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Abstract

This thesis studies the dynamics of two prominent classes of models: Cohen-Grossberg
neural network (CGNN) and Lotka-Volterra ecological systems. Firstly, we investigate
the global exponential stability and the existence of a periodic solution of a general
differential equation with unbounded distributed delays. The main stability criterion
depends on the dominance of the non-delay terms over the delay terms. The criterion
for the existence of a periodic solution is obtained by applying the coincidence degree
theorem. We use the main results to obtain criteria for the existence and global ex-
ponential stability of periodic solutions of a generalized higher-order periodic CGNN
model with discrete-time varying delays and infinite distributed delays. Moreover,
we study the convergence of asymptotic systems in nonautonomous CGNN models.
We derive stability results under conditions where the non-delay terms asymptotically
dominate the delay terms. In the second part, we explore Lotka—Volterra-type ecolog-
ical models with delays. We investigate the concept of permanence of a general delay
differential system and apply it to a general Lotka-Volterra type model. Moreover,
we obtain a partial result on the convergence of the system to its asymptotic systems.
Additionally, we provide a comparison with results in the literature and numerical

examples to illustrate the effectiveness of some of our results.
Keywords

Functional differential equation; Cohen-Grossberg neural network; Lotka-Volterra model;
unbounded delay; periodic solution; stability; convergence of models; asymptotic sys-

tem.
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Resumo Alargado

Esta tese estuda a dinamica de duas classes proeminentes de modelos: modelos de
redes neurais de Cohen-Grossberg e sistemas ecoldgicos de Lotka-Volterra. Na primeira
parte da tese, fornecemos condic¢oes suficientes para a estabilidade exponencial global e
a existéncia de uma solugao periddica do seguinte sistema diferencial geral com atrasos
distribuidos sem limites Cohen-Grossberg de ordem superior com atrasos discretos e

distribuidos nao necessariamente limitados
zi(t) = ai(t,zi(t)[ = bi(t, z:(t) + filt, )], t>0,i=1,...,n.

O critério para a existéncia de solugoes peridédicas é obtido através da aplicacdo do
teorema do grau de coincidéncia. O principal critério de estabilidade depende da
dominancia dos termos sem atraso sobre os termos com atraso. Usamos os principais
resultados para obter critérios para a existéncia de solugoes periddicas e estabilidade
exponencial global de um modelo de rede neural periédica generalizada num espacgo de
fase conveniente. Este modelo é suficientemente geral para incluir diferentes modelos
de ordem baixa e alta. Além disso, estudamos a convergéncia de sistemas assintoticos

nos seguintes modelos de redes neuronais nao auténomas de Cohen-Grossberg
zi(t) = a;(t, z4(t)) [ — bi(t, i (t)) + L(t)

# £ 3030 Ot = o). ult = (1)

p=1 j,i=1
P n 0
555 ([ aunlaste+9) dy o),
p=1 j,l=1 >
0
/ Gip(21(t + 5)) dﬁilp(s))ﬂ , t20,0=1,...,n.

em quen, P,Q € Nea; : [0,+00) x R — (0,400), b; : [0,400) X R = R, ¢ijip , dijig, Li :
0, +00) = R, Tijp, Tatp : [0,+00) = [0,400), hijip, fijg : R = R, Fi, Gi, gijgs Gitg
R — R sdo funcoes continuas, e 7;jq, iy : (—00,0] — R s@o funcoes limitadas nao
decrescentes tais que 7;;,(0) — n;j,(—00) = 1 e 7;4(0) — 7yq(—00) = 1, para cada
nL,5l=1....n,p=1,....,P,eq=1,...,Q.

Notamos que este modelo é suficientemente geral para englobar modelos de redes neu-
rais de Cohen-Grossberg de ordem baixa e alta, modelos de Hopfield e modelos estati-
cos. Obtemos resultados de estabilidade sob condicdes em que os termos sem atraso

dominam assimptoticamente os termos com atraso.

Na segunda parte da tese, introduzimos o conceito de permanéncia e introduzimos
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condigoes suficientes para a permanéncia do seguinte sistema diferencial com atrasos

ilimitados
wi(t) = zi(t) [gi(t, 2i(1)) — fi(t,x)], t>0,i=1,...,n,

num espago de fase conveniente onde x;(t) representa a densidade populacional da i-
ésima, espécie no tempo t. Além disso, aplicamos o nosso resultado de permanéncia ao

seguinte modelo geral do tipo Lotka-Volterra

n

zi(t) = mi(t) {Tz‘(t) =) a(t)hij () — Z bij (1) f (25 (t — 735(1)))

J=1

n t
-3 ) / Dyt p)@@;«(p))dp] £>0,i=1,....n,
=1 —oo

onde hij, fii,0i,7; © R — RE, Dy + Ry x R — R} sdo fungdes continuas, e
iy Qijy bij, cij € C(R,RY), para 4,5 = 1,--- ,n. Devido ao significado bioldgico, as
condicoes inciais serdo tomadas num conjunto espaco de fungdes nao negativas.

Adicionalmente, obtemos um resultado parcial sobre convergéncia do modelo geral
de Lotka-Volterra para os seus sistemas assintoticos. Por ultimo, mas nao menos
importante, apresentamos uma comparagao com resultados da literatura e exemplos

numéricos para ilustrar a eficicia de alguns dos nossos resultados.
Palavras-chave

Equacao diferencial funcional; rede neural de Cohen-Grossberg; modelo de Lotka-
Volterra; atraso nao limitado; solu¢ao periddica; estabilidade; convergéncia de modelos;

sistema assintotico.
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Chapter 1

Introduction

Delay differential equations (DDEs) are indispensable tools for analysis and prediction
via mathematical modeling in various areas of life sciences such as neural networks
[69], epidemiology [39], immunology [45] and population dynamics [b5]. These systems
often involve delays due to many factors depending on the process we are modeling
such as the maturation time in ecological systems, the incubation time in infectious

diseases, or the transmission time of signals between neurons in neural network models.

Most of the results obtained before the era of Volterra regarding DDEs were concerned
with special properties of very specific equations. Since Volterra [58] has started his
research on predator-prey models and viscoelasticity, he has formulated some gen-
eral functional differential equations that account for the past states of the system.
Due to the considerations of meaningful models in engineering, studying the DDEs
has attracted many researchers. Studying the behavior of solutions of DDEs, partic-
ularly understanding their stability and convergence properties (see [28, B7, 54] and
references therein), is critical for predicting and controlling dynamics of real-world sys-
tems. This was enough motivation to focus on the convergence of asymptotic systems
with unbounded delays, with applications to two prominent classes of models: Cohen-
Grossberg neural network (CGNN) models and Lotka-Volterra ecological systems.
The first part of this thesis, namely Chapter B, is divided into two parts: the first
concerns studying the stability of general non-autonomous systems with distributed
delays and the second is about studying the convergence of asymptotic systems in
non-autonomous CGNN models, which include both infinite discrete time-varying and
distributed delays.

In the first part of Chapter B, in Section Ell, we study a general differential system
with delays. Many researchers have been developing work on general systems with

delay [7, 23, 53, 65].

In [23], Faria established sufficient conditions for the asymptotic and exponential sta-
bility of non-autonomous linear differential systems with infinite distributed delays.
Yskak, in [65], studied the stability of solutions of a certain periodic linear differential
system with infinite distributed delays. In [7], Berezansky and Braverman established

sufficient conditions for the global attractivity of the following non-autonomous neural



networks with distributed delays

i(t) = gi(t) | — (1)

t t (1.1)
4 / / F@1 (), an(m)) deran (b ) <+ o rin(t, )|
hil(t) hln(t)

for i = 1,...,n, and applied it to Bidirectional Associative Memory (BAM) neural
network models. In order to apply to BAM models as well, Oliveira [53] obtained
sufficient conditions for the asymptotic stability of the following general system with
infinite distributed delays

fori =1,...,n. None of the general systems, () or (), can be applied to CGNN

type models.
The neural network introduced and studied by Cohen and Grossberg [15] can be de-
scribed by the following system of ordinary differential equations,

dx§§t> = —ai(w:i()) [bix: (1) =Y ey filaw; (W) + L], >0, i=1,....n

J=1

where n is a natural number that indicates the number of neurons and, for each ¢, 7 =
1,...,n, z;(t) is the ith neuron state at time t, a;(.) denotes the amplification functions,
b;(.) is the self-signal functions, f;(.) is the activation functions, ¢;; represents the
strengths of connectivity between neurons ¢ and j, and, I; denotes the input from
outside of the system.

Differential equations modeling neural networks should incorporate time delays due to
synaptic transmission time between neurons or, in the case of artificial neural networks,
communication time among amplifiers, in order to be more realistic. However, it is
known that delays lead to oscillation or instability [44], thus it is worth studying

stability of neural network models with delays.

In recent decades, many authors have studied low-order neural network models. How-
ever, it is important to investigate high-order neural network models because, in com-
parison with low-order systems, they exhibit stronger approximation properties, faster
convergence speeds, and higher fault tolerance [26, 60].

Recently, some research has been conducted on the stability of high-order neural net-
work models, with many of them concerning discrete-time models, and the majority
of these studies focusing on the Hopfield-type models (see [6, 9, B3, 52, 60] and refer-

ences therein). In [16], criteria for the exponential stability of a discrete-time high-order
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Cohen-Grossberg model were established. Subsequently, in [17], the situation involving
impulses was studied. As pointed out by Mohamad and Golpassamy [4§], the dynamics
of continuous-time and discrete-time models are not necessarily similar. Therefore, it
is worthwhile to investigate continuous-time high-order CGNN models.

In [64], the stability of a fractional high-order CGNN model with delays was examined.
However, this study was limited to the autonomous situation with finite delays. Re-
cently, Aouiti and Driti [3] obtained sufficient conditions for the existence and global
exponential stability of an almost automorphic solution of a general Cohen-Grossberg
BAM neural network model that can include high-order models. Nevertheless, the
model studied in [3] is not general enough to include the non-autonomous continuous-
time high-order CGNN with unbounded delays studied in [40]. In [40], the authors
claimed to have obtained a criterion for the existence and exponential stability of a
periodic solution for the studied model. However, as we explain in Remark , their

proof contains certain issues.

Motivated by the discussion mentioned above, Chapter E consists of two main parts
based on the results we obtained in [19, 20]. In [20], we focus on deriving criteria for
the existence of periodic solutions and global exponential stability for a general class
of DDEs with unbounded delays, these results are then applied to high-order CGNN
models. In [19], we investigate the global convergence of asymptotic systems in non-
autonomous CGNN models, providing new insights into the behavior of solutions with

infinite delays.

As referred, in the first part of chapter E, namely, in Section @, we study the exis-
tence of periodic solutions and global exponential stability for a general class of DDEs
with unbounded delays, in general settings, which includes as a particular situation,
many of the low-order and high-order Cohen-Grossberg type models recently stud-
ied. Namely, we study the global stability of the following general non-autonomous

differential system with infinite delays
zi(t) = ai(t,z; (1)) [ — bi(t, 2:(8) + filt,z)], t>0,i=1,...,n, (1.3)

in a convenient phase space. To address the issues encountered in the proof of [40,
Theorem 3.1, we establish a general and easily verifiable criterion for the existence
of a periodic solution of () In particular, this criterion is applicable to the model
investigated in [40].

Previously, in [24], a criterion for the existence and exponential stability of an equilib-

3



rium of
2i(t) = ai(t,x) [ = bi(wi(t) + filz)], t>0,i=1,....n,

was established. In [B§], a criterion for the existence and exponential stability of an anti-
periodic solution for the delay system () with impulses on time scales was obtained.
However, despite the fact that the current study is conducted without impulses on the
time scale R, a less restrictive setting is assumed. For instance, in [38], functions «;
must be even, and b; and f; must be odd in the second variable - symmetry conditions

that are not required here.

Despite the main goal being to apply the obtained results to Cohen-Grossberg type
models, system () is general enough to be applied to other models such as Lotka-
Volterra type models.

In the second part of Chapter @, namely Subsection , we study the global con-
vergence of systems describing CGNN type models. Since their introduction, CGNN
models have become a prominent subject of investigation. The dynamical properties of
CGNN models, such as stability, instability, and periodic oscillation, have been exten-
sively studied for both theoretical and practical applications. For instance, in [18], the
author examined the global convergence of the model to ensure that the trajectories
of the network do not exhibit chaotic behavior, thereby maintaining its functionality
as an associative memory or optimization solver. Furthermore, the globally convergent
dynamics indicate that the neural network algorithm will ensure convergence to an

optimal solution from any initial guess when used as an optimization solver.

Several significant studies have been conducted in this area. For an autonomous CGNN
model, sufficient conditions were given for the coexistence and local stability of multiple
equilibrium points [41]. In [3], the authors established sufficient conditions for the
existence and global exponential stability of an almost automorphic solution of a general
Cohen—Grossberg Bidirectional Associative Memory neural network with finite discrete
delays and infinite distributed delays. In [[13], the authors studied the stability and
instability of an equilibrium point of a CGNN model with infinite discrete time-varying
delays. The existence of multi-periodic solutions of a generalized CGNN was studied in
[59]. The existence and exponential stability of an almost periodic solution of a CGNN
with infinite distributed delays were explored in [62]. In [[12], the global exponential
stability of a periodic solution of a delayed CGNN was investigated but in the case of
discontinuous activation functions. Additionally, a stochastic CGNN with delays was
studied in [61], and criteria for the exponential stability of a discrete time high-order
CGNN model with impulses were established in [17].

To our knowledge, there are few studies on the global convergence of systems in the

context of neural network models [b0, 63, 66, 67, 72]. As illustrated by a simple example
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in [67], the dynamic behavior of a system is generally not determined by the dynamics
of its asymptotic systems (see Definition ) Therefore, it is valuable to identify
situations where the dynamics of a system can be inferred by studying the dynamics
of one of its asymptotic systems. In [b0, 63, 67, 2], sufficient conditions are provided
to ensure the global convergence of systems in various delayed Hopfield neural network
models. In [66], the convergence of systems was examined for the following low-order

CGNN with finite discrete time-varying delays:

n

zi(t) = az‘(ﬂfi(t)){—bi(ta%(t))+Z%( ) fi(a;(t +wa )it = 735(1) + L(t) |

j=1

where the coefficients asymptotically converge to periodic functions. Motivated by
these studies, in Subsection , the convergence of systems within the following
generalized high-order CGNN model with both infinite discrete time-varying and dis-
tributed delays:

2(t) = ar(t, 2.(1)) { b(tt)) + L)

(Z > i hijip (25 = i (1)), 2t — Tap (1)),

p=1 j,l=1

S5 dy 0 f( [ st ) an ),

p=1 j,l=1

/0 éup(acl(wrs))dﬁﬂp(s))ﬂ, t>0,i=1,...,n,

—00

(1.4)

is obtained, where n, P,@ € N and a; : [0, 4+00) x R — (0,400), b; : [0, +00) x R —= R,
Cijtp » Dijigs Ti [0, +00) — R, Tijp, Ty [0, +00) — [0, 4+00), hijip, fijg : R? = R,
F;, Gy, Gijq, Gitg - R — R are continuous functions, and 7;j4, 7, : (—00,0] — R are non-
decreasing bounded functions such that 7;4(0) —7;;4(—00) = 1 and 7;14(0) —7i1q(—00) =
1, foreach i,5,l=1,...,n,p=1,...,P,and g=1,...,Q.

We note that model () is sufficiently general to encompass both low-order [66] and
high-order [20] CGNN models, Hopfield models [50], and static models [49)].

The main objective is to achieve the global stability of model () through the stabil-
ity of one of its asymptotic systems, which may be autonomous, periodic, or almost
periodic, and thus easier to study than the original system (@) For instance, model
(@) itself may not be periodic, but it can have a periodic asymptotic system. In this
case, an important goal is to provide sufficient conditions to ensure that all solutions
of (@) converge to a periodic function assuming that the asymptotic system has a

globally attractive periodic solution.



The main novelties in this chapter are as follows:

i. The global exponential stability criterion, Theorem , obtained for the gen-
eral nonautonomous delay differential equation (@) We emphasize the proof
method employed, which, without resorting to Lyapunov functionals, enabled the
derivation of a new stability criterion. This criterion is easily verifiable, (see con-
dition (@) or (R.11))), and applicable to a broad range of neural network models
as seen in Section @ Notice that this criterion can be applied to nonautonomous

situations where we do not have periodicity.

ii. The provided criterion for the existence of periodic solutions of (), Theorem
. We stress that the established criterion is easily verifiable, as outlined in
hypothesis (H5*). More, unlike the conditions in [38], where only anti-periodic
solutions are considered, our criterion does not need the knowledge of the upper
limit magnitude, 7 (t), in hypothesis (H3*). We stress that this study allowed

us to solve the problems in [40].

iii. The results presented for the new general neural network model (), in Section
, which includes a broad range of low-order and high-order Cohen-Grossberg,
Hopfield, and static neural network type models found in the existing literature
B, 40, 42, 49, 68]. We highlight the generalization of the main result in [40], as

derived by Corollary .

In the second part of this thesis, namely in Chapter H, in Section @, we discuss the

concept of permanence for the following general delay differential system
zi(t) = z;(t) [9:(t, 25 (¢)) — filt,x)], t>0,i=1,...,n, (1.5)

in a convenient phase space where x;(t) represents the population density of the i"
species at time t. A biological system is called sustainable if it posses two important
properties, namely, ultimate boundedness and permanence. The first one refers to
the existence of a compact domain within the state space of the system, where each
motion enters it within a finite time and remains in this domain thereafter, the principle
of persistence indicates that during the species interaction, species do not become
extinct; regardless of their initial population sizes, from a specific point in time, their
populations will surpass certain predetermined positive values. A system that possesses
both of these features is called permanent [32].

The concept of permanence for delay differential equations has been attracted many
researchers (see [2, 22, B4, b7] and references therein). Permanence conditions for
biological models described by ordinary differential equations are well investigated (see

for example [[10, 11, B6, 43] and the references therein). However, it is important
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to recognize that many realistic models must account for additional factors such as
delays. For example, delays may arise due to the dependence of the growth rates of
some species on the past states of others, variations in reproduction and mortality
rates across different age groups, or similar temporal dependencies (see for example
[2, 22, B4, 57] and references therein). In [34], the authors investigated the following

nonautuonomous n—species Lotka-Volterra model with impulses
210 = (0 (alt) = - 00,0 (16)
j=1
Moreover, in [B5], sufficient conditions on the permanence and global attractivity are

established for the following nonautuonomous Lotka-Volterra model with unbounded

delays and impulses

210 =00 () = b)) = S50 [ K(ehatet)ds). (D)
T -

In [p], a nonlinear Lotka-Volterra systems with discrete delays, of the form

n

wi(t) = wu(t) [Tz‘(f) - Z ai;(t)ui;(t) — Z bij (£) £ (u; (1))

= ci(t)g; (u;(t — @-(t)))], t>0,j=1,...,n, (1.8)

J=1

was studied. Last but not least, as example of research focusing on studying the dynam-
ics of general Lotka-Volterra models, in [21], a criterion for the global attractivity of a
positive equilibrium of the following n—dimensional non-autonomous Lotka—Volterra
systems with distributed delays was given
n 0
() = ri(t)ai(t) [aq — bya(t) — Zzij/ zi(t+0)dni;(0)], i=1,...,n. (1.9)
=1 7T
Motivated by the above discussion, we introduce sufficient conditions for the perma-
nence of the general delay differential system (), which include both discrete and

distributed delays, in Theorem .
Moreover, in Subsection , we apply our permanence result to the Lotka-Volterra



type models

n

i(t) = z;(t) [Ti(t) - Zaij(t ij x] wa fm it — 7;(t )))

7j=1

(1.10)
_ch / D;;(t, s) ,anj(t—i—s))ds}, t>0,i=1,...,n,

where due to the biological significance of (), the framework is restricted only to
positive or non-negative initial conditions. We assume that hyj, fi;, 0i;, 75 : Ry — R{,
D;; : Rf x R — R} are continuous functions, and r;, a;j,bij,c;; € C(R,RY), for
i,j = 1,...,n. This model is more general than (@), (@), and () in Corollary
. Additionally, we obtain a partial result relating the dynamics of this model to
the dynamic of one of its asymptotic systems in Theorem .

Finally, in Subsection and Section @, we provide some numerical examples in
order to illustrate the effectiveness of some of our results.

