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Abstract—This paper is on the study of the Dynamics of a
Gyrostat Satellite on a Circular Orbit, and the achievement of
the analytical expressions which describes the bifurcation of
equilibria. The attitude control of modern spacecraft’s is
essential to fulfil its missions. Every time that is necessary to
point a camera or a scientific instrument the space platform
must be perfectly balanced and stabilized. When a space
platform loses its ability to be balanced and stabilized, which
might be due to several factors, loses also its ability to carry
out its mission. One approach to achieve such conditions is
using Gyrostat configuration.

Keywords-satellite;
bifurcation of equilibria

gyrostat;  equilibrium;  stabilization;

L

The attitude control and stabilization of modern space
platforms is crucial to the present space missions. A
spacecraft or satellite requires, in particular, sensors,
cameras, or lenses to perform their missions in space. Every
one of those is required to point to a specific location at some
random time. It is vital, that the space platforms accomplish
their missions, because it is very expensive technology and
of course their launching.

Like deeply developed in [1] by Santos, L., the
orientation and stabilization of satellites can be made in two
different ways, the first is with passive methods, which
involves no power consuming, and can be achieve by taking
advantage of gravity, magnetic fields, acrodynamic, rotation
or even solar pressure. The second method is also called
active method, which involves power consumption, and can
be achieved by using fly-wheels or fuel as example. Because
the passive method is power consumption free is expected
that platforms which use this method have a more extended
life span that the active method, but, when is required high
precision and high pointing accuracy, like space-based
telescopes for example, is highly recommended to use an
active method in lieu of passive method. Is also expected that
space platforms equipped with active methods have a lower
life span, this is mainly because of a possible hardware
failure or batteries run-out.

There are plenty studies made about Gyrostat equilibria
and stabilization, where Sarychev V. is the main author with
several relevant studies like [2-9].
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Nevertheless, all these studies are only for special cases,
where any rotation axis coincides with orbital axis for
example. For the general case only recently the first deep
studies with the purpose to investigate the equilibria and
stability evolution on Gyrostat platforms.

IL.

In [2] Sarychev V. has shown that a gyrostat satellite in a
central Newtonian force field in a circular orbit has no more
than 24 and no less than 8 equilibria orientations. Following,
the formulation of this problem starts with the consideration
that a gyrostat satellite is a rigid body and has rotors which
are both statically and dynamically balanced. The system
representation is shown in Fig. 1.

MODELING

Orbit (Circular)

A'

Figure 1. System representation [1].

The angular velocities of those rotors in relation to the
gyrostat body are constant. Also, the center of mass of the
gyrostat O is the origin of a two right hand Cartesian
coordinate system, being OX1X, X3 the orbital coordinate
system, OX, axis is directed along the radius vector
connecting the centres of mass of the Earth and of the
gyrostat satellite, OX, axis is directed along the vector of
linear velocity of the center of mass O.



The gyrostat-fixed coordinate system Oxjx,x3 , where
Ox;(i =1,2,3) are the principal central axes of inertia of the
gyrostat satellite. The orientation of the Oxjx;x3 coordinate

system with respect to the orbital coordinate system is
determined by Euler angles y; 4, @ and the direction cosines

of the axes Ox; in the orbital coordinate system
ajj = cos(Xi,xj) [1] is given by:

aj] = cosy cos@ —siny cosJsin g

ajp =—cosy sin @ —siny cos Jcos @

a3 =siny sin

ap) =siny cos @ + cosy cosJsin @

apy =—siny sin @+ cosy cosJcose . )

an3=—cosy sin 4
az1=singsing

azp =sin Jcos @

a3y =cosY

Then, the motion of the gyrostat satellite in relative to its
center of mass [1] is given by:

Ap+(C—B)qr—3wga3za33(C—B) —(F[zr —IT[3):O
Bq+(A—C)VP—3w§a31a33(A—C)—(Ff3P—171”):0 :

G+ (B~ A)pq—3adas a3o(B—A)~(Hig—Hap)=0

Ap+(C~Blgr—3afazomy(C—B)~(Hyr — Hz)=0
Bq+(A—C)VP—3w§a31a33(A—C)—(Ff3P—171”)=0 :

