix if all
principle minors of M are positive, or, equivalently, if all eigenvalues of M have
positive real part.

The algebraic properties of the associated M-matrix defined in (2.45) is related to the
stability of (2.42). For further properties of M-matrices (see [25, Chapter 5]).

Corollary 2.2.5. Assume (H1), (H2**), (H3*), (H4**), and (2.33).
If M is a non-singular M-matrix, then the model (2.42) has an ω−periodic solution
which is globally exponentially stable.

Proof. As M is a non-singular M-matrix, then there exists w = (w1, . . . , wn) > 0 such
that MwT > 0 (see [25]), i.e.,

aiβi
wi >

n∑
j=1

wj

[
ai

n∑
l=1

(
ζi

P∑
p=1

(
cijlpγ

(1)
ijlp + ciljpγ

(2)
iljp

)

+ ςi

Q∑
q=1

(
dijlqµ

(1)
ijlqξijq + diljqµ

(2)
iljq ξ̃ijq

))]
,

for all i = 1, . . . , n, which is equivalent to

aiβi
> ai

n∑
j,l=1

[
ζi

P∑
p=1

(
cijlp

wj

wi

γ
(1)
ijlp + ciljpγ

(2)
iljp

wj

wi

)

+ ςi

Q∑
q=1

(
dijlq

wj

wi

µ
(1)
ijlqξijq + diljqµ

(2)
iljq ξ̃ijq

wj

wi

)]
,

and consequently,

aiβi
> ai

n∑
j,l=1

[
ζi

P∑
p=1

(
cijlp

wj

wi

γ
(1)
ijlp + cijlpγ

(2)
ijlp

wl

wi

)

+ ςi

Q∑
q=1

(
dijlq

wj

wi

µ
(1)
ijlqξijq + dijlqµ

(2)
ijlq ξ̃ilq

wl

wi

)]
.

(2.46)
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From (2.44) and (2.46), we obtain (2.43). Now the result follows from Corollary 2.2.4.

Example 2.1. Consider the following low-order CGNN model

x′i(t) = ai(xi(t))

[
−bi(t, xi(t)) +Gi

(
n∑

j=1

cij(t)

∫ +∞

0

xj(t− u)Kij(u)du

)]
, (2.47)

for t ≥ 0 and i = 1, . . . , n, where ai : R → (0,+∞), bi : [0,+∞) × R → R,
cij : [0,+∞) → R, Gi : R → R, and Kij : [0,+∞) → [0,+∞) are continuous functions
such that ∫ +∞

0

Kij(u)du = 1, (2.48)

for all i, j = 1, . . . , n.
The model (2.47) is a generalization of the following autonomous static neural network
model

x′i(t) = −xi(t) +Gi

(
n∑

j=1

cij

∫ +∞

0

xj(t− u)Kij(u)du

)
, t ≥ 0, i = 1, . . . , n, (2.49)

whose existence and global asymptotic stability of an equilibrium point were studied
in [49].
Defining, for each i, j = 1, . . . , n, ηij : (−∞, 0] → R by

ηij(s) =

∫ s

−∞
Kij(−v)dv, s ∈ (−∞, 0], (2.50)

we have ηij non-decreasing and, from (2.48), ηij(0)− ηij(−∞) = 1. Consequently, the
model (2.47) can be written in the form

x′i(t) = ai(xi(t))

[
−bi(t, xi(t)) +Gi

(
n∑

j=1

cij(t)

∫ 0

−∞
xj(t+ s)dηij(s)

)]
,

t ≥ 0, i = 1, . . . , n, which is a particular situation of (2.42). Consequently, from
Corollary 2.2.4, we obtain the following result.

Corollary 2.2.6. Assume (H1), (H3*) and that for each i, j = 1, . . . , n, and v ∈ R, the
functions t 7→ bi(t, v) and cij are ω−periodic, the function Gi is Lipschitz with Lipschitz
constant ςi > 0, and there is α > 0 such that∫ +∞

0

Kij(u)eαudu < +∞. (2.51)
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If there exists w = (w1, . . . , wn) > 0 such that, for all t ∈ [0, ω] and i = 1, . . . , n,

aiβi(t)wi > ai

n∑
j=1

ςi|cij(t)|wj, t ≥ 0, i = 1, . . . , n, (2.52)

then the model (2.47) has an ω−periodic solution which is globally exponentially stable.

For the model (2.49), condition (2.52) reads as

wi >

n∑
j=1

ςi|cij|wj, t ≥ 0, i = 1, . . . , n,

which is equivalent to the matrix

N = In −
[
ςi|cij|

]n
i,j=1

,

where In denotes the n-dimensional identity matrix, being a non-singular M-matrix
(see [25]). Consequently, we also have the following result.

Corollary 2.2.7. For each i, j = 1, . . . , n, assume that the function Gi is Lipschitz
with a Lipschitz constant ςi > 0 and (2.51).
If N is a non-singular M-matrix, then the model (2.49) has an equilibrium point which
is globally exponentially stable.

Remark 2.2.8. We remark that in [49], the existence and global asymptotic stability
of an equilibrium point of (2.49) was obtained assuming different conditions. Namely,
assuming that Gi satisfy stronger conditions than being Lipschitz, that N is a non-
singular M-matrix, and condition∫ +∞

0

uKij(u)du < +∞,

instead of (2.51).

Example 2.2. Consider the following high-order CGNN model,

x′i(t) = ai(xi(t))

[
− bi(xi(t)) +

n∑
j=1

cij(t)fj(ρjxj(t)) + Ii(t)

+
n∑

j=1

dij11(t)fj

(
ρj

∫ +∞

0

Kij(u)xj(t− u) du

)

+
n∑

j,l=1

dijl2(t)fj

(
ρj

∫ +∞

0

Kij(u)xj(t− u) du

)
fl

(
ρl

∫ +∞

0

Kil(u)xl(t− u) du

)]
,

(2.53)

for t ≥ 0, i = 1, . . . , n, where, for each i, j, l = 1, . . . , n and q = 1, 2, ρi > 0, ai : R →
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(0,+∞), bi : R → R, cij, dijlq, Ii : [0,+∞) → R, fj : R → R, and Kij : [0,+∞) →
[0,+∞) are continuous functions such that Kij verifies (2.48).
The existence and global exponential stability of a periodic solution of (2.53) were
studied in [40].
Considering the definition of the bounded variation functions ηij as in (2.50), model
(2.53) is a particular situation of (2.42). Thus, from Corollary 2.2.4, we obtain the
following stability criterion.

Corollary 2.2.9. Assume that (H1), (H3*) with βi(t) ≡ βi hold, and that for each
i, j, l = 1, . . . , n and q = 1, 2, cij, dijlq, Ii are ω−periodic for some ω > 0, Kij verifies
(2.48) and (2.51), and there are Mj > 0 and µj > 0 such that

|fj(u)− fj(v)| ≤ µj|u− v| and |fj(u)| ≤Mj, ∀u, v ∈ R, j = 1, . . . , n.

If there exists w = (w1, . . . , wn) > 0 such that, for all t ≥ 0 and i = 1, . . . , n,

aiβiwi > ai

n∑
j=1

[
|cij(t)|µjρjwj + |dij11(t)|ρjµjwj

+
n∑

l=1

|dijl2(t)|
(
wjMlµjρj + wlMjµlρl

)]
,

(2.54)

then the model (2.53) has an ω−periodic solution which is globally exponentially stable.

Proof. In the model (2.42), take P = 1, Q = 2 and, for each i, j, l = 1, . . . , n, q = 1, 2,
u, u1, u2 ∈ R, and t ≥ 0, let Fi(u) = Gi(u) = u, τij1(t) = τ̃ij1(t) = 0, hijl1(u1, u2) =

fj(ρju1), cij11(t) = cij(t), cijl1(t) = dijl1(t) = 0 for l 6= 1, fijl1(u1, u2) = fj(ρju1),
fijl2(u1, u2) = fj(ρju1)fl(ρlu2) and gijq(u) = g̃ijq(u) = u. Assuming further that
η̃ijq(s) = ηijq(s), for s ≤ 0, are defined by (2.50), we obtain model (2.53).
For all u1, u2, v1, v2 ∈ R, we have

|hijl1(u1, u2)− hijl1(v1, v2)| = |fj(ρju1)− fj(ρjv1)| ≤ ρjµj|u1 − v1|,

|fijl1(u1, u2)− fijl1(v1, v2)| = |fj(ρju1)− fj(ρjv1)| ≤ ρjµj|u1 − v1|.

and

|fijl2(u1, u2)− fijl2(v1, v2)| = |fj(ρju1)fl(ρlu2)− fj(ρjv1)fl(ρlv2)|

≤ |fj(ρju1)− fj(ρjv1)||fl(ρlu2)|

+|fj(ρjv1)||fl(ρlu2)− fl(ρlv2)|

≤ Mlρjµj|u1 − v1|+Mjρlµl|u2 − v2|,

for all i, j, l = 1, . . . , n, thus hypothesis (H4**) holds. Condition (2.33) follows from
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(2.51), and the inequality (2.43) reads as (2.54). Finally, the result follows from Corol-
lary 2.2.4.

Remark 2.2.10. In [40], sufficient conditions for the existence and global exponential
stability of a ω−periodic solution of (2.53) were presented. However, it is important to
mention that the proof of the main result is not correct. Specifically, the way inequality
[40, (3.10)] is obtained is problematic. In fact, assuming the uniqueness of solution of
(2.53) with initial condition x0 = ψ for ψ ∈ BC, denoting this solution by x(t, 0, ψ),
and defining P : BC → BC by P (ψ) = xω(·, 0, ψ), we always have

‖PN(ψ1)− PN(ψ2)‖ = ‖xNω(·, 0, ψ1)− xNω(·, 0, ψ2)‖

= sup
s≤0

‖x(Nω + s, 0, ψ1)− x(Nω + s, 0, ψ2)‖

≥ ‖ψ1 − ψ2‖

for all ψ1, ψ2 ∈ BC and N ∈ N, since model (2.53) is ω−periodic. Consequently the
inequality

‖PN(ψ1)− PN(ψ2)‖ ≤ 1

2
‖ψ1 − ψ2‖,

presented in [40, (3.10)], is false.

2.2.2 Convergence of asymptotic models

In this section, we investigate the convergence of models to the Cohen-Grossberg type
model (1.4) As mentioned in Section 2.1, we restrict our study to solutions of Cohen-
Grossberg type models (1.4) and (2.56) below with bounded initial conditions (2.32).
The following hypotheses will be considered:

(A1) For each i, j, l = 1, . . . , n, p = 1, . . . , P , and u ∈ R, the functions cijlp, dijlp, Ii :
[0,+∞) → R, bi(·, u) : [0,+∞) → R are bounded;

(A2) For each i = 1, . . . , n, there exist ai, ai > 0 and a function Ai : [0,+∞) → R such
that

ai ≤ ai(t, v) ≤ ai and Ai(t)a
2
i (t, v) ≤

∂

∂t
ai(t, v), t ≥ 0, v ∈ R;

(A3) For each i = 1, . . . , n, there exists a continuous function βi : [0,+∞) → [0,+∞)

such that

bi(t, u)− bi(t, v)

u− v
≥ βi(t), t ≥ 0, u, v ∈ R with u 6= v;
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(A4) For each i, j, l = 1, . . . , n and p = 1, . . . , P ,

lim
t→+∞

(t− τijp(t)) = lim
t→+∞

(t− τ̃ilp(t)) = +∞;

(A5) For each i, j, l = 1, . . . , n and p = 1, . . . , P , there are γ(1)ijlp, γ
(2)
ijlp, µ

(1)
ijlp, µ

(2)
ijlp > 0

such that

|hijlp(u1, u2)− hijlp(v1, v2)| ≤ γ
(1)
ijlp|u1 − v1|+ γ

(2)
ijlp|u2 − v2|

|fijlp(u1, u2)− fijlp(v1, v2)| ≤ µ
(1)
ijlp|u1 − v1|+ µ

(2)
ijlp|u2 − v2|

for all u1, u2, v1, v2 ∈ R;

(A6) For each i, j = 1, . . . , n and p = 1, . . . , P , there are ξijp, ξ̃ijp, ζi, ςi > 0 such that

|gijp(u1)− gijp(v1)| ≤ ξijp|u1 − v1|, |g̃ijp(u1)− g̃ijp(v1)| ≤ ξ̃ijp|u1 − v1|,

|Fi(u1, u2)− Fi(v1, v2)| ≤ ζi|u1 − v1|+ ςi|u2 − v2|,

for all u1, u2, v1, v2 ∈ R;

(A7) There exists d = (d1, . . . , dn) > 0 such that, for each i = 1, . . . , n,

lim sup
t→+∞

[
−ai
(
βi(t) + Ai(t)

)
+

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(t)|

(
aj
dj
di
γ
(1)
ijlp + al

dl
di
γ
(2)
ijlp

)

+ ςi|dijlp(t)|
(
aj
dj
di
ξijpµ

(1)
ijlp + al

dl
di
ξ̃ilpµ

(2)
ijlp

))]
< 0.

Remark 2.2.11. As already mentioned in Section 2.1 about condition (H2), recall
that, if ai(t, u) ≡ ai(u) for all i = 1, . . . , n, u ∈ R, and t ≥ 0, then Ai(t) ≡ 0 fits the
second condition of hypothesis (A2).

We still denote, for all i = 1, . . . , n, t ≥ 0, and φ = (φ1, . . . , φn) ∈ BC,

Ui(t, φ) =
P∑

p=1

n∑
j,l=1

cijlp(t)hijlp
(
φj(−τijp(t)), φl(−τ̃ilp(t))

)
,

Vi(t, φ) =
P∑

p=1

n∑
j,l=1

dijlp(t)fijlp

(∫ 0

−∞
gijp(φj(s)) dηijp(s),∫ 0

−∞
g̃ilp(φl(s)) dη̃ilp(s)

)
,

(2.55)
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system (1.4) can be written as

x′i(t) = ai(t, xi(t))
[
− bi(t, xi(t)) + Fi (Ui(t, xt),Vi(t, xt)) + Ii(t)

]
,

t ≥ 0, i = 1, . . . , n.

Definition 2.2.2. The system

x′i(t) = ai(t, xi(t))

[
− b̂i(t, xi(t)) + Îi(t)

+ Fi

( P∑
p=1

n∑
j,l=1

ĉijlp(t)hijlp
(
xj(t− τ̂ijp(t)), xl(t− ˆ̃τilp(t))

)
,

P∑
p=1

n∑
j,l=1

d̂ijlp(t)fijlp

(∫ 0

−∞
gijp(xj(t+ s)) dηijp(s),∫ 0

−∞
g̃ilp(xl(t+ s)) dη̃ilp(s)

))]
,

(2.56)

t ≥ 0, i = 1, . . . , n, is said to be an asymptotic system of (1.4) if, for each i, j, l =

1, . . . , n, and p = 1, . . . , P , the functions b̂i : [0,+∞)×R → R, ĉijlp, d̂ijlp, Îi : [0,+∞) →
R, and τ̂ijp, ˆ̃τilp : [0,+∞) → [0,+∞) are continuous such that b̂i satisfies (A3), i.e there
is a continuous function β̂i : [0,+∞) → [0,+∞) verifying

b̂i(t, u)− b̂i(t, v)

u− v
≥ β̂i(t), t ≥ 0, u, v ∈ R with u 6= v, (2.57)

and

lim
t→+∞

(
βi(t)− β̂i(t)

)
= lim

t→+∞

(
bi(t, w(t))− b̂i(t, w(t))

)
= lim

t→+∞

(
cijlp(t)− ĉijlp(t)

)
= lim

t→+∞

(
dijlp(t)− d̂ijlp(t)

)
,

= lim
t→+∞

(
τijp(t)− τ̂ijp(t)

)
= lim

t→+∞

(
Ii(t)− Îi(t)

)
,

= lim
t→+∞

(
τ̃ilp(t)− ˆ̃τ ilp(t)

)
= 0,

(2.58)

for every bounded continuous function w : R → R.