Some results of Chapter E are already published in [20], and other contents of Chapter
E are included in preprint [19].



Chapter 2

Cohen-Grossberg neural network models

In the beginning of the present chapter, we investigate the global exponential sta-
bility and the existence of a periodic solution of a general differential equation with
unbounded delays. The main stability criterion depends on the dominance of the non-
delay terms over the delay terms. The criterion for the existence of a periodic solution
is obtained with the application of the coincidence degree theorem. We use the main
results to derive criteria for the existence and global exponential stability of periodic
solutions of a generalized higher-order periodic CGNN model with infinite discrete-time
varying and distributed delays.

Additionally, we investigate the convergence of asymptotic systems in non-autonomous
CGNN models. Moreover, we provide a comparison with the results in the literature

and a numerical simulation to illustrate the effectiveness of some of our results.

2.1 A general system with unbounded delays

In the present chapter, firstly, we study the global stability of the general non-autonomous
differential system with infinite delays (@) in a convenient phase space. For n € N,

we consider the n-dimensional vector space R" equipped with the norm
|z| = max{|z;|, i=1,...,n}, for z = (xq,...,2,) € R™.

For a positive real number £, we consider the Banach space

Ucr = {qﬁ € C((—o0,0];R™) : supM < o0,

<0 e—¢s
5
ﬁsz is uniformly continuous on (—oo, 0]},
o

equipped with the norm
9(s)]

—es

I¢le = sup
0

s<

In [B1], a basic theory about the existence, uniqueness, and continuation of solutions

is established for the general functional differential equation in the phase space UCY

a'(t) = f(t, ), t>0, (2.1)

9



where, for an open set D C UC?, the function f : [0,+00) x D — R™ is continuous,
and for ¢ > 0, z; denotes the function z; : (—00,0] — R™ defined by z(s) = x(t + s)
for s <0.

We denote by x(t,to, ¢) a solution of (@) with initial condition zy, = ¢ for t, > 0 and
peD.

For x € R", we also use z to denote the constant function ¢(s) = z in UCT. A vector
r = (z1,...,7,) € R is said to be positive if x; > 0 for all i = 1,...,n and we denote
this by z > 0.

We introduce the Banach space BC' of all continuous bounded functions ¢ : (—oo, 0] — R™
equipped with the norm ||¢| = 81<110) |o(s)]. Tt is clear that BC' C UC?T and we have

6 < ||| for all 6 € BC.
In the phase space UCY, for n € N and € > 0, we consider the differential system
with infinite delays () where a; : [0,400) x R — (0,00), b; : [0, +00) x R — R, and
fi :[0,400) x UCT — R are continuous functions.

The goal is to apply the results to CGNN models, thus we only consider bounded initial

conditions. i.e.
xy, = ¢, for ¢ € BC and ty > 0. (2.2)

The continuity of a;, b;, and f; functions assures that the initial value problem ()—
(@) has a solution (see [30, Theorem 2.1]).

It is generally known that the Banach space BC' is not a convenient phase space for
(@) according to [27, B0], and so the typical results about existence, uniqueness, and
continuous dependency of solutions are not accessible. This is the reason why we
considered the space UCT in the discussion above. Thus, more generally, we consider

the space

UCg = {gb € C((—o0,0; R") : sgg% < 00,

¢(s) . . }
is uniformly continuous on (—o00,0] ¢,
06) y ( ]
equipped with the norm |[|¢[|g = sup @8‘, where G : (—00,0] — [1,400) is a function
s<0

satisfying the following conditions:

(G1) G is a non-increasing continuous function with G(0) = 1;
(Go) lim 242 — 1 uniformly on (—oo, 0];

u—0— G(s)

(G3) G(s) = +o0 as s = —00.

10



Note that UC? is the space UCg with }(s) = e . For more details, see [30]. As
BC C UCY, then we consider the space BC' with the norm ||.||g. Considering the
functional differential equation (El) in the phase space UCYE, for a function G that
satisfies (Gy)-(G3) as mentioned above, the continuity of the function f assures the
existence of solutions of (@) with initial condition (@) for to > 0 and ¢ € UCY [B0].
As we always consider bounded initial conditions, in this chapter, we consider the

following definition of global exponential stability.

Definition 2.1.1. The system () is said to be globally exponentially stable if there
are 6 > 0 and C > 1 such that

’I<t7 tO? gb) - I(t, tO? ¢)| S C1e_5(t_t0)||¢ - 1/}”7
Vig > 0, ¥t > to, V. ) € BC.

It should be emphasized that the preceding definition of global exponential stability is
the one usually considered in the literature on neural networks (see [70, [71]).
2.1.1 Global exponential stability

We obtain sufficient conditions for the global exponential stability of (@) To do that,
we assume the following hypotheses.

Foreachi=1,...,n:

(H1) there are g;,a; > 0 such that

a; < a;(t,u) <a;, Vt>0,VYuéeR;

(H2) the function a; is differentiable, and there exists a continuous function D; :
[0,400) — R such that

D;(t)ai(t,u) < %(t,u), vVt >0, Yu € R;

(H3) there exists a function 3; : [0,400) — (0, +00) such that

bi (t, U) — bl(t, U)

u—v

> Bi(t), Vt>0,Vu,veR, u#u;

(H4) the function f; : [0,4+00) x UCT — R is Lipschitz on its second variable i.e., there

is a continuous function £; : [0, +00) — [0, +00) such that

|fi(t7 (b) - fz<t71/))| < E”L(t)||¢ - 2/}HE: vt > 07 VQb,Q/J S BC:

11



(H5) for allt >0,

We state the generalized Gronwall’s inequality so we will use to show that solutions of
(@) are defined on R.

Lemma 2.1.1. /29, Lemma 6.2] If ¢, a are two real valued function and continuous
fora <t <b, f(t) >0 is integrable on [a,b] and

o) < aft) + [ B(s)o(s)ds, a<t<b
then

o(t) < alt) + /tﬁ(s)a(s)efst Alwdegs <t <b.

We prove that solutions of () are defined on R.

Lemma 2.1.2. Assume (H1), (H3), and (H4). For ¢ € BC and ty > 0, solution
x(t) = x(t, to, o) of (Q) is defined on R.

Proof. Let z(t) = (x1(t),...,z,(t)) be the maximal solution of the initial value prob-
lem (@)—(@), such that ¢ € (—oo,a) for some a € (tyg,+00|, and define z(t) =

(z1(t), -y 20 () := (|21 (B)], - - -, |2n(t)]).
From (@) and (H1), we have the following

z(t) = sign(w;i(t))z;(t)
<~ sign(o()ailt,mi(0) (bt 2i(0) — Filt, )]
< —sign(a;(t))ai(t, z:(t)) [bi(t, 2;(t)) — bi(t, 0)]
+ail fit, w) = fi(1,0)] + @ifbi(t, 0) + fi(, 0)]

From (H3) and (H4), and by integrating over [ty, t], we obtain

zi(t) < zi(to)—/ sign(z;(u))a;(u, z;(w)) [bi(u, z;(u)) — b;(u,0)]du

to
t

+/ a;| fi(u, ) —fi(u,0)|du+/ a;|b;(u,0) + fi(u,0)|du,

to to

12



thus

IN

ol = / sign(zi(u))ai(u, zi(u));(w) i(u)du

to

¢ ¢
—l—/ Eiﬁi(u)||xu||gdu+/ a;|b;(u,0) + fi(u,0)|du

< |\¢\|+/ Eiﬁi(u)quHgdu—l—/ @;|bs (u, 0) + fi(u,0)|du
to to
< ||¢\|+/ Zl-(u)quHEdu—i—/ (bs(u,0) + fi(u,0))du, (2.4)

where

L;(t) = max [a@;£;(u)], b;(u,0) = max [a;b;(u,0)|, and f;(u,0) = max|a; f;(u,0)].

Define a continuous function ® : [tg, +00) — [0, 4+00) by

B(0) = 1ol + [ (5w 0) + 7.(u,0)) o

to

For t > t¢, using (@), we obtain

t
lall < 00+ [ Tiwlladu,

to

and by applying the generalized Gronwall’s inequality (see Lemma ), we obtain

¢ _
2] < ®(¢) + / Li(u)®(w)eh B gy, (2.5)

to

Then, by the continuation theorem [30, Theorem 2.4],
lim ||z|| = lim ||2¢|| = 4o0. (2.6)
t—a t—a

Since the functions £; : R — [0,4+0c) and ® : [tg, +o0) — [0, +00) are continuous
functions, from (@) and (@), we conclude that a = +o00, i.e., solutions of the system

(@) are defined on R. O
Now, we are in a position to obtain the main stability criterion for system (@)

Theorem 2.1.3. If (H1)-(H5) hold, then the system () is globally exponentially
stable.

Proof. Let tg > 0, ¢ = (¢1,...,0,) € BC, b = (¢1,...,¢,) € BC, and consider
two solutions, z(t) = z(t,to, ») and y(t) = z(t,to, ), of (@), note that we denote by

13



x(t, to, ¢), a solution of (@) with initial condition z;, = ¢ for ¢, > 0 and ¢ € BC.
For each t > t, define

V(t) = V(t,to,z(),y(-) = Vi(t),..., Valt)) € R

by
(1) = ¢ Dsign(ai(t) —y(0) [ — (2.7
Vi(t) := e W sign(x;(t) — y;(t / du, 1=1,...,n. 2.7
i (t) ai(t’u)
From (H1), we conclude that
e S0 q, Vi(t) < |ay(t) — yi(t)] < e =g Vi(t), (2.8)
VtZto,izl,...,n.
Firstly, we show that
V(®)] < max{a; o — v, V=t (2.9)

Obviously, from (@), we have

[V (to)| < max {a; Hzi(to) — wi(to)|} < miaX{QZl}Hd) -

Now, to obtain a contradiction, we assume that inequality (@) is false. Consequently,

there exists t; > ¢y such that

[V (t)] > m?X{Qfl}llcb — ||
Define

Se[to,tl]

T := min {t € [to,t1] : [V ()] = max \V(s)\}
Choosing i € {1,...,n} such that V;(T') = |[V(T)|, we have
Vi(T) >0, VAT)>0, and Vi(T)>|V(t)|, Vt€ to,T). (2.10)
From (@), and hypotheses (H2), (H3), and (H4), we obtain

= z;(T)

V/(T) = eVi(T)+ e T sign (2,(T) — yi(T)) T )™

1 i(T) 0ya; (T, u)
Ly [ Be ]
Ty OF | o T eT
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thus,

VAT) = eVi(T) + T sign (a,(T) — yu(T)) [w, yo(T)) = bi(T, 2:(T))

xz(T) atai (T, u)

< VT + e | = B(D)ai(T) = (1) + Li(D)ler = yrll.

—Di(T)|i(T) = (D).

Hypothesis (H5) implies 8;(T") + D;(T) > 0, and from (@), we obtain

V/(T) < eViT) = a[Bi(T) + Di(T)]Vi(T)
+e5T=10) £(T) max { sup |x(T +s) —y(T + s)|e*

s<to—T

sup_|o(T +5) = y(T + 5)|e |
to—T<s<0

eVi(T) — g, [5¢(T) + Di(T” Vi(T)
e 0 L£,(T) max { ¢ — e,

IA

sup_[o(T +5) = y(T + 5)le” }.

to—T<s<0

By (@), we obtain
VI(T) < eVi(T) - a;[Bi(T) + Di(T)]Vi(T)
+e€<T W £(T) max { [} — vlje D,
sup e 6(T+S_t0)+6sai‘/;(T + S)}
to—T'<s<0
= eVi(T) — ¢;[Bi(T) + Di(T) | Vi(T)
+a;L;(T) max {H(b:—w”, sup  Vi(T + s)} :

a; to—T<s<0

By () and definitions of ¢; and 7', we have

Ve

)

(T) < eVi(T) = a;[Bi(T) + Dy(T)|Vi(T) + @ Lo(T)Vi(T).
From () and (H5), we conclude that
VI(T) < [e — a;(B:(T) + Di(T)) + @ Li(T)] Vi(T) < 0,

which contradicts () and hence (@) holds.
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From (@) and (@), we obtain
() — y(1)]e” ™" min {a; '} < [V(8)] < max{a; Mo -]

thus
|z (t) — y(t)] < Ce™=C"0lp — ||, Vit > tq,

with ¢ = moxle} _ max{a) > 1, which shows that the system () is globally

min; {@; h min; {a, }

exponentially stable. [

We remark that hypothesis (H2) trivially holds (with D;(t) = 0 for all ¢ > 0) when
all functions a; that do not explicitly depend on time ¢, i.e. a;(t,u) = a;(u) for all

t=1,...,n and v € R. Thus, under the assumption
(h5) Forallt >0 andi=1,...,n, we have

a;B:(t) — @, Li(t) > e, (2.11)

the following stability result can be obtained for the system
2i(t) = ai(z;(t) | — bi(t, 2(0) + filt,z)], t>0,i=1,...,n. (2.12)

Corollary 2.1.4. Assume (H1), (H3), (H4), and (h5) hold. Then, system () is
globally exponentially stable.

Proof. Hypothesis (H2) holds with D(t) = 0, thus the result follows from Theorem .
]

Now, consider the model studied in [51]
2i(t) = ai(t, z; (1)) | =bi(t, () + ZZ]"W ta;,)| (2.13)
k=1 j=1

t>0,i=1,...,n, where n, K € N, a; and b; are functions as in system (@) and
fijk [0, 400) x UCL — R are continuous functions for 7,5 =1,...,nand k =1,..., K.

We will also assume the following conditions:

(h4) for each 4,7 = 1,...,n and k = 1,..., K, there exists a continuous function
Fijk : [0,+00) = [0, +00) such that

|fise(t, @) — fisu(t, )| < Fir(t)o —vlls,  VE>0, ¢,0 € UCL.
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(h5") for allt > 0 and i =1,...,n, we have

n

K
a; (ﬁl(t) + Dl(t)) — Ei Z ./—';]k(t) > €.
k=1 j=1
As system () is a particular situation of (), the following stability criterion holds.
Corollary 2.1.5. Assume that (H1), (H2), (H3), (h4) and (h5’°) hold. Then system
() is globally exponentially stable.
Proof. System () is a particular situation of (@) with

K n
fi(tv (10> = szijk(t> (103')7 V>0, 9= ((1017 3 -79071) € UCQ'

k=1 j=1

From (h4), we know that (H4) holds with

K n
Li(t) =D Fiplt), Vt=0,i=1,...n

k=1 j=1

Moreover, (H5) reads as (h5’). Thus the result follows from Theorem . O

Remark 2.1.6. We remark that the exponential stability of () was proved in [51]
under the assumptions (H1), (H2), (H3), (h4), and a condition similar to

(h57) for allt >0 andi=1,...,n, we have

K n

@i (B:(t) + Di(t) = 3 Y @ Fuw(t) > e (2.14)

k=1 j=1

We emphasize that conditions (h5°) and (h57) are different, thus Corollary
presents a new exponential stability criterion for the system ()

2.1.2 Existence of periodic solution

In this section, we assume that () is a periodic system which means that a;(t,.),
bi(t,.), and f;(t,.) are periodic functions with the same period and, we establish suffi-
cient conditions for the existence of a periodic solution.

The existence of a periodic solution will be proved through Mawhin’s Continuation
Theorem [46]. Before stating the referred theorem, we need to recall some definitions

and facts.

Definition 2.1.2. Let X and Z be two Banach spaces.
A linear mapping L : Dom L C X — Z is called a Fredholm mapping of index zero if

dim Ker;, = codim Im; < +00 and Imy, is closed in Z.
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Given a Fredholm mapping of index zero, L : Dom L C X — Z , it is well known
that there are continuous projectors P : X — X and @) : Z — Z such that Imp =
Kery, Kerg = Im;, = Im;_g, X = Kerp, @ Kerp and Z = Im; @ Img. It follows that
L|pom Lnkerp : Dom L N kerp — Imy, is invertible. We denote the inverse of that map
by Kp.

Definition 2.1.3. Let U be an open bounded subset of X. We say that a continuous
mapping N : U C X — Z is L-compact on U if the set QN(U) is bounded and the
mapping Kp(I — Q)N : U C X — X is compact.

Theorem 2.1.7 (Mawhin’s Continuation Theorem). Let X be a Banach space and
Q C X an open bounded set. Suppose L : Dom L C X — X is a Fredholm mapping
of index zero and that N : Q — X is L-compact on 0 . Moreover, assume that all the

following conditions are satisfied:
(i) Lx # ANz, VredQnDom L, A€ (0,1);
(ii) QNz #0, Vo e QN Kery;
(177) degg{QN,Q2NKery,0} # 0, where degg denotes the Brouwer degree.

Then, the equation Lz = Nx has at least one solution in .

For studying the system () in case of being periodic, the following hypotheses will

be considered:

(H1*) For each i = 1,...,n, there exist @;,a; > 0 such that

a; < a;i(t,u) <a;, Vt>0,uckR,

(H2*) There is w > 0 such that, for each i =1,... n,

a;(t,u) = a;(t +w,u), bi(t,u) = b;(t +w,u),
fi(t7¢) :fi(t+w7¢)7

forallt >0, u € R, and ¢ € BC,

(H3*) Foreachi=1,...,n, there exist w—periodic continuous functions 3;, 5 : [0, +00) —
(0, +00) such that

bz(t, U) — bl(t, U)

u—v

Bi(t) < < Br(t), Vte0,w], Vu,v € R, u # v;

(2

(H4*) Foreachi =1,...,n, there exists a w—periodic continuous function £; : [0, 400) —
[0, 4+00) such that

|fz(t7 ¢) - fz(t71/})| < Ez(t)||¢ - ¢||a vt e [O,W], ng?l/) € BC;
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(H5*) For eachi=1,...,n,

Bi(t) > Li(t), Vte[0,w].

From (H2*), we conclude that for fixed v € R and ¢ € BC, the continuous functions
t — b;(t,0) and t — f;(t,0) are w-periodic and therefore bounded. From (H3*), we
also conclude that j3; are bounded away from zero and 3} are bounded.

Defining

*

B = min Bi(t), B; = max 3 (t),

i tefow] t€]0,w]

max [b;(t,0)], and f; = max |fi(,0)],
te[0,w]

te[0,w]

(2.15)

S~
S
i

we have 0 < él,,B:, and 0 < b;, f,.
We denote by X the Banach space

X={¢peCR:R"): ¢ is w— periodic},

with the norm ||¢|| = sup |¢(t)], for ¢ € X.
]

te[0,w

For Dom; = {¢ € X : ¢/ € X} C X, define the linear operator L : Dom; — X by
Lp=¢ (2.16)
i.e., for all t € R and ¢(t) = (¢1(t), ..., dn(t)) € Domy, we have
(L) () = (&(1), ..., d,(2)).

It is not difficult to show that Ker; = R™ and

ImL:{¢:(¢1,...,¢n)eX:/qubl(t)dt:--~:/0w¢n(t)dt:0}, (2.17)

with Imj, closed in X and dim Ker;, = codimIm; = n, thus L is a Fredhom operator

of index zero.

Now, we consider the projection P : X — X defined by

Po = é/ow S(1)dt — é (/Ow 61(D)dt, . .,/Ow qﬁn(t)dt) , (2.18)

Vo = (é1,...,0,) € X. The projection P is continuous and, considering Q¢ = P¢, we
have Imp = Kery, Kerg = Imy, and the operator : Dom; NKerp — Imy,

LIDom N Kerp
is invertible. We denote the inverse by Kp. By (@L) and (), we obtain that
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KP¢ = ((KP¢)17 Ty (KP¢)H) with

ront) = [ ontutu—2 [ [ osydsd (219)

Vo = (¢1,...,¢0,) € Imp, fori=1,... n.
For a convenient bounded open set  C X, define the function N : Q@ — X by
N¢ = ((N¢)1a R (N¢)n>7 where

(NO)(t) = alt, (1) [ bt i) + @)] , (2.20)

forallt e R, ¢ = (¢1,...,¢n) € X,and i =1,... n.

We claim that, from the continuity of a;, b;, and f;, () and (), we can conclude
that, for any o > 0, the mapping N is L-compact in the set Q = {¢ € X : ||¢|| < a}.
In fact, for any z € X, from (H1%*), (H3*), (H4*), (H5*), and (), we have

IQNz|| < max {51 [QB:HHUH +0; +?i]}

from which we conclude that QN (Q) is bounded.