G+ (B~ A)pq—3agas a3o(B—A)~(Hig—Hp)=0

n n
In (2) and (3), Hy = D Jyiy » Ha = D JiOok
k=1 k=1

n
and Hy = ZJ KPPk 5 Jx is the axial moment of inertia
k=1
of the ¥” rotor, @, , 3, , 7, are the constant direction
cosines of the symmetry axis of the k" rotor in the coordinate
system Ox,x,X5, @, is the constant angular velocity of the
K" rotor relative to the gyrostat. Also, 4, B and C are the
principal central moments of inertia of the gyrostat,
p, q,r are the projections of the absolute angular velocity
of the gyrostat satellite in the axes Ox;, @, is the angular
velocity of motion of the center of mass of the gyrostat

2
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satellite along a circular orbit. Dots designate differentiation
with respect to time ¢ . Further on, it will be more
convenient to perform a change in the nomenclature as
H.=H, /o, (i=1,2,3).

The next step is to ensure that the integral of energy is
constant in order to proceed with the calculations.

Regarding system (2) and (3), the generalized integral of
energy [1] is given by:

2

2
@

)

(2 .2 2) 1 2 ]
E(Ap +BgT+ P e |(B=4)+a5,(B-C)

(4)

3
—a)g(Hlam +H2a22 +H3a23)+5w§ a%l(A—C)+ .

a322 (B- C)]z const.

As can be verified, during the entire path of the gyrostat
orbit, the several parameters remain constant, and due to that
circumstance, the calculations can be preceded.

I1I.

The motion of the gyrostat satellite in relative to its
center of mass, setting in (2) and (3) w =y =const ;

EQUILIBRIUM ORIENTATIONS

@ =@ =const is obtained when 4 # B # C [1] given by:

(C - BYanpanz —3aspaz3)— Hyapy + Hyazy =0

(4-C)agzaz) —3azzas;)- Hyagy + Hyjazs =0 . (5)

(B-ANapjazy —3azjazy)- Hyapy + Hyapy =0

The system of (5) describes the equilibria of a general
gyrostat satellite in a circular orbit. And, as verified, all
parameters of (5) are dimensional, having 6 independent
parameters. It is vital that a reduction of these parameters
take place, a system like (5) is highly unmanageable and
very hard to analyses.

Let’s then take into consideration
dimensionless parameters given by:

the following

_(BiA),h__ Hi

- - 6
TB-o T B0 ©

Using parameters (6) into system of (5), this last one
takes the following form [1] given by:

—4vap a3 + axzazs)+ (masy + hasy + hyazs) =0
vaj a3 +aj3az3 =0

[vay a1 +a3a03]— (a1 +haays + h3ay3) =0

(7

Analyzing the system of (7), can be verified that this
contains 4 dimensionless parameters, which, when compared
with the system of (5) is a reduction is two parameters. This
might not seem much, but this reduction has a huge impact
on the calculation and computation process, it will decrease
the complexity of the system of equations intensely. Exists



now two approaches to solve the problem, the first is
considering (1), system (5) and system (8), it can be derived

a system of three equations with unknowns y/,; 4, and

@, - The second and more convenient method consists in

adding six conditions of orthogonality (8) for the direction
cosines presented in (1) [1] is given by:

alzl + a122 +a123 =1
a%l +a§2 +a§3 =1
a321 + ”322 +a323 =1 : ®)
ajjaz) +ajpaxy +aj3azz =0
ajjazy +ajpazy +apzazz =0

azjaz| +axazy +azzazz =0

Following, and in order to study the equilibria, is
necessary to add the system of (8) to system (7). As it was
shown in Sarychev and Gutnik (1984), the second equation
of (7) and the first, second, fourth, fifth and sixth equations

in (8) can be solved for a,;; a,; a3 Ay; Ay s Ay if
A# B # C, using dimensionless parameters (6) given by:

ayy = —4ayaz [F
aiy =4(1-vazzaz) /F
a3 =4yaziazy /F

rv%zz ‘(1‘V)"323]”31/F'
ann =—4va321+a323 3 /F
ary = 4(1—v)a321 +a§2L33/F

ay| =4 ©)

where F = h1a31 + h2a32 + h3a33 .
The determination of the direction cosines a3q; a3y ;
a3y allow us to achieve the remaining direction cosines

through system (9). Substituting (9) in the first and third
equation in (7) and adding the third equation of (8), the
following three equations [1] given by:

2 2 2 22 2|
a32a33+(1—v) +v a31a32]—

16
22 2 . 2
= (a1 +mazy + mas3) ("31 taz “’33)

. (10)
4v(1-v)aziaspass + (mazy +hyasy + hasz),

[mazpazs =y (1-v)asjazs — hyvazjasp ]= 0

2 2 2
ay) +az, +as; =1

If (10) is solvable, hence (9) allows to find the other 6
direction cosines. Is important to make note that solutions of
(9) exist only in the case when any two direction cosines of
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as,; as, 5 asy do not vanish simultaneously. Specific cases
when a5 =a;, =0 ay, =a3;, =05 a3, =a;, =0 must
be examined by the direct investigation of (7) and (8), and
not considering the general case.

The problem has been solved only for some particular
cases when the vector of gyrostatic moment is located along
the satellite's principal central axis of inertia Ox, , when
h=0; hy=0; hy #0 Sarychev et al. (2008), Longman
(1971).

Y = ay, /ay; and divide all terms of first equation in (10) by

Let’s introduce the values x=ay /ay; ;

0;3 and second equation by a; . Hence, the system of two
equations with unknown values (x,y) [1] given by:

16[y2 +x2(v —1)2 +V2x2y2]:

:(h1x+h2y+h3)2(x2+y2+1)

4v(l—v)xy + [h1y+h2(v —l)x—h3vxy].
.(h1x+h2y+h3): 0

(1)

2 2 2
ay; +az, +as; =1

Replacing ay, = xay;; ay, = yas, in the last equation
of the (11) is given by:

2 1
A3 =———. (12)
33 1+x2+y2

Re-arranging (11) given by:

a0y2 +a1y+ap =0 (13)
b0y4 +b1y3 +b2y2 +b3y+b4 =0

Using the resultant theorem (14), the system can be
presented in such matrix form [1] given by:
ap a; ap O
0 ag a
(14)

R(x):

Let’s consider (14) and assuming R(x) =0, is obtained

as 12th order polynomial, which can be presented with the
help of a symbolic matrix function in the form [1] given by:



12 11 10 9 8 7 6
poxX T pIX A+ ppx T+ p3xt +paxt + psxt + pex

. (15)

5 4 3 2
+p7X” +pgx T+ pox” ++pox” + pr1x+p12 =0

In (15) when considering all polynomials becomes very
huge in size, leaving no room for any possible analytical
direct solution. In order to find the number of equilibria
solutions and consequent equilibria positions, is necessary to
follow the sequence of substituting the value of a real root of
(15) into (13) then find the roots of “y” in (13). For each

solution of (13) one can determine two values of a;; from
(12), and then the values a5, and a5, . Thus, each real root

of (15) corresponds to two sets of values as;; dj,; ds;
which, by virtue of (9), uniquely determine the remaining
direction cosines a;,; dy,; Q35 Ayp; Ay Ay . It follows
from these considerations that the gyrostat satellite in general
case (M #0;hy #0; hy #0 )may have no more than 24
equilibrium orientations in the orbital coordinate system.

