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We study orthogonal polynomials related to Stieltjes functions satisfying Riccati type differential equations
with polynomial coefficients, AS’ = BS? + CS + D, with max{deg(A), deg(B)} < 3, deg(C) < 2. We
derive recurrences for the three-term recurrence relation coefficients of the orthogonal polynomials, including
connections with some forms of discrete Painlevé equations.
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1 Motivation

Orthogonal polynomials {P,,(x) = ™ + lower degree terms},,>( on the real line may be fully characterized by
the orthogonality relation

[ P Pua)dis@) = b, mm =0, b 20, ()
I
or, equivalently, by a three-term recurrence relation [27]

Poii1(z) = (2 = Bn)Pu(x) — ¥ Pr-1(x), n=1,2,..., 2)
with Py(z) = 1, Pi(z) = = — (o and y,, # 0, n > 1. Here, J,, 5 is the Kronecker delta, and y is a positive

Borel measure supported on a finite or infinite interval of the real line, I, with finite moments

un:/gc”d,u(a:), n>0.
I

The numbers f3,,, v,, commonly called the recurrence relation coefficients, can be expressed as

1 1
B =5— /wpr%(x)d/i(f)a Tntl = 3= /Pfﬂ(m)du(xy nz0. @)
n JI n JI

Note that «y,, > 0, taking into account (3).

A very important topic of research, often encountered in the literature of orthogonal polynomials and special
functions, concerns the so-called direct problem [29]: to deduce information on f3,,,,,, given a measure j. The
list of references is quite vast, many connections with problems from Mathematical Physics have been studied
(see, for instance, the introduction and the references list of [21, 29]). In the account of (3), if explicit repre-
sentations of the polynomials P, are given, one can apply computation techniques that, under some conditions,
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2 G. Filipuk and M.N. Rebocho: Laguerre-Hahn orthogonal polynomials of class one

give the coefficients (3,,, vy, (see [8, 16]). This is the case of the classical orthogonal polynomials - the Hermite,
Laguerre and Jacobi polynomials. These families of polynomials are orthogonal with respect to measures de-
fined by an absolutely continuous part with respect to the Lebesgue measure, w, satisfying Aw’ = Cw, with
A, C polynomials such that deg(A4) < 2,deg(C) = 1. Increasing the degrees on A, C, or doing perturbations
on the orthogonality measure produces new families of orthogonal polynomials, with increasing complexity of
the equations involving the recurrence relation coefficients. In general, one can deduce recurrences in the form
Fi(Bn, Br=1,-- 380, Yns Yn—1s---»71:M,...) =0, j =1,..., N, where F} are non-linear functions in the 3’s
and ~’s. In the literature of orthogonal polynomials, such systems of recurrences are known as Laguerre-Freud
equations [4, 15, 19, 20]. Some of these recurrences were identified as forms of discrete Painlevé equations. The
first identification, with a discrete Painlevé I - d Py, took place in [13]. Since then, many other cases have been
studied (see, for instance, [9, 29], and the recent monograph [28]).

In the present paper we focus on extensions of the above mentioned direct problem: we take the Laguerre-
Hahn orthogonal polynomials [11, 18, 24, 30], that is, the sequences of orthogonal polynomials whose Stieltjes

function,
d
S(z) = / my)
1Ty

satisfies a Riccati type differential equation with polynomial coefficients,
AS'=BS*+CS+D, A#0, )

and we seek formulae for 3,, and v, given A, B, C, D in (4). We shall consider the so-called class one, that is,
1 = max {deg(C) — 1,d — 2}, d = max{deg(A),deg(B)}, with A, B, C, D co-prime [2, 24].
On a more general framework, the Stieltjes function is defined in terms of a formal series [24, 30]

+oo

S@) =3

n=0

with (uy,)n>0 the sequence of moments of a linear functional u, u,, = {(u,z™), n > 0, where we take ug = 1,
without loss of generality. There holds the equivalence between [11, 24]: (i) the Riccati equation (4), where D is a
polynomial defined in terms of A, B, C' (ii) the distributional equation for the corresponding linear functional u,

D(Au) = Yu+ Bz~ u?), ¢v=A+C. 5)

Here, the following operations in the algebraic dual space of the polynomials hold: the left product of u by a
polynomial, defined as (g u, p) = (u, gp), p € P ; the derivative Du, defined as (Du, p) = —(u,p'), p € P;the
functional 2~ 'u, defined as (x~1u,p) = (u,Oop), (Oop)(x) = L;p(o) ; the product of two linear functionals,

w and v, defined as (uv,p) = (u,vp), p € P, with the right product given by vp = >} _, (Z?:k pjvj,k) ak,

. n y
being that p(z) = 7 _,pja’ .