Note that, in general, the behavior of a system is not necessarily determined by the
behavior of one of its asymptotic systems.
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Denoting, for all i = 1, . . . , n, t ≥ 0, and φ = (φ1, . . . , φn) ∈ BC,

Ûi(t, φ) =
P∑

p=1

n∑
j,l=1

ĉijlp(t)hijlp
(
φj(−τ̂ijp(t)), φl(−τ̂ilp(t))

)
,

V̂i(t, φ) =
P∑

p=1

n∑
j,l=1

d̂ijlp(t)fijlp

(∫ 0

−∞
gijp(φj(s)) dηijp(s),∫ 0

−∞
gilp(φl(s)) dη̃ilp(s)

)
,

system (2.56) can be written as

x′i(t) = ai(t, xi(t))
[
− b̂i(t, xi(t)) + Fi

(
Ûi(t, xt), V̂i(t, xt)

)
+ Îi(t)

]
,

t ≥ 0, i = 1, . . . , n.
By (2.58), it is obvious that the hypothesis (A7) is equivalent to the following

lim sup
t→+∞

[
− ai

(
β̂i(t) + Ai(t)

)
+

P∑
p=1

n∑
j,l=1

(
ζi|ĉijlp(t)|

(
aj
dj
di
γ
(1)
ijlp + al

dl
di
γ
(2)
ijlp

)

+ςi|d̂ijlp(t)|
(
aj
dj
di
ξijpµ

(1)
ijlp + al

dl
di
ξ̃ilpµ

(2)
ijlp

))]
< 0.

To deal with the amplification functions, ai(t, u), both in Lemma 2.2.12 and in Theo-
rem 2.2.15, it was necessary to introduce new variables, as defined in (2.64) and (2.67),
respectively. These variables are adaptations of the one introduced in [51] for estab-
lishing sufficient conditions for the global exponential stability of a Cohen-Grossberg
neural network model.
Before considering the global convergence of the models, we show that all solutions of
(1.4), with bounded initial condition (2.32), are defined on R.

Lemma 2.2.12. Assume (A2)-(A3) and (A5)-(A6). Then a solution x(t) of the initial
value problem (1.4)-(2.32) is defined on R.

Proof. Let x(t) = (x1(t), . . . , xn(t)) be a maximal (noncontinuable) solution of the
initial value problem (1.4)-(2.32). By the continuation theorem [30, Theorem 2.3], the
solution x(t) is defined on (−∞, t∗) with t∗ ∈ (t0,+∞] and there is an increasing real
sequence (tk)k∈N such that

lim
k→+∞

tk = t∗ (2.59)

and max
{
t∗, lim

k→+∞
|x(tk)|

}
= +∞. To get a contradiction, we assume that t∗ 6= +∞.
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Thus

lim
k→+∞

|x(tk)| = +∞. (2.60)

Define z(t) = (z1(t), . . . , zn(t)) = (|x1(t)|, . . . , |xn(t)|). For each i = 1, . . . , n, we have

z′i(t) = sign(xi(t))x′i(t)

= sign(xi(t))ai(t, xi(t))
[
− bi(t, xi(t)) + Fi

(
Ui(t, xt),Vi(t, xt)

)
+ Ii(t)

]
,

for almost every t ≥ t0. For all t ≥ t0, and integrating over [t0, t], we obtain

zi(t) ≤ zi(t0) +

∫ t

t0

z′i(v) dv

≤ zi(t0)−
∫ t

t0

ai(v, xi(v)) sign(xi(v))bi(v, xi(v)) dv +
∫ t

t0

ai(v, xi(v))|Ii(v)| dv

+

∫ t

t0

ai(v, xi(v))
∣∣Fi

(
Ui(v, xv),Vi(v, xv)

)∣∣ dv.
and by (A2), (A3), (A5), and (A6), we obtain

zi(t) ≤ ‖ϕ‖ −
∫ t

t0

aiβi(v)zi(v) dv +

∫ t

t0

ai
(
|bi(v, 0)|+ |Ii(v)|+ |Fi(Ui(v, 0),Vi(v, 0))|

)
dv

+

∫ t

t0

ai
∣∣Fi(Ui(v, xv),Vi(v, xv))− Fi(Ui(v, 0),Vi(v, 0))

∣∣ dv,
≤ ‖ϕ‖ −

∫ t

t0

aiβi(v)zi(v) dv +

∫ t

t0

ai
(
|bi(v, 0)|+ |Ii(v)|+ |Fi(Ui(v, 0),Vi(v, 0))|

)
dv

+

∫ t

t0

ai

(
ζi|Ui(v, xv)− Ui(v, 0)|+ ςi|Vi(v, xv)− Vi(v, 0)|

)
dv.

Then,

zi(t) ≤ ‖ϕ‖ −
∫ t

t0

aiβi(v)zi(v) dv +

∫ t

t0

ai
(
|bi(v, 0)|+ |Ii(v)|+ |Fi(Ui(v, 0),Vi(v, 0))|

)
dv

+
P∑

p=1

n∑
j,l=1

ai

(∫ t

t0

ζi|cijlp(v)|
∣∣hijlp(xj(v − τijp(v)), xl(v − τ̃ilp(v))

)
− hijlp(0, 0)

∣∣ dv
+

∫ t

t0

ςi|dijlp(v)|
∣∣∣∣fijlp(∫ 0

−∞
gijp(xj(v + s)) dηijp(s),

∫ 0

−∞
g̃ilp(xl(v + s)) dη̃ilp(s)

)
− fijlp

(
gijp(0), g̃ilp(0)

)∣∣∣∣ dv).
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Therefore,

zi(t) ≤ ‖ϕ‖+
∫ t

t0

ai
(
|bi(v, 0)|+ |Ii(v)|+ |Fi(Ui(v, 0),Vi(v, 0))|

)
dv

+ ai

∫ t

t0

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(v)|

(
γ
(1)
ijlp + γ

(2)
ijlp

)
+ ςi|dijlp(v)|

(
µ
(1)
ijlpξijp + µ

(2)
ijlpξ̃ilp

))
‖zv‖ dv.

(2.61)

Defining the continuous functions A,B : [0,+∞) → (0,+∞) by

A(t) = max
i

{
ai

(
|bi(t, 0)|+ |Ii(t)|+

∣∣Fi

(
Ui(t, 0),Vi(t, 0)

)∣∣)},
and

B(t) = max
i

{
ai

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(t)|

(
γ
(1)
ijlp + γ

(2)
ijlp

)
+ ςi|dijlp(t)|

(
µ
(1)
ijlpξijp + µ

(2)
ijlpξ̃ilp

))}
,

respectively, from (2.61), we obtain

zi(t) ≤ ‖ϕ‖+
∫ t

t0

(
A(v) + B(v)‖zv‖

)
dv, i = 1, . . . , n, t ≥ t0,

thus

‖zt‖ ≤ ‖ϕ‖+
∫ t

t0

A(v)dv +

∫ t

t0

B(v)‖zv‖dv, t ≥ t0.

Now, by using the generalized Gronwall’s inequality (see Lemma 2.1.1), we obtain

‖zt‖ ≤ ‖ϕ‖+
∫ t

t0

A(v)dv +

∫ t

t0

B(v)
(
‖ϕ‖+

∫ v

t0

A(r)dr

)
e
∫ t
v B(r)dr dv,

and from (2.59),
lim
k

|x(tk)| = lim
k
z(tk) ≤ lim

k
‖ztk‖ < +∞

which contradicts (2.60).

Now, we prove the boundedness of solutions of the initial value problem (1.4)-(2.32).

Lemma 2.2.13. Assume (A1)-(A3) and (A5)-(A7). Then, solutions of the initial
value problem (1.4)-(2.32) are bounded.

Proof. Let t0 ≥ 0 and ϕ ∈ BC and consider x(t) = (x1(t), . . . , xn(t)) a solution of the
initial value problem (1.4)-(2.32).
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By (A1), the functions bi(·, 0), cijlp, dijlp, and Ii are bounded, thus there exists M > 0

such that

M ≥ d−1
i

(
|Fi (Ui(t, 0),Vi(t, 0)) |+ |bi(t, 0)|+ |Ii(t)|

)
, t ≥ 0, i = 1, . . . , n. (2.62)

From (A7), there exist T > t0 and a negative number B such that

−ai
(
βi(t) + Ai(t)

)
+

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(t)|

(
aj
dj
di
γ
(1)
ijlp + al

dl
di
γ
(2)
ijlp

)

+ ςi|dijlp(t)|
(
aj
dj
di
ξijpµ

(1)
ijlp + al

dl
di
ξ̃ilpµ

(2)
ijlp

))
< B,

(2.63)

for t ≥ T and i = 1, . . . , n.
Now, define

z(t) = (z1(t), . . . , zn(t))

by

zi(t) = sign(xi(t))d
−1
i

∫ xi(t)

0

1

a∗i (t, v)
dv, t ∈ R, i = 1, . . . , n, (2.64)

where, for all v ∈ R,

a∗i (t, v) =

{
ai(t, v), if t ≥ t0

ai(t0, v), if t < t0
.

From (1.4) and (2.55), we obtain, for t > t0, and xi(t) 6= 0,

z′i(t) = sign(xi(t))d−1
i

(
x′i(t)

ai(t, xi(t))
+

∫ xi(t)

0

−
∂
∂t
ai(t, v)

ai(t, v)2
dv

)
= sign(xi(t))d−1

i

(
− bi(t, xi(t)) + Fi

(
Ui(t, xt),Vi(t, xt)

)
+

∫ xi(t)

0

−
∂
∂t
ai(t, v)

ai(t, v)2
dv + Ii(t)

)
≤ d−1

i

(
− sign(xi(t))

(
bi(t, xi(t))− bi(t, 0)

)
− sign(xi(t))

∫ xi(t)

0

∂
∂t
ai(t, v)

ai(t, v)2
dv

+
∣∣Fi

(
Ui(t, xt),Vi(t, xt)

)
− Fi

(
Ui(t, 0),Vi(t, 0)

)∣∣
+ |bi(t, 0)|+

∣∣Fi

(
Ui(t, 0),Vi(t, 0)

)∣∣+ |Ii(t)|
)
.
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By (A2), (A3), (A5), (A6), and (2.55), for all t > t0 and i = 1, . . . , n, we obtain

z′i(t) ≤ d−1
i

(
− (βi(t) + Ai(t))|xi(t)|+ |Fi(Ui(t, 0),Vi(t, 0))|+ |bi(t, 0)|+ |Ii(t)|

+ζi|Ui(t, xt)− Ui(t, 0)|+ ςi|Vi(t, xt)− Vi(t, 0)|
)

≤ −(βi(t) + Ai(t))d
−1
i |xi(t)|+ d−1

i

(
|Fi(Ui(t, 0),Vi(t, 0))|

+|bi(t, 0)|+ |Ii(t)|
)
+ d−1

i

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(t)|

·
∣∣hijlp(xj(t− τijp(t)), xl(t− τ̃ilp(t)))− hijlp(0, 0)

∣∣
+ςi|dijlp(t)| ·

∣∣∣∣fijlp(∫ 0

−∞
gijp(xj(t+ s)) dηijp(s),∫ 0

−∞
g̃ilp(xl(t+ s)) dη̃ilp(s)

)
− fijlp(0, 0)

∣∣∣∣)
Therefore

z′i(t) ≤ −(βi(t) + Ai(t))d
−1
i |xi(t)|+ d−1

i

(
|Fi(Ui(t, 0),Vi(t, 0))|

+|bi(t, 0)|+ |Ii(t)|
)
+ d−1

i

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(t)|

·
(
γ
(1)
ijlp|xj(t− τijp(t))|+ γ

(2)
ijlp|xl(t− τ̃ilp(t))|

)
+ςi|dijlp(t)| ·

(
µ
(1)
ijlpξijp

∫ 0

−∞
|xj(t+ s)| dηijp(s)

+µ
(2)
ijlpξ̃ilp

∫ 0

−∞
|xl(t+ s)| dη̃ilp(s)

))
. (2.65)

Now, by contradiction, we assume that x(t) is unbounded. From Lemma 2.2.12, x(t)
is defined on R. From (A2) and (2.64), we conclude that there exist i ∈ {1, . . . , n} and
a positive real sequence (tk)k∈N such that T ≤ tk ↗ +∞, 0 < zi(tk) ↗ +∞,

zi(tk) = ‖ztk‖ ≥ ‖zt‖, and z′i(tk) ≥ 0, k ∈ N, t ≤ tk. (2.66)

From(A2) and (2.64), we also have

(djaj)
−1|xj(t)| ≤ zj(t) ≤ (djaj)

−1|xj(t)|, t ∈ R, j = 1, . . . , n,
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and from (2.62) and (2.65), we obtain

z′i(tk) ≤ −(βi(tk) + Ai(tk))aizi(tk) +
P∑

p=1

n∑
j,l=1

(
ζi|cijlp(tk)|

(
aj
dj
di
γ
(1)
ijlp + al

dl
di
γ
(2)
ijlp

)
‖ztk‖

+ςi|dijlp(tk)|
(
aj
dj
di
ξijpµ

(1)
ijlp + al

dl
di
ξ̃ilpµ

(2)
ijlp

)
‖zk‖

)
+M, k ∈ N,

and consequently, from (2.66),

z′i(tk) ≤

[
−(βi(tk) + Ai(tk))ai +

P∑
p=1

n∑
j,l=1

(
ζi|cijlp(tk)|

(
aj
dj
di
γ
(1)
ijlp + al

dl
di
γ
(2)
ijlp

)
+ςi |dijlp(tk)|

(
aj
dj
di
ξijpµ

(1)
ijlp + al

dl
di
ξ̃ilpµ

(2)
ijlp

))]
zi(tk) +M, k ∈ N.

Hence, by (2.63),
z′i(tk) ≤ Bzi(tk) +M

k→+∞−→ −∞,

which contradicts (2.66).

Next, we state the fluctuation lemma because it plays an important role in proving the
global attractivity of solutions of system (1.4) and of its asymptotic systems (2.56).

Lemma 2.2.14. [56, Lemma A.1] Let f : [b,+∞) → R be a bounded and differentiable
function, then there exist sequences sk → +∞ and tk → ∞ such that

f(sk) → f∞, f ′(sk) → 0 as k → ∞,

f(tk) → f∞, f ′(tk) → 0 as k → ∞,

where

f∞ = lim sup
t→+∞

f(t), f∞ = lim inf
t→+∞

f(t).

Now, we are in position to prove our main result. It presents sufficient conditions en-
suring the global attractivity of solutions of system (1.4) and of its asymptotic systems
(2.56).

Theorem 2.2.15. Assume (A1)-(A7) hold. Then

lim
t→+∞

|x(t)− x̂(t)| = 0,

for all x(t) and x̂(t) solutions of systems (1.4) and (2.56) respectively, with bounded
initial conditions.
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Proof. Let x(t) = (x1(t), . . . , xn(t)) and x̂(t) = (x̂1(t), . . . , x̂n(t)) be solutions of sys-
tems (1.4) and (2.56) respectively, with bounded initial conditions, and define y(t) =
(y1(t), . . . , yn(t)) by

yi(t) = sign(xi(t)− x̂i(t))d
−1
i

∫ xi(t)

x̂i(t)

1

ai(t, v)
dv. (2.67)

From Lemma 2.2.12 and Lemma 2.2.13, we know that x(t) and x̂(t) are bounded on
R. It follows that y(t) is a nonnegative bounded function on R and it is possible to
define the limits

ui = lim sup
t→+∞

yi(t), i = 1, . . . , n.

Taking u = max
i

{ui} ∈ [0,+∞), the result is proved if we show that u = 0.