Additionally, we also need to show that the mapping Kp(l — Q)N is compact. To
achieve this, we show that for any bounded sequence (¢™)nen in €2, the sequence
(Kp(I — Q)N(¢™)),,en has a convergent subsequence in X.

Defining the sequence ($™) by

meN
o™= Kp(I —Q)N(¢™), mEeN,

from the definition of @, (), and (), we obtain

(@™, (1) = /O (N 6™ ), () d — 5 /O (NG (0)dw + (¢

with | e pu |
(c™); = ——/ / (No™)i(s)ds + —/ (No™);(v)dv,
wJo Jo 2 Jo
forallte Randi=1,...,n.

As ¢™ and ®™ are w—periodic functions, we do not lose generality considering

¢m - ¢m|[0,w] and’

o =m

I[O,w] :

For simplicity, we drop the tildes.

As (¢™)men is a bounded sequence, then (N¢™)nen is also a bounded sequence.
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Through easy computations, we also conclude that (®),,cn is a bounded sequence.

Defining N := sup | N¢™||, for any s1, 5, € [0,w], m € N, and i = 1,...,n, we have

51— 82

(@7 (1)) = (@™ (s2))] =

S 2N|81 — Sgl.

sign(sy — s1) /82(N¢m)i(u)du +

S1

| e

w

Consequently, {@m :m e N } is a bounded equicontinuous set in C([0,w]; R™), thus
Ascoli-Arzela theorem allows us to conclude that (®™),,en has a convergent subse-
quence, which proves that N is L-compact in (2.

In view of (.20) and (Q.16), for A € (0,1) and z(t) = (21(t),...,z.(t)) € X, the

operator equation Lx = ANz is equivalent to the following equation:
2h(t) = Aai(t, (1)) { —bi(t,z;(t)) + fi(t,xe)|, VA€ (0,1),i=1,...,n. (2.21)

We mention the homotopy invariance notion (see [A7]) because it plays a crucial rule
in proving the existence of a periodic solution of the general differential system (@),

this property is essential in satisfying the third condition of Theorem .

Definition 2.1.4. 7] If f : Q C R® — R" is a continuous function, ) is an open
bounded subset, p € R"™ is a given point such that f(x) # p for all x € 0N, then the

Brouwer degree degglf, <2, p] is an algebraic count of the number of zeros of f located

in €.

Lemma 2.1.8 (Homotopy Invariance Property). [47]
Assume that f. : Q — R™ is a continuous homotopy such that f.(x) # p for all x € 09
and € € [0,1]. Then the Brouwer degree deg(f-,$2,p) is invariant under this homotopy,

ie.,

deg(fo, 2, p) = deg(f1,92,p).

Now, we are in a position to prove the existence of a periodic solution of the general
differential system (@)

Theorem 2.1.9. Suppose that (H1*), (H2*), (H3*), (H}*), and (H5%) hold. Then,
system () has at least one w—periodic solution.

Proof. Our objective is to apply Theorem . To accomplish this, it is needed to
define a bounded open set 2 C X for which the conditions 1., 2., and 3. in Theorem

hold.

Let © = z(t) = (x1(t),...,z,(t)) be an arbitrary w—periodic solution of equation

(R.21)). The components x;(t) of x(t) are all continuously differentiable, thus, for each
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i=1,...,n, there is t; € [0,w] such that

|z;(t;)| = max |x;(t)].
te[0,w]

Hence z(t;) =0 foralli=1,...,n.

Choose i € {1,...,n} such that |z;(t;)| = max |z(¢)|. Consequently, from (), we

te[0,w]
have

bi(ti, xi(t)) = filts, z,),
thus
|0i(ts, i(t:)) = bi(ti, 0)| = bi(ti, 0)] < | filts, x0,) — filti, 0)] + | filti, 0)].
By (H3*), (H4*), and (2.19), we obtain

Bita)|zi(t:)] — bi < Li(t:) |||l + fi

and, as ||z, || = |x(t;)| = |z:(t;)], we get

Li(t;) fit+b _ fi+
EAGH] (1 - ﬁi(ti)) =B S B,

As (; and L; are w—periodic functions, from (H5*) and (), we can define

A L)\ F+D
§—.ng_%x{(1—ﬂj(t)) 5 }+1>O,

where b = maxb;, f = max Ti, and # = min .. Thus we conclude that
% ) — i —

|2i(t:)] < €
Consequently, |lz]| < &, and taking
Q={oeX: o] <&},
we conclude that the first condition of Theorem is satisfied.

Now, we prove that the second condition of Theorem holds.

(2.22)

(2.23)

(2.24)

(2.25)

Let x = 2(t) = (x1(t),...,2,(t)) € 02N Kery. As Kerp = R”, then z(t) is identified
with a constant vector in R™, i.e. z(t) = (x1,...,2,), and by (), we conclude that
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there is i € {1,...,n} such that |z;| = £&. By () and (), we have

(QNzx);(t) = (QNz); = 1 /Ow a;(u, z;) [=bi(u, z;) + fi(u, x)] du. (2.26)

w

We claim that
(QNzx);| > 0. (2.27)

By contradiction, we assume that [(QNz);| = 0. Then there is ¢} € [0, w] such that
bi(t:? ]32) = fi<t;<7 I)

Reproducing the same computations above (see how () implies ()), we conclude
that

€= lnl <¢,
which is a contradiction. Consequently, () holds and the second condition of The-
orem is proved.

In order to prove the last condition of Theorem , we consider the continuous
function ¥ : (QNKery) x [0,1] — X defined by W(z,u) = (V(x,u)1,..., Y(z, 1))
with

U(z, )i = —paiBr e + (1 — p)(QN);,
for all x = (z1,...,2,) € QNKer, ZQNR", p€[0,1],and i =1,...,n.

We claim that
| (z,p)| #0, Ve (092)NKery, pel0,1]. (2.28)
Consequently, defining ® : R* — R” by
P = (—Elﬁixl, o —EnBan> , Ve =(x1,...,2,) € R,
the homotopy invariance property (see Lemma ) implies that
degg {QN, QN Kery,0} = degp {<T>, QN Kery, 0} £ 0.

Now, it remains to prove that () holds to conclude the proof.

Let x = (z1,...,2,) € (02) NKery, and p € [0,1]. The function x is constant because
Ker;, = R"™ and, by (), we conclude that there is ¢ € {1,...,n} such that |z| =
|z;] = £ We claim that

W (x, p)i| # 0.
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By contradiction assume that
| W (z, 1);| = 0. (2.29)
From (), (), and (), we have
_ % 1-— 12 w
_Maiﬁi T+ ——— ai(t7 xz) [ — bz(t, .772) —+ fl(t, .I)] dt = 0,
W Jo

thus there exists t* € [0,w] such that

— a5y + (1 — p)a; (£, ;) [ = bt z) + (67, 2)] = 0. (2.30)

Now, we assume that |z| = z; = £ > 0 (the situation |x| = —z; = £ is analogous).

By condition (H1*) and (H3*), we have

< @B+ ai(t], x)bi(t]7,0),

7

then

) [ ) [

Consequently, from (), we have

—a; (7 2)bi(t, )+ (1= p a7, z) fi(6, 2)
> ot wbes ) — @ — al(tr )b, 0)]
—a; (7, x)bi (87 ) + (1 — pw)a (67, ;) f (87, x)
—pi By + (1 — pai(ty”, z;) [ — bt @) + fi(t, g;)]
—pa; (7, )b (¢, 0)
—pa; (87, )b (£, 0)
a; (7, z;) min {0, —b; (£, 0) }.

vV

and by (H1*), we obtain
—bi(t7*, @) + (1 — p) fi(t7, ) > min {0, —b;(£;*,0) }.
Consequently,
bilty",x:) — bi(t",0) < |filt", @) — fit",0)| + b + Fi,
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and recalling that z; > 0, and ||z|| = |z|, from (H3*), (H4*), and (), we have

‘Cz(tj*) |:L‘| +

Bi(tr)

_l’_
ﬁ

As |z| = ; = £ > 0, we obtain, taking into account (H5%),

which is a contradiction.

The case when z; < 0 is very similar to the previous one and we present it briefly.

From (H1%*), (H3*), and (), we obtain

a;i (67", )b (6, ;) — 513:331' —a;(t7", 2;)bi(t;,0) > 0

and, from (H1*), (H5*), and (), we obtain
—bi(t;*, ;) + (1 — p) fi(t7, ) < max {0, —=b;(¢,0) }.
Therefore,

bilt;™, ws) = 0i(t;", 0) > = |fi(t", @) = filti", 0)| = b; = [

Since x; < 0 and ||z|| = |z|, from (H3*), (H4*), () and taking into account that
|z| = —x; = € > 0, we obtain

? .

_l’_
B,
Using this last equation and (), we conclude that

El(t;k*)> +7 E
Bi(t:) B, ’

—=z; > — <1 -
and we obtain again a contradiction. [

From Theorems J and P - we have the following result.

Theorem 2.1.10. Assume (H1%), (H2*), (H2), (H3%), (H4) with L; being w— periodic
continuous functions, (H5%), and (H5). Then the system (@) has an w—periodic
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solution which is globally exponentially stable.

In the case of D;(t) <0, for all ¢ > 0 and i = 1,...,n, hypothesis (H5) implies (H5%),
thus the following result is an immediate consequence of Theorem .

Corollary 2.1.11. If (H1%), (H2*), (H2) with D;(t) <0, forallt > 0andi=1,...,n,
(H3%), (H4) with L; being w—periodic continuous functions, and (H5) hold, then the
system () has an w—periodic solution which is globally exponentially stable.

In the particular case of functions a; that do not explicitly depend on time ¢, from the
Corollary , we have the following result.

Corollary 2.1.12. If (H1*), (H3*), (H}) with L; being w—periodic continuous func-
tions, and (H5) hold, then system () has an w—periodic solution which is globally

exponentially stable.

2.2 Cohen-Grossberg type models

In this section, we apply the results in Subsections l‘Zl]J and |21ﬂ to Cohen-Grossberg

type models.

2.2.1 Existence of periodic orbits and exponential stability

We consider the general CGNN model with discrete-time varying and distributed delays

i(t) =ai(t, zi(t)) | = bilt, xi(t)) + FiUi(t, 20)) + Gi(Vilt, 7)) + Li(1) |,

(2.31)
t>0,2=1,...,n,
where
Ui(t,0) =Y D (D hiip (05 (=73 (1)), @1(= T (1))
p=1 ji=1
Vilto) = Z dz’jlp(t)fiﬂp(/_ 9iip(05(5)) dTh‘jp(S),/_ Gip(pu(s)) dﬁﬂp(s)):

such that n, P,Q € N and a; : [0,400) x R — (0,400), b; : [0,400) x R — R,
Cijip s dijigs i = [0,400) = R, Tijp, Tap : [0,+00) = [0,400), hijip, fijig : R — R,
F;, Gy, 9ijq, Gig - R — R are continuous functions, and 1,4, i : (—00,0] — R are non-
decreasing bounded functions such that 1;;,(0)—n;;,(—00) = 1 and 7;,(0) — 7i1q(—00) = 1,
foreach 7,5,/ =1,...,n,p=1,...,P,and ¢g=1,...,0Q.
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As mentioned in Section @, since we intend to apply our results to neural networks,
we restrict our study to solutions of () with bounded initial condition, i.e.

Tty = O, (2.32)

for some ¢y > 0 and ¢ € BC'. Here, we consider the space UC” for some € > 0 defined
in the proof of Theorem 2.2.1. as the phase space of system ()

In order to apply the results obtained in Sections }21]] and blj to Cohen-Grossberg

type models, we start by assuming the next Lipschitz conditions:

(H4**) For each i,j,l = 1,...,n, p = 1,...,P, and ¢ = 1,...,Q, there are positive

@2 (1)

2) ;
numbers 7ijlp7 ’Yij[p) Mz]lq7 :uijlq7 gijqa 5ilq7 Ci? and Si such that

1 2
Puijip (w1, 1) — ijip(v1,v2)| - < 450 Jug — o] + Y lus — val,

| fijig(ur, wa2) — fijig(vi,v2)| < ,uwlq|ul vr| + uff-l)q!ua — val,

for all uy, us,vy,v9 € R, and

19ija(1) = Giza(0)] < Eijglu— v, [Gig(w) = Fag(v)] < Cuglu — vl
|Fi(u) = Fi(v)| < Glu—o|, |Gi(u) = Gi(v)] < Glu— .

for all u,v € R.
Now, we state our main stability criterion for model ()

Theorem 2.2.1. Assume (H1)-(H3), (H}**), that the functions T;j,, T;jp are bounded,
and that there exists ¥ > 0 such that

0 0
/ e 5 dnijq(s) < +oo, / e P dijig(5) < +o00. (2.33)

If there exist € > 0 and w = (wy, ..., w,) > 0 such that, for allt >0 andi=1,...,n,

1 , W (2
Z C@‘Cl]lp <_ zglp + Eﬁyiﬂp)

p=1

a;(B;(t) + Di(t)) — @ Z [

7,l=1

> €, (2.34)

Q
Wj (1 Wy (2) &
+ > ildijig(t)] (jﬂgﬂ)qu’jq + J:uz(jl)qgiZQ)
q:1 (3 K3

then the model () is globally exponentially stable.
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Proof. With the change of variables y;(t) = w; 'z;(t), model () is transformed into
Vi(E) = ot w1 [ b w(6) + L0

+F (Z Z Cijip () hijip wjyj( — Tijp(t)), wiyi(t — %ilp(t)))>

p=1 j,l=1

(2.35)
e (Z > i@ ora( [ snlane-+)) )
q=1 ji=1 -
0
[t ) i) )|
fort >0,andi=1,...,n
From (), there exists v > 0 such that
w
a 340+ 0) -5 3 | S clentol (22 + 25
st Ll (2.36)

(14+v)>v,

Q
w; wr (2) =
+ E Sildijig ()] (jugﬂ)q&jq + Eluz(jl)q&ZQ)
q:1 1 1

forallt>0andi=1,...,n

As 7, and 7, are bounded functions, it is possible to define the non-negative real

number

= (s (0,70} )

1,J,P t>0

We claim that there exists a € (0,9) such that

0 0
/ e “dnije(s) <14+v and / e “diug(s) <1+v, (2.37)
forallz,7,l=1,...,nand ¢ =1,...,(). The claim can be proved by a similar argument

to the one in [24, Theorem 4.3].
Let € := min{v, o, M} and consider the system () in the phase space UCT.
Defining, for each i = 1,...,n, a;(t,u) := a;(t, w;u), bz(t,u) = w; 'b;(t, wyu), and

Fi(t.0) —wlF(; Z 56,0 (1) ) + 07 0
+w; G, (iilqu fmq(/ gzjq(wjgbj(s))dqu(s),/_;'jﬂq(wm(s))dﬁuq(s))>,

28



forall u € R and ¢ = (¢1,...,¢,) € UCT, the model () has the form

V(1) = @t~ Bltw(®) + Fltw)]. 120i=1.n  (238)

For the model (), the hypotheses (H1), (H2), and (H3) hold with same constants
a;,@; and same functions D;(t), B;(t).

From Theorem , the proof is concluded if hypotheses (H4) and (H5) hold.

hijip w] G (—Tijp(t)), widr(—Tap (t)))

filt:8) = filt,0)] < w_l;kzl'%“’
l%M;%FmADwM(mADM
+€12|qu
/1@MW@@»@M@)—ﬂm<[;%%%%@»®m@%
/Lammmwnwm@>“

< [Cz Z |Cijip(t) (%'(]‘ll)z)wj|¢j<_7-i]1’< ) — ¥(=Tijp(t ))‘

7,l=1

|| fijtq ( /: ijq(w;9;(s)) dnijq(s),

+%MM@—mA» U~ 7an()])

+<i Z |d1Jl‘1 (:uzjlq

+H§j21)q / (Gag(win(s)) — Gug(withi(s))) dﬁilq(s)‘)] :

| (aws6,(5) = nl30,(5) dnsls)

—00

Again, from (H4**) and by the monotony of 7;;, and 1;,, we obtain,

it 0) = fit, Z[

7,l=1

&S Jeunlt) (%Q%W]7miﬂ R

p=1

498 2o~y (1) - w(mA»D
(2.39)

W [0 w
+q§:WmNHO%@[ Ei02216(5) — 03(6)] 5

+@%/‘£M—wz @mewﬁl
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and consequently,

P
05015 32 [0S i (s O W

(2) Wi |(¢l - wlx_%ilp(t))’eaf—“p(t))

ilp gy, o—e(—Titp(t)

o w [0 . wil(d =) (s)| -
+<i2\dijlq(t)| Mg &quT dnijq(s)

/ g@lqwl L= )N ey )>]

+
-2

Therefore,

it 6) = F ) < o= vl 3 [@ > Jeal (mﬂp— + vfjléwl)eeT

j,l=1 p=1

Q 0
1 W —es
+§iz‘dile(t”(Mgﬂ)q&ijj / e dnije(s)
g=1 v

0
wq Ces g~
it [ )|
Ase < a, () implies

0 0
/ e “%dn;je(s) <14+v and / e Fdiuy(s) <1+,

— 50 —00

log(1 + v)

foralli,j,l=1,....nand ¢g=1,...,Q. Ase <
T+1

, then we also have

T <t <14y,

Consequently,
. 2) Wy
‘fl<t ¢) Z (Cl Z ’CZJIP (Fyzglp_ + P)/z(]l)pw )
7,l=1 =1

1 — e,

+ i Z |d1]lQ(t)| (H’zglq&f]q + Iu“z]lq&lq >) (1 + V)
qg=1
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and hypothesis (H4) holds with

(2) Wi
Z [Q Z |Cijip(t) <%le Lt 7ijlpa>

j,l=1 p=1

Q
5 2 o) (15 e+ e ) | (14 0),
q=1
foralli=1,...,n
As e <wv and () holds, the hypothesis (H5) also holds and the proof is concluded.

]

Now, we assume that the model () is periodic, i.e.

(H2**) Thereisw > 0such that, foreachi,j,l =1,...,n,p=1,...,P,andqg=1,...,Q,

ai(t,u) = a;i(t +w,u), cijp(t) = cijp(t +w), Tipt) = Tt +w),

bi(t,u) = bi(t +w,u), dijig(t) = dijig(t +w),  Tijp(t) = Tijp(t + w), and
L(t) = L(t+w)

forall ¢ > 0 and u € R.

Theorem 2.2.2. Assume the hypotheses (H2**), (H1), (H3*), and (H4**).

If there exists w = (w1, ..., w,) > 0 such that for allt € [0,w], andi=1,...,n,

(1) (2)
Z [Z §l|c7«]lp < zjlp + _’Yzﬂp)

Jil=1 Lp=1
w; @ wp (2 =
+ E §i|dijlq(t)‘(j/~l/§jl)qgijq+E,U/z(jl)qgilq>]7
qzl 1 1

then the model () has an w—periodic solution.

(2.40)

Proof. As in the previous proof, the change of variables y;(t) = w; 'x;(t) transforms

the model () into ()

The model () in the phase space UC?, for some € > 0, has the form ()
Proceeding as in the proof of Theorem , the functions f; verify () for all
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O=(p1,...,0n), Y = (Y1,...,1¢,) € BC and t > 0. Consequently,

1) w 2) Wi
6>l (28h 2 +

p_

0
1 Wy
+G E ‘dijlq(t)’(uggzqujqj/ dnijq(s)
q=1 v

w 0 -
Efl)qulq l/ dnilq(8>> .

Taking into account the properties of 7;;, and 7);;,, we obtain

fi(t.0) — filt.¥)| < [l — wHZj[

7,l=1

fi(t, ) — it )] < Li(t)]|¢ — |,

with

-3

j,l=1

w wy
Cl Z |cljlp (Vzﬂ)p_j + ’yz(]l)p )
p=1
+Gi Z ‘diﬂq (t)‘ (Mz]lqgmq_ + luz]qullq >] :
q=1

Thus, hypothesis (H4*) holds for the model ()
By ()7 hypothesis (H5*) also holds and the conclusion follows from Theorem .
O

Immediately, from Theorems l‘ZQ]J and l2.2.j, we have the following result.