IV. BIFURCATION OF EQUILIBRIA

Using (15), it is possible to determine numerically all
equilibrium orientations of the gyrostat satellite in the orbital
coordinate system and analyze their equilibria and stability.
Dependence of the number of real solutions of (15), is
possible to provide the numerical calculations, without
breaking a generality for the case when B > 4> C . From
these inequalities it follows that 0 <v<1. The parameters

Hy; Hy; Hjy cantake on any nonzero values.
For the limiting values v=0 (4=B) there is an

axisymmetric satellite. For this case the system of stationary
equations (7) becomes simpler. And it is possible to derive
from these equations the equations of circles in the plane
(Il ), which define the borders between the regions with

the equal number of equilibria [1] given by:

3
2 2 (423 ,2/3
h1—+h2-_(4 131 j
3
2,2 2/3
hi +h, —(l—h3 )
In the case of v=1 (A:C) there is an axisymmetric
satellite. For this case it is possible to derive from (7) the

equations of two astroids in the plane (/4,4 ) which define

the borders between the regions with the equal number
equilibria [1] given by:

P e i3] =
il ef =1

The coefficients of (15) depend on 4 dimensionless
parameters v; h;; hy; hs.

(16)

(17)
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The system of stationary of equation (5) depends on 6
dimensional parameters H;; H,, Hj, A; B; C. For the
numerical calculations decrease of the number of system
parameters is very essential.

Fig. 2 shows the different equilibria bifurcation from
(15). In Fig. 3 (a) and (c) are within respect to the general
case, and (b) and (d) with respect to the axisymmetric case. It
is important to associate both these cases; since for general
case in both its extreme cases coincide with the well-known
axisymmetric case, confirm that the calculations are correct.

It is interesting to trace the evolution of the obtained
equilibriums as the system parameters change. From the
analysis of all calculations for the mentioned above inertia
parameters v it follows that with increase of the 4; values of
several regions with the fixed number of equilibria become
narrowed until they completely disappear. The point in the
space of parameters where region with the equal number of
equilibria vanishes was defined as bifurcation point.
Considering the general case, the calculated bifurcation
values from the different equilibria regions is shown in

Fig. 3.
1
e R\

\20 \ \ 12
= 5
24 16
0.25
0
0 1 2 E! A

Hy

]

5

Figure 2. Bifurcation points from numerical analysis.

These results are very enthusiastic, since the complexity
of the system has been broken. As can be easily seen, the /|

bifurcation values for the regions with 24 equilibria (12 real
roots) vanish in accordance with #3 =1—v. For the regions
with 20 equilibria (10 real roots) the /3 bifurcation values
can be described as given by:

|

For regions with 16 equilibria (8 real roots) the
bifurcation values always decrease with the decreasing of v
and vanish in accordance with /3 =4 —3v . The regions with
12 equilibria become smaller with the increase of values.
These regions are vanishing in the center of system,
coordinates for /#3=4 . For h, > 4 there are small

v=2913h3-2.874; 0.1<v<0.4

(18
V2 42 4+0.802v 0,215k 1,794 =0,0.4 < v <099

regions of 12 equilibria along /, axes and %, less than 70”.
And as bigger the /; value, the further from the center of



3 fio 4

Figure 3.

coordinate system these small regions take position along the
hy axis. The study of the bifurcation of equilibria of these
small areas is quite important, advantages can be taken when
is required to design a spacecraft with inertia parameters
very close to the origin of /; . The numerical analysis

performed has permitted to achieve just that, nevertheless a
dedicated paper should be addressed to that particular case.

V. CONCLUSION

Regarding the general case, it can be seen that whenever
one principal axis is vertical and a second principal axis is
perpendicular to the orbit, an Earth oriented equilibrium
persists. Moreover, for a given gyrostat satellite subjected to
a gravitational torque in a circular orbit, there are no more
than 24 and no less than 8 equilibria positions: any of the
three principal axes, each with two directions, either two
transversal axes, each with two directions can point along the
normal to the orbit.

This study also yields new and exciting insights relative
to the bifurcation equilibria points. Numerical calculations
prove that this complex gyrostat general case has a
surprisingly simple bifurcation of equilibria distribution.
Also, new regions of equilibria previously unknown were
found, and further studies are necessary to fully understand
to full potential applications of these equilibria regions.
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o 0.0003 ©.000s
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(a) v=00.1, h3=0.01; (b) v=0.0, h;=0.01 (axisymmetric case); (c) v=0.01, h;=0.99; (d) v=0.0, h;=0.99 (axisymmetric case).
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