Let i ∈ {1, . . . , n} be such that ui = u. As yi is a differentiable real function, by the
fluctuation lemma (see Lemma 2.2.14), there exists a positive real sequence (tk)k∈N

such that

tk ↗ +∞, yi(tk) → u and y′i(tk) → 0 as k → +∞. (2.68)

Assume contrarily that u > 0. For ε ∈ (0, u), there is T = T (ε) > 0 such that
|y(t)| < u+ ε, for t ≥ T , and

max
{∫ −T

−∞
dηijp(s),

∫ −T

−∞
dη̃ilp(s)

}
<

ε

Y
, (2.69)

for i, j, l = 1, . . . , n, p = 1, . . . , P, where Y = sup
t∈R

|y(t)|.
Since

lim
t→+∞

(t− τijp(t)) = lim
t→+∞

(t− τ̃ilp(t)) = +∞,

lim
t→+∞

(τijp(t)− τ̂ijp(t)) = lim
t→+∞

(τ̃ilp(t)− ˆ̃τ ilp(t)) = 0,

tk ↗ +∞, and lim
k
yi(tk) = u, then there exists a natural number k0 such that

tk > 2T, tk − τ̂ijp(tk) > T, tk − ˆ̃τ ilp(tk) > T and yi(tk) > u− ε > 0, (2.70)

for all k ≥ k0, i, j, l = 1, . . . , n, and p = 1, . . . , P . Consequently, for k ≥ k0, we have

|y(tk − τ̂ijp(tk))| < u+ ε and |y(tk − ˆ̃τ ilp(tk))| < u+ ε. (2.71)

47



For k ≥ k0, from systems (1.4), (2.56) and, using the notations (2.55), (2.59), we have

y′i(tk) = sign(xi(tk)− x̂i(tk))d
−1
i

[
x′i(tk)

ai(tk, xi(tk))
− x̂′i(tk)

ai(tk, x̂i(tk))

+

∫ xi(tk)

x̂i(tk)

−
∂
∂t
ai(tk, v)

ai(tk, v)2
dv

]
= sign(xi(tk)− x̂i(tk))d

−1
i

[
− bi(tk, xi(tk)) + b̂i(tk, x̂i(tk))

+

∫ xi(tk)

x̂i(tk)

−
∂
∂t
ai(tk, v)

ai(tk, v)2
dv + Ii(tk)− Îi(tk)

+Fi(Ui(tk, xtk),Vi(tk, xtk))− Fi(Ûi(tk, x̂tk), V̂i(tk, x̂tk))

]
≤ sign(xi(tk)− x̂i(tk))d

−1
i

[
− bi(tk, xi(tk)) + b̂i(tk, x̂i(tk))

+

∫ xi(tk)

x̂i(tk)

−
∂
∂t
ai(tk, v)

ai(tk, v)2
dv

]
+ d−1

i

∣∣Ii(tk)− Îi(tk)
∣∣

+d−1
i

∣∣Fi(Ui(tk, xtk),Vi(tk, xtk))− Fi(Ûi(tk, x̂tk), V̂i(tk, x̂tk))
∣∣.

From (A2),(A3), and (A6), we obtain

y′i(tk) ≤ − sign(xi(tk)− x̂i(tk))d
−1
i

[(
bi(tk, xi(tk))− bi(tk, x̂i(tk))

)
+

∫ xi(tk)

x̂i(tk)

∂
∂t
ai(tk, v)

ai(tk, v)2
dv

]
+ d−1

i

∣∣b̂i(tk, x̂i(tk))− bi(tk, x̂i(tk))
∣∣+ d−1

i

∣∣Ii(tk)− Îi(tk)
∣∣

+ d−1
i

(
ζi
∣∣Ui(tk, xtk)− Ûi(tk, x̂tk)

∣∣+ ςi
∣∣Vi(tk, xtk)− V̂i(tk, x̂tk)

∣∣)
≤ −d−1

i

(
βi(tk) + Ai(tk)

)
|xi(tk)− x̂i(tk)|+ d−1

i

∣∣b̂i(tk, x̂i(tk))− bi(tk, x̂i(tk))
∣∣

+ d−1
i

∣∣Ii(tk)− Îi(tk)
∣∣+ d−1

i

(
ζi
∣∣Ui(tk, xtk)− Ûi(tk, x̂tk)

∣∣
+ ςi

∣∣Vi(tk, xtk)− V̂i(tk, x̂tk)
∣∣).
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From (2.55) and (2.59), we have

y′i(tk) ≤ −d−1
i (βi(tk) +Ai(tk))|xi(tk)− x̂i(tk)|+ d−1

i

∣∣∣b̂i(tk, x̂i(tk))− bi(tk, x̂i(tk))
∣∣∣

+ d−1
i

∣∣∣Ii(tk)− Îi(tk)
∣∣∣+ d−1

i

P∑
p=1

n∑
j,l=1

[
ζi

(
|cijlp(tk)− ĉijlp(tk)|

·
∣∣∣hijlp(x̂j(tk − τ̂ijp(tk)), x̂l(tk − ˆ̃τilp(tk)))

∣∣∣
+ |cijlp(tk)|

( ∣∣∣hijlp(xj(tk − τ̂ijp(tk)), xl(tk − ˆ̃τilp(tk)))− hijlp(x̂j(tk − τ̂ijp(tk)), x̂l(tk − ˆ̃τilp(tk)))
∣∣∣

+
∣∣∣hijlp(xj(tk − τijp(tk)), xl(tk − τ̃ilp(tk)))− hijlp(xj(tk − τ̂ijp(tk)), xl(tk − ˆ̃τilp(tk)))

∣∣∣ ))

+ ςi

(∣∣∣dijlp(tk)− d̂ijlp(tk)
∣∣∣ · ∣∣∣∣fijlp(∫ 0

−∞
gijp(x̂j(tk + s)) dηijp(s),

∫ 0

−∞
g̃ilp(x̂l(tk + s)) dη̃ilp(s)

)∣∣∣∣
+ |dijlp(tk)|

∣∣∣∣fijlp(∫ 0

−∞
gijp(xj(tk + s)) dηijp(s),

∫ 0

−∞
g̃ilp(xl(tk + s)) dη̃ilp(s)

)
− fijlp

(∫ 0

−∞
gijp(x̂j(tk + s)) dηijp(s),

∫ 0

−∞
g̃ilp(x̂l(tk + s)) dη̃ilp(s)

)∣∣∣∣
)]

.

and by hypotheses (A5) and (A6), we obtain

y′i(tk) ≤ −d−1
i (βi(tk) + Ai(tk))|xi(tk)− x̂i(tk)|

+d−1
i

∣∣∣b̂i(tk, x̂i(tk))− bi(tk, x̂i(tk))
∣∣∣+ d−1

i

∣∣∣Ii(tk)− Îi(tk)
∣∣∣

+d−1
i

P∑
p=1

n∑
j,l=1

[
ζi

(∣∣cijlp(tk)− ĉijlp(tk)
∣∣∣∣hijlp(x̂j(tk − τ̂ijp(tk)), x̂l(tk − ˆ̃τilp(tk)))

∣∣
+|cijlp(tk)|

(
γ
(1)
ijlp|xj(tk − τ̂ijp(tk))− x̂j(tk − τ̂ijp(tk))|

+ γ
(2)
ijlp|xl(tk − ˆ̃τilp(tk))− x̂l(tk − ˆ̃τilp(tk))

∣∣)
+|cijlp(tk)|

(
γ
(1)
ijlp|xj(tk − τijp(tk))− xj(tk − τ̂ijp(tk))|

+ γ
(2)
ijlp|xl(tk − τ̃ilp(tk))− xl(tk − ˆ̃τilp(tk))

∣∣))
+ςi

(∣∣dijlp(tk)− d̂ijlp(tk)
∣∣ ∣∣∣∣fijlp(∫ 0

−∞
gijp(x̂j(tk + s)dηijp(s),

∫ 0

−∞
g̃ilp(x̂l(tk + s))dη̃ilp(s)

)∣∣∣∣
+|dijlp(tk)|

(
µ
(1)
ijlpξijp

∫ 0

−∞
|xj(tk + s)− x̂j(tk + s)|dηijp(s)

+ µ
(2)
ijlpξ̃ilp

∫ 0

−∞
|xl(tk + s)− x̂l(tk + s)|dη̃ilp(s)

))]
.

From (A2) and (2.67), we have

(diai)
−1|xi(t)− x̂i(t)| ≤ yi(t) ≤ (diai)

−1|xi(t)− x̂i(t)|, t ≥ 0, i = 1, . . . , n,
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and consequently,

y′i(tk) ≤ −(βi(tk) + Ai(tk))aiyi(tk) + δi(tk)

+
P∑

p=1

n∑
j,l=1

[
ζi|cijlp(tk)|

(
γ
(1)
ijlpaj

dj
di
yj(tk − τ̂ijp(tk))

+ γ
(2)
ijlpal

dl
di
yl(tk − ˆ̃τilp(tk))

)
+ ςi|dijlp(tk)|

(
µ
(1)
ijlpξijpaj

dj
di

∫ 0

−∞
yj(tk + s) dηijp(s)

+ µ
(2)
ijlpξ̃ilpal

dl
di

∫ 0

−∞
yl(tk + s) dη̃ilp(s)

)]
.

(2.72)

where

δi(t) = d−1
i

∣∣b̂i(t, x̂i(t))− bi(t, x̂i(t))
∣∣+ d−1

i

∣∣Ii(t)− Îi(t)
∣∣

+ d−1
i

P∑
p=1

n∑
j,l=1

[
ζi

(∣∣cijlp(t)− ĉijlp(t)
∣∣ · ∣∣hijlp(x̂j(t− τ̂ijp(t)), x̂l(t− ˆ̃τilp(t)))

∣∣
+ |cijlp(t)|

(
γ
(1)
ijlp|xj(t− τijp(t))− xj(t− τ̂ijp(t))|

+ γ
(2)
ijlp|xl(t− τ̃ilp(t))− xl(t− ˆ̃τilp(t))|

))
+ ςi

∣∣dijlp(t)− d̂ijlp(t)
∣∣ · ∣∣∣∣fijlp(∫ 0

−∞
gijp(x̂j(t+ s)) dηijp(s),∫ 0

−∞
g̃ilp(x̂l(t+ s)) dη̃ilp(s)

)∣∣∣∣
]
.

By (A1), t 7→ bj(t, w) is bounded for all w ∈ R and j = 1, . . . , n, and by (A3),
w 7→ bj(t, w) is a non-decreasing function for all t ∈ [0,+∞). As xj(t) is bounded, then
t 7→ bj(t, xj(t)) is a bounded function. Moreover from (A1), (1.4), and the continuity
of Fi, hijlp, fijlp, gijp, g̃ilp, we obtain that x′j(t) is a bounded function on (0,+∞), thus
xj(t) is uniformly continuous for all j = 1, . . . , n. Finally, as x̂(t) is bounded, by (A5)
and from (2.58), we conclude that

lim
t→+∞

δi(t) = 0. (2.73)
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From (2.70), (2.71) and (2.72), for all k ≥ k0, we have

y′i(tk) ≤ −(βi(tk) + Ai(tk))ai(u− ε) + δi(tk),

+
P∑

p=1

n∑
j,l=1

[
ζi|cijlp(tk)|

(
γ
(1)
ijlpaj

dj
di

+ γ
(2)
ijlpal

dl
di

)
(u+ ε)

+ςi|dijlp(tk)|µ(1)
ijlpξijpaj

dj
di

(∫ −T

−∞
yj(tk + s)dηijp(s) +

∫ 0

−T

yj(tk + s)dηijp(s)

)
+ςi|dijlp(tk)|µ(2)

ijlpξ̃ilpal
dl
di

(∫ −T

−∞
yl(tk + s)dη̃ilp(s) +

∫ 0

−T

yl(tk + s)dη̃ilp(s)

)]
,

and from (2.69), we obtain

y′i(tk) ≤ −(βi(tk) + Ai(tk))ai(u− ε) + δi(tk)

+
P∑

p=1

n∑
j,l=1

[
ζi|cijlp(tk)|

(
γ
(1)
ijlpaj

dj
di

+ γ
(2)
ijlpal

dl
di

)
(u+ ε)

+ςi|dijlp(tk)|µ(1)
ijlpξijpaj

dj
di

(
ε+

∫ 0

−T

yj(tk + s)dηijp(s)

)
+ςi|dijlp(tk)|µ(2)

ijlpξ̃ilpal
dl
di

(
ε+

∫ 0

−T

yl(tk + s)dη̃ilp(s)

)]
.

Finally, as tk > 2T , |y(t)| ≤ u + ε for t ≥ T , and
∫ 0

−∞ dηijp(s) =
∫ 0

−∞ dη̃ilp(s) = 1, we
obtain

y′i(tk) ≤ −(βi(tk) + Ai(tk))ai(u− ε) + δi(tk)

+
P∑

p=1

n∑
j,l=1

[
ζi|cijlp(tk)|

(
γ
(1)
ijlpaj

dj
di

+ γ
(2)
ijlpal

dl
di

)
(u+ ε)

+ ςi|dijlp(tk)|
(
µ
(1)
ijlpξijpaj

dj
di

+ µ
(2)
ijlpξ̃ilpal

dl
di

)
(u+ 2ε)

]
.

(2.74)

Since lim
k→+∞

y′i(tk) = 0, then by letting ε → 0+ and k → +∞, it follows from (2.68),
(2.73), (2.74), and hypothesis (A7) that

0 ≤
[
lim sup
k→+∞

(
− (βi(tk) + Ai(tk))ai

+
P∑

p=1

n∑
j,l=1

(
ζi|cijlp(tk)|

(
γ
(1)
ijlpaj

dj
di

+ γ
(2)
ijlpal

dl
di

)
+ ςi|dijlp(tk)|

(
µ
(1)
ijlpξijpaj

dj
di

+ µ
(2)
ijlpξ̃ilpal

dl
di

)))]
u < 0,

which is a contradiction. Thus u = 0.
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Obviously, the system (1.4) can be considered as an asymptotic system of itself. Thus,
we have the following result

Corollary 2.2.16. Assume (A1)-(A7) hold.
If x(t) and x̂(t) are solutions of systems (1.4) with bounded initial conditions, then

lim
t→+∞

|x(t)− x̂(t)| = 0.

Next, we apply our results to the following examples to demonstrate their efficiency,
and we provide a comparison with various stability criteria from the literature.
Example 2.3. Consider the low-order CGNN model (2.47) which can be written in
the form

x′i(t) = ai(xi(t))

[
−bi(t, xi(t)) +Gi

(
n∑

j=1

cij(t)

∫ 0

−∞
xj(t+ s)dηij(s)

)]
,

which is a particular situation of (1.4). Consequently, from Corollary 2.2.16, we obtain
the following global attractivity criterion for model (2.47).

Corollary 2.2.17. Assume that (A3) and (2.48) hold and, for each i, j = 1, . . . , n, cij
is a bounded function, Gi is a Lipshcitz function with Lipschitz constant ςi > 0, and
there exist ai, ai > 0 such that

ai ≤ ai(u) ≤ ai, ∀u ∈ R. (2.75)

If there exists d = (d1, . . . , dn) > 0 such that,

lim sup
t→+∞

(
aiβi(t)di − ai

n∑
j=1

ςi|cij(t)|dj

)
> 0, i = 1, . . . , n,

then any two solutions x(t) and x̂(t) of (2.47), with bounded initial condition, verify

lim
t→+∞

|x(t)− x̂(t)| = 0.

In case of (2.47) being an ω−periodic model, for some ω > 0, from Theorem 2.2.2, we
obtain sufficient conditions for the existence of an ω−periodic solution of (2.47) and
the following result holds.

Corollary 2.2.18. Assume that (2.48) holds and that, for each i, j = 1, . . . , n, Gi

is a Lipshcitz function with Lipschitz constant ςi > 0, ai verifies (2.75), the functions
t→ bi(t, u) and cij are ω−periodic for all u ∈ R, and there exist ω−periodic continuous
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functions βi, β∗
i : [0,+∞) → (0,+∞) such that

βi(t) ≤
bi(t, u)− bi(t, v)

u− v
≤ β∗

i (t), ∀t ∈ [0, ω], u, v ∈ R, u 6= v. (2.76)

If there exists d = (d1, . . . , dn) > 0 such that,

aiβi(t)di > ai

n∑
j=1

ςi|cij(t)|dj, ∀t ∈ [0, ω], i = 1, . . . , n, (2.77)

then there exists an ω−periodic solution of (2.47), x̃(t), which is globally attractive in
the set of the solutions of (2.47) with bounded initial condition, i.e., for each solution
of (2.47) with bounded initial conditions, x(t), we have:

lim
t→+∞

|x(t)− x̃(t)| = 0.

Remark 2.2.19. In [49], sufficient conditions for the existence and global asymptotic
stability of an equilibrium point of the autonomous static neural network model (2.49)
were established. We stress that model (2.49) is a particular situation of (2.47), and
assumptions in Corollary 2.2.18 are weaker than the ones in [49, Theorem 3.2]. In
fact, conditions (2.75) and (2.76) trivially hold in model (2.49), for each i, j = 1, . . . , n,
they assumed that Gi satisfies stronger conditions than being Lipschitz and the kernel
function, Kij, verify (2.48) with the additional assumptions∫ +∞

0

uKij(u)du < +∞ and Kij = Kji.