Corollary 2.2.3. Assume (H1), (H2) with D; an w—periodic continuous function,
(H2™), (H5¥), (H{*), and (2.33).
If there exists w = (wy,...,w,) > 0 such that, for all t € [0,w] and i = 1,...,n,

inequalities () and
i (1 Wy (2
5 (30 D(0) >3, Y [Zm% ( Voo + vfjfp)

jl=1 L p=1
Q (1) Wy (2)
+ Z §i|dijlq(t)| ( ! Nzqué.qu Ml]lq&lq)
q=1

hold, then the model () has an w—periodic solution which is globally exponentially
stable.

(2.41)

Proof. From (H2**), the functions 7;j,, 7;;, are bounded. Moreover, from (H2**) and

(H3*), we know that §;, ¢;j,, and d;j, are w—periodic functions. As D, are also
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w—periodic, then there is ¢ > 0 such that inequality () holds and the conclusion
follows from Theorems b?ﬂ and }ZZj O

Now, we consider the model () with amplification functions, a;, that do not explic-
itly depend on time ¢, i.e.

() = aila <>>[ bt 2:(1))
(ZZ Cijip(t)hijip (5 (t — Tjp (1)), ffl(t—i'lp(t))))

p=1 jl=1

<§ ild”lq fW< /_ 0 Gisa(;(t + 5)) diijg(s), (242

From Corollary , we have the following result.

Corollary 2.2.4. Assume (H1), (H2**), (H3%), (H4**), and ()
If there exists w = (wy, ..., wy,) > 0 such that, for allt € [0,w] andi=1,...,n,

a;Bi(t) > a; Z [Z CZ|Clep ( ’7le)10 + %(jl)p>

p=t L=t (2.43)

Q
+ Z §Z|d2]lq (t)| ( M’L]lqgqu _M”lqulq>]
g=1

then the model () has an w—periodic solution which is globally exponentially stable.

Proof. Noting that a;(t,u) = a;(u) for all t,u € R and i = 1,...,n, the hypothesis
(H2) trivially holds with D;(t) = 0. Consequently, inequality () implies (), and
the result follows from Corollary . O

For the model () under the hypotheses (H2**), (H1), (H3*), and (H4**), consider

the constants

B = min Bilt), Gy = max feipp(t)],  and - dijig = max [diig(1)], - (2.44)

foreach 4,7, 0 =1,....n, p=1,....P, ¢ =1,...,Q, and the square real matrix M
defined by

M = diag(glél, . ,Qnﬁn) — [mm}j] L (2.45)
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where, for each 7,7 =1,...,n,

n P Q
= — 1, = (2) =5 (1) = 2 7
m;i=a; Z [Ci Z <Cijlp%ﬂp + Cigp ;s j,,) +Gi Z (dijlquiqu&jq + dz‘quﬁbujq&jq>] :

=1 p=1 q=1

We give the definition of M-matrix so that we use it in obtaining stability criteria for

(2.42).

Definition 2.2.1. If M = [my;] is a square matriz with non-positive off-diagonal
entries, i.e., m;; < 0 for all i # j,we say that M is a non-singular M-matriz if all
principle minors of M are positive, or, equivalently, if all eigenvalues of M have

positive real part.

The algebraic properties of the associated M-matrix defined in () is related to the
stability of () For further properties of M-matrices (see [25, Chapter 5]).

Corollary 2.2.5. Assume (H1), (H2**), (H3%), (H}**), and ()
If M is a non-singular M-matriz, then the model () has an w—periodic solution
which is globally exponentially stable.

Proof. As M is a non-singular M-matrix, then there exists w = (wy,...,w,) > 0 such
that Mw” > 0 (see [25]), i.e.,

n n P
a; B w; > Z wj lai Z (Cz‘ Z (@jlp%(;l)p + @lijfgiL)
j=1 1=1 p=1
Q
+4 Z (aijlqﬂz(‘jl‘l)qgijq + Eiquﬂgfj)qgijq> )] ;
qg=1
for all i = 1, ..., n, which is equivalent to
n P
a3, > a Z [Cz‘ Z (Eijlp%’%’(‘ll)p + Ez‘ljp%(?j)p%)
gl=1 p=1 v v
S 1) S5 @2 W
+ G Z (dijlqjﬂz('jlqgijq + diquﬂiqufijqa)] )
q:1 7 (2

and consequently,

n P
— _ Wi 1 _ 9 w;
4p, > @ Z [@ Z (Ciﬂpj%(ﬂ)p + Cijlp’yi(jl)pa>
],l:l p:l (2 i

Q (2.46)

= W5 = 2) 7 Wi
TS Z (diﬂq jluz(jl)qgijq + dijlq#ﬁjquilq E)] :

g=1 ‘
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From () and (), we obtain () Now the result follows from Corollary .

]

Example 2.1. Consider the following low-order CGNN model

n

+oo
j=1 0

for ¢ > 0 and ¢ = 1,...,n, where a; : R — (0,+00), b; : [0,+00) x R — R,
¢j[0,400) = R, G; : R = R, and Kj; : [0,4+00) — [0, 400) are continuous functions

such that

400
0
foralli,7=1,...,n.
The model () is a generalization of the following autonomous static neural network

model

n

2i(t) = —xi(t) + G, (Z Cij /;OO it — u)Kij(u)du> t>0,i=1,...,n, (2.49)

j=1
whose existence and global asymptotic stability of an equilibrium point were studied
in [49)].
Defining, for each i,5 =1,...,n, n; : (—o0,0] = R by

ni;(s) = /_8 K;j(—v)dv, s¢€ (—o00,0], (2.50)

we have 7;; non-decreasing and, from (), 1;;(0) — n;;(—o0) = 1. Consequently, the
model () can be written in the form
n 0
2i(t) = ai(xi(t)) | —bi(t, x:(t) + G Z%’(t)/ zi(t + s)dnij(s) | |
=1 —oo

t > 0,72 = 1,...,n, which is a particular situation of () Consequently, from
Corollary , we obtain the following result.

Corollary 2.2.6. Assume (H1), (H3*) and that for eachi,j =1,...,n, andv € R, the
functions t — b;(t,v) and c;; are w—periodic, the function G; is Lipschitz with Lipschitz

constant ¢; > 0, and there is a > 0 such that

+oo
Kz-j(u)ea”du < +00. (251)
0
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If there exists w = (w1, ..., w,) > 0 such that, for allt € [0,w] andi=1,...,n,
j=1

then the model () has an w—periodic solution which is globally exponentially stable.

For the model (), condition () reads as
n
wi>Z§i‘Ci]"w]', t>0,1=1,...,n,
j=1

which is equivalent to the matrix

N =1, - [§i|Cinn

1,j=17

where I,, denotes the n-dimensional identity matrix, being a non-singular M-matrix

(see [25]). Consequently, we also have the following result.

Corollary 2.2.7. For each i,7 = 1,...,n, assume that the function G; is Lipschitz
with a Lipschitz constant ¢; > 0 and ()

If N is a non-singular M-matriz, then the model () has an equilibrium point which
is globally exponentially stable.

Remark 2.2.8. We remark that in [49], the existence and global asymptotic stability
of an equilibrium point of () was obtained assuming different conditions. Namely,
assuming that G; satisfy stronger conditions than being Lipschitz, that N is a non-

singular M-matriz, and condition
+oo
/ ulj(u)du < +o0,
0

instead of () .

Example 2.2. Consider the following high-order CGNN model,
z;(t) = ai(z:(t)) { = bi(@i(t)) + > i) f3(pys (1)) + Li(t)
j=1
+> dyn(b)f; (Pj
=1 0

£ st (v [ Kt i) 11 (o

=1

400
Kij(u)z;(t —u) du) (2.53)

“+o00

0

Ka(w)a(t — u) du) ] ,

for t >0,7=1,...,n, where, for each 7,5,/ =1,..., nand ¢=1,2, p; >0, a;, : R —
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(0,400), b; : R = R, ¢;j,dijig, I; - [0,400) = R, f; : R — R, and K;; : [0, +00) —
[0, +00) are continuous functions such that K;; verifies ()

The existence and global exponential stability of a periodic solution of () were
studied in [40].

Considering the definition of the bounded variation functions n;; as in (), model
() is a particular situation of () Thus, from Corollary , we obtain the

following stability criterion.

Corollary 2.2.9. Assume that (H1), (H3*) with 5;(t) = B; hold, and that for each
1,7, 0 =1,...,n and q = 1,2, ¢;;,d;jiq, I; are w—periodic for some w > 0, K;; verifies
(R.48) and (), and there are M; > 0 and p1; > 0 such that

Ifi(w) = fi(0)] < pjlu—2] and |f;(u)| <M;, VYuveR,j=1,...,n.

If there exists w = (w1, ..., wy,) > 0 such that, for allt >0 andi=1,...,n,
a;Biw; > @ Z {’Cij (Opjpjw; + |dijii ()] pjpsw;
= . (2.54)
+ Z |dijio ()] (w; My ps + wiMupr) |
=1

then the model () has an w—periodic solution which is globally exponentially stable.

Proof. In the model (), take P =1, Q = 2 and, for each 7,5, =1,...,n,qg=1,2,
u,up,ug € Ry and ¢ > 0, let Fi(u) = Gi(u) = u, 7351(t) = Ti51(t) = 0, hijin(ug, ug) =
filpjur), ciju(t) = c;3(t), ciu(t) = diju(t) = 0 for I # 1, fin(ur,u2) = fi(pjua),
fijiz(ur,u2) = fi(pjur) filprug) and gijq(u) = Gijq(u) = u. Assuming further that
Nijq(S) = Mijq(s), for s <0, are defined by (), we obtain model ()

For all uq,us,v1,v2 € R, we have

|ijin (ur, uz) — i (v, ve)| = | filpjur) — filpjor)] < pjpslur — vil,
| fin(ur, uz) — fin(vi,v2)] = |fi(pjur) — filpjor)| < pjaeslur — o1l

and
| figiz(ur, uz) = fiiz(vi,v2)| = | fi(pjur) filpruz) — fi(pjv1) fil prva)|

< |filpjur) = fi(pso0) | filpruz)|
+fi(pso)| filpiuz) — filpivz)]
Mipjpjluy — vi| + Mjpypu|us — vof,

IN

for all 4,j,0 = 1,...,n, thus hypothesis (H4**) holds. Condition () follows from
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(@), and the inequality () reads as () Finally, the result follows from Corol-
lary 2.2.%. [

Remark 2.2.10. In [40], sufficient conditions for the existence and global exponential
stability of a w—periodic solution of () were presented. However, it is important to
mention that the proof of the main result is not correct. Specifically, the way inequality
140, (3.10)] is obtained is problematic. In fact, assuming the uniqueness of solution of
() with initial condition xo = 1 for ¢ € BC, denoting this solution by x(t,0,),
and defining P : BC — BC by P(¢) = z,(+,0,%), we always have

|PY (1) = PN (o)l = [lznw(-, 0,91) — 2nw (-, 0, 02) |
= sup ||[x(Nw+s,0,¢1) — x(Nw + s,0,,)||
s<0
> Y1 — e

for all V1,499 € BC' and N € N, since model () is w—periodic. Consequently the
inequality

1
1PY (1) = PM(wha) || < Sllebn — ¢,
presented in [40, (3.10)], is false.

2.2.2 Convergence of asymptotic models

In this section, we investigate the convergence of models to the Cohen-Grossberg type
model () As mentioned in Section @, we restrict our study to solutions of Cohen-

Grossberg type models () and () below with bounded initial conditions ()
The following hypotheses will be considered:

(A1) For each 7,7,l =1,...,n, p=1,..., P, and u € R, the functions ¢;ji,, dijip, I; :
0, +00) = R, b;(-,u) : [0,400) — R are bounded;

(A2) For eachi =1,...,n, there exist a;,a; > 0 and a function 4, : [0, +00) — R such
that

0
a; < ai(t,v) <@ and  A;(t)ai(t,v) < aai(t,v), t>0,veR;

(A3) For each i =1,...,n, there exists a continuous function §; : [0, +00) — [0, +00)
such that

bz<t, U) — bl(t, U)

u—v

> Bi(t), t>0,u,veR with u # v;
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(A4) For eachi,j,l=1,....nandp=1,..., P,

lim (t —7,(t) = lim (¢t — Typ(t)) = +o0;

t——+o0 t—+00

(A5) For each i,5,l = 1,...,n and p = 1,..., P, there are ’ygl;,’yfjl;,ul(;l)p,ﬂfﬂ)p >0
such that

ijip (1, ua) — P (01, 02)| < v lur — 1] + 75 [us — v

1 2
| Fisip (s wz) — Fijip(v1,v2)| < pih Jug — o] + pl) [us — vo]

for all Ui, U, U1, Vg € R,

(A6) Foreachi,j=1,...,nand p=1,..., P, there are fijp,gjp, (i, si > 0 such that

|9ip(u1) — Gijp(v1)] < igplur —vil, [Gigp(ur) — Gijp(v1)| < Eigplur — 01,
|Fi(ur, ug) — Fi(vr, v2)| < Glur — vi| + Gilug — val,

for all uy, us, vy, v9 € R;

(A7) There exists d = (dy,...,d,) > 0 such that, for each i =1,...,n,

P
' d
lim sup |: (Bl + Z Z (CZ‘Cz]lp ( fyz(jl)p +a ldl %(jl)p)

t—+o00 p=1 ji=1

_ d; y o, -diz e
+ §i|dijlp<t>’<aj jgijpugjl)p +&lz&lpu£ﬂ)p>>] -

Remark 2.2.11. As already mentioned in Section @ about condition (H2), recall
that, if a;(t,u) = a;(u) for alli=1,...,n, u € R, and t > 0, then A;(t) = 0 fits the
second condition of hypothesis (A2).

We still denote, for alli =1,...,n,¢t >0, and ¢ = (¢1,...,p,) € BC,

n

Z chlp hijip (95 (=Tijp (), 21 (=Tup (1)),

n

Z Z dijip(t fl]lp(/_ Giip(@i(8)) dnijp(s), (2.55)

p=1 j,i=1

[ wtats) ) ).

—00
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system (@) can be written as

zi(t) = a;(t, ;(t)) [ — bi(t, () + Fy (Us(t, x0), Vilt, zy)) + Ii(t)],

t>0,1=1,...,n.

Definition 2.2.2. The system

~

2h(t) = a;(t, z:(t)) [ — bi(t, (1)) + 1;(t)
+ 5 (Z Z Clﬂlp mlp 37] (t - %ijp(t))a xl(t - 72'ilp<t)))a
e (2.56)

n

> Z dijip(t) fijtp ( /_(; Gijp(;(t + 5)) dnijp(s),

p=1j

/ gttt ) )|

t>0,9=1,...,n, is said to be an asymptotic system of (@) if, for each i,7,1 =
1,...,n, andp =1,..., P, the functions b : [0, +00) xR — R, cmp,dmp,[ [0, +00) —
R, and 7 Tl]p,mp 0, +oo) [0, 400) are continuous such that b; satisfies (A3), i.e there

is a continuous function [3; : [0, 4+00) — [0, +00) verifying

bi(t’uz : zi<t’v) > Bi(t), t >0, u,v€R with u # v, (2.57)
and
Tim (5(0) — A0) = lm_(b(t.w(®) bt w(r)
:tlim (Cwlp(t) éijlp(t)) —tlim (dzylp(t) CZile(t))
M ) o ) (2.58)
= tlg_noo (szp(t) Tijp(t)) = tlgrnoo ([z(t) - i(t))a
i ()~ Fu) 0.

for every bounded continuous function w: R — R.

Note that, in general, the behavior of a system is not necessarily determined by the

behavior of one of its asymptotic systems.
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Denoting, foralli =1,...,n,t >0, and ¢ = (¢1,...,p,) € BC,

Z chlp hijip (95 (=Tisp()), i (=Tup (1)),

P—l 7,l=1
Z Z dUlP ) fijtp (/ Gijp(05(8)) dnijp(s),
p=1 j,i=1

[ awtats) Tis)).

—0o0

A

system (R.50) can be written as

A

#() = ailt,wi ()] = bilt zi0) + Fr (Gh(t,20), il @) + L),

£>0,i=1,...,n
By (), it is obvious that the hypothesis (A7) is equivalent to the following

P
. d
lim sup [ —a, (51 + Z Z (CZ’nglp ( ’Yz(ﬂi, +a ldl ’Yz'(j?l)p>

t——+o0 =1 ji=1

< 0.

5 _d; o _di= o
+§i‘dijlp(t)‘ (@j jﬁijpugjgp + alzgﬂpﬂz(jl)p

To deal with the amplification functions, a;(t, ), both in Lemma and in Theo-
rem , it was necessary to introduce new variables, as defined in () and (),
respectively. These variables are adaptations of the one introduced in [51] for estab-
lishing sufficient conditions for the global exponential stability of a Cohen-Grossberg
neural network model.

Before considering the global convergence of the models, we show that all solutions of
(@), with bounded initial condition (), are defined on R.

Lemma 2.2.12. Assume (A2)-(A3) and (A5)-(A6). Then a solution x(t) of the initial
value problem ()-() is defined on R.

Proof. Let z(t) = (x1(t),...,2,(t)) be a maximal (noncontinuable) solution of the
initial value problem (@)—() By the continuation theorem [30, Theorem 2.3], the
solution x(t) is defined on (—oo,t*) with t* € (tg, +00] and there is an increasing real
sequence (tx)ren such that

lm &, =t* (2.59)

k——+o0

and max {t*, lim |:1:(tk)]} = 400. To get a contradiction, we assume that t* # +o0.

k——+o0
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Thus

kﬂl |z (ty)| = +o0. (2.60)
Define z(t) = (z(t),. .., zn(t)) = (|z1(t)], . . ., |z, (t)]). For eachi=1,..., n, we have

z(t) = sign(zi(t))z;(t)

= sign(z;(t))a;(t, z;(t)) [ — bi(t, (1)) + B (Us(t, 20), Vilt, z0)) + Ii(t)} ,

for almost every t > to. For all ¢ > to, and integrating over [ty, t], we obtain

z(t) < zi(t0)+/t: zi(v) dv
< zi(to)—/t:ai(v,xi(v))sign(xi(v))bi(v,xi(v))dv+/t:ai(v,xi(v))|li(v)|dv

+/t:ai(v 2 (V)| F; (Ui (v, 20), Vi(v, 2,)) | do.

and by (A2), (A3), (A5), and (A6), we obtain

z(t) < o] —/t:gi@-(v)zi(v) dv+/t:6i(|bz~(v,0)l+|f( )| + |Fy(Ui(v,0), Vi(v, 0))]) dv
/t:az}F (v, 2,), Vi(v, 2,)) = Fi(Ui(v,0),V;(v,0))| dv,

< ol —/to a;5i(v)zi(v) dv+/t:6i(|bi(v,0)\+\f( )| + [Fi(Ui(v,0), Vi(v,0))]) dv
+/t:az- (Q|Z/li(v,xv) U, 0)] + I Vi(v, ) — vi<v,0)|) do.
Then,

ngwwl@@mawm+[mwmowwun+w<wmvwmmm

+ Z Z az(/ Gilcijip(v thlp(xj — Tijp(v)), T(v — 7~'ilp(v))) — hijip(0, O)‘ dv

p=1 j,l=1

t
+ [ sldine)
to

— Jijin (9i3p(0), Gip(0))

fiﬂp(/_io 9ijp(7(v + 5)) dﬁijp(é’),/o Gup(T1(v + 5)) dﬁﬂp(s))

dv) .
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Therefore,
zi(t) < ||| +/ a; (16i(v,0)| + | Li(v)] + | F;(Us(v,0), Vi(v, 0))]) dv
+a; ZZ (cz|cmp (v, + ) (2.61)

t0 p=1 ji=1

(1 2) &
sl 0l + 1) )] o
Defining the continuous functions A, B : [0, +00) — (0, +00) by

A(t):m?x{ai<]bi(t,0)\+|l )| + | B (Us(, 0), V(t,O))D},

and

2 1 2) &
B maX {az Z Z <<2’CZle ’Yzﬂp + %(]l)p) + g7'|d7ﬂlp(t)| (’u’fjl)pg”p + M'E]?nglp)) } ’

p=1 ji=1

respectively, from (), we obtain

m@ﬁww+/(mw+ﬂMMMM,é—humwzm

to

thus

t t
WMQW+/A@®+/WWMMut2m
to

to

Now, by using the generalized Gronwall’s inequality (see Lemma ), we obtain

t t v
|2 < ||gb||+/ A(v)dv+/ B(v) (y|¢||+/ A(T)dr) oli B g,
to to to

and from (),

lilgn |z (ty)| = lilgn 2(tr) < lilgn |2, || < 400
which contradicts () O

Now, we prove the boundedness of solutions of the initial value problem (@)—()

Lemma 2.2.13. Assume (A1)-(A3) and (A5)-(A7). Then, solutions of the initial
value problem ()—() are bounded.

Proof. Let to > 0 and ¢ € BC and consider x(t) = (z1(t),...,x,(t)) a solution of the

initial value problem (@)—()
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By (A1), the functions b;(+,0), ¢ijip, dijip, and I; are bounded, thus there exists M > 0

such that

MZdﬂOF((HDV@®H+MﬁﬁN+mwO,tzOJ—ann(zw)

From (A7), there exist T > to and a negative number B such that

P
di (2
-t +40) + 32 (e 01355 + 3o

p=1 j,l=1

_d, n _di~ (2
+ Gildijip ()] (aj jgijpugjgp + algfupﬂgjz)p < B,

fort>T andi=1,...,n
Now, define

by

z;(t)
Zi(t) = sz’gn(wi(t))di_l/o ai(t,v)

1

where, for all v € R,

ita ) ftzt
@@ww={“(“) L

Cli(to,v), if t <tp ‘

From (@) and (), we obtain, for t > t,, and x;(t) # 0,

4@:%mmm@(a%%$+fm ﬁﬁi@@

i a;(t,v)?

= sign(z;(t))d; ! ( — bi(t,2;(1)) + F; (Us(t, 3,), Vi(t, 1))

'*A%m éﬂﬁﬁhi+1<0

a;(t,v)?

zi(t) 2 0. (t v
— sign(x;(t)) /o 2%t ) dv

a;(t,v)?
+ }F( (t, ), V‘(t,$t>) _Fi(ui(tvo)avi(t?o))l

+ [bi(t,0)] + | F; (Us(t,0), Vi(t,0)) | + \Ii(t)\).
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By (A2), (A3), (A5), (A6), and (2.53), for all t > t, and i = 1,...,n, we obtain
zi(t) < dz'_l(_(ﬁi(t>+Ai(t))|xi(t)|+|Fi(ui(tvo)avz‘(ta0>>|+|bi(t70)|+|li(t)|

LUt 21) — Us(E, 0)| + Vil ) — Wi, o>|)

IN

C(80) + A (0)] + i (\Fw@-(t, 0), Vi(t, )|

(2, 0)] + |L~<t>|> LYY (<i|cmp<t>|

p=1 j,l=1

Jhijip (25 (t = Tijp(8)), 21 (E = Tup(£))) = hijip (0, 0) |

fz’jlp(/o Gijp(@;(t + ) dnijp(s),

—00

il digip(8)]

[ Gttt +) ) = o 0))

o0

Therefore

4(t) < —=(Bi(t) + Ai(t)d; ai(t)] + d; ! (!Fi(ui(t, 0), Vi(t, 0))]

P n

B0+ 50]) + 4 305 (Glen0)

1 2 ~
(v (= T (O)] + i |2t — Fap(£))])

0
(0] (3o [ loste+ 9]0

. 0
+luz(]2l)péllp/_ \xl(t + 8>| d'fhlp(S)) ) . (265)

Now, by contradiction, we assume that z(¢) is unbounded. From Lemma , x(t)
is defined on R. From (A2) and (), we conclude that there exist ¢ € {1,...,n} and
a positive real sequence (ty)ren such that T <t 7 400, 0 < z(t) / +o0,

zi(te) = ||z, |l = |lzell, and z{(tx) >0, keN,t<t. (2.66)
From(A2) and (), we also have
() ;0] < 50 < (dgy) My, teRj=1..om,
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and from () and (), we obtain

P n
) _d; d
) < —(Bilt) + Adlti)agzi(t) + Y0 (<i|cz-ﬂp<tk>| (ajﬁ;m zdlvfflp) Al

p=1ji=1

_d; _d~
+6il dijip(tr)| (aj d—7£¢jpu§}?p + azg&zpuﬁf-?p) ||Zk||) +M, keN,

and consequently, from (),

Zi(ty) <

P n
— d dl
—(Bilte) + Ai(te))a; + Z Z <Cz|cwlp tr)l <ajd_z%‘(jll)p +a ld fol)p)

p=1 ji=1

+<; |d7fjlp(tk)| <aj ]§ZJPMZle +a ar— gllpﬂz;l;u) >:| Z7«<tk) + M; k € N.

Hence, by () ,

k—4o00

2i(ty) < Bzi(ty) + M "= —o0,

which contradicts () O

Next, we state the fluctuation lemma because it plays an important role in proving the

global attractivity of solutions of system (@) and of its asymptotic systems (R.50).

Lemma 2.2.14. [56, Lemma A.1] Let f : [b,+00) — R be a bounded and differentiable

function, then there exist sequences s, — +0o and tp — 0o such that

f(sk) = fooy [f(sk) =0 ask — oo,
flte) — f°, f'(tx) >0 ask — oo,

where

t—+o00

Now, we are in position to prove our main result. It presents sufficient conditions en-

suring the global attractivity of solutions of system () and of its asymptotic systems

(2.56).
Theorem 2.2.15. Assume (A1)-(A7) hold. Then

lim |2(t) — ()| =0,

t——+o0

for all x(t) and &(t) solutions of systems (@) and () respectively, with bounded

initial conditions.
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Proof. Let x(t) = (x1(t),...,z,(t)) and Z(t) = (Z1(t),...,Z,(t)) be solutions of sys-
tems () and (R.5G) respectively, with bounded initial conditions, and define y(t) =
(1(t), - ya(t)) by

zi(t)
yilt) = sign(as(t) — &:(t))d ! / . ai(tl 5 (2.67)

From Lemma and Lemma , we know that x(t) and #(t) are bounded on

R. Tt follows that y(t) is a nonnegative bounded function on R and it is possible to
define the limits

w; = limsupy;(t), i=1,...,n.
t—-+o0

Taking v = max{u;} € [0,+00), the result is proved if we show that u = 0.

Let i € {1,...,n} be such that u; = u. As y; is a differentiable real function, by the
fluctuation lemma (see Lemma ), there exists a positive real sequence (t)gen
such that

tr 400, yi(ty) = wand yi(tr) — 0 as k — +o00. (2.68)

Assume contrarily that « > 0. For ¢ € (0,u), there is T' = T'(¢) > 0 such that
ly(t)] < u+e, fort>T, and

max{ [ ants). [ anni} <5, (269

fori,5,l=1,...,n,p=1,..., P, where Y = sup |y(t)|.
teR
Since

lim (t — 7;,(¢)) = lm (¢t — 7,(t)) = 400,

t——4o00 t——+oo
tl}g})@(ﬁjp(t) — Tijp(t)) = tljgloo(;ilp(t) — Tip(t)) = 0,

ty ' 400, and li;n y;(tr) = u, then there exists a natural number kq such that
ty > 2T, tr — %ijp(tk) > T, tr — f%ilp(tk) > T and yz(tk) >u—€ > 0, (270)
forall k > kg, 4,5, =1,...,n,and p=1,..., P. Consequently, for k > kg, we have

|y(tk — %z]p(tk)ﬂ <u+¢ and |y(tk — ,%le(tk))’ <u-+eE. (271)
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For k > ko, from systems (@), () and, using the notations (), (2.59), we have

yi(tr) = sign(zi(ty) — &(te))d; " {ai(:g(;f()tk)) - ai(ti;gf()tk))

() Gilte,v)?

zz(tk) Qa2<tk fv) N
+/ — O L du + Ii(t) — Li(ty)
sty Gilte,v)?

+EU s, 2,), Vilte, 1) = F;'(Z/A{i(tkaftk>a ffi(tk,itk))
< sign(ai(ty) — #i(t))d; { (e (1) + bt (1))
wilt) Dty v) A
/i“i(tk) a;(tg,v)? } (tx) ( k)’

+dz_1|E(uZ(tk7xtk)7vl(tkaxtk>) - FZ( i(tkai‘tk% z(tkw%tk)) .

From (A2),(A3), and (A6), we obtain

yi(tr) < —sign(i(te) — &:(t))d; [(bi(tk, i(tr)) = bi(te, Zi(tr)))

+/ o T 2 (e, )dv]

i(tk) ai(tk77}>2

o+ d; bty @i (tr)) — bt 2a(t))| + di | Ti(ty) — Li(ty)|
+d;t (Cz"ui(tk;xtk) — Uy (t, Zo)| + [ Vilte, z4,) — Vi(ty, @tk)‘)
< —d; (Bilte) + Ai(t)) lzi(te) — Za(te)| + dit|bi(t, 2i(t)) — bite, &:(tx))]

+d7 M () — Li(t)| + a7 (<i|uz-(tk, wr,) — Ui(te, 4,)|

+ gi‘Vi(tk,l’tk) — Vi(tk,i’tk)o_
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From () and (2.59), we have

yi(tr) <

—d; M (Bi(tk) + Ai(te))|wi(te) — &i(te) | + d; {Di(te, &3 (t)) — biltr, 2i(tr))
P n
+dT Lt — fi(tk)‘ +d7 'Y [Ci ( |Cijip(tk) — Cijip(te)]
p=1j,l=1

Nhigip(Z (tk — Tijp(te)), Bu(te — %zp(tk)))’

el

hijip (5 (tr — Figp(te)), 21 (b — Tirp(tr))) — hijip (85 (te — Fijp(tr)), Tt — %Zp(tk)))‘

+

Pijip (25 (tk — Tijp(te))s 2i(te — Tap(te))) — hijip(@5(tk — Tijp(te)), zi(te — %‘lp(tk)))‘ >>

+§i<

+ |dijip ()|

0

fijip ( /_ (; 9ijp(Z(t + 5)) dnijp(s), /

—00

dijip(tr) — dijlp(tk)‘ :

gl + ) i (5 )

0

0
fijip </_OO Gijp(x;(te + 5)) dnijp(s)a/ Gitp(x1(ty, + 5)) dﬁilp(s))

—0o0

— fijip </_OOO Gijp(Zj(tk + 8)) dﬁijp(5)7/0 Gitp (%1 (ty, + 8))dﬁilp(8)> ‘ )] -

— 00

and by hypotheses (A5) and (A6), we obtain

yi(te) <

—d; (Bi(t) + Aite))|wi(te) — Zi(th)]

bt (1)) — bi(tk,:ﬁi(tk))‘ Cd L) — L)

+d Y Y [Ci <|Ciﬂp(tk) — Cajip (1) | [ Pijip (25 (b — Fip(t)), B0 (b — T (t))

p=1 j,l=1
1 ~ ~ A
e ()] (gl = Fisplte)) = 50 = T (1)
+ @it — Tap(t)) — 1tk — %‘Zp(tk))D

(
1 N
+|cijip(te)] <7§jl)z)|xj(tk — Tijp(t)) — itk — Tijp(tr))]

+ ")/l-(]?l)p‘l'l(tk = Tip(t)) — @a(t — ;“p(tk))‘) )

fijtp (/0 9ijp(Z5(tr + 5)dnizp(s), /_0 Girp (%1 (e + S))dﬁilp(s)) ‘

o0

+; (‘dzﬂp(tk) ’lep(tk‘>‘
()] (i |13t 9) =50+ )9

+ Nuzp@lp/ |21 (tr + 5) — 21(te + )| dijup (s )) )] :

From (A2) and (), we have

(d;

@) s (t) — 2:(8)] < wilt) < (digy)Haa(t) — 2:(8)], t>0,i=1,...,n,
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and consequently,
Yi(te) < —(ﬁz‘(tk) + Ai(tr))a;yi(te) + 6i(tr)

d; .
+ Z Z lCz’CZJIp tk (szlpa’j d y]( Tijp(tk))

p=1 j,l=1

d 5
+ ’V&L@iw(% - Tilp<tk>>> (2.72)

d 0
+ Gl dijip (tx) | (/vbmp&yp% m / yi(tr + s) dnijp(s)

@z _d [°
+:uijlp£ilpalz/

— 00

it + ) din(9) |

where
8i(t) = di M bi(t, (1)) — bilt, &:(t))| + d; L) — L(1)]
+dt Y ' [Q(’Ciﬂp(t) — Cijip(t)] - Nhijip(&5(t = Fijp(t)), B (t — Fap (1))

1 ~
+lesin(O] (Yl (¢ = Tip (1)) — @t — Fip(1)))]

Ffplalt = Fplt) = e (0]
fijip < /_OOO Gijp(T5(t + 5)) dnizp(s),
/(; Gitp(T1(t + 5)) dﬁz‘lp(S)) u :

By (Al), t — bj(t,w) is bounded for all w € R and j = 1,...,n, and by (A3),
w — b;(t, w) is a non-decreasing function for all ¢ € [0, +00). As x;(t) is bounded, then
t — bj(t,x;(t)) is a bounded function. Moreover from (A1), (), and the continuity
of Fy, hijip, fijips 9ijp» Gitp, We obtain that z’(¢) is a bounded function on (0, +00), thus

+ §z‘|dijlp(t> . wlp( )‘

x;(t) is uniformly continuous for all j = 1,...,n. Finally, as 2(¢) is bounded, by (A5)
and from (), we conclude that

lim &(t) = 0. (2.73)
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From (M), (ﬁl) and (m), for all k > kg, we have

22

p=1 1

vilte) < = (Bi(te) + Ai(tr))a;(u — €) + di(t),
P n d d
l
|:CZ|CUZP tk (7@]lpa3 d + ’yl(jl)pald ) (U + 6)
7=

B d -T 0
+§z~|dz’jlp(tk)|M§;z)p§z‘jpajj ( / Yty + s)dnijp(s) + / y;(ty + S)dﬁijp(S))
7 —0 _T

=T 0

~ d N
+<¢|dijlp(tk)|/~6§32-z)p5ﬂpalj ( / Ytk + 8)dijap(s) + /

-T

it -+ )i (s)) |

o)

and from (), we obtain

vilte) < —(Bi(tk) + Ai(tr))a;(u — €) + di(t)

d; d;
+ Z Z |:Cl‘clﬂp tk (ﬁyz]lpa] d + fyz(jl)p J) (U + 6)

p=1 j,l=1

_ dj 0
+<i\diﬂp(tk)\uS?pfijpajj <€ + / y;(t, + S)dﬂijp(s))
1 =T
0

d;
vl (<+

-T

it + S)dﬁilp(s)) ] .

Finally, as t;, > 2T, |y(t)| < u+e for t > T, and f dnijp(s) f dijup(s) = 1, we
obtain

yilte) < —(5i(tk) + Ai(te))a;(u — &) + 6i(tr)

d; d;
+ Z Z [Czlczjlp tk (’Yz]lpaj d + IV’L(Jl)pald > (u + 8) (274)

p=1 j,l=1

d; d;
+ §i|dijlp<tk)| (/jjzjlpéljp aj d + /Lz]lpgllpal ) (U + 28)]

Since klim y:(tx) = 0, then by letting ¢ — 07 and k¥ — +oo0, it follows from (R.6§),

(), (@), and hypothesis (A7) that

k—+o00

d; oy _ d;
+ Z Z (§Z|CZJIP tk (/yzjlpa’Jd + /yz(jl)p d )

p=1 j,l=1

0< [nm sup ( — (Bilt) + At

d; d;
+ §i|dz‘jlp(tk)| (ngl,l)pfijpa] d, + Mwlplepald )))}u < 0,

which is a contradiction. Thus u = 0. L]
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Obviously, the system () can be considered as an asymptotic system of itself. Thus,

we have the following result

Corollary 2.2.16. Assume (A1)-(A7) hold.
If x(t) and &(t) are solutions of systems () with bounded initial conditions, then

lim |z(t) — z(t)| = 0.

t—+00

Next, we apply our results to the following examples to demonstrate their efficiency,

and we provide a comparison with various stability criteria from the literature.

Example 2.3. Consider the low-order CGNN model () which can be written in

the form

z;(t) = ai(z:(t)) [—bi(t,xz ) +Gi <Z ciy(t / ;(t + 5)dni; (s )>] :

which is a particular situation of (@) Consequently, from Corollary , we obtain
the following global attractivity criterion for model ()

Corollary 2.2.17. Assume that (A3) and () hold and, for each i,j =1,...,n, ¢;
1s a bounded function, G; is a Lipshcitz function with Lipschitz constant ¢; > 0, and

there exist a;,a; > 0 such that
a; <a;(u) <a;, YueR. (2.75)

If there exists d = (dy,...,d,) > 0 such that,

lim sup (aﬁz( t)d; —GZZCJCU \d) i=1,...,n,

t—+o00 =1

then any two solutions x(t) and z(t) of (), with bounded initial condition, verify

lim |z(t) — z(t)| = 0.

t—+00

In case of () being an w—periodic model, for some w > 0, from Theorem , we
obtain sufficient conditions for the existence of an w—periodic solution of () and
the following result holds.

Corollary 2.2.18. Assume that () holds and that, for each i,j = 1,....n, G;
is a Lipshcitz function with Lipschitz constant ¢; > 0, a; verifies (), the functions

t — bi(t,u) and ¢;j are w—periodic for allu € R, and there exist w—periodic continuous
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functions B;, 55 : [0, +00) — (0,400) such that

bl(t, U) — bz(t, U)

u—v

Bi(t) < < BrE(t), Vte[0,w], u,v € R u#w. (2.76)

)

If there exists d = (dy,...,d,) > 0 such that,
Qzﬂz(t)dz > a; ZGi‘Cij(t”dja Vt € [O,W], 1= 1, o, n, (277)
j=1

then there exists an w—periodic solution of (), Z(t), which is globally attractive in
the set of the solutions of () with bounded initial condition, i.e., for each solution
of () with bounded initial conditions, x(t), we have:

lim |z(t) — #(t)] = 0.

t—+00

Remark 2.2.19. In [}9], sufficient conditions for the existence and global asymptotic
stability of an equilibrium point of the autonomous static neural network model ()
were established. We stress that model () is a particular situation of (), and
assumptions in Corollary are weaker than the ones in [49, Theorem 3.2]. In

fact, conditions () and () trivially hold in model (), foreachi,7=1,...,n,
they assumed that G; satisfies stronger conditions than being Lipschitz and the kernel

function, K;;, verify (R.4§) with the additional assumptions
+o0o
/ UKZ](U)CZU < 400 and Kij = Kﬂ
0
For model (), inequality () reads as
di>2§i‘cz’j‘dj7 1=1,...,n,
j=1

which is equivalent to the matrix

N =1, - [§i|cij”n

1,j=1’

where I, denotes the n-dimension identity matriz, being a non-singular M-matriz (see

[25]), which is assumed in )49, Theorem 3.2].
Example 2.4. Considering in (@) and ()
Fi(u,v) = Gi(u) + H;(v), foralli=1,...,n, and u,v € R,
where G;, H; : R — R are continuous functions, we have the following high-order
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CGNN models,
2(1) = alt, (1)) [ bt () + L)

+ Gz ( Z Z Cijlp(t)hijlp (ZL’j(t — Tijp(t))7 [El(t — %le(t))))

p=1 j,l=1

. 0 (2.78)
+ H; ( q:zljlzl dijig(t) fijiq < /_Oo 9ijq(@;(t + 5)) dnije(s),
/_[; Gt + @)dﬁilq(s)))}, (20, i=1,....n,
and
2i(t) = a;(t, 24(t)) [ — by(t, zi(t)) + Li(t)
+Gi ( i Zn: Cijip(E) hijip (25t — Tigp()), 2a(t — %’lp(t))))
e 0 (2.79)
+ H; ( Z; 2:: dijig(t) fistg < /OO ijq(@;(t + 5)) dnijqe(s),
[ uate+ Dan) )] t20 i=1m
respectively.

If (A3), (), and () hold, then the system () is an asymptotic system of
(ﬁ) In Theorem , the following result for the existence of a periodic solution

of (m) was established.
Theorem 2.2.20. Assume (A2), (A5), (A6), and the following hypotheses:

(i) For eachi=1,... n, there exist (;, ¢; > 0 such that

|Gi(u) = Gi(v)] < Glu—vl, [Hi(w) = Hi(v)] < Glu—v|, w0 eR;

(ii) There is w > 0 such that, for each i,j,l = 1,....,n, p = 1,...,P, and q =
17 * Q?
al(t, U) = az(t + W, 'LL), éijlp<t) = 6iﬂp<t + UJ), 7A'l]p<t) = Asz t+ C«J),
bi(t,u) = bi(t +w,u), dijig(t) = dijig(t +w), Tijp(t) = Tijp(t +w), and
L(t) = Ii(t 4+ w), forall t >0 and u € R;
(iii) For each i = 1,...,n, there exist w—periodic continuous functions Bz,@*

o4



0, +00) — (0, +00) such that

By < WD 2D, gy i 0.6 wv e R u

(itv) There exists d = (dy,...,d,) > 0 such that for allt € [0,w], andi=1,...,n,
n P
X . d; dy
Bilt) > [Z Gl () (;j%% t vfflz)
. (2.80)
; dj () di o)z
+ Z gi’ Zﬂ‘](t)l d Mzglqujq + d_iluijlqgilq :

Then, the system () has an w—periodic solution.