For model (2.49), inequality (2.77) reads as

di >
n∑

j=1

ςi|cij|dj, i = 1, . . . , n,

which is equivalent to the matrix

N = In −
[
ςi|cij|

]n
i,j=1

,

where In denotes the n-dimension identity matrix, being a non-singular M-matrix (see
[25]), which is assumed in [49, Theorem 3.2].

Example 2.4. Considering in (1.4) and (2.56)

Fi(u, v) = Gi(u) +Hi(v), for all i = 1, . . . , n, and u, v ∈ R,

where Gi, Hi : R 7→ R are continuous functions, we have the following high-order
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CGNN models,

x′i(t) = ai(t, xi(t))

[
− bi(t, xi(t)) + Ii(t)

+Gi

( P∑
p=1

n∑
j,l=1

cijlp(t)hijlp
(
xj(t− τijp(t)), xl(t− τ̃ilp(t))

))

+Hi

( Q∑
q=1

n∑
j,l=1

dijlq(t)fijlq

(∫ 0

−∞
gijq(xj(t+ s)) dηijq(s),∫ 0

−∞
g̃ilq(xl(t+ s)) dη̃ilq(s)

))]
, t ≥ 0, i = 1, . . . , n,

(2.78)

and

x′i(t) = ai(t, xi(t))

[
− b̂i(t, xi(t)) + Îi(t)

+Gi

( P∑
p=1

n∑
j,l=1

ĉijlp(t)hijlp
(
xj(t− τ̂ijp(t)), xl(t− ˆ̃τilp(t))

))

+Hi

( Q∑
q=1

n∑
j,l=1

d̂ijlq(t)fijlq

(∫ 0

−∞
gijq(xj(t+ s)) dηijq(s),∫ 0

−∞
g̃ilq(xl(t+ s)) dη̃ilq(s)

))]
, t ≥ 0, i = 1, . . . , n,

(2.79)

respectively.
If (A3), (2.57), and (2.58) hold, then the system (2.79) is an asymptotic system of
(2.78). In Theorem 2.2.2, the following result for the existence of a periodic solution
of (2.79) was established.

Theorem 2.2.20. Assume (A2), (A5), (A6), and the following hypotheses:

(i) For each i = 1, . . . , n, there exist ζi, ςi > 0 such that

|Gi(u)−Gi(v)| ≤ ζi|u− v|, |Hi(u)−Hi(v)| ≤ ςi|u− v|, u, v ∈ R;

(ii) There is ω > 0 such that, for each i, j, l = 1, . . . , n, p = 1, . . . , P , and q =

1, . . . , Q,

ai(t, u) = ai(t+ ω, u), ĉijlp(t) = ĉijlp(t+ ω), τ̂ijp(t) = τ̂ijp(t+ ω),

b̂i(t, u) = b̂i(t+ ω, u), d̂ijlq(t) = d̂ijlq(t+ ω), ˆ̃τijp(t) = ˆ̃τijp(t+ ω), and
Îi(t) = Îi(t+ ω), for all t ≥ 0 and u ∈ R;

(iii) For each i = 1, . . . , n, there exist ω−periodic continuous functions β̂i, β̂
∗
i :
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[0,+∞) → (0,+∞) such that

β̂i(t) ≤
b̂i(t, u)− b̂i(t, v)

u− v
≤ β̂∗

i (t), ∀t ∈ [0, ω], u, v ∈ R, u 6= v;

(iv) There exists d = (d1, . . . , dn) > 0 such that for all t ∈ [0, ω], and i = 1, . . . , n,

β̂i(t) >
n∑

j,l=1

[
P∑

p=1

ζi|ĉijlp(t)|
(
dj
di
γ
(1)
ijlp +

dl
di
γ
(2)
ijlp

)

+

Q∑
q=1

ςi|d̂ijlq(t)|
(
dj
di
µ
(1)
ijlqξijq +

dl
di
µ
(2)
ijlq ξ̃ilq

)]
.

(2.80)

Then, the system (2.79) has an ω−periodic solution.

From Theorems 2.2.15 and 2.2.20, we obtain the following result:

Corollary 2.2.21. Assume (A3) and the hypotheses in Theorem 2.2.20. If (2.58)
holds and there is d = (d1, . . . , dn) > 0 such that

−(β̂i(t) + Ai(t))ai +
n∑

j,l=1

(
P∑

p=1

ζi|ĉijlp(t)|
(
γ
(1)
ijlpaj

dj
di

+ γ
(2)
ijlpal

dl
di

)

+

Q∑
q=1

ςi|d̂ijlq(t)|
(
µ
(1)
ijlqξijqaj

dj
di

+ µ
(2)
ijlq ξ̃ilqal

dl
di

))
< 0,

(2.81)

i = 1, . . . , n, t ∈ [0, ω], then every solution of the system (2.78) with bounded initial
condition, x(t), satisfies

lim
t→+∞

|x(t)− x̂(t)| = 0,

where x̂(t) is the ω−periodic solution of (2.79).

Remark 2.2.22. We note that Corollary 2.2.21 establishes sufficient conditions for all
solutions of (2.78), which is not necessarily a periodic model, to converge to a periodic
function as time goes to infinity. In the case of the CGNN model (2.78) not being a
periodic system, then the criterion in Theorem 2.2.2 cannot be applied to prove the
existence of a periodic solution of (2.78).

As a particular example of model (2.78), we recall the high-order CGNN model (2.53).
The existence and global exponential stability of a periodic solution of (2.53) were
studied in [40].
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Considering ĉij, d̂ijlq : [0,+∞) → R continuous functions such that

lim
t→+∞

(
cij(t)− ĉij(t)

)
= lim

t→+∞

(
dijlq(t)− d̂ijlq(t)

)
= lim

t→+∞

(
Ii(t)− Îi(t)

)
= 0,

(2.82)

for each i, j, l = 1, . . . , n and q = 1, 2, then (2.53) is an asymptotic system of

x′i(t) = ai(xi(t))

[
− bi(xi(t)) +

n∑
j=1

ĉij(t)fj(ρjxj(t))

+
n∑

j=1

d̂ij11(t)fj

(
ρj

∫ +∞

0

Kij(u)xj(t− u) du

)

+
n∑

j,l=1

d̂ijl2(t)fj

(
ρj

∫ +∞

0

Kij(u)xj(t− u) du

)
· fl
(
ρl

∫ +∞

0

Kil(u)xl(t− u) du

)
+ Îi(t)

]
.

(2.83)

Assume the following hypotheses for (2.53). For each i = 1, . . . , n, and q = 1, 2:

(B1) the functions cij, dijlq, and Ii are ω−periodic for some ω > 0;

(B2) there are ai, ai > 0 such that

ai < ai(u) < ai;

(B3) there are βi, β∗
i > 0 such that

βi ≤
bi(u)− bi(v)

u− v
≤ β∗

i , ∀u, v ∈ R, u 6= v;

(B4) there exist Mi, µi > 0 such that

|fi(u)− fi(v)| ≤ µi|u− v| and |fi(u)| ≤Mi, ∀u, v ∈ R.

Consequently, from Corollary 2.2.21, we obtain the following result.

Corollary 2.2.23. Assume (B1)-(B4). If there exists d = (d1, . . . , dn) > 0 such that,
for all t ∈ [0, ω] and i = 1, . . . , n,

βi >
n∑

j=1

[(
|cij(t)|+ |dij11(t)|

)
µjρj

dj
di

+
n∑

l=1

|dijl2(t)|
(
dj
di
Mlµjρj +

dl
di
Mjµlρl

)]
,

(2.84)
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then the model (2.53) has an ω−periodic solution.
If, in additional to condition (2.84), there exists d∗ = (d∗1, . . . , d

∗
n) > 0 such that, for

all t ∈ [0, ω] and i = 1, . . . , n,

aiβi >
n∑

j=1

[(
|cij(t)|+ |dij11(t)|

)
µjρjaj

d∗j
d∗i

+
n∑

l=1

|dijl2(t)|
(
d∗j
d∗i
ajMlµjρj +

d∗l
d∗i
alMjµlρl

)]
,

(2.85)

then every solution of the system (2.83) with bounded initial condition, x̂(t), satisfies

lim
t→+∞

|x̂(t)− x̃(t)| = 0,

where x̃ is the ω−periodic solution of (2.53).

Proof. In the model (2.78), taking P = 1, Q = 2 and, for each i, j, l = 1, . . . , n, q = 1, 2,
u, u1, u2 ∈ R, and t ≥ 0, letting ai(t, u) = ai(u), bi(t, u) = bi(u), Fi(u) = Hi(u) = u,
τij1(t) = τ̃ij1(t) = 0, hijl1(u1, u2) = fj(ρju1), cij11(t) = cij(t), cijl1(t) = dijl1(t) = 0 for
l 6= 1, fijl1(u1, u2) = fj(ρju1), fijl2(u1, u2) = fj(ρju1)fl(ρlu2), gijq(u) = g̃ijq(u) = u,
and η̃ijq(s) = ηijq(s) =

∫ 0

−∞Kij(−v)dv, for s ≤ 0, we obtain model (2.53).
Trivially hypotheses (A6) and (i) in Theorem 2.2.20 hold. From (B1), (B2), and (B3),
hypotheses (ii) and (iii) in Theorem 2.2.20 also hold.
For all u1, u2, v1, v2 ∈ R, we have

|hijl1(u1, u2)− hijl1(v1, v2)| = |fj(ρju1)− fj(ρjv1)| ≤ ρjµj|u1 − v1|,

|fijl1(u1, u2)− fijl1(v1, v2)| = |fj(ρju1)− fj(ρjv1)| ≤ ρjµj|u1 − v1|,

and

|fijl2(u1, u2)− fijl2(v1, v2)| = |fj(ρju1)fl(ρlu2)− fj(ρjv1)fl(ρlv2)|

≤ |fj(ρju1)− fj(ρjv1)||fl(ρlu2)|

+|fj(ρjv1)||fl(ρlu2)− fl(ρlv2)|

≤ Mlρjµj|u1 − v1|+Mjρlµl|u2 − v2|.

for all i, j, l = 1, . . . , n, thus hypothesis (A5) holds. Condition (2.80) follows from
(2.84), and the inequality (2.81) reads as (2.85). Finally, the result follows from Corol-
lary 2.2.21.

Remark 2.2.24. We emphasize that since (2.53) is an asymptotic system of itself, its
periodic solution, x̃(t), serves as a global attractor for all solutions with bounded initial
conditions. The global exponential stability of x̃(t) is proved in Corollary 2.2.9, given
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the additional condition
∫ +∞
0

Kij(u)eαudu < +∞, for some α > 0.

Example 2.5. Consider the following low-order CGNN model

x′i(t) = ai(xi(t))

[
− bi(xi(t)) +

n∑
j=1

cij(t)fj(xj(t))

+
n∑

j=1

dij(t)gj (xj(t− τij(t)))

+
n∑

j=1

pij(t)

∫ +∞

0

Kij(u)hj(xj(t− u)) du+ Ii(t)

]
.

(2.86)

for t ≥ 0, i = 1, . . . , n, where, for each i, j = 1, . . . , n, ai : R → (0,+∞), bi : R → R,
cij, dij, pij, Ii : [0,+∞) → R, τij, Kij : [0,+∞) → [0,+∞), and fj, gj, hj : R → R are
continuous functions.
The existence and global exponential stability of an almost periodic solution of (2.86)
is studied in [62].
For model (2.86), the following hypotheses will be considered:

(C1) There is µ > 0 such that for each i, j = 1, . . . , n,∫ +∞

0

Kij(t)dt = 1 and
∫ +∞

0

eµtKij(t)dt < +∞;

(C2) For each i = 1, . . . , n, there are ai, ai > 0 such that

ai < ai(u) < ai, ∀u ∈ R;

(C3) For each i = 1, . . . , n, there is βi > 0 such that

βi ≤
bi(u)− bi(v)

u− v
, u, v ∈ R, u 6= v;

(C4) For each i, j = 1, . . . , n, the function τij is almost periodic;

(C5) For each i = 1, . . . , n, fi(0) = gi(0) = hi(0) = 0 and there exist Lf
i , L

g
i , L

h
i > 0

such that

|fi(u)−fi(v)| ≤ Lf
i |u−v|, |gi(u)−gi(v)| ≤ Lg

i |u−v|, and |hi(u)−hi(v)| ≤ Lh
i |u−v|,

for all u, v ∈ R.

Theorem 2.2.25. Assume (C1)-(C5).
If there are c̃ij, d̃ij, p̃ij, Ĩi : R → R continuous and almost periodic functions on R such
that:
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(i) lim
t→+∞

(cij(t)− c̃ij(t)) = lim
t→+∞

(dij(t)− d̃ij(t)) = lim
t→+∞

(pij(t)− p̃ij(t))

= lim
t→+∞

(Ii(t)− Ĩi(t)) = 0;

(ii) there exists d = (d1, . . . , dn) > 0 verifying

diaiβi >
n∑

j=1

ajdj

(
c̃+ijL

f
j + d̃+ijL

g
j + p̃+ijL

h
j

)
, i = 1, . . . , n,

where c̃+ij = sup
t∈R

|c̃ij(t)|, d̃+ij = sup
t∈R

|d̃ij(t)|, and p̃+ij = sup
t∈R

|p̃ij(t)|,

then there exists an almost periodic function x̃ : R → R such that

lim
t→+∞

|x(t)− x̃(t)| = 0,

for all solution x(t) of model (2.86) with bounded initial condition.

Proof. Clearly, system (2.86) is a particular situation of model (1.4).
By condition (i) and Definition 2.56, the system

x′i(t) = ai(xi(t))

[
− bi(xi(t)) +

n∑
j=1

c̃ij(t)fj(xj(t))

+
n∑

j=1

d̃ij(t)gj (xj(t− τij(t)))

+
n∑

j=1

p̃ij(t)

∫ +∞

0

Kij(u)hj(xj(t− u)) du+ Ĩi(t)

]
.

(2.87)

is an asymptotic system of (2.86).
From [62, Theorem 1], system (2.87) has a unique almost periodic solution. Denote it
by x̃(t).
From (C1)-(C5), hypotheses (A1)-(A6) hold. From condition (ii), we conclude that

lim sup
t→+∞

[
−aiβi +

n∑
j=1

aj
dj
di

(
cij(t)L

f
j + dij(t)L

g
j + pij(t)L

h
j

)]
< 0,

and (A7) holds. Now the conclusion follows from Theorem 2.2.15.