From Theorems b.2.15| and }2.2.2d, we obtain the following result:

Corollary 2.2.21. Assume (A3) and the hypotheses in Theorem 222(} If (@)
holds and there is d = (dy, ..., d,) > 0 such that

d; d
(BZ( a’ + Z <ZC1|CUZP </yz]lpajd + /yz(jglzo dl)

]ll

~ d dl
+ Z §z|d7,]lq(t)| (Mwlq&]qa] d + :u’z]lqulqald )> < 07
qg=1

(2.81)

i=1,...,n, te€[0,w], then every solution of the system () with bounded initial
condition, x(t), satisfies

lim z(t) — &(t)| = 0,

t—-+o00

where &(t) is the w—periodic solution of ()

Remark 2.2.22. We note that Corollary establishes sufficient conditions for all
solutions of (), which is not necessarily a periodic model, to converge to a periodic
function as time goes to infinity. In the case of the CGNN model () not being a
periodic system, then the criterion in Theorem cannot be applied to prove the

existence of a periodic solution of ()

As a particular example of model (), we recall the high-order CGNN model ()
The existence and global exponential stability of a periodic solution of () were
studied in [40].
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A

Considering ¢;;, d;ji, : [0, +00) — R continuous functions such that

tlgl—noo (Cij (t) - éij (t)) = tlg-noo (diﬂQ<t) - diﬂ‘l@))
(2.82)

= lim (L(t) - Ii(t)) =0,

t—+00
for each 7,7, =1,...,n and ¢ = 1,2, then () is an asymptotic system of
2100 = )| = B + 3 605350
j=1
+ Y () (Pj
j=1 0
n . “+o00
# > (s (o [ Kyt
0

=1

- (pl O+OO Ka(u)a(t — u) du) + fi(t)} :

N Kij(u)x;(t —u) du)
(2.83)

Assume the following hypotheses for () For eachi=1,...,n,and ¢ =1, 2:

(B1) the functions ¢;j, d;j,, and I; are w—periodic for some w > 0;

(B2) there are a;,@; > 0 such that

(B3) there are 3;, 3% > 0 such that

u—v

/BZS S6:7 VU,UER,U%U,

(B4) there exist M;, ; > 0 such that

fi(uw) = fi(v)| < pulu — o] and  [fi(u)] < M;, Vu,v € R,

Consequently, from Corollary , we obtain the following result.
Corollary 2.2.23. Assume (B1)-(B4). If there exists d = (dy,...,d,) > 0 such that,
forallt € [0,w] andi=1,...,n,

& d
B> [(|Cz‘j(t)| + |dij11(t)|)ﬂjﬂjj
=1

)

(2.84)

% 7

+ Z |dijia ()] <jMzMij + d_l_MlePl)] :
=1
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then the model () has an w—periodic solution.
If, in additional to condition (), there exists d* = (di,...,dS) > 0 such that, for
allt € [0,w] and i =1,...,n,

n e
a;fi > Z [(|Czj(t)| + |dij11(t)‘),ujpjajd—i

J=1

n d*
+Z|d2jl2 ( LA Mipp; + d—iﬁlemPlH,

then every solution of the system () with bounded initial condition, Z(t), satisfies

(2.85)

lim_|&(t) - (1) =0,

t——+o00

where T is the w—periodic solution of ()

Proof. In the model (), taking P =1, QQ = 2 and, for each ¢,j,l =1,...,n,¢=1,2,
u,ur,uy € R, and ¢t > 0, letting a;(t,u) = a;(u), b;(t,u) = b;j(u), Fj(u) = H;j(u) = u
Tij1(t) = Tijn(t) = 0, hijn(ur, uz) = fi(pjun), cijun(t) = cii(t), cijun(t) = dijn(t)

I #1, fzyll(UI;UQ) = filpjur), fijiz(ui,uz) = fi(pjui) filpiuz), Gijo(u) = Gijq(u) = u,

and 7;54(s) = nijq(s f K;j(—v)dv, for s < 0, we obtain model ()
Trivially hypotheses (A6) and (7) in Theorem 0 hold. From (B1), (B2), and (B3),

hypotheses (ii) and (iii) in Theorem 2.2.2( also hold.

For all uy, us,v1,v2 € R, we have

|hijin (ur, uz) — hijin (v, v2)| = |fi(pjur) — fi(pjor)| < pjpglur — o1,
| fijin(ur,ua) — fin(vi,v2)| = |fi(pjur) — fi(pjur)| < pjpglur — il

and

| fijiz(ur, u2) = fije(vr,v2)| = | fi(pjua) filpeuz) — f3(pjo1) fil orvz)|
< |fi(pjur) = fi(pjv0)ll filpruz)|

+|fi(pjoD)ll filpruz) — filpiv2)]

Mypjpluy — vi| 4+ Mjpypu|ug — va.

IN

for all 4,7,0 = 1,...,n, thus hypothesis (A5) holds. Condition () follows from

(@), and the inequality () reads as () Finally, the result follows from Corol-
lary P.2.2 I [

Remark 2.2.24. We emphasize that since () is an asymptotic system of itself, its
periodic solution, T(t), serves as a global attractor for all solutions with bounded initial

conditions. The global exponential stability of Z(t) is proved in Corollary , given
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the additional condition f0+oo K;j(u)e*du < +o00, for some o > 0.

Example 2.5. Consider the following low-order CGNN model
216) = o) — bl(0) + gcszj (25(1)
- ;dw)gj (250t — 7(2)) (2.86)
+ Zn;pij(t) O+OO Kij(u)hy(z;(t — ) du + ]i(t)] .

for t > 0,i=1,...,n, where, for each i,j =1,...,n, a; : R — (0,+00), b; : R —» R,
Cijy dijs Dijy Li 2 [0, +00) — R, 75, Ki; : [0,4+00) — [0,+00), and f;,g;,h; : R — R are
continuous functions.
The existence and global exponential stability of an almost periodic solution of ()
is studied in [62].
For model (), the following hypotheses will be considered:
(C1) There is u > 0 such that for each i,7 =1,...,n,

+00

“+o00
Kl](t)dt =1 and / eut K”(t)dt < +00;
0 0

(C2) For each i = 1,...,n, there are a;,a; > 0 such that

a; <a;(u) <a;, VYueR,;

(C3) For each i =1,...,n, there is §; > 0 such that

bi(u) — b;
ﬁzgua U,'I]ER,U#U;

u—v

(C4) For each i,7 =1,...,n, the function 7;; is almost periodic;

(C5) For each i = 1,...,n, f;(0) = g:(0) = h;(0) = 0 and there exist L/, LY, LI > 0
such that

[fi(w)=fi(v)] < Lfu=vl, 1gi(u)=gs(v)] < L{u—v], and |hi(u)=hi(v)] < L}u—vl,

for all u,v € R.

Theorem 2.2.25. Assume (C1)-(C5).
If there are ¢;;, ciij,ﬁij, I, : R = R continuous and almost periodic functions on R such
that:
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(i) t£+moo(c” (1) = &;(1)) = dim (di(t) = dij(t)) = lim (pi;(t) = Py (1))

t—+o0 t—+

= lim ([;(t) — L;(t)) = 0;

t——+4o00

(7i) there exists d = (dy,...,d,) > 0 verifying

dlgzﬁz > Zdjdj ( +Lf + d+Lg +Lh> , 1=1,...,n,

l]] LV ’LJJ

where &f; = Sup 25 (t)], df = Sup |dij(1)], and 5 = Sup 1Di; (1))

then there exists an almost periodic function T : R — R such that

lim |2(t) — &(t)] = 0,

t——+o00

for all solution x(t) of model () with bounded initial condition.

Proof. Clearly, system () is a particular situation of model ()
By condition (i) and Definition , the system

210 = aot) | = bl +ch 5o
+Zd"9 )95 (;(t — 735(1))) (2.87)
#305u0) [ e — ) ot )]

is an asymptotic system of ()

From [62, Theorem 1], system () has a unique almost periodic solution. Denote it
by Z(t).

From (C1)-(C5), hypotheses (A1)-(A6) hold. From condition (ii), we conclude that

lim sup [—a B + Z a; (cm (L] + dij(t) L9 + p@-j(t>L?)] <0,

t——+o0

and (A7) holds. Now the conclusion follows from Theorem . O

Remark 2.2.26. We note that the function Z(t) may not be a solution of the model
(R-86). Moreover, the coefficient functions c¢;;,d;;, pi; and the inputs I; are not nec-

essarily almost periodic functions, thus [62, Theorem 2] can not be used to prove the

global attractivity of ()
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2.2.3 Numerical examples

Firstly, we present numerical examples to illustrate the applicability of some new results

given in Section .

Example 2.6. Taking c,d, ¢, de R, the system

2 (1) = (%Ssm (21()) + %) [— (9 + sin(#))z: (£)

+ ccos(t) arctan (21 (¢ — | sin(t)])) arctan (z2(t — | cos(t)]))

+ dsin(t) / h e xo(t —u)du+ COS(t)] :
0 (2.88)
zh(t) = (24 cos (22(1))) [ — (2 + cos(t))xa(t)

+ ¢sin(t) arctan (q:l(t — | cos(t)’)) 1 gsin(t)

+ d cos(t) tanh ( /0 - e tay (t — u) du) tanh ( /0 o e ay(t — u) du) } ,

for t > 0, is a 2mr—periodic example of a high-order CGNN model.
Defining 71, ;51 : (—00,0] = R by

s

miji(s) = Mij(s) = / e’dv, s € (—00,0], 4,5 =1,2,
system (R.8§) is a particular situation of () with n = 2, P = @Q = 1, and for
uwv € R, Fi(u) = Fo(u) = Gi(u) = Ga(u) = u, gii(v) = 1, giz1(v) = gonr(u) =
g201(u) = u, hy191(u,v) = arctan(u) arctan(v), hoi11(u,v) = arctan(u), fio11(u,v) = v,
f2121(u, v) = tanh(u) tanh(v), and all other h;;(u,v) = fijn(u,v) =0, for 4,5,1 =1,2.
However, () is not a particular case of (), thus the model studied in [40] is not
general enough to include () as a particular example.

Following the notations in () and (), we have a; = §, @1 = ¢, a, = 1, @y = 3,
ﬁl = g, §2 =16 =g =1, ’78)21 = ’73)21 = %7 ’7;)11 = 1, ’Vg)n = Nglz)u = 0,
i = Hhhy = St = 1, & = & = 1, () = cos(t), () = MO, cin(t) =
ccos(t), cann1(t) = ¢sin(t), diai1(t) = dsin(t), daiai(t) = dcos(t), and all other ¢;;1(¢) =
din(t) =0, for i,5,0 = 1,2.

Consequently, example () is 2r—periodic and the matrix M, defined in (), has

the form

L= alel —4 (2l + 1))
M =
~3(lef+1d))  1-30d)

Condition () trivially holds with ¥ € (0,1). Consequently, Corollary assures
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the existence and exponential stability of a 2r—periodic solution of (2.8§) in case M

1 1

. . . . . 1 o A
being a non-singular M-matrix. For example, if we consider ¢ = —, d = 55, ¢ = 15,

~

d = L. we have

307
1 5L
12 200
M= ,
3 9
10 10

which is a non-singular M-matrix.

Example 2.7. The following 2r—periodic delay differential system is a particular

situation of (),

sin(z; ()

' (t) = (sin (21(t)) +2) {— Az (t)e o102

+ %cos(t) tanh (zo(t — |sin(¢)])) + eSin(t)} )
(2.89)
2h(t) = (cos (22(1)) + 2) [ — (5 + cos(t))za(t)

+ gsin(t) tanh (z1(t — | cos(t)])) + COS@)} ,

wheren = 2, a1 (¢, u) = sin(u)+2, by (t,u) = 4uesli17(uu?), fi(t, @) = 5 cos(t) tanh (s (—|sin(t)]))+
e ay(t,u) = cos(u)+2, by(t,u) = (54cos(t))u, and fa(t, p) = 2sin(t) tanh(p (—| cos(t)]))+
cos(t).

The hypothesis (H1)-(H5) and (H1*)-(H5*) holds with a; = ay, = 1, @ = Gy = 3,

Bit) =2, Bi(t) =8, Ba(t) = B5(t) = 5+ cos(t), L1(t) = 3 cos(t), and Ly(t) = Zsin(t),

thus Theorem m assures the existence and exponential stability of a 27— periodic
solution of (b.89).

Remark 2.2.27. Comparing with the hypotheses assumed in [38], the functions ay and
by do not satisfy the required properties. Furthermore, considering the system (),
the matriz E, as defined on page 6 of [3§], satisfies E* > E, where

127 2 _10m _ 4.2
4 — 837w i —4r

—7 — 872 7w — 8072

Since E* does not constitute a non-singular M-matriz, it follows that E is not a non-
singular matriz (see |25, Theorem 5.7]). Consequently, the criterion in [38] cannot
be used to conclude the existence of a periodic solution of () In figures and
@, three solutions (z1(t), zo(t)) of the system (), with initial condition p(s) =
(sin(s), —cos(s)), ¢(s) = (1/2,—e*/2), p(s) = (cos(s)/2, —e®) for s <0, at ty =0, are
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plotted.

2
©
3%}
!

solution x

20

solution x 0 o0

1 time t

Figure 2.1: Numerical simulations of three solutions (z1(t), z2(t)) of system (), with initial condition
o(s) = (sin(s), — cos(s)), w(s) = (1/2,—€°/2), p(s) = (cos(s)/2,—e’) for s <0, at to = 0.

0.5
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(2]
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=
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[75]
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1] 2 4 G 8 10 12 14 16 18 20
timet

Figure 2.2: Numerical simulations of three solutions (z1(t), z2(t)) of system (), with initial condition
o(s) = (sin(s), — cos(s)), (s) = (1/2,—€°/2), p(s) = (cos(s)/2,—e’) for s <0, at to = 0.
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Furthermore, we present a numerical example to illustrate the effectiveness of new re-
sults presented in Section .

Example 2.8. Consider the following numerical example which is a particular situa-

tion of (@)

sin(z (t))

4 _|_ e t (t)e 141 (t)2

() = (sin(a
n (_

)| -
o)
zh(t) = (cos (z l (5 + cos(t) + e ) a(t)
)
X

tanh (zo(t — | sin(t)])) + e™® + e_t}

(2.90)

+ (— sm

Here,n =2, P =1, a;(t,u) = = sin(u) + 2, ag(t,u) = cos(u) + 2, by(t,u) = (54 cos(t) +

e Mu, by (t, u) = (d4e uerre? | Fi(u) = Fa(u) = u, c111(t) = 5 cos(t)+e 7, carn1(t) =

2sin(t) + e, hioni(u,v) = h2111<u v) = tanh(u), 721(t) = |sin(t)|, To11(t) = | cos(t)],
+e

Il(t) = esm(t) +e t, _[2( ) = COS(t) t, and Clljl(t) = 022j1<t) = dijll(t) =0.

tanh (z1(t — | cos(t))) + cos(t) + e_f} :

solution (x1,x2}

2 4 6 8 10 12 14 16 18
time t

Figure 2.3: Numerical simulation of three solutions (z1(t), z2(t)) of system (), with initial condition
p(s) = (—€°/2,cos(s)/2), ¢(s) = (cos(s)/2,—e’/2), ¢(s) = (sin(s),e® — 1) for s <0, at tox = 0.
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Figure 2.4: Numerical simulation of three solutions (z1(t), z2(t)) of system (R.90), with initial condition
p(s) = (—e°/2,cos(s)/2), p(s) = (cos(s)/2,—e’/2), (s) = (sin(s),e® — 1) for s <0, at to = 0.

System () has the following system

sin(21 (1))

#() = (sin (i1(1)) + 2) [ gy (t)e T

+ %cos(t) tanh (Z5(¢ — | sin(t)])) + esm(t)} )
(2.91)
#(t) = (cos (&2(t)) +2) { — (5 4 cos(t))@(t)

+ %sin(t) tanh (& (¢t — | cos(t)])) + COS(t)} )

as one of its asymptotic systems. As hypotheses (A1)-(A7) hold, Theorem allows
us to conclude that
lim |z(t) —2(¢)] =0,

t—+o0

for all solutions z(t) = (21(t), 22(t)) and &(t) = (&1(t), #2(t)), of (2.90) and (R.91)
respectively, with bounded initial conditions. Noting that () is a 2r—periodic sys-
tem, Theorem assures that () has a 2w —periodic solution Z(t) = (Z1(t), Z2(t)).
Thus

lim |z(t) — &(t)| =0,

t——+o00
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for all solutions xz(t) of () with bounded initial conditions. We stress that all
solutions of () converge asymptotically to Z(¢) which is not a solution of ()
Figures @ and @ show the plot of three solutions (x1(t),z2(t)) of system (),
with initial condition ¢(s) = (—e°/2,cos(s)/2), w(s) = (cos(s)/2,—€°/2), p(s) =
(sin(s),e® — 1) for s <0, at t,p = 0.

2.2.4 Conclusion

In this chapter, we separately present criteria for the existence of a periodic solution
(Theorem ) and exponential stability (Theorem ) of a general family of func-
tional differential equations () with unbounded delays. This represents a significant
extension of the previous results in [24].

The global stability of neural network models holds a significant role in the solution of
optimization problems [14] and in computational image processing [1]. In particular,
Cohen-Grossberg-type models are an important tool for pattern formation and partial
memory storage [15]. As the interest for this models is increasing (see [§] and reference
therein), here we derived criteria for the existence (Theorem ) and exponential
stability (Theorem M) of a periodic solution for a general Cohen-Grossberg type
model () Model (&I) is general enough to encompass both low-order and high-

order models. In particular, the model we studied is more general than the one explored

in [3]. In Example 2.1., we established a new criterion for the existence and exponential
stability of a periodic solution (Corollary ) for the low-order Cohen-Grossberg
model () Similarly, in Example 2.2., a criterion (Corollary ) is established for
the high-order Cohen-Grossberg model (), result particularly significant because
the previous proof presented in [40] had issues (Remark )

Furthermore, we have presented sufficient conditions for the global convergence of
asymptotic systems in high-order CGNN models with infinite discrete time-varying
and distributed delays, as shown in Theorem . This represents a significant
extension of the previous results found in [50, 63, 66, 67, [12].

A global attractivity criterion is obtained for the CGNN model ()7 as stated in
Corollary . This new result enhances the previous criterion found in [49] for the
static neural network model () In Example 2.4., we derived sufficient conditions for
all solutions of the high-order CGNN model (), with bounded initial conditions, to
converge to a periodic function as time goes to infinity, as detailed in Corollary .
It is relevant to note that Theorem cannot be applied to prove the existence of a
periodic solution of () because () is not necessarily a periodic model.

Finally, in Example 2.5., we obtain sufficient conditions for all solutions of CGNN
model (), presented in [62], with bounded initial conditions, to converge an almost
periodic function as times goes to infinity, as stated in Theorem . It is worth

noting that the coefficients in () are not necessarily almost periodic.
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Chapter 3

Lotka-Volterra model

In this chapter, we investigate the concept of permanence for a general delay differential
system and discuss the novality of our result with literature. Additionally, we study the
permanence and provide a partial result regarding convergence of asymptotic systems
of Lotka-Volterra type model. Moreover, we provide a comparison with the results in

the literature.