Remark 2.2.26. We note that the function x̃(t) may not be a solution of the model
(2.86). Moreover, the coefficient functions cij, dij, pij and the inputs Ii are not nec-
essarily almost periodic functions, thus [62, Theorem 2] can not be used to prove the
global attractivity of (2.86).
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2.2.3 Numerical examples

Firstly, we present numerical examples to illustrate the applicability of some new results
given in Section 2.2.1.
Example 2.6. Taking c, d, ĉ, d̂ ∈ R, the system

x′1(t) =

(
1

48
sin
(
x1(t)

)
+

7

48

)[
− (9 + sin(t))x1(t)

+ c cos(t) arctan
(
x1(t− | sin(t)|)

)
arctan

(
x2(t− | cos(t)|)

)
+ d sin(t)

∫ +∞

0

e−ux2(t− u) du+ cos(t)
]
,

x′2(t) =
(
2 + cos

(
x2(t)

)) [
− (2 + cos(t))x2(t)

+ ĉ sin(t) arctan
(
x1(t− | cos(t)|)

)
+ esin(t)

+ d̂ cos(t) tanh
(∫ +∞

0

e−ux1(t− u) du

)
tanh

(∫ +∞

0

e−ux2(t− u) du

)]
,

(2.88)

for t ≥ 0, is a 2π−periodic example of a high-order CGNN model.
Defining ηij1, η̃ij1 : (−∞, 0] → R by

ηij1(s) = η̃ij1(s) =

∫ s

−∞
evdv, s ∈ (−∞, 0], i, j = 1, 2,

system (2.88) is a particular situation of (2.42) with n = 2, P = Q = 1, and for
u, v ∈ R, F1(u) = F2(u) = G1(u) = G2(u) = u, g111(u) = 1, g121(u) = g211(u) =

g221(u) = u, h1121(u, v) = arctan(u) arctan(v), h2111(u, v) = arctan(u), f1211(u, v) = v,
f2121(u, v) = tanh(u) tanh(v), and all other hijl1(u, v) = fijl1(u, v) = 0, for i, j, l = 1, 2.
However, (2.88) is not a particular case of (2.53), thus the model studied in [40] is not
general enough to include (2.88) as a particular example.
Following the notations in (2.42) and (2.44), we have a1 = 1

8
, a1 = 1

6
, a2 = 1, a2 = 3,

β
1
= 8, β

2
= 1, ζi = ςi = 1, γ(1)1121 = γ

(2)
1121 = π

2
, γ(1)2111 = 1, γ(2)2111 = µ

(1)
1211 = 0,

µ
(2)
1211 = µ

(1)
2121 = µ

(2)
2121 = 1, ξij1 = ξ̃ij1 = 1, I1(t) = cos(t), I2(t) = esin(t), c1121(t) =

c cos(t), c2111(t) = ĉ sin(t), d1211(t) = d sin(t), d2121(t) = d̂ cos(t), and all other cijl1(t) =
dijl1(t) = 0, for i, j, l = 1, 2.
Consequently, example (2.88) is 2π−periodic and the matrix M, defined in (2.45), has
the form

M =


1− π

12
|c| −1

2

(
π
2
|c|+ |d|

)
−3
(
|ĉ|+ |d̂|

)
1− 3|d̂|

 .
Condition (2.33) trivially holds with ϑ ∈ (0, 1). Consequently, Corollary 2.2.5 assures
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the existence and exponential stability of a 2π−periodic solution of (2.88) in case M
being a non-singular M-matrix. For example, if we consider c = 1

π
, d = 1

100
, ĉ = 1

15
,

d̂ = 1
30
, we have

M =


11
12

− 51
200

− 3
10

9
10

 ,
which is a non-singular M-matrix.
Example 2.7. The following 2π−periodic delay differential system is a particular
situation of (1.3),

x′1(t) =
(
sin
(
x1(t)

)
+ 2
) [

− 4x1(t)e
sin(x1(t))
1+x1(t)

2

+
1

3
cos(t) tanh

(
x2(t− | sin(t)|)

)
+ esin(t)

]
,

x′2(t) =
(
cos
(
x2(t)

)
+ 2
) [

− (5 + cos(t))x2(t)

+
2

3
sin(t) tanh

(
x1(t− | cos(t)|)

)
+ cos(t)

]
,

(2.89)

where n = 2, a1(t, u) = sin(u)+2, b1(t, u) = 4ue
sin(u)
1+u2 , f1(t, φ) = 1

3
cos(t) tanh(φ2(−| sin(t)|))+

esin(t), a2(t, u) = cos(u)+2, b2(t, u) = (5+cos(t))u, and f2(t, φ) = 2
3
sin(t) tanh(φ1(−| cos(t)|))+

cos(t).
The hypothesis (H1)-(H5) and (H1*)-(H5*) holds with a1 = a2 = 1, a1 = a2 = 3,
β1(t) = 2, β∗

1(t) = 8, β2(t) = β∗
2(t) = 5 + cos(t), L1(t) =

1
3
cos(t), and L2(t) =

2
3
sin(t),

thus Theorem 2.1.10 assures the existence and exponential stability of a 2π− periodic
solution of (2.89).

Remark 2.2.27. Comparing with the hypotheses assumed in [38], the functions a1 and
b1 do not satisfy the required properties. Furthermore, considering the system (2.89),
the matrix E, as defined on page 6 of [38], satisfies E∗ ≥ E, where

E∗ =


12π
11

− 88π2 −10π
11

− 4π2

−π − 8π2 π − 80π2

 .
Since E∗ does not constitute a non-singular M-matrix, it follows that E is not a non-
singular matrix (see [25, Theorem 5.7]). Consequently, the criterion in [38] cannot
be used to conclude the existence of a periodic solution of (2.89). In figures 2.1 and
2.2, three solutions (x1(t), x2(t)) of the system (2.89), with initial condition φ(s) =

(sin(s),− cos(s)), φ(s) = (1/2,−es/2), φ(s) = (cos(s)/2,−es) for s ≤ 0, at t0 = 0, are
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plotted.

Figure 2.1: Numerical simulations of three solutions (x1(t), x2(t)) of system (2.89), with initial condition
φ(s) = (sin(s),− cos(s)), φ(s) = (1/2,−es/2), φ(s) = (cos(s)/2,−es) for s ≤ 0, at t0 = 0.

Figure 2.2: Numerical simulations of three solutions (x1(t), x2(t)) of system (2.89), with initial condition
φ(s) = (sin(s),− cos(s)), φ(s) = (1/2,−es/2), φ(s) = (cos(s)/2,−es) for s ≤ 0, at t0 = 0.
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Furthermore, we present a numerical example to illustrate the effectiveness of new re-
sults presented in Section 2.2.2.
Example 2.8. Consider the following numerical example which is a particular situa-
tion of (1.4).

x′1(t) =
(
sin
(
x1(t)

)
+ 2
) [

− (4 + e−t)x1(t)e
sin(x1(t))
1+x1(t)

2

+

(
1

3
cos(t) + e−t

)
tanh

(
x2(t− | sin(t)|)

)
+ esin(t) + e−t

]
(2.90)

x′2(t) =
(
cos
(
x2(t)

)
+ 2
) [

− (5 + cos(t) + e−t)x2(t)

+

(
2

3
sin(t) + e−t

)
tanh

(
x1(t− | cos(t)|)

)
+ cos(t) + e−t

]
.

Here, n = 2, P = 1, a1(t, u) = sin(u) + 2, a2(t, u) = cos(u) + 2, b2(t, u) = (5 + cos(t) +
e−t)u, b1(t, u) = (4+e−t)ue

sin(u)
1+u2 , F1(u) = F2(u) = u, c1211(t) = 1

3
cos(t)+e−t, c2111(t) =

2
3
sin(t) + e−t, h1211(u, v) = h2111(u, v) = tanh(u), τ121(t) = | sin(t)|, τ211(t) = | cos(t)|,

I1(t) = esin(t) + e−t, I2(t) = cos(t) + e−t, and c11j1(t) = c22j1(t) = dijl1(t) = 0.

Figure 2.3: Numerical simulation of three solutions (x1(t), x2(t)) of system (2.90), with initial condition
φ(s) = (−es/2, cos(s)/2), φ(s) = (cos(s)/2,−es/2), φ(s) = (sin(s), es − 1) for s ≤ 0, at t0 = 0.
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Figure 2.4: Numerical simulation of three solutions (x1(t), x2(t)) of system (2.90), with initial condition
φ(s) = (−es/2, cos(s)/2), φ(s) = (cos(s)/2,−es/2), φ(s) = (sin(s), es − 1) for s ≤ 0, at t0 = 0.

System (2.90) has the following system

x̂′1(t) =
(
sin
(
x̂1(t)

)
+ 2
)[

− 4x1(t)e
sin(x̂1(t))
1+x̂1(t)

2

+
1

3
cos(t) tanh

(
x̂2(t− | sin(t)|)

)
+ esin(t)

]
,

x̂′2(t) =
(
cos
(
x̂2(t)

)
+ 2
)[

− (5 + cos(t))x̂2(t)

+
2

3
sin(t) tanh

(
x̂1(t− | cos(t)|)

)
+ cos(t)

]
,

(2.91)

as one of its asymptotic systems. As hypotheses (A1)-(A7) hold, Theorem 2.2.15 allows
us to conclude that

lim
t→+∞

|x(t)− x̂(t)| = 0,

for all solutions x(t) = (x1(t), x2(t)) and x̂(t) = (x̂1(t), x̂2(t)), of (2.90) and (2.91)
respectively, with bounded initial conditions. Noting that (2.91) is a 2π−periodic sys-
tem, Theorem 2.2.2 assures that (2.91) has a 2π−periodic solution x̃(t) = (x̃1(t), x̃2(t)).
Thus

lim
t→+∞

|x(t)− x̃(t)| = 0,
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for all solutions x(t) of (2.90) with bounded initial conditions. We stress that all
solutions of (2.90) converge asymptotically to x̃(t) which is not a solution of (2.90).
Figures 2.3 and 2.4 show the plot of three solutions (x1(t), x2(t)) of system (2.90),
with initial condition φ(s) = (−es/2, cos(s)/2), φ(s) = (cos(s)/2,−es/2), φ(s) =

(sin(s), es − 1) for s ≤ 0, at t0 = 0.

2.2.4 Conclusion

In this chapter, we separately present criteria for the existence of a periodic solution
(Theorem 2.1.9) and exponential stability (Theorem 2.1.3) of a general family of func-
tional differential equations (1.3) with unbounded delays. This represents a significant
extension of the previous results in [24].
The global stability of neural network models holds a significant role in the solution of
optimization problems [14] and in computational image processing [1]. In particular,
Cohen-Grossberg-type models are an important tool for pattern formation and partial
memory storage [15]. As the interest for this models is increasing (see [8] and reference
therein), here we derived criteria for the existence (Theorem 2.2.2) and exponential
stability (Theorem 2.2.1) of a periodic solution for a general Cohen-Grossberg type
model (2.31). Model (2.31) is general enough to encompass both low-order and high-
order models. In particular, the model we studied is more general than the one explored
in [3]. In Example 2.1., we established a new criterion for the existence and exponential
stability of a periodic solution (Corollary 2.2.6) for the low-order Cohen-Grossberg
model (2.47). Similarly, in Example 2.2., a criterion (Corollary 2.2.9) is established for
the high-order Cohen-Grossberg model (2.53), result particularly significant because
the previous proof presented in [40] had issues (Remark 2.2.10).
Furthermore, we have presented sufficient conditions for the global convergence of
asymptotic systems in high-order CGNN models with infinite discrete time-varying
and distributed delays, as shown in Theorem 2.2.15. This represents a significant
extension of the previous results found in [50, 63, 66, 67, 72].
A global attractivity criterion is obtained for the CGNN model (2.47), as stated in
Corollary 2.2.17. This new result enhances the previous criterion found in [49] for the
static neural network model (2.49). In Example 2.4., we derived sufficient conditions for
all solutions of the high-order CGNN model (2.78), with bounded initial conditions, to
converge to a periodic function as time goes to infinity, as detailed in Corollary 2.2.21.
It is relevant to note that Theorem 2.2.2 cannot be applied to prove the existence of a
periodic solution of (2.78) because (2.78) is not necessarily a periodic model.
Finally, in Example 2.5., we obtain sufficient conditions for all solutions of CGNN
model (2.86), presented in [62], with bounded initial conditions, to converge an almost
periodic function as times goes to infinity, as stated in Theorem 2.2.25. It is worth
noting that the coefficients in (2.86) are not necessarily almost periodic.
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Chapter 3

Lotka-Volterra model

In this chapter, we investigate the concept of permanence for a general delay differential
system and discuss the novality of our result with literature. Additionally, we study the
permanence and provide a partial result regarding convergence of asymptotic systems
of Lotka-Volterra type model. Moreover, we provide a comparison with the results in
the literature.

3.1 Permanence of a general system with unbounded delay

In this chapter, firstly, we study the permanence of the general differential system (1.5)
in a convenient phase space. We refer to the notation mentioned in Chapter 2.
We consider the set

BCn
+ =

{
ϕ ∈ BCn : ϕ(s) ≥ 0 for s ∈ (−∞, 0), and ϕ(0) > 0

}
,

where BCn = {ϕ ∈ C((−∞, 0];Rn), ϕ is bounded } is subset of the space UCG defined
before in Section 2.1. Thus, we consider the functional differential equation (1.5) in
the phase space UCG, for a function G that satisfies (G1)-(G3) as mentioned in Section
2.1, the continuity of the functions fi and gi assures the existence of solutions of (1.5)
with initial condition

xt0 = ϕ, for ϕ ∈ BCn
+ and t0 ≥ 0, (3.1)

for more details, see [30]. The goal is to apply the results to Lotka-Volterra models,
thus we restrict our study only to solutions of (1.5) with non-negative bounded initial
conditions (3.1).

We obtain sufficient conditions for the permanence of solutions to (1.5)- (3.1). In order
to do that, the following set of hypotheses is assumed.

(P1) For i = 1, . . . , n, the functions gi : R+
0 × R → R and fi : R+

0 × BCn
+ → R+

0 are
continuous and locally Lipschitz in the second variable;

(P2) There are continuous functions αij : R+
0 × BC1

+ → R+
0 , τij : R+

0 → R+
0 , and
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cij : R+
0 → R+

0 and, a constant γij > 0 satisfying

fi(t, ϕ) ≤
n∑

j=1

αij(t, ϕj) +
n∑

j=1

γijcij(t)

∫ 0

−∞
ϕj(s)dηij(s), for all t ≥ 0,

and ϕ = (ϕ1, . . . , ϕn) ∈ BCn
+. Moreover the function αij satisfy the following,

(P2.1) if ϕ, ψ ∈ BC1
+ and t ≥ 0 verify ϕ(s) ≤ ψ(s) for all s ≥ −τij(t), then

αij(t, ϕ) ≤ αij(t, ψ);

(P2.2) for each α > 0, the function αij is bounded on R+
0 × Bα(0) where

Bα(0) = {ϕ ∈ BC1
+ : ‖ϕ‖ ≤ α};

(P3) For i, j = 1, . . . , n, lim
t→+∞

(t− τij(t)) = +∞;

(P4) For i, j = 1, . . . , n, the function ηij : R−
0 → R is bounded and non-decreasing

with ∫ 0

−∞
dηij(s) = ηij(0)− ηij(−∞) = 1;

(P5) For each i = 1, . . . , n, the function gi : R+
0 × R → R satisfy the following

(P5.1) for any constant σ > 1, gi(t, u) is bounded on R+
0 × [σ−1, σ], and there is a

positive constant ωi such that the function

u→ lim inf
t→+∞

∫ t+ωi

t

gi(s, u)ds

is continuous at u = 0;

(P5.2) there are positive constants k1, k2, ϖ1, ϖ2, with k2 > k1 such that

lim inf
t→+∞

∫ t+ϖ1

t

gi(s, k1)ds > 0, lim sup
t→+∞

∫ t+ϖ2

t

gi(s, k2)ds < 0;

(P5.3) the partial derivative ∂
∂u
gi(t, u) exists for all (t, u) ∈ R+

0 × R+, and there
are a nonnegative continuous function q(t) and a constant ω > 0, satisfying

lim inf
t→+∞

∫ t+ω

t

q(s)ds > 0, and a continuous function p(u) : R+ → R+ such
that

∂

∂u
gi(t, u) ≤ −q(t)p(u), (t, u) ∈ R+

0 × R+. (3.2)
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Now, we consider the following n−species Kolmogorov system

u′i(t) = ui(t)gi(t, ui(t)), t ≥ 0 , i = 1, . . . , n, (3.3)

where gi is the function in system (1.5). As gi is continuous for any (t0, u0) ∈ R+
0 ×R+,

the system (3.3) has a solution ui(t) satisfying ui(t0) = u0. If ui(t) > 0 on the interval of
existence, then the solution ui(t) is said to be a positive solution. In order to establish
our main result regarding permanence, we introduce a lemma which will be a crucial
tool in our proofs.

Lemma 3.1.1. [57, Lemma 1] Assuming (P5.1)-(P5.3) hold, we have the following

(1) there are constants m,M > 0 such that

m ≤ lim inf
t→+∞

ui(t) ≤ lim sup
t→+∞

ui(t) ≤M

for any solution u(t) = (u1(t), . . . , un(t)) > 0 of system (3.3).

(2) each fixed solution u∗(t) = (u∗1(t), . . . , u
∗
n(t)) > 0 of system (3.3) satisfies

lim
t→+∞

|u(t)− u∗(t)| = 0

for every positive solution u(t) of (3.3).

We noticed that the assumptions (P5.1)-(P5.3) are quite weak and applicable for wide
classes of ecologically reasonable functions [57]. Now, we are in a position to state our
main result.