3.1 Permanence of a general system with unbounded delay

In this chapter, firstly, we study the permanence of the general differential system ()
in a convenient phase space. We refer to the notation mentioned in Chapter @

We consider the set
BCh ={¢ € BC™: ¢(s) >0 for s € (—0,0), and ¢(0) > 0},

where BC" = {¢ € C((—o0,0];R"), ¢ is bounded } is subset of the space UCg defined
before in Section El! Thus, we consider the functional differential equation () in
the phase space UCyg, for a function G that satisfies (G;)-(G3) as mentioned in Section
El!, the continuity of the functions f; and g; assures the existence of solutions of ()

with initial condition
1y, = ¢, for ¢ € BC", and ty, > 0, (3.1)

for more details, see [30]. The goal is to apply the results to Lotka-Volterra models,
thus we restrict our study only to solutions of () with non-negative bounded initial

conditions (Ell)

We obtain sufficient conditions for the permanence of solutions to ()— (El]) In order
to do that, the following set of hypotheses is assumed.

(P1) For i = 1,...,n, the functions ¢; : Ry x R — R and f; : Rj x BC"l — R{ are

continuous and locally Lipschitz in the second variable;
(P2) There are continuous functions «;; : Ry x BCL — R{, 7;;: Rf — RY, and
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cij : R — R{ and, a constant v;; > 0 satisfying
n n 0
filt;9) <D au(t, 65) + Z%’jcij(t)/ 9;(s)dnij(s), for all t = 0,
=1 =1 —oo

and ¢ = (¢1,...,¢,) € BC".. Moreover the function oy; satisfy the following,

(P2.1) if ¢, ¢ € BC’}r and t > 0 verify ¢(s) < 9(s) for all s > —7;;(¢), then
aij(t, ¢) < aij(t, ¥);
(P2.2) for each o > 0, the function «;; is bounded on Ry x B, (0) where
Ba(0) = {6 € BCL : |dll < a};

(P3) Fori,j=1,...,n, lim (t —7;(t)) = +oo;

t—+o0

(P4) For 4,5 = 1,...,n, the function 7;; : R; — R is bounded and non-decreasing
with

/ dnig(5) = 155(0) — iy (—00) = 1,

P5) For each i = 1,...,n, the function ¢; : R} x R — R satisfy the following
0

(P5.1) for any constant o > 1, g;(¢,u) is bounded on Ry x [07! o], and there is a

positive constant w; such that the function

t+w;

— lim inf ; d

u— limin /t gi(s,u)ds
is continuous at u = 0;

(P5.2) there are positive constants ki, ko, w1, o, with ks > k; such that

t+w1 t+wo2
lim inf/ gi(s,k1)ds > 0, lim sup/ gi(s, ka)ds < 0
t t

t——4o00 t——+00

(P5.3) the partial derivative 2 g;(t,u) exists for all (t,u) € Rj x R*, and there

are a nonnegative continuous function ¢(t) and a constant w > 0, satisfying
t+w
lgm +inf / q(s)ds > 0, and a continuous function p(u) : RT — R* such
—+oo f,
that

g diltu) < —a(t)p(u),  (tu) € Ry x RT. (3.2)

68



Now, we consider the following n—species Kolmogorov system
uwi(t) = w;(t)gi(t,ui(t)), ¢t>0,i=1,...,n, (3.3)

where g; is the function in system (@) As g; is continuous for any (tp, ug) € R x RF,
the system (@) has a solution u;(t) satisfying u;(ty) = ug. If u;(t) > 0 on the interval of
existence, then the solution wu;(t) is said to be a positive solution. In order to establish
our main result regarding permanence, we introduce a lemma which will be a crucial

tool in our proofs.
Lemma 3.1.1. 57, Lemma 1] Assuming (P5.1)-(P5.3) hold, we have the following

(1) there are constants m, M > 0 such that

m < liminfu,(t) < limsupw;(t) < M

t—+o00 t—+00
for any solution u(t) = (u(t),...,u,(t)) > 0 of system (@)

(2) each fized solution u*(t) = (ui(t),...,u’(t)) >0 of system () satisfies

lim |u(t) —u*(t)] =0

t——+o0

for every positive solution u(t) of (@)

We noticed that the assumptions (P5.1)-(P5.3) are quite weak and applicable for wide
classes of ecologically reasonable functions [57]. Now, we are in a position to state our

main result.

Theorem 3.1.2. Assume that the system () satisfies (P1)-(P5) and that there is
g1 > 0, such that

t+w; n
lim inf/ [gi(s, 0) — Z (s, (z3), +€1)
t j=1

t——+o0

(3.4)

n 0

-> Cz‘j(S)%a‘/

=1 s

:E’;(s +7) dmj(r)] ds > 0,

where £*(t) = (x5(t),..., x5 (t)) is a fived positive solution of system (@), and x*(t) =
x*(to) if t < to. Then system (@) is permanent, that is, for i = 1,...,n, there are

constants m;, M; > 0 such that

m; < liminfz;(t) < limsupx;(t) < M;

t—+o00 t—+o00

for any positive solution z(t) = (x1(t),...,x,(t)) of system ()—(@)
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Proof. From Lemma , we can conclude that there are positive constants p; and P,
such that

pi <zi(t) < P forallt>0,1=1,...,n,

and x* is a globally attractive solution for system (@) We can obtain that condi-
tion (@) is independent of the choice of z*. As g; and «;; are continuous functions,
from condition (@), (P1), (P2), and (P5), one can conclude that there are constants
g0 € (0,e1), and Ty > 0 such that

/t wi [gi(s,&?o) — Zaij(s, (23), + <o)

- é%‘(s) (50 + Vi /0

(3.5)

—S

(z5(s+ 1) + o) dmj(’r)) ] ds > &y,
forallt>Tyandi=1,...,n.
Let x(t, to,¢) = x(t) = (x1(t),...,z,(t)) be a solution of (@)—(@) Without loss of

generality, we may assume ¢ty = 0. Note that

o) = o0y e | (s, i(5)) — Fils, r)is) >0

7

we obtain z;(t) < u;(t) forallt > 0andi =1,...,n, where u(t) = (uy(¢),...,u,(t)) >0
is a solution of system (@) with initial condition u(0) = x(0). Consequently, by
Lemma , we conclude that z;(¢) is defined on RJ, and there exists a constant
T1 > Tj such that for each . =1,...,n,

xi(t) < xi(t) + e, fort>1Ty. (3.6)

As z(t) > 0 for all t > 0, we conclude that x(¢) is bounded.
From (P4), there is 7, > 0 such that

/ dniz(s) < -

[e o]

: (3.7)

=

where N = maxsup{~,;;z;(t)}. Moreover, from (P3), there exists 7o > T; such that
“1 o teR
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t —1;;(t) > T3 for t > T,. Thus, we conclude that
(z5),(5) = z;(t +5) < wj(t+8) +e0 = (:vj)t(s) + <o, (3.8)

for t > Ty, for all s > —7;;(t), and 4,5 = 1,...,n. For each i = 1,...,n, we define the

constant
M; = sup{z;(t) +&¢: t > 0}.

We have 0 < M; < 400 and M; is independent of any positive solution of system (@)
Obviously, we have x;(t) < M, for all t > Ty and i = 1,...,n, thus

limsupz;(t) < M;, i=1,...,n.

t—-+o0 o

Now, we need to show that ltirn +inf x;(t) > m; for some m; > 0 independent of solution
—+oc0

x(t). First, we prove that
limsupz;(t) > e, i=1,...,n. (3.9)
t——4o00

In fact, if (@) is not true, then there exists an ¢ € {1,...,n}, and T5 > T5 such that

Iz(t) < €p for all ¢t > T3. (310)

From (P2), for each i = 1,...,n, and all ¢ > T}, we obtain
fltw) < 3 ayt, ),) + ch ) [ g, @
j=1

By (), and (P5.3), we have
9i(t,zi(t)) > gi(t,e0), fort>T3i=1,....n

Consequently, from (), for t > T3, we have

zi(t) > 9i(t, €0) Z a; (t Z cij(t /_ Yigz;(t + ) dnij(s )]
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From (P2.1), (B.9), for ¢ > T,
i(t) = it [gzt50 Z% ), + €0)
—Z%m/w%mwwm@
‘Z%.ﬂﬁmW@m“i

From (@), and (@), we obtain for ¢ > T3 + 71,
zi(t) > [gZ (t,€0) ZO‘U , o)

B z; e (t) (50 + /0 Yii (@t + 5) + 50)dmj(s)) ] .

—T1

Additionally, for any ¢ > T3 + 7, there are constants [ € Ny and v € [0,w;) such that
t =15+ 1 + lw; +v. Integrating the above inequality from T3 + 7, to ¢, we obtain

t
xi(t) > x;(T3+ 1) exp {/ (gZ $,€0) ZO‘U xj + &)
+71

T3

- Z 02] (50 + 7@] /

—71

0

(¢3(s +7) + 60)d77ij(7‘)) )ds} ,

thus,

T3+71+w; Ts3+711+Hlw; t
T3+71 Ts+71+(—1)w; T3+711+lw;

(gZ S, €0) Zaw (z3), +€0) —

n 0

- Z Cz] (50 + Vij /

—S

(s )+ <)1) ) ) | s,

hence, from (@), we obtain

xi(t) > x;(T5 4+ m1) exp(leg — Biw;),
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where

- {|gz.<t, ol + 3 aylt, (2), + <0

J=1

+§”;%<t> (4 [+ )+ ey anyr) }

(3.12)

Therefore, we have z;(t) — oo as t — 400, which is a contradiction. We obtain (@)

Now, we prove that there is positive constants m; such that

liminfax;(t) >m;, i=1,...,n.
t——+o00
Assuming that this is not true, then there exists an ¢ € {1,...,n}, and a sequence

(k) peny € BCT such that

. €o _
ltlinjorifxi(t, o) < w2 forall k =1,2,..., (3.13)

where z(t, ¢y ) is a solution of system () satisfying the initial condition x(s) = ¢x(s)
for all s < 0. From (@) and (), we conclude that for each k£ € N, there are two

sequences <sgk)> and (tgk)) such that
qeN qeN

(l)l) 0< Sgk) < tgk) < sék) < ték) <. .. < Sgk) < ték)".
(D2) St(zk) — 100, tt(zk) — 400 asq— 400
€0 €o
D5 ale) =2 m (P60 -2
€0 €0
(D4) 2 <z (t, o) < T forall t € (sgk),tgk)) .

Let G*®) = sup ||z,(., ¢&)||. By (P4), for each k € N, we can choose a constant Tl(k) >0
>0
such that

(k) (k)

-7

/T1 Qﬁj(t + S,¢]€) d?7”<8) S G(k)/ ' dnm(s) S o (314)

and from (P5.3) and (D4), we have
gi(t,x;i(t, o)) > gi(t,e0), forte [sgk), t((lk)], i=1,...,n. (3.15)
As in (@), there exists a Tl(k) > Ty such that, for all j =1,...,n,
z;(t, ¢r) < x(t) + €o, (3.16)
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Asin (@), and from (P3), for each k € N, there is Tz(k) > Tfk) such that t—7;;(¢) > Tl(k)
for t > T thus

()e(s, Or) = 2;(t + 5, dr)
< wi(t+s) +eo (3.17)
= (2})¢(s) + €0, fort> Ték) and — 7;(t) <s <0.

By (D1) and (D2), for each k& € N, there exists N ) eN such that s{ > T( + l(k)

for all ¢ > Nl(k). Hence, for any ¢ € [sg )k ] with ¢ > N1 , by (P2) and (), we
have

x;(taqbk) Z xz(t [ t 50 Zazg ¢/€))
- Zcu / Y5t + 5, 60) ding(s) |
and, from (P2.1) and (), we have

JZ;(t, ¢k) Z I'i(t, ¢k; [ t 80 ZOQ] +60)

)
— Z cij(t / Vijxi(t + 8, dr)dnij(s)
- Z ci(t / Vijxi(t + 8, dr)dnij(s )]
From () and (), for t € [sg ), t((lk)} with ¢ > Nl(k), we obtain

l';(t, ¢k> 2 xz( [gl t 60 Zam +50)

- ; YiiCij (t) (50 + /

—t

0

(zj(t+s)+ €o)d77ij(3)> ] :

We can choose lgk) € Ny such ték) = s((]k) + l(gk)wi + 0¥ where ol € [0, w;).

q > q

For each k € N and ¢ > Nl(k), from (@), (D3), and integrating the above inequality
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from s((]k) to tgk), we obtain

€o

ﬁ = (q 7¢k
t(k)
> 1y eXp[ o 9i(s,€0) Z% ), + <o)
—ngcm ( (s 4+ 1) + 20) g 7 >) )d]
t(k) )
> oo | - [ latsest [ (st
5((1)+l((1k)wi

0

—S

_ Zl aij (s, (), + o) Z Yijcii (s <€0 + / (i (s +7) + ) dmj(r)) )ds]

£
> EO exp (_Ci(t((lk) - SQk ) — @wz) ;

where ; is given by () and (; = sup{|gi(t,e0)| : t > 0}. We note that (P5.1) and
(@) imply that ¢; € R*. Thus, we can conclude that

Ink — Bzwz
ol > BEZB (3.18)
for all ¢ > N and k € N.
For each k € N and ¢ > s((zk) with ¢ > Nl(k) we have t > s,g ) > T( ) + Tl(k) and
T® ¢ T* —t
/ 2(t + 5, du)dgs (5) < GV / iy (s), (3.19)
and
s,(lm—t sq  —t
/(k) zi(t + s, or)dni;(s) < Mj/ dni;(s), (3.20)
77—t —00

foralli,j=1,...,n
Moreover, for each k € N, by (P4) and (D2), there exist Ng(k) > Nl(k) and a constant
L > 0 such that

_Tfk)_sék)
%'jG(k)/ drij(s) < 50 (3.21)
and
L
&
%a‘Mj/ dni;(s) < 50 (3.22)
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for all ¢ > NQ(’C)7 i,j=1,...,n. From (), there is K € N such that t((f) > s((]k) + L
for all K > K and g > NQ(k), thus

tflk) = sflk) + L+ Té’“)wi + wék)

where ") € Ny and w(" € [0, w;).
By (), there exists a large enough K; > K such that

rMey — Buw; > e (3.23)

q

for all £ > K; and q > N(k) Hence, for any & > Ky, ¢ > Ng(k), and t € [sq N 5 t(k)],

by (P2), (P5.3), |3 1d B.l?i), (Bld), and (), we obtain

I;(t, ¢k) > xi(t ¢k) |:gz t xz Zaw ¢k))

Ty " o
_ZCU </ /W t /ng_t)%jxj(“rsa%) dnij(s) |,

thus
x;(t ¢k) Z xi(t> ¢k> |: t xz Z azg ¢k>)

n T* )—t syt

_ Z Cz‘j (t) (’)/ZJG(]“) / dnm(s) + ’Vz'ij . dn” (S)

j=1 —o© Ty -t
0

+/(k) Vi (t + s, dr) dnij(3)>:|

sq =t

v

ZL‘Z(t, |: Z azg t + 50)

T{’“Lt -L
IO <%’jG(k)/ dny;(s) + %‘J'Mj/ dni;(s)

0
—+ /(k) Yij (ill';k(t -+ S) + 80) dT]Zj(S)):| s
Ssq ' —t
and from (P5.3), (), and (), we obtain
C(];(t, ¢k) Z xz<ta d)k |:gz t 50 Z azg t+ 50)

—Z% ( e +%]/i(wj(t+s)+€o)dmj(s))].
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Integrating the above inequality from s{” + L to t{, then by (D3), (D4), (@), and

(), we conclude that

sc(lk)+L+wi s((lk)+L+rék)wi t,(lk)
> xi(sgk)—i-L,gbk)exp[(/ +---—|—/ +/ )
P+ s L+r 1w, S 4L P
X (gZ S, €0) Z (s s+ €0)
n 0
ng (50 + Vij / (x;"(s + T’) + Eo) dﬁZ](T)> )ds}
Jj=1 -
€0
> 5 — exp(riPey — Biw;)
o €o
2 EGXP(%) -

which is a contradiction. This contradiction shows that there exist constants m; > 0
such that

liminfxz;(t) > m;, ,i=1,...,n,
t——+o0

for any positive solution z(t) = (x1(t),...,x,(t)) of system (@), this completes the
proof. [

3.2 Lotka-Volterra type models

In this section, we apply our permanence result to the general Lotka-Volterra type
model (), and we derive a convergence result for asymptotic systems of Lotka-
Volterra type models. Here, we restrict our study to solutions of () with bounded
initial condition (@) For the system (), the following set of hypotheses will be

considered:
(H1) For i = 1,...,n, function D;; : Ry x Ry — R{, 7y, a45,bij,¢ij : Ry — Ry are
continuous and bounded, and 7;; : Rj — Ry is continuous;

(H2) For each i = 1,...,n, function h;; is continuous, and there exists «; > 0 such

that

>, Yu,v € R, u # v
U —v

(H3) For each 4,5 =1,...,n, there are n;j, f;;,7;; > 0 such that

|hij(u) = hij(v)| < miglu — o for i # 5, | fij(u) — fi;(v)] < Bijlu — vl
and [0;;(u) — 0;;(v)] < yijlu—v|,  for all u,v € Ry;
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(H4) For eachi,j =1,...,n, we have lim (¢t — 7;(t)) = +oo0;

t—+o00

(H5) For each i,j = 1,...,n, there exists D}; : Ry — Ry such that D;;(t,s) < Dj;(s)
0
for all (¢,5) € Rf x Ry, and / Dj;(s)ds = 1;

(H6) For each i =1,...,n, thereis d = (dy,...,d,) > 0 such that

. " d.
hm sup |: - O-/iau + Z 772jazj Z Ezg ij ) + Z EJ’%]CU(U] < 07
z j=1 "
J#l

t——+o0

(H7) There are positive constants w; > 0,7 =1,...,n, and £; > 0 such that

lim inf /1t o [ ri(s) — En: aiy (Ve () + 1)

t—+o0
j=1
J#
= "bii(s) fis (s, (25), +21) Z%]cw
j=1
n 0
- Z%jcij(s)/ Dy;(r)x;(s + 1) dr} ds >0
j=1 s

where z* = (z7,...,2}) is a solution for z}(t) = x;(t) (ri(t) — ayu(t)hiy(t)), for

rn

i,j=1,...,n,i%#j, and ¢ € BC
hij(9) = sup{hy(z) : 0 < & < 9(0)}
and, fori,j =1,...,n,t >0,

Fii(t.0) = sup{fi;(x) : 0 < = < $(—735(t))}.

3.2.1 Permanence of Lotka-Volterra type models

We have proved the permanence for the general differential system () in Section

@, and in this subsection, we apply our permanence result to the Lotka-Volterra type

model ()

Note that in comparison with model (@), model () is a particular case and can
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be written in the general form of () if we express the functions g; and f; as follows:
gi(t,u) = ri(t) — ay(t)hyi(u), and

filt,9) = Z%U (60 +me ) fis (65(—735(t)))

forallt > 0,u € Ry, ¢ = (¢1,...,¢,) € BC", and recall that the functions are defined

in ([L10).

Theorem 3.2.1. Assume (H1)-(H5) and (H7). If the function hy is differentiable,
satisfies hy;(0) = 0, and there exists wy > 0 such that

t—+o00

t+wo
lim inf/ a;i(s)ds > 0, (3.24)
t
then system () is permanent.
Proof. We prove the conditions (P1)-(P5) as follows:

(P1) By (H1), (H3), and differentiability of h;;, the functions involved in g; and f; are

continuous, so g; and f; are.

(P2) We define the following
(i) for i # j, we have, for t > 0, and ¢ € BCfr,

aij(t,¢) = ai;(t)sup{hy(z): 0 <z < $(0)}
+b;(t) sup{ fij(z) : 0 < @ < @(—7;(¢)) }
+¢45(t)0:5(0),

(ii) for i = j, we have, for t > 0, and ¢ € BC,

aii(t,¢) = sup{by(t)fi(r) : 0 <z < d(—733(0))}
+¢;()0;;(0), and

(iif)
e / Di;(r)dr, fors<0,i,j=1,...,n

79



From (H3) and (H5), we obtain

[ putomeonas < [ Do) - 0,0
+ : D (5)60,;(0)ds
< [ Dy ois + 0,0
< [ 0ian(s) + 0,0)

Notice that, by definition of n;;, we have

0 0
| Dissstsis = [ ox(s)ang (o)
Consequently, by the definition of «a;;, we have
n n 0
filt,9) < Z@ij<t7 ¢j) + Z%‘jcij(t)/ ¢ (s)dni;(s).
j=1 j=1 —o0
From (H1) and (H3), a;; is continuous. From the definition of «;;, (P2.1) is
trivial. Moreover, by (H1), (H3), and (H5), we conclude that (P2.2) holds;
(P3) property (P3) is identical to (H4);
(P4) by definition of n;;, (H5) implies (P4);

(P5) From (H1) and (H2), function g;(t,u) = 7;(t) — a;(t)hi;(u) is bounded on Ry x

[07!, o] for any constant o > 1 and we conclude (P5.1).