Theorem 3.1.2. Assume that the system (1.5) satisfies (P1)-(P5) and that there is
ε1 > 0, such that

lim inf
t→+∞

∫ t+ωi

t

[
gi(s, 0)−

n∑
j=1

αij(s, (x
∗
j)s + ε1)

−
n∑

j=1

cij(s)γij

∫ 0

−s

x∗j(s+ r) dηij(r)

]
ds > 0,

(3.4)

where x∗(t) = (x∗1(t), . . . , x
∗
n(t)) is a fixed positive solution of system (3.3), and x∗(t) =

x∗(t0) if t ≤ t0. Then system (1.5) is permanent, that is, for i = 1, . . . , n, there are
constants mi,Mi > 0 such that

mi ≤ lim inf
t→+∞

xi(t) ≤ lim sup
t→+∞

xi(t) ≤Mi,

for any positive solution x(t) = (x1(t), . . . , xn(t)) of system (1.5)-(3.1).
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Proof. From Lemma 3.1.1, we can conclude that there are positive constants pi and Pi

such that

pi ≤ x∗i (t) ≤ Pi, for all t ≥ 0, i = 1, . . . , n,

and x∗ is a globally attractive solution for system (3.3). We can obtain that condi-
tion (3.4) is independent of the choice of x∗. As gi and αij are continuous functions,
from condition (3.4), (P1), (P2), and (P5), one can conclude that there are constants
ε0 ∈ (0, ε1), and T0 > 0 such that

∫ t+ωi

t

[
gi(s, ε0)−

n∑
j=1

αij(s, (x
∗
j)s + ε0)

−
n∑

j=1

cij(s)

(
ε0 + γij

∫ 0

−s

(x∗j(s+ r) + ε0) dηij(r)

)]
ds > ε0,

(3.5)

for all t ≥ T0 and i = 1, . . . , n.

Let x(t, t0, ϕ) = x(t) = (x1(t), . . . , xn(t)) be a solution of (1.5)-(3.1). Without loss of
generality, we may assume t0 = 0. Note that

xi(t) = ϕi(0) exp
(∫ t

0

(gi(s, xi(s))− fi(s, xs))ds

)
> 0,

t ≥ 0, i = 1, . . . , n.

Since

x′i(t) ≤ xi(t)gi(t, xi(t)), t ≥ 0, i = 1, . . . , n,

we obtain xi(t) ≤ ui(t) for all t ≥ 0 and i = 1, . . . , n, where u(t) = (u1(t), . . . , un(t)) > 0

is a solution of system (3.3) with initial condition u(0) = x(0). Consequently, by
Lemma 3.1.1, we conclude that xi(t) is defined on R+

0 , and there exists a constant
T1 ≥ T0 such that for each i = 1, . . . , n,

xi(t) ≤ x∗i (t) + ε0, for t ≥ T1. (3.6)

As x(t) > 0 for all t ≥ 0, we conclude that x(t) is bounded.
From (P4), there is τ1 > 0 such that∫ −τ1

−∞
dηij(s) ≤

ε0
N
, (3.7)

where N = max
i,j

sup
t∈R

{γijxj(t)}. Moreover, from (P3), there exists T2 ≥ T1 such that
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t− τij(t) ≥ T1 for t ≥ T2. Thus, we conclude that

(xj)t(s) = xj(t+ s) ≤ x∗j(t+ s) + ε0 = (x∗j)t(s) + ε0, (3.8)

for t ≥ T2, for all s ≥ −τij(t), and i, j = 1, . . . , n. For each i = 1, . . . , n, we define the
constant

Mi = sup{x∗i (t) + ε0 : t ≥ 0}.

We have 0 < Mi < +∞ and Mi is independent of any positive solution of system (1.5).
Obviously, we have xi(t) ≤Mi for all t ≥ T1 and i = 1, . . . , n, thus

lim sup
t→+∞

xi(t) ≤Mi, i = 1, . . . , n.

Now, we need to show that lim inf
t→+∞

xi(t) ≥ mi for some mi > 0 independent of solution
x(t). First, we prove that

lim sup
t→+∞

xi(t) ≥ ε0, i = 1, . . . , n. (3.9)

In fact, if (3.9) is not true, then there exists an i ∈ {1, . . . , n}, and T3 ≥ T2 such that

xi(t) < ε0 for all t ≥ T3. (3.10)

From (P2), for each i = 1, . . . , n, and all t ≥ T1, we obtain

fi(t, xt) ≤
n∑

j=1

αij(t, (xj)t) +
n∑

j=1

cij(t)

∫ 0

−∞
γijxj(t+ s)dηij(s). (3.11)

By (3.10), and (P5.3), we have

gi(t, xi(t)) ≥ gi(t, ε0), for t ≥ T3, i = 1, . . . , n.

Consequently, from (3.11), for t > T3, we have

x′i(t) ≥ xi(t)

[
gi(t, ε0)−

n∑
j=1

αij(t, (xj)t)−
n∑

j=1

cij(t)

∫ 0

−∞
γijxj(t+ s) dηij(s)

]
.
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From (P2.1), (3.8), for t > T3,

x′i(t) ≥ xi(t)

[
gi(t, ε0)−

n∑
j=1

αij(t, (x
∗
j)t + ε0)

−
n∑

j=1

cij(t)

∫ −τ1

−∞
γijxj(t+ s)dηij(s)

−
n∑

j=1

cij(t)

∫ 0

−τ1

γijxj(t+ s)dηij(s)

]
,

From (3.6), and (3.7), we obtain for t > T3 + τ1,

x′i(t) ≥ xi(t)

[
gi(t, ε0)−

n∑
j=1

αij(t, (x
∗
j)t + ε0)

−
n∑

j=1

cij(t)

(
ε0 +

∫ 0

−τ1

γij(x
∗
j(t+ s) + ε0)dηij(s)

)]
.

Additionally, for any t ≥ T3 + τ1, there are constants l ∈ N0 and v ∈ [0, ωi) such that
t = T3 + τ1 + lωi + v. Integrating the above inequality from T3 + τ1 to t, we obtain

xi(t) ≥ xi(T3 + τ1) exp
[∫ t

T3+τ1

(
gi(s, ε0)−

n∑
j=1

αij(s, (x
∗
j)s + ε0)

−
n∑

j=1

cij(s)

(
ε0 + γij

∫ 0

−τ1

(x∗j(s+ r) + ε0)dηij(r)

))
ds

]
,

thus,

xi(t) ≥ xi(T3 + τ1)

[
exp

(∫ T3+τ1+ωi

T3+τ1

+ . . .+

∫ T3+τ1+lωi

T3+τ1+(l−1)ωi

+

∫ t

T3+τ1+lωi

)

×
(
gi(s, ε0)−

n∑
j=1

αij(s, (x
∗
j)s + ε0)−

−
n∑

j=1

cij(s)

(
ε0 + γij

∫ 0

−s

(x∗j(s+ r) + ε0) dηij(r)

))]
ds,

hence, from (3.5), we obtain

xi(t) ≥ xi(T3 + τ1) exp(lε0 − βiωi),
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where

βi = sup
t≥0

{
|gi(t, ε0)|+

n∑
j=1

αij(t, (x
∗
j)t + ε0)

+
n∑

j=1

cij(t)

(
ε0 + γij

∫ 0

−t

(x∗j(t+ r) + ε0) dηij(r)

)}
.

(3.12)

Therefore, we have xi(t) → ∞ as t→ +∞, which is a contradiction. We obtain (3.9).

Now, we prove that there is positive constants mi such that

lim inf
t→+∞

xi(t) ≥ mi, i = 1, . . . , n.

Assuming that this is not true, then there exists an i ∈ {1, . . . , n}, and a sequence
(ϕk)k∈N ∈ BCn

+ such that

lim inf
t→+∞

xi(t, ϕk) <
ε0
k2
, for all k = 1, 2, . . . , (3.13)

where x(t, ϕk) is a solution of system (1.5) satisfying the initial condition x(s) = ϕk(s)

for all s ≤ 0. From (3.9) and (3.13), we conclude that for each k ∈ N, there are two
sequences

(
s
(k)
q

)
q∈N

and
(
t
(k)
q

)
q∈N

such that

(D1) 0 < s
(k)
1 < t

(k)
1 < s

(k)
2 < t

(k)
2 < . . . < s(k)q < t(k)q . . .

(D2) s(k)q → +∞, t(k)q → +∞ as q → +∞

(D3) xi
(
s(k)q , ϕk

)
=
ε0
k
, xi

(
t(k)q , ϕk

)
=
ε0
k2

(D4)
ε0
k2

⩽ xi (t, ϕk) ⩽
ε0
k

for all t ∈
(
s(k)q , t(k)q

)
.

Let G(k) = sup
t≥0

‖xt(., ϕk)‖. By (P4), for each k ∈ N, we can choose a constant τ (k)1 > 0

such that ∫ −τ
(k)
1

−∞
xj(t+ s, ϕk) dηij(s) ≤ G(k)

∫ −τ
(k)
1

−∞
dηij(s) ≤ ε0 (3.14)

and from (P5.3) and (D4), we have

gi(t, xi(t, ϕk)) ≥ gi(t, ε0), for t ∈ [s(k)q , t(k)q ], i = 1, . . . , n. (3.15)

As in (3.6), there exists a T (k)
1 ≥ T0 such that, for all j = 1, . . . , n,

xj(t, ϕk) ≤ x∗j(t) + ε0, (3.16)
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As in (3.8), and from (P3), for each k ∈ N, there is T (k)
2 > T

(k)
1 such that t−τij(t) ≥ T

(k)
1

for t ≥ T
(k)
2 , thus

(xj)t(s, ϕk) = xj(t+ s, ϕk)

≤ x∗j(t+ s) + ε0

= (x∗j)t(s) + ε0, for t ≥ T
(k)
2 and − τij(t) ≤ s ≤ 0.

(3.17)

By (D1) and (D2), for each k ∈ N, there exists N (k)
1 ∈ N such that s(k)q > T

(k)
2 + τ

(k)
1

for all q ≥ N
(k)
1 . Hence, for any t ∈

[
s
(k)
q , t

(k)
q

]
with q ≥ N

(k)
1 , by (P2) and (3.15), we

have

x′i(t, ϕk) ≥ xi(t, ϕk)

[
gi(t, ε0)−

n∑
j=1

αij(t, (xj)t(., ϕk))

−
n∑

j=1

cij(t)

∫ 0

−∞
γijxj(t+ s, ϕk) dηij(s)

]
,

and, from (P2.1) and (3.17), we have

x′i(t, ϕk) ≥ xi(t, ϕk)

[
gi(t, ε0)−

n∑
j=1

αij(t, (x
∗
j)t + ε0)

−
n∑

j=1

cij(t)

∫ −τ
(k)
1

−∞
γijxj(t+ s, ϕk)dηij(s)

−
n∑

j=1

cij(t)

∫ 0

−τ
(k)
1

γijxj(t+ s, ϕk)dηij(s)

]
.

From (3.14) and (3.16), for t ∈
[
s
(k)
q , t

(k)
q

]
with q ≥ N

(k)
1 , we obtain

x′i(t, ϕk) ≥ xi(t, ϕk)

[
gi(t, ε0)−

n∑
j=1

αij(t, (x
∗
j)t + ε0)

−
n∑

j=1

γijcij(t)

(
ε0 +

∫ 0

−t

(x∗j(t+ s) + ε0)dηij(s)

)]
.

We can choose l(k)q ∈ N0 such t(k)q = s
(k)
q + l

(k)
q wi + v

(k)
q , where v(k)q ∈ [0, ωi).

For each k ∈ N and q ≥ N
(k)
1 , from (3.5), (D3), and integrating the above inequality
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from s
(k)
q to t(k)q , we obtain

ε0
k2

= xi(t
(k)
q , ϕk)

≥ xi(s
(k)
q , ϕk) exp

[∫ t
(k)
q

s
(k)
q

(
gi(s, ε0)−

n∑
j=1

αij(s, (x
∗
j)s + ε0)

−
n∑

j=1

γijcij(s)

(
ε0 +

∫ 0

−s

(x∗j(s+ r) + ε0) dηij(r)

))
ds

]

≥ xi(s
(k)
q , ϕk) exp

[
−
∫ t

(k)
q

s
(k)
q

|gi(s, ε0)|ds+
∫ t

(k)
q

s
(k)
q +l

(k)
q wi

(
gi(s, ε0)

−
n∑

j=1

αij(s, (x
∗
j)s + ε0)−

n∑
j=1

γijcij(s)

(
ε0 +

∫ 0

−s

(x∗j(s+ r) + ε0) dηij(r)

))
ds

]
≥ ε0

k
exp

(
−ζi(t(k)q − s(k)q )− βiωi

)
,

where βi is given by (3.12) and ζi = sup{|gi(t, ε0)| : t ≥ 0}. We note that (P5.1) and
(3.5) imply that ζi ∈ R+. Thus, we can conclude that

t(k)q − s(k)q ≥ ln k − βiwi

ζi
, (3.18)

for all q ≥ N
(k)
1 and k ∈ N.

For each k ∈ N and t > s
(k)
q with q ≥ N

(k)
1 , we have t > s

(k)
q > T

(k)
1 + τ

(k)
1 and

∫ T
(k)
1 −t

−∞
xj(t+ s, ϕk)dηij(s) ≤ G(k)

∫ T
(k)
1 −t

−∞
dηij(s), (3.19)

and ∫ s
(k)
q −t

T
(k)
1 −t

xj(t+ s, ϕk)dηij(s) ≤Mj

∫ s
(k)
q −t

−∞
dηij(s), (3.20)

for all i, j = 1, . . . , n.
Moreover, for each k ∈ N, by (P4) and (D2), there exist N (k)

2 ≥ N
(k)
1 and a constant

L > 0 such that

γijG
(k)

∫ −T
(k)
1 −s

(k)
q

−∞
dηij(s) ≤

ε0
2
, (3.21)

and

γijMj

∫ −L

−∞
dηij(s) ≤

ε0
2

(3.22)
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for all q ≥ N
(k)
2 , i, j = 1, . . . , n. From (3.18), there is K ∈ N such that t(k)q ≥ s

(k)
q + L

for all k ≥ K and q ≥ N
(k)
2 , thus

t(k)q = s(k)q + L+ r(k)q ωi + ω(k)
q

where r(k)q ∈ N0 and ω(k)
q ∈ [0, ωi).

By (3.18), there exists a large enough K1 ≥ K such that

r(k)q ε0 − βiωi ≥ ε0 (3.23)

for all k ≥ K1 and q ≥ N
(k)
2 . Hence, for any k ≥ K1, q ≥ N

(k)
2 , and t ∈ [s

(k)
q + L, t

(k)
q ],

by (P2), (P5.3), (D4), (3.16), (3.17), (3.19), and (3.20), we obtain

x′i(t, ϕk) ≥ xi(t, ϕk)

[
gi(t, xi(t, ϕk))−

n∑
j=1

αij(t, (xj)t(., ϕk))

−
n∑

j=1

cij(t)

(∫ T
(k)
1 −t

−∞
+

∫ s
(k)
q −t

T
(k)
1 −t

+

∫ 0

s
(k)
q −t

)
γijxj(t+ s, ϕk) dηij(s)

]
,

thus

x′i(t, ϕk) ≥ xi(t, ϕk)

[
gi(t, xi(t, ϕk))−

n∑
j=1

αij(t, (xj)t(., ϕk))

−
n∑

j=1

cij(t)

(
γijG

(k)

∫ T
(k)
1 −t

−∞
dηij(s) + γijMj

∫ s
(k)
q −t

T
(k)
1 −t

dηij(s)

+

∫ 0

s
(k)
q −t

γijxj(t+ s, ϕk) dηij(s)

)]
≥ xi(t, ϕk)

[
gi(t,

ε0
k
)−

n∑
j=1

αij(t, (x
∗
j)t + ε0)

−
n∑

j=1

cij(t)

(
γijG

(k)

∫ T
(k)
1 −t

−∞
dηij(s) + γijMj

∫ −L

−∞
dηij(s)

+

∫ 0

s
(k)
q −t

γij
(
x∗j(t+ s) + ε0

)
dηij(s)

)]
,

and from (P5.3), (3.21), and (3.22), we obtain

x′i(t, ϕk) ≥ xi(t, ϕk)

[
gi(t, ε0)−

n∑
j=1

αij(t, (x
∗
j)t + ε0)

−
n∑

j=1

cij(t)

(
ε0
2
+
ε0
2
+ γij

∫ 0

−t

(
x∗j(t+ s) + ε0

)
dηij(s)

)]
.
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Integrating the above inequality from s
(k)
q + L to t(k)q , then by (D3), (D4), (3.5), and

(3.23), we conclude that

ε0
k2

= xi(t
(k)
q , ϕk)

≥ xi(s
(k)
q + L, ϕk) exp

[(∫ s
(k)
q +L+ωi

s
(k)
q +L

+ · · ·+
∫ s

(k)
q +L+r

(k)
q ωi

s
(k)
q +L+(r

(k)
q −1)ωi

+

∫ t
(k)
q

s
(k)
q +L+r

(k)
q ωi

)
×
(
gi(s, ε0)−

n∑
i=1

αij(s, (x
∗
i )s + ε0)

−
n∑

j=1

cij(s)

(
ε0 + γij

∫ 0

−s

(x∗i (s+ r) + ε0) dηij(r)

))
ds

]
≥ ε0

k2
exp(r(k)q ε0 − βiωi)

≥ ε0
k2

exp(ε0) >
ε0
k2

which is a contradiction. This contradiction shows that there exist constants mi > 0

such that

lim inf
t→+∞

xi(t) ≥ mi, , i = 1, . . . , n,

for any positive solution x(t) = (x1(t), . . . , xn(t)) of system (1.5), this completes the
proof.

3.2 Lotka-Volterra type models

In this section, we apply our permanence result to the general Lotka-Volterra type
model (1.10), and we derive a convergence result for asymptotic systems of Lotka-
Volterra type models. Here, we restrict our study to solutions of (1.10) with bounded
initial condition (3.1). For the system (1.10), the following set of hypotheses will be
considered:

(H1) For i = 1, . . . , n, function Dij : R+
0 × R−

0 → R+
0 , ri, aij, bij, cij : R+

0 → R+
0 are

continuous and bounded, and τij : R+
0 → R+

0 is continuous;

(H2) For each i = 1, . . . , n, function hii is continuous, and there exists αi > 0 such
that

hii(u)− hii(v)

u− v
≥ αi, ∀u, v ∈ R+

0 , u 6= v;

(H3) For each i, j = 1, . . . , n, there are ηij, βij, γij > 0 such that

|hij(u)− hij(v)| ≤ ηij|u− v| for i 6= j, |fij(u)− fij(v)| ≤ βij|u− v|,

and |θij(u)− θij(v)| ≤ γij|u− v|, for all u, v ∈ R+
0 ;
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(H4) For each i, j = 1, . . . , n, we have lim
t→+∞

(
t− τij(t)

)
= +∞;

(H5) For each i, j = 1, . . . , n, there exists D∗
ij : R−

0 → R+
0 such that Dij(t, s) ≤ D∗

ij(s)

for all (t, s) ∈ R+
0 × R−

0 , and
∫ 0

−∞
D∗

ij(s)ds = 1;

(H6) For each i = 1, . . . , n, there is d = (d1, . . . , dn) > 0 such that

lim sup
t→+∞

[
− αiaii(t) +

n∑
j=1
j ̸=i

dj
di
ηijaij(t) +

n∑
j=1

dj
di
βijbij(t) +

n∑
j=1

dj
di
γijcij(t)

]
< 0;

(H7) There are positive constants ωi > 0, i = 1, . . . , n, and ε1 > 0 such that

lim inf
t→+∞

∫ t+ωi

t

[
ri(s)−

n∑
j=1
j ̸=i

aij(s)h̃ij((x
∗
j)s + ε1)

−
n∑

j=1

bij(s)f̃ij(s, (x
∗
j)s + ε1)−

n∑
j=1

γijcij(s)θij(0)

−
n∑

j=1

γijcij(s)

∫ 0

−s

D∗
ij(r)x

∗
j(s+ r) dr

]
ds > 0

where x∗ = (x∗1, . . . , x
∗
n) is a solution for x′i(t) = xi(t) (ri(t)− aii(t)hii(t)), for

i, j = 1, . . . , n, i 6= j, and ϕ ∈ BC1
+

h̃ij(ϕ) = sup{hij(x) : 0 ≤ x ≤ ϕ(0)}

and, for i, j = 1, . . . , n, t ≥ 0,

f̃ij(t, ϕ) = sup{fij(x) : 0 ≤ x ≤ ϕ(−τij(t))}.

3.2.1 Permanence of Lotka-Volterra type models

We have proved the permanence for the general differential system (1.5) in Section
3.1, and in this subsection, we apply our permanence result to the Lotka-Volterra type
model (1.10).
Note that in comparison with model (1.5), model (1.10) is a particular case and can
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be written in the general form of (1.5) if we express the functions gi and fi as follows:

gi(t, u) = ri(t)− aii(t)hii(u), and

fi(t, ϕ) =
n∑

j=1
j ̸=i

aij(t)hij(ϕj(0)) +
n∑

j=1

bij(t)fij
(
ϕj(−τij(t))

)

+
n∑

j=1

cij(t)

∫ 0

−∞
Dij(t, s)θij(ϕj(s)) ds,

for all t ≥ 0, u ∈ R+
0 , ϕ = (ϕ1, . . . , ϕn) ∈ BCn

+, and recall that the functions are defined
in (1.10).

Theorem 3.2.1. Assume (H1)-(H5) and (H7). If the function hii is differentiable,
satisfies hii(0) = 0, and there exists ω0 > 0 such that

lim inf
t→+∞

∫ t+ω0

t

aii(s)ds > 0, (3.24)

then system (1.10) is permanent.

Proof. We prove the conditions (P1)-(P5) as follows:

(P1) By (H1), (H3), and differentiability of hii, the functions involved in gi and fi are
continuous, so gi and fi are.

(P2) We define the following

(i) for i 6= j, we have, for t ≥ 0, and ϕ ∈ BC1
+,

αij(t, ϕ) = aij(t) sup{hij(x) : 0 ≤ x ≤ ϕ(0)}

+bij(t) sup{fij(x) : 0 ≤ x ≤ ϕ(−τij(t))}

+cij(t)θij(0),

(ii) for i = j, we have, for t ≥ 0, and ϕ ∈ BC1
+,

αii(t, ϕ) = sup{bii(t)fii(x) : 0 ≤ x ≤ ϕ(−τii(0))}

+cii(t)θii(0), and

(iii)

ηij(s) =

∫ s

−∞
D∗

ij(r)dr, for s ≤ 0, i, j = 1, . . . , n.
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From (H3) and (H5), we obtain∫ 0

−∞
Dij(t, s)θij(ϕj(s))ds ≤

∫ 0

−∞
D∗

ij(s)|θij(ϕj(s))− θij(0)|ds

+

∫ 0

−∞
D∗

ij(s)θij(0)ds

≤
∫ 0

−∞
D∗

ij(s)γijϕj(s)ds+ θij(0)

≤ γij

∫ 0

−∞
ϕj(s)dηij(s) + θij(0).

Notice that, by definition of ηij, we have∫ 0

−∞
D∗

ij(s)ϕj(s)ds =

∫ 0

−∞
ϕj(s)dηij(s).

Consequently, by the definition of αij, we have

fi(t, ϕ) ≤
n∑

j=1

αij(t, ϕj) +
n∑

j=1

γijcij(t)

∫ 0

−∞
ϕj(s)dηij(s).

From (H1) and (H3), αij is continuous. From the definition of αij, (P2.1) is
trivial. Moreover, by (H1), (H3), and (H5), we conclude that (P2.2) holds;

(P3) property (P3) is identical to (H4);

(P4) by definition of ηij, (H5) implies (P4);

(P5) From (H1) and (H2), function gi(t, u) = ri(t) − aii(t)hii(u) is bounded on R+
0 ×

[σ−1, σ] for any constant σ > 1 and we conclude (P5.1).

By (H7), we conclude that

lim inf
t→+∞

∫ t+ωi

t

ri(s)ds > 0.

Thus, there are ε > 0 and T > 0 such that∫ t+ϖ1

t

ri(s)ds > ε, for all t ≥ T, i = 1, . . . , n, (3.25)

where ϖ1 = max
i

{ωi}.
By (H1), aii(t) < aii for some aii > 0. Since hii is continuous and hii(0) = 0,
thus, there is k1 > 0 such that

hii(k1) <
ε

2aiiϖ1

.
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Consequently, for t ≥ T ,∫ t+ϖ1

t

aii(s)hii(k1)ds ≤ ϖ1aiihii(k1) <
ε

2
.

Thus, from (3.25), we have∫ t+ϖ1

t

(ri(s)− aii(s)hii(k1)) ds >

∫ t+ϖ1

t

ri(s)ds−
ε

2

>
ε

2
, for all t ≥ T,

and we conclude that

lim inf
t→+∞

∫ t+ϖ1

t

gi(s, k1)ds > 0.

From (H2), and that hii is differentiable with hii(0) = 0, we can conclude that

gi(t, u) ≤ ri(t)− aii(t)αiu.

By (H1), ri is bounded, thus ri(t) < ri for some ri > 0. By (3.24) and αi > 0,
there are ε > 0 and T > 0 such that∫ t+ϖ2

t

aii(s)ds >
ε

αi

, for t ≥ T, ϖ2 > 0, and i = 1, . . . , n.

As ε > 0, there is k2 > k1 > 0 such that k2ε > ϖ2ri. Thus, for t ≥ T and
i = 1 . . . , n, we have∫ t+ϖ2

t

gi(s, k2)ds ≤
∫ t+ϖ2

t

(ri(s)− aii(s)αik2) ds

≤ ϖ2ri − αik2

∫ t+ϖ2

t

aii(s)ds

< ϖ2ri − k2ε < 0.

Consequently,

lim sup
t→+∞

∫ t+ϖ2

t

gi(s, k2)ds < 0,

hence, we conclude (P5.2).
From (H1) and (H2), we obtain

∂

∂u
gi(t, u) ≤ −aii(t)αi, (t, u) ∈ R+

0 × R.
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Taking into account (3.24) and choosing q(t) = aii(t) and p(u) = αi, we obtain
(P5.3). Finally, in this context, condition (3.4) translates to (H7).

Now, by Theorem 3.1.2, we conclude that the system (1.10) is permanent.

The next result shows that, under stronger assumptions, hypothesis (H7) can be sim-
plified.

Corollary 3.2.2. Assume (H1)-(H5) and that

lim inf
t→+∞

∫ t+ωi

t

[
ri(s)−

n∑
j=1
j ̸=i

aij(s)ηijx
∗
j(s)−

n∑
j=1

bij(s)βijx
∗
j(s− τij(s))

− γijcij(s)θij(0)−
n∑

j=1

γijcij(s)

∫ 0

−s

D∗
ij(r)x

∗
j(s+ r)dr

]
ds > 0.

(3.26)

If the function hii is differentiable, hij(0) = fij(0) = 0, and there exists ω0 > 0 such
that (3.24) holds, then system (1.10) is permanent.

Proof. From (H3) and hij(0) = fij(0) = 0, we have hij(u) ≤ ηiju for i 6= j, and
fij(u) ≤ βiju for u ∈ R. Consequently,

−
n∑

j=1

αij(s, (x
∗
j)s + ε1) ≥ −

n∑
j=1
j ̸=i

aij(s)ηij(x
∗
j(s) + ε1)−

n∑
j=1

cij(s)θij(0)

−
n∑

j=1

bij(s)βij(x
∗
j(s− τij(s)) + ε1).

Therefore, for any ε1 > 0,

gi(s, 0) −
n∑

j=1

αij(s, (x
∗
j)s + ε1)−

n∑
j=1

cij(s)γij

∫ 0

−s

x∗j(s+ r) dηij(r)

≥ ri(s)−
n∑

j=1
j ̸=i

aij(s)ηij(x
∗
j(s) + ε1)−

n∑
j=1

bij(s)βij(x
∗
j(s− τij(s)) + ε1)

−
n∑

j=1

γijcij(s)θij(0)−
n∑

j=1

γijcij(s)

∫ 0

−s

D∗
ij(r)x

∗
j(s+ r)dr,
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and thus

lim inf
t→+∞

∫ t+ωi

t

[
gi(s, 0)−

n∑
j=1

αij(s, (x
∗
j)s + ε1)−

n∑
j=1

cij(s)γij

∫ 0

−s

x∗j(s+ r) dηij(r)

]
ds

≥ lim inf
t→+∞

∫ t+ωi

t

[
ri(s)−

n∑
j=1
j ̸=i

aij(s)ηij(x
∗
j(s) + ε1)−

n∑
j=1

bij(s)βij(x
∗
j(s− τij(s)) + ε1)

−
n∑

j=1

γijcij(s)θij(0)−
n∑

j=1

γijcij(s)

∫ 0

−s

x∗j(s+ r)D∗
ij(r)dr

]
ds− ω(ηijaij + βijbij)ε1,

(3.27)

where
aij = sup{aij(t) : t ≥ 0} and bij = sup{bij(t) : t ≥ 0}.

Now, note that the condition (3.26) implies that the right-hand side of the equation
(3.27) is positive for sufficiently small ε1 > 0. The result follows from Theorem 3.1.2.

3.2.2 Convergence of Lotka-Volterra type models

In this section, we introduce a partial result regarding the convergence of solutions of
system (1.10) to solutions of its asymptotic system (3.28). Namely, assuming conditions
(H1)-(H6) and permanence of the models, we proof that any solution of (1.10) whose
distance to a solution of (3.28) converge to a real number, must be asymptotic to the
solution of (3.28).

Definition 3.2.1. The system

x̂′i(t) = x̂i(t)

[
r̂i(t)−

n∑
j=1

âij(t)hij
(
x̂j(t)

)
−

n∑
j=1

b̂ij(t)fij
(
x̂j(t− τ̂ij(t))

)
−

n∑
j=1

ĉij(t)

∫ 0

−∞
Dij(t, s)θij(x̂j(t+ s))ds

]
, (3.28)

t ≥ 0, i = 1, . . . , n,

is said to be an asymptotic system of (1.10),

x′i(t) = xi(t)

[
ri(t)−

n∑
j=1

aij(t)hij
(
xj(t)

)
−

n∑
j=1

bij(t)fij
(
xj(t− τij(t))

)
−

n∑
j=1

cij(t)

∫ 0

−∞
Dij(t, s)θij(xj(t+ s)) ds

]
, t ≥ 0, i = 1, . . . , n,

if, for each i, j = 1, . . . , n, the functions r̂i, âij, b̂ij, ĉij, τ̂ij : R+
0 → R+

0 are continuous
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such that

lim
t→+∞

(
ri(t)− r̂i(t)

)
= lim

t→+∞

(
aij(t)− âij(t)

)
= lim

t→+∞

(
bij(t)− b̂ij(t)

)
= lim

t→+∞

(
cij(t)− ĉij(t)

)
= lim

t→+∞

(
τij(t)− τ̂ij(t)

))
= 0.

(3.29)

By (3.29), it is obvious that the hypothesis (H6) is equivalent to the following

lim sup
t→+∞

[
− αiâii(t) +

n∑
j=1
j ̸=i

dj
di
ηij âij(t) +

n∑
j=1

dj
di
βij b̂ij(t) +

n∑
j=1

dj
di
γij ĉij(t)

]
< 0.

Theorem 3.2.3. Assume (H1)-(H6) and that systems (1.10) and (3.28) are permanent.
Then, for all x(t) and x̂(t) solutions of systems (1.10) and (3.28) respectively, with
bounded initial conditions (3.1), such that

lim
t→+∞

|x(t)− x̂(t)| exists,

we have
lim

t→+∞
|x(t)− x̂(t)| = 0.

Proof. Let x(t) = (x1(t), . . . , xn(t)) and x̂(t) = (x̂1(t), . . . , x̂n(t)) be solutions of sys-
tems (1.10) and (3.28) respectively, with bounded initial conditions (3.1), such that

lim
t→+∞

|x(t)− x̂(t)|

exists.
Without loss of generality, and up to the change of variables yi(t) = xi(t)di and ŷi(t) =
x̂i(t)di, one may assume di = 1 for all i = 1, . . . , n. By hypotheses, there are positive
constants m and M such that

m ≤ min
i=1,...,n

{lim inf
t→+∞

xi(t), lim inf
t→+∞

x̂i(t)}

≤ max
i=1,...,n

{lim sup
t→+∞

xi(t), lim sup
t→+∞

x̂i(t)} ≤M.
(3.30)

For each i = 1, . . . , n, define the function

Vi(t) := | log(xi(t))− log(x̂i(t))|
= sign(xi(t)− x̂i(t))(log(xi(t))− log(x̂i(t))).
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For t ≥ t0, and xi(t) 6= x̂i(t), we have the following:

V ′
i (t) = sign(xi(t)− x̂i(t))

[
x′i(t)

xi(t)
− x̂′i(t)

x̂i(t)

]
,

then

V ′
i (t) = sign(xi(t)− x̂i(t))

[
ri(t)− r̂i(t) + âii(t)hii(x̂i(t))− aii(t)hii(xi(t))

+
n∑

j=1
j ̸=i

(
âij(t)hij(x̂j(t))− aij(t)hij(xj(t))

)

+
n∑

j=1

bij(t)
(
fij(x̂j(t− τ̂ij(t)))− fij(xj(t− τij(t)))

)
+

n∑
j=1

(
b̂ij(t)− bij(t)

)
fij(x̂j(t− τ̂ij(t)))

+
n∑

j=1

cij(t)

(∫ 0

−∞
Dij(t, s)θij(x̂j(t+ s))ds−

∫ 0

−∞
Dij(t, s)θij(xj(t+ s))ds

)

+
n∑

j=1

(
ĉij(t)− cij(t)

) ∫ 0

−∞
Dij(t, s)θij(x̂j(t+ s))dρ.