By (H7), we conclude that

t+w;
lim inf ri(s)ds > 0.

t—+00 ¢

Thus, there are ¢ > 0 and T" > 0 such that
t+w1
/ ri(s)ds > e, forallt >T,i=1,...,n, (3.25)
t
where w; = max{w;}.

By (H1), a;(t) < a for some a; > 0. Since hy; is continuous and h;(0) = 0,
thus, there is k; > 0 such that




Consequently, for t > T,

N ™

t+wy
/ a;i(8)hii(k1)ds < wy@ihi (k) <
¢
Thus, from (), we have

t+wy t+ooy -
/ (Ti<8) - au( )hu kl dS > / S — 5
t

> forallt > T,

g
2a

and we conclude that

t—+o00

t+w
liminf/ gi(s, k1)ds > 0.
¢

From (H2), and that h;; is differentiable with h;;(0) = 0, we can conclude that
gi(t,u) < ri(t) — ay(t)oyu.

By (H1), r; is bounded, thus r;(t) < 7; for some 7; > 0. By () and o; > 0,
there are ¢ > 0 and 7" > 0 such that

t+woo c
/ a;(s)ds > —, fort >T, wy >0, andi=1,...,n
t

%

As ¢ > 0, there is ky > ki > 0 such that koe > wor;. Thus, for t > T and

1=1...,n, we have

t+wo t+wa
/ gi(s,ko)ds < / (ri(s) — az(s)aks) ds
t t

t+wo2
S WQ’I_“l‘ — Oél'kg/ CLZ‘Z'(S)dS
t

< wol; — kgE < 0.

Consequently,

t+oo
lim sup/ gi(s,ka)ds < 0,
¢

t——4o00

hence, we conclude (P5.2).
From (H1) and (H2), we obtain

aggi(t, u) < —ay;(t)ay,  (tu) € Rf x R.
u
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Taking into account () and choosing ¢(t) = a;(t) and p(u) = a4, we obtain
(P5.3). Finally, in this context, condition (@) translates to (H7).

Now, by Theorem , we conclude that the system ([L.10) is permanent. [

The next result shows that, under stronger assumptions, hypothesis (H7) can be sim-

plified.

Corollary 3.2.2. Assume (H1)-(H5) and that

t+w; n
ltlinﬁ?of/t |:Ti($) - ]Z:; aij (8)ni; Z bij(s)Bix; (s — 7i;(s))
7 (3.26)
’}/ZJCU Z’Y@]Cz] / D S + T)d?” ds > 0.

If the function h;; is differentiable, h;;(0) = f;;(0) = 0, and there exists wy > 0 such
that () holds, then system ([L.10) is permanent.

Proof. From (H3) and h;;(0) = f;;(0) = 0, we have h;j(u) < nmj u for i # j, and
fij(u) < Biju for u € R. Consequently,

_Zam ‘|’51) Z _Zaz] 777,] "‘51 ZCZJ

J#l

o Z bij (S)Blj(x; (5 - Tij(S)) + 51)'

Therefore, for any &1 > 0,

9i(s,0) — Za”(s,(:ﬁ])5+51)— : cij(s )'7@]/ (s +7)dni;(r)
> ri(s) —Z%(S)%( (s)+e1) - Zb (8)Bij (@} (s — 7i;(s)) + €1)
B
_Z%J% Z’Y@J% / Di(r)xi(s +r)dr,



and thus
t+w;
lginﬁglof/t [ Z a;;(s sTe1)—

t+w;
o { St sa-

J#%

0
- Z /}/zjcm Z 7@3011 / >‘T(S + T) ‘D’Z}(T)d,r:| ds — w(lr]ijaij + 6ijbij)517

()% / 25 (s + 1) dngg(r) | ds

s

<.

M I 3
3 =
o
S

bij(s)Bij (x5 (s — 1i5(s)) + €1) (3.27)

1

<.
Il

where
a;; = sup{a;;(t): t >0} and Bij = sup{b;;(t) : t>0}.

Now, note that the condition (B.26) implies that the right-hand side of the equation
() is positive for sufficiently small €; > 0. The result follows from Theorem .
O

3.2.2 Convergence of Lotka-Volterra type models

In this section, we introduce a partial result regarding the convergence of solutions of

system () to solutions of its asymptotic system () Namely, assuming conditions
(H1)-(H6) and permanence of the models, we proof that any solution of () whose

distance to a solution of () converge to a real number, must be asymptotic to the

solution of () :

Definition 3.2.1. The system

10 = 200 |0) ~ X a0 (@0) - b0 (a0~ 75(0)
o) [ D)0 (ate-+ 9] (3.2)

t>0,1=1,...,n,

is said to be an asymptotic system of (),

n n

zi(t) = (1) [Tz'(t) = ai(Oha (25() =i (1) fig (w5t — 75(8)))

j=1 j=1

n 0
_ch(t)/ Dzj(t,8)913<5(7j(t+8>)d8:|, tZO, 1= 1,...,n,
j=1 —o0

if, for each i,j = 1,...,n, the functions 7;,a;;, bij, Cij, 72; : RS — R are continuous
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such that

lim (ri(t) —7(t) = lm (a;(t) —ay(t) = lim (b(t) — by (1))

t—+00 t—+o0 t—+o00

(3.29)
= lim (¢5(¢) — é;(t)) = lim (7;(¢) — 75(¢))) = 0.

t——+o0 t——+o0

By (), it is obvious that the hypothesis (H6) is equivalent to the following

. A n d. A n d. . n d. A
htrn+sup [ — OéﬂLn’(lf) -+ Z jnijaij (t) + Z d—]ﬁwbw (t) + Z d—]%jcm(t)} < 0.
—+o0 =1 7 =1 i =1 )

i

Theorem 3.2.3. Assume (H1)-(HG6) and that systems (1.10) and (B.24) are permanent.
Then, for all x(t) and Z(t) solutions of systems (|L.10) and (@) respectively, with
bounded initial conditions (@), such that

lim |x(t) — z(t)| ewists,
t—+o00

we have
lim |z(t) —2(¢)| = 0.

t——4o00

Proof. Let x(t) = (x1(t),...,z,(t)) and Z(t) = (Z1(t),...,Z,(t)) be solutions of sys-
tems () and () respectively, with bounded initial conditions (@), such that

lim |z(t) — 2(t)]

t——+o0

exists.
Without loss of generality, and up to the change of variables y;(t) = z;(t)d; and g;(t) =
Z;(t)d;, one may assume d; = 1 for all i = 1,...,n. By hypotheses, there are positive
constants m and M such that

m < min {liminfz,(¢), iminfz;(¢)}

i=1,....n  t—4o0 t——+o00

(3.30)
< max {limsup z;(t), limsup 2;(t)} < M.

i=1.n " st t—+oo

For each i = 1, ..., n, define the function

Vi(t) = [log(xi(t)) — log(#:(1))]
= sign(w;(t) — () (log(w:(t)) — log(#:(1))).
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For t > to, and x;(t) # 2;(t), we have the following:

Vi) = signalo) - a(0) [ 240 - 201

then

Vi(t) = sign(w(t) — :(t)) {Ti(t) — 7i(t) + @i () hii(2:(t)) — ai(t)hii(w(t))

+ Z zy - flj (ZL’] (t 7A—ij (t)))

—l—Zcm (/ i (L, 8)05 (25 (t + 5))ds —/ Dy;(t, 8)0;(x;(t + 5))ds )
+ Z ¢ii(t) — cij (t) /_ D;;(t, $)8;;(2;(t + s))dp.
From (H2), we have

VO S 1) = 0] = asat) ax(0) = 2:0)
+Z%I%% —w%|+2m] — aiy ()| |y (25(2))]

J#z

+Z%!m% —25(1)) = fig (a5t = 75(8))]

+Z|bu = big (D[ £y (5t = 735()))|

+ Z Cz‘j(t)‘ / Dij(t, s)(0s5(2;(t + 5)) — 03 (x; (t + 5)))ds

+Z |é5(t) — Cij(t)|‘/_ Dij(t, 5)0:;(2;(t + s))ds
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From (H3) and (H5), we obtain

Vi) < —aqia(t)]ai(t \+ngazy )N5(t)) — ()]
J#l
+ Zﬁu g iy () = 5t = 75 (6))] + 6.8 (3:31)

+Z’7U0U(t)/_ DZ(S)‘i’J(t—i‘S) —ZL'j(t—f‘S)’dS,
where
0i(t) = [ri(t) = (1) + Z £) By 25 (t — 73 (1) — 2;(t — 75(2)))|

“'ZMU — aij(t)|[hi; (2:(0))] +Z|bm — by (0)]1fi; (2 — 735(2)))]

)~ e / Dyt )0 0 + 5))ds

From (H1), () and the continuity of the functions h;;, fi;, and 6,;, we have that

2’:(t) is a bounded function, thus z;(t) is uniformly continuous for all j = 1,...,n,

hence one can conclude that z;(¢) is uniformly continuous. Moreover, from (H3), (H5),

(), and (), we obtain that

tngrnoo 5 (t) =0. (3.32)
Defining
w; = limsup |z;(t) — 2;(t)]. (3.33)
t——+o00

From (), we have
u = max{u;} € [0, +00).

The result is proved if we show that u = 0.

Choose an i € {1,...,n} such that u; = u. From our hypotheses,
lim_[:(t) — (1)

t—4o00

exists. By contradiction, assume that v > 0. From (H6), there are 7> 0 and p < 0
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such that

=l i=1 i=1
JF#

From (H1), we can define

L= ‘max { Stlig) <ozla”(t) + Z T]ijaij(t) + Z ﬂijbij (t) +2 Z %-jcij(t)) } (335)
= j=1 j=1 j=1
JF

For
e (0, min {u 2&—%}) , (3.36)

as t — 7;;(t) — 400, then there is 77 = T1(e¢) > T such that, for t > T,

|t — 755(t)) — &;(t — 7)) Sute,j=1,....n,

From (H5), there exists Ty > 77 such that

—Ty

. £
Dj;(s)ds < -,

z

— 00
where

z = maxsup |z;(t) — z;(t)] € (0,400), 5 =1,...,n.
J teR

Therefore, by (), for t > 2T, we have

VI(t) < —auai(t)]zi(t) — 2i(t)| + Zﬂz‘jaij ()2 (t) — 2;(t)]
=

+ Z Bisbij (0)|25(t — 73(8)) — @5 (t = 73;(6))| + 6 (¢)
+ Z’}/Z'jcij(t) /__ 2 D;(S)|fj(t + 8) — J]j(f + S)‘ds

+3 (1) /T Dy ()| 5t + ) — (¢ + )| ds
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V() < —osaa(t)(u—e)+ Y miay(t u+s+§j@“j )(u+ ) +6(t)

J?f

n 0
+ Z YijCij (t>€ + Z YijCij (t) / D;“](s)(u + E)ds
Jj=1 j=1 I

< ( — oyai(t) + Z Nij@i;(t) + Z Bijbij(t) + Z VijCig (t))u
=1 =1 =1
j?'éi
<azazz + nz]az] ) + Z ﬂijbij (t) +2 Z YijCij (t>) €+ 6l<t>
P =1
J?él

From () and (), we have

VI(t) < pu-+ Le + 6(t).

(2

From (), taking T* = T*(e) > 275 such that §;(t) < e, fort >T* and i =1,...,n,
we obtain, using (),

Thus, for ¢t > T, we have V;(t) < &*. By integrating on [T, ], we obtain

Vi(t) = Vi(T") < Lut = 1)

Vit) = Bu(t — %) < V(1)

which is a contradiction because u > 0, p < 0, and V;(¢) > 0 for all £ > 0. Thus v =0,
and the proof is concluded. [

Obviously, the system ([1.10) can be considered as an asymptotic system of itself. Thus,

we have the following results

Corollary 3.2.4. Assume (H1)-(H6) and that system () is permanent. Then, for
all x(t) and &(t) solutions of system (), with bounded initial conditions (@), such
that

tginoo |z(t) — 2(t)| ewists,

we have
lim |z(t) —2(¢)| = 0.

t——4o00
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3.3 Numerical example

Example 3.1. Let 0 < 2B < A < 9B and, consider the system

sin(z2(t—|sint|))

) (t) = x1(t) {A — 3z (t) —

t+1°
0
—(cost+1+e) / e’ xo(t + s) ds}
- (3.37)
$/2(t) = l‘g(t) B — le(t) _ L ecos(x1(t—t/2))
2 t+2

2 : 1 ° 2s
—g(t—i-l)sm 1 e~ xy(t + s)ds|.

This system is a particular case of () with fi1(u) = fao(u) = 0, fia(u) = e,
for(u) = €% hyi(u) = hoo(u) = u, hiao(u) = hor(u) = 0, O1a(u) = O1(u) = wu,
O11(u) = O(u) = 0, r1(t) = A, ro(t) = B, an1(t) = 3, an(t) = 1/2, bia(t) = 1/(t + 1),
bor(t) = 1/(t+2), c12(t) = cost+1+e™", co1(t) = 5(t+1) sin (1/(1 + 1)), ma(t) = | sint|,
To1(t) = t/2, Dys(t, s) = e*, and Do (,s) = 2e?. In Figures EI and @, three solutions
(x1(t), z2(t)) of the system () are plotted for the case A = 7 and B = 2, with initial
conditions ¢(s) = (e®+2, cos(s)+1), p(s) = (2,sin(s)+1), and ¢(s) = (e*,1) for s <0,
at to = 0.

20

40
9 60
80
x,(t) 3 100 t

Figure 3.1: Numerical simulation of three solutions of system () with A =7 and B = 2, (z1(t), z2(t)),
with initial conditions ¢(s) = (e +2,cos(s) + 1), ¢(s) = (2,sin(s) + 1), ¢(s) = (e°,1) for s <0, at to = 0.

89



4 T T T T
3.5 o A 77 a
/ / ~ \
\ 'k £ [ £ \
\ o I A / \ o\ | \ I 3
3t \ 7 A I \ / \ i \ ] \‘ I e
L @ R e w b Al R R B |
A v Ag b \ %
= T % \J ¥ Lot S
~ 2571 \/ / b
x-.
< | i
— 2 " !.: I
g ;! 1 H i i 3 : H ‘ H H
] £, = .1 \ : i : i t ] E b
0 1 1 1 1
0 10 20 30 40 50
Time t

Figure 3.2: Numerical simulation of three solutions of system (| ) with A =7 and B = 2, (z1(t), z2(t)),
with initial conditions ¢(s) = (e +2,cos(s) + 1), ¢(s) = (2, s1n(5) 1), ¢(s) = (e®,1) for s <0, at to = 0.

We will now check that this system satisfies the conditions (H1) to (H7). Condition
(H1) is immediate, taking into account the parameter functions that are considered in
the system. Condition (H2) is also immediate and holds with a; = ay = 1, since hq;
and hgy coincide with the identity function, thus the quotient on the left-hand side of
the inequality is identically 1. Condition (H3) holds with 515 = 21 = e (we can obtain
a better estimate for (12, fo1 but this is enough for our purposes), and v15 = y91 = 1.
Since T12(t) is bounded, and ¢t — 75 (t) = t/2, we conclude that (H4) holds. To justify
that (H5) holds, we simply note that, since Dys(t, s) and Ds(t, s) are independent of
t and the integrals on the interval (—oo, 0] with respect to s of each of these functions
is 1, so we can take D7i,(s) = Dia(t,s) = e® and D3, (s) = Dy (t,s) = 2e*. Since

e
lim sup |: — (1a11 (t) + ﬁlgblg(t) + Y12€C12 (t>:| = lim sup |: -3+ ——+4cost+ 1+ e_t:|
t—+00 t—+00 t+1
= —-1<0,
and
) ) 1 e 1 sin
lim sup { — Qoa99(t) + Parbar (t) + 721021@)} = limsup [ 5 + +3 11+t}
t—+o00 t—+o00 t+2 3 1+¢
1
= —— <0,
6
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thus, we conclude that (H6) holds.
To justify that (H7) holds, we note that, in this case, g1(¢t,u) = A — 3u and ¢s(t,u) =
B — u/2, and we can take (z(t),x5(t)) = (A/3,2B), for t € R. Thus,

Fiolt, (2)e + 1) = sup{e™? : 0 <z < A/3+¢,} <e,
and
Far(t, (2 + 1) = sup{e“®*:0 <z <2B+¢}<e.

Therefore, taking w; = 27 and since A > 2B,

t—4o00

t+27 . 0
lim inf/ 11(8) — bia(s) fia(s, (23), + €1) — M2c12(5) / Diy(r)z5(s + r)dr] ds

t4+27 T e 0
> liminf/ A— —(coss—l—l—I—e_S)/ ZBerr]ds
t—+oo [, i S + 1 s
t+27 e
> lim inf/ A— —2B(coss+1+4+e %)(1 — e_s)} ds
t—+oo J, i s+ 1

t+27

t——+o0

= liminf {(A —2B)s—eln(s+ 1) —2Bsins + Be *(sins — cos s — es)]
t
t+1

= lim |:27T(A — 2B) + eln m

t——+o00
—B (sint — cost)e™" (1 + e_”) — Be (e %" _1)}

= 2m(A—-2B)>0

and, for any wy > 0, we obtain, noting that A < 9B and |¢tsin(1/t)| < 1, for ¢t > 0,

t+wsa - 0
lim inf/ ra(s) — bar(s) far (s, (27), + €1) — Y21¢21(5) / D3 (r)xi(s + r)dr] ds

t—+o0

t+wa : e 1 1 0
2 hmlnf/ B — ——($+1)Sin / 2Ae2’r‘dT ds
t—+o00 ¢ i S+ 2 9 s+ 1 .
t+wo T A
> liminf/ p__% _ Z(1—e2)|ds
t——+o0 ¢ i S+ 2 9
A —2s t+w2
— liminles—eln(s+2)——(s+e )]
t—+o00 9 2 .
. t+2 A o o2t
= tkinoo {wgB+elnt+w2 -3 <w2 —(1—e? 2)7)}

= wo(B—A/9) > 0.
Thus (H7) holds.
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Finally, note that hi;(0) = hos(0) = 0 and that, for any wy > 0,

t+wo t+wo
lim inf/ ai1(s)ds = lim inf/ 3ds = 3wy > 0,
t t

t——+00 t——+o0

and

t—+o0 t—+o0 2

t+wo t+wo Wo
lim inf/ ag(s)ds = lim inf/ §ds =— > 0.
t ¢

The conditions above show that we can use Theorem to conclude that system

() is permanent. Since the condition (H6) hold, using Corollary , we can
conclude that whenever

lim |z(t) — 2(t)| exists,

t—+00

for any solutions, z(t) = (1(t), z2(t)) and () = (#1(t), Z2(t)), of system (B.37) with
bounded initial conditions (@), we have

lim |2(t) — &(t)| = 0.

t—+00

Moreover, we note that an asymptotic system of () is

0
i (t) = x1(¢) {7 — 3z1(t) — (cost + 1)/ e® ot + ) ds}
- (3.38)
/ 1 1 ’ 2s
xh(t) = xo(t) |2 — §x2(t) ~3 2 x1(t+s)ds|,
which is a 2mr—periodic system that can be written in the following form:
t
' (t) = x1(t) {7 — 31 (t) — (cost + 1) / e 24(p) ds]
- (3.39)

8
o~
—~

~+
~—

I

xa(t) {2 - %xg(t) — %/; 262771 11 (p) ds] :
It is easy to verify that system () satisfies all the hypotheses of [4, Theorem 3.2].
Consequently, system () has a 2r—periodic solution, denoted by #*(¢). From sim-
ilar computations to those done for system (), we obtain that system (%) is
permanent. By Theorem , we conclude that for any solution of system (M),
z(t), with initial conditions in BC? at to = 0, if

lim |x(t) — 2 (t)| exists,
t—+o0

then
lim |z(t) —2*(¢)] = 0.

t—+o00
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This result implies that every solution of system () with positive bounded initial
conditions — provided the aforementioned limit exists — converges to the periodic so-
lution #*(t) of system () Based on our numerical simulations, we conjecture that
Theorem holds without the strong assumption regarding the existence of the limit.
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