From (H2), we have

V ′
i (t) ≤ |ri(t)− r̂i(t)| − αiaii(t)|xi(t)− x̂i(t)|

+
n∑

j=1
j ̸=i

aij(t)|hij(x̂j(t))− hij(xj(t))|+
n∑

j=1

|âij(t)− aij(t)||hij(x̂j(t))|

+
n∑

j=1

bij(t)|fij(x̂j(t− τ̂ij(t)))− fij(xj(t− τij(t)))|

+
n∑

j=1

|b̂ij(t)− bij(t)||fij(x̂j(t− τ̂ij(t)))|

+
n∑

j=1

cij(t)

∣∣∣∣ ∫ 0

−∞
Dij(t, s)

(
θij(x̂j(t+ s))− θij(xj(t+ s))

)
ds

∣∣∣∣
+

n∑
j=1

∣∣ĉij(t)− cij(t)
∣∣∣∣∣∣ ∫ 0

−∞
Dij(t, s)θij(x̂j(t+ s))ds

∣∣∣∣
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From (H3) and (H5), we obtain

V ′
i (t) ≤ −αiaii(t)|xi(t)− x̂i(t)|+

n∑
j=1
j ̸=i

ηijaij(t)|x̂j(t))− xj(t)|

+
n∑

j=1

βijbij(t)|x̂j(t− τ̂ij(t))− xj(t− τ̂ij(t))|+ δi(t)

+
n∑

j=1

γijcij(t)

∫ 0

−∞
D∗

ij(s)
∣∣x̂j(t+ s)− xj(t+ s)

∣∣ds,
(3.31)

where

δi(t) = |ri(t)− r̂i(t)|+
n∑

i=1

bij(t)βij
∣∣xj(t− τ̂ij(t))− xj(t− τij(t))

∣∣
+

n∑
j=1

|âij(t)− aij(t)||hij(x̂i(t))|+
n∑

j=1

|b̂ij(t)− bij(t)||fij(x̂j(t− τ̂ij(t)))|

+
n∑

i=1

∣∣ĉij(t)− cij(t)
∣∣∣∣∣∣ ∫ 0

−∞
Dij(t, s)θij(x̂j(t+ s))ds

∣∣∣∣.
From (H1), (3.30) and the continuity of the functions hij, fij, and θij, we have that
x′j(t) is a bounded function, thus xj(t) is uniformly continuous for all j = 1, . . . , n,
hence one can conclude that xj(t) is uniformly continuous. Moreover, from (H3), (H5),
(3.29), and (3.30), we obtain that

lim
t→+∞

δi(t) = 0. (3.32)

Defining

ui = lim sup
t→+∞

|xi(t)− x̂i(t)|. (3.33)

From (3.30), we have
u = max

i
{ui} ∈ [0,+∞).

The result is proved if we show that u = 0.
Choose an i ∈ {1, . . . , n} such that ui = u. From our hypotheses,

lim
t→+∞

|xi(t)− x̂i(t)|

exists. By contradiction, assume that u > 0. From (H6), there are T > 0 and ρ < 0
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such that

−αiaii(t) +
n∑

j=1
j ̸=i

ηijaij(t) +
n∑

j=1

βijbij(t) +
n∑

j=1

γijcij(t) < ρ, t ≥ T. (3.34)

From (H1), we can define

L = max
i=1,...,n

{
sup
t≥0

(
αiaii(t) +

n∑
j=1
j ̸=i

ηijaij(t) +
n∑

j=1

βijbij(t) + 2
n∑

j=1

γijcij(t)

)}
. (3.35)

For

ε ∈
(
0,min

{
u,

−ρu
2(L+ 1)

})
, (3.36)

as t− τ̂ij(t) → +∞, then there is T1 = T1(ε) > T such that, for t ≥ T1,

|xj(t− τ̂ij(t))− x̂j(t− τ̂ij(t))| ≤ u+ ε, j = 1, . . . , n,

|xi(t)− x̂i(t)| > u− ε.

From (H5), there exists T2 > T1 such that∫ −T2

−∞
D∗

ij(s)ds <
ε

z
,

where
z = max

j
sup
t∈R

|xj(t)− x̂j(t)| ∈ (0,+∞), j = 1, . . . , n.

Therefore, by (3.31), for t ≥ 2T2, we have

V ′
i (t) ≤ −αiaii(t)|xi(t)− x̂i(t)|+

n∑
j=1
j ̸=i

ηijaij(t)|x̂j(t)− xj(t)|

+
n∑

j=1

βijbij(t)|x̂j(t− τ̂ij(t))− xj(t− τ̂ij(t))|+ δi(t)

+
n∑

j=1

γijcij(t)

∫ −T2

−∞
D∗

ij(s)
∣∣x̂j(t+ s)− xj(t+ s)

∣∣ds
+

n∑
j=1

γijcij(t)

∫ 0

−T2

D∗
ij(s)

∣∣x̂j(t+ s)− xj(t+ s)
∣∣ds
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V ′
i (t) ≤ −αiaii(t)(u− ε) +

n∑
j=1
j ̸=i

ηijaij(t)(u+ ε) +
n∑

j=1

βijbij(t)(u+ ε) + δi(t)

+
n∑

j=1

γijcij(t)ε+
n∑

j=1

γijcij(t)

∫ 0

−T2

D∗
ij(s)(u+ ε)ds

≤
(
− αiaii(t) +

n∑
j=1
j ̸=i

ηijaij(t) +
n∑

j=1

βijbij(t) +
n∑

j=1

γijcij(t)

)
u

+

(
αiaii(t) +

n∑
j=1
j ̸=i

ηijaij(t) +
n∑

j=1

βijbij(t) + 2
n∑

j=1

γijcij(t)

)
ε+ δi(t).

From (3.34) and (3.35), we have

V ′
i (t) ≤ ρu+ Lε+ δi(t).

From (3.32), taking T ∗ = T ∗(ε) ≥ 2T2 such that δi(t) < ε, for t ≥ T ∗ and i = 1, . . . , n,
we obtain, using (3.36),

V ′
i (t) ≤ ρu+ (L+ 1)ε

< ρu− ρu

2
=
ρu

2
.

Thus, for t ≥ T ∗, we have V ′
i (t) ≤

ρu
2
. By integrating on [T ∗, t], we obtain

Vi(t)− Vi(T
∗) ≤ ρ

2
u(t− T ∗)

Vi(t)−
ρ

2
u(t− T ∗) ≤ Vi(T

∗)

which is a contradiction because u > 0, ρ < 0, and Vi(t) ≥ 0 for all t ≥ 0. Thus u = 0,
and the proof is concluded.

Obviously, the system (1.10) can be considered as an asymptotic system of itself. Thus,
we have the following results

Corollary 3.2.4. Assume (H1)-(H6) and that system (1.10) is permanent. Then, for
all x(t) and x̂(t) solutions of system (1.10), with bounded initial conditions (3.1), such
that

lim
t→+∞

|x(t)− x̂(t)| exists,

we have
lim

t→+∞
|x(t)− x̂(t)| = 0.
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3.3 Numerical example

Example 3.1. Let 0 < 2B < A < 9B and, consider the system

x′1(t) = x1(t)

[
A− 3x1(t)−

1

t+ 1
esin(x2(t−| sin t|))

−(cos t+ 1 + e−t)

∫ 0

−∞
es x2(t+ s) ds

]
x′2(t) = x2(t)

[
B − 1

2
x2(t)−

1

t+ 2
ecos(x1(t−t/2))

−2

3
(t+ 1) sin

(
1

t+ 1

)∫ 0

−∞
e2s x1(t+ s) ds

]
.

(3.37)

This system is a particular case of (1.10) with f11(u) = f22(u) = 0, f12(u) = esinu,
f21(u) = ecosu, h11(u) = h22(u) = u, h12(u) = h21(u) = 0, θ12(u) = θ21(u) = u,
θ11(u) = θ22(u) = 0, r1(t) = A, r2(t) = B, a11(t) = 3, a22(t) = 1/2, b12(t) = 1/(t + 1),
b21(t) = 1/(t+2), c12(t) = cos t+1+e−t, c21(t) = 1

3
(t+1) sin (1/(1 + t)), τ12(t) = | sin t|,

τ21(t) = t/2, D12(t, s) = es, and D21(t, s) = 2 e2s. In Figures 3.1 and 3.2, three solutions
(x1(t), x2(t)) of the system (3.37) are plotted for the case A = 7 and B = 2, with initial
conditions φ(s) = (es +2, cos(s)+1), φ(s) = (2, sin(s)+1), and φ(s) = (es, 1) for s ≤ 0,
at t0 = 0.

Figure 3.1: Numerical simulation of three solutions of system (3.37) with A = 7 and B = 2, (x1(t), x2(t)),
with initial conditions φ(s) = (es +2, cos(s) + 1), φ(s) = (2, sin(s) + 1), φ(s) = (es, 1) for s ≤ 0, at t0 = 0.
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Figure 3.2: Numerical simulation of three solutions of system (3.37) with A = 7 and B = 2, (x1(t), x2(t)),
with initial conditions φ(s) = (es +2, cos(s) + 1), φ(s) = (2, sin(s) + 1), φ(s) = (es, 1) for s ≤ 0, at t0 = 0.

We will now check that this system satisfies the conditions (H1) to (H7). Condition
(H1) is immediate, taking into account the parameter functions that are considered in
the system. Condition (H2) is also immediate and holds with α1 = α2 = 1, since h11
and h22 coincide with the identity function, thus the quotient on the left-hand side of
the inequality is identically 1. Condition (H3) holds with β12 = β21 = e (we can obtain
a better estimate for β12, β21 but this is enough for our purposes), and γ12 = γ21 = 1.
Since τ12(t) is bounded, and t − τ21(t) = t/2, we conclude that (H4) holds. To justify
that (H5) holds, we simply note that, since D12(t, s) and D21(t, s) are independent of
t and the integrals on the interval (−∞, 0] with respect to s of each of these functions
is 1, so we can take D∗

12(s) = D12(t, s) = es and D∗
21(s) = D21(t, s) = 2 e2s. Since

lim sup
t→+∞

[
− α1a11(t) + β12b12(t) + γ12c12(t)

]
= lim sup

t→+∞

[
− 3 +

e
t+ 1

+ cos t+ 1 + e−t

]
= −1 < 0,

and

lim sup
t→+∞

[
− α2a22(t) + β21b21(t) + γ21c21(t)

]
= lim sup

t→+∞

[
− 1

2
+

e
t+ 2

+
1

3

sin 1
1+t
1

1+t

]

= −1

6
< 0,

90



thus, we conclude that (H6) holds.
To justify that (H7) holds, we note that, in this case, g1(t, u) = A− 3u and g2(t, u) =
B − u/2, and we can take (x∗1(t), x

∗
2(t)) = (A/3, 2B), for t ∈ R. Thus,

f̃12(t, (x
∗
2)t + ε1) = sup{esinx : 0 ≤ x ≤ A/3 + ε1} ≤ e,

and

f̃21(t, (x
∗
1)t + ε1) = sup{ecosx : 0 ≤ x ≤ 2B + ε1} ≤ e .

Therefore, taking ω1 = 2π and since A > 2B,

lim inf
t→+∞

∫ t+2π

t

[
r1(s)− b12(s)f̃12(s, (x

∗
2)s + ε1)− γ12c12(s)

∫ 0

−s

D∗
12(r)x

∗
2(s+ r)dr

]
ds

≥ lim inf
t→+∞

∫ t+2π

t

[
A− e

s+ 1
− (cos s+ 1 + e−s)

∫ 0

−s

2B er dr
]
ds

≥ lim inf
t→+∞

∫ t+2π

t

[
A− e

s+ 1
− 2B(cos s+ 1 + e−s)(1− e−s)

]
ds

= lim inf
t→+∞

[
(A− 2B)s− e ln(s+ 1)− 2B sin s+B e−s(sin s− cos s− e−s)

]t+2π

t

= lim
t→+∞

[
2π(A− 2B) + e ln t+ 1

t+ 1 + 2π

−B (sin t− cos t) e−t
(
1 + e−π

)
− B e−2t(e−2π −1)

]
= 2π(A− 2B) > 0

and, for any ω2 > 0, we obtain, noting that A < 9B and |t sin(1/t)| < 1, for t > 0,

lim inf
t→+∞

∫ t+ω2

t

[
r2(s)− b21(s)f̃21(s, (x

∗
1)s + ε1)− γ21c21(s)

∫ 0

−s

D∗
21(r)x

∗
1(s+ r)dr

]
ds

≥ lim inf
t→+∞

∫ t+ω2

t

[
B − e

s+ 2
− 1

9
(s+ 1) sin

(
1

s+ 1

)∫ 0

−s

2A e2r dr
]
ds

≥ lim inf
t→+∞

∫ t+ω2

t

[
B − e

s+ 2
− A

9
(1− e−2s)

]
ds

= lim inf
t→+∞

[
Bs− e ln(s+ 2)− A

9

(
s+

e−2s

2

)]t+ω2

t

= lim
t→+∞

[
ω2B + e ln t+ 2

t+ ω2

− A

9

(
ω2 − (1− e−2ω2)

e−2t

2

)]
= ω2(B − A/9) > 0.

Thus (H7) holds.

91



Finally, note that h11(0) = h22(0) = 0 and that, for any ω0 > 0,

lim inf
t→+∞

∫ t+ω0

t

a11(s)ds = lim inf
t→+∞

∫ t+ω0

t

3ds = 3ω0 > 0,

and

lim inf
t→+∞

∫ t+ω0

t

a22(s)ds = lim inf
t→+∞

∫ t+ω0

t

1

2
ds =

ω0

2
> 0.

The conditions above show that we can use Theorem 3.2.1 to conclude that system
(3.37) is permanent. Since the condition (H6) hold, using Corollary 3.2.4, we can
conclude that whenever

lim
t→+∞

|x(t)− x̂(t)| exists,

for any solutions, x(t) = (x1(t), x2(t)) and x̃(t) = (x̃1(t), x̃2(t)), of system (3.37) with
bounded initial conditions (3.1), we have

lim
t→+∞

|x(t)− x̂(t)| = 0.

Moreover, we note that an asymptotic system of (3.37) is

x′1(t) = x1(t)

[
7− 3x1(t)− (cos t+ 1)

∫ 0

−∞
es x2(t+ s) ds

]
x′2(t) = x2(t)

[
2− 1

2
x2(t)−

1

3

∫ 0

−∞
2 e2s x1(t+ s) ds

]
,

(3.38)

which is a 2π−periodic system that can be written in the following form:

x′1(t) = x1(t)

[
7− 3x1(t)− (cos t+ 1)

∫ t

−∞
e(ρ−t) x2(ρ) ds

]
x′2(t) = x2(t)

[
2− 1

2
x2(t)−

1

3

∫ t

−∞
2 e2(ρ−t) x1(ρ) ds

]
.

(3.39)

It is easy to verify that system (3.39) satisfies all the hypotheses of [4, Theorem 3.2].
Consequently, system (3.38) has a 2π−periodic solution, denoted by x̂∗(t). From sim-
ilar computations to those done for system (3.37), we obtain that system (3.38) is
permanent. By Theorem 3.2.3, we conclude that for any solution of system (3.37),
x(t), with initial conditions in BC2

+ at t0 = 0, if

lim
t→+∞

|x(t)− x̂∗(t)| exists,

then
lim

t→+∞
|x(t)− x̂∗(t)| = 0.
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This result implies that every solution of system (3.37) with positive bounded initial
conditions – provided the aforementioned limit exists – converges to the periodic so-
lution x̂∗(t) of system (3.38). Based on our numerical simulations, we conjecture that
Theorem 3.2.3 holds without the strong assumption regarding the existence of the limit.
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