If B = 0 in the previous equations, then we have the semi-classical case [24]. Furthermore, when u is
represented in terms of a weight function w, that is,

Up = /x”w(x)dx, n >0,
I

then D(Au) = vu is equivalent to Aw’ = Cw, C = 1p — A’, under the boundary conditions
" A(z)w(z)|,, =0, n>0,

where a, b (eventually a or b infinite) are linked with the roots of A. In such a case, w is the weight function
on the support I = [a, b]. The class of a semi-classical linear functional u is the (unique) nonnegative integer s
defined by s = min g y)c ¢ max{deg(¢) — 2, deg(s)) — 1}, where £ is the set of all pairs of polynomials (¢, 1)
with deg(¢) > 1 satisfying the distributional equation D(Au) = tu. The semi-classical class s = 1 has been
revisited many times in the literature, some references on classification include [3, 4, 22, 23].
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In the present paper we will use the differential systems from [5, 11] combined with the recurrence relation -
the compatibility conditions, to deduce non-linear difference equations for the recurrence relation coefficients of
Laguerre-Hahn polynomials. Some of such difference equations give a recursive way to compute the 3,, and ~,,,

/Bn:F(/Bn—17"'aﬂ07fn)a ’Yn—&-l:G(’an-w'}/lyﬁnygn); 7121,

with fm Jn, explicit expressions given in terms of A, B, C, D. In the symmetric case, that is, 5, = 0, n > 0, we
recover the closed formulae for ,, given in [2]. We also show connections between Laguerre-Hahn orthogonal
polynomials and discrete Painlevé equations: in case deg(A) = 2, difference equations which are similar to a
form of dPy are deduced; the case deg(A) < 1 was analyzed in [12].

The reminder of the paper is organized as follows: in Section 2 we show difference-differential equations
for Laguerre-Hahn orthogonal polynomials to be used throughout the paper, and we discuss some remarks on
the canonical forms of Laguerre-Hahn functional equations; in Section 3 we deduce difference equations for
the recurrence relation coefficients; in Section 4 we show connections between the orthogonal polynomials and
discrete Painlevé equations; in Section 5 we show examples that illustrate the results obtained in sections 3 and
4. We state final remarks and conclusions in Section 6.

2 Preliminary results

We shall take sequences of monic orthogonal polynomials, P, (z) = 2™+ lower degree terms, n > 0, satisfying
(2), and we denote them by SMOP. Let us also consider the sequence of associated polynomials of the first kind

of { P, } >0, denoted by {Pﬁl) tn>0, satisfying the three-term recurrence relation

PO () = (z — B) PV () — P Yy(z), n=1,2,.. (6)

with Pill) (z) =0, Pél) (z) = 1. We combine the recurrence relations (2) and (6) in the matrix form,

PnJrl Pr(Ll) €T — 571 —Tn
}/n A”Yn—l y Yn Pn P’r(Ll_)l 5 An 1 O 5 n =~ 1, (7)
with initial conditions Yy = v _1/80 (1)

The SMOP related to (4), AS’ = BS? + CS + D, satisfies the matrix Sylvester equation [5]

AY! =B,Y, - Y,C, n>0, ®)
where
" _@nfl/ﬁ)/n lnfl + (LC - 5n)@n71/7n ’ o B _0/2

with 1,,, ©,, polynomials of uniformly bounded degrees. We will take the convention ©_; /79 = D. The initial
conditions for [,,, ©,, are

ll1=0C/2, lg=-C/2—(z—Bo)D, ©g=A+ (z—B)(C/2—1y) +B. ©))

Combining the recurrence relation (7) with the differential system (8) yields the Lax pair

Yn = AnYn, s
1 (10)
AY! =B,Y, - Y,C.
As a consequence, we get the compatibility conditions for the matrices A,,,
AA, =By Ay — ABuy, n21. (11)
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Equation (11) yields two non-trivial equations, respectively, from positions (1,1) and (1, 2):

O
A= (2= Bu)(ln —ln-1) + On — 1 12 ) (12)
O O,
Iy + (2 — Bn) 2= =l o+ (. — Bn_1) 12 (13)
After some basic computations, (12) implies (15) and (13) implies (14) (see [5, Corollary 1])
trB,=0, n>0, (14)
det B, = detBy + AS =L 5 (15)
1k
with det By = D(A + B) — (C/2)2.
Equations (14) and (15) read, respectively, as
(o) + (@) + o= ) 21 0,0, (16)
On-1(z) " Op_1
flflx + 0, (x)———= =det By + A , n>1. 17
(2) 4 On(a) = o +AY ” (17)

k=1

Under suitable degrees of the polynomials A, B, C, D, the equations (12)—(15), together with the initial con-
ditions from (9), will be used to get recurrences for 3,,, v, . Recall that we will consider the class one, that is,

1 =max {deg(C) — 1,d — 2}, d = max{deg(A),deg(B)},

where the polynomials A, B, C, D are co-prime [2, Prop. 2.5]. It turns out that D is a polynomial of degree one,
defined in terms of A, B, C' through equations (21)—(22) below.

The next lemma gives us fundamental quantities to be used in the sequel. Throughout the paper we will use
the following convention: if ¢ > j, then Zi -=0.

Lemma 2.1 [12] Let S be a Stieltjes function satisfying AS’ = BS? + CS + D. Let { P, },>0 be the SMOP
associated with S, satisfying the recurrence relation (2), Ppi1(z) = (v — Bn)Po(z) — WPno1(z), n =
0,1,2,....

Set
A(x) = azz® + agx® + ayx +ag, B(x) = bsa® + bax® + bix + by, (18)
C(z) = o2’ + 1oz +co, D(x)=dix+dy, (19)
(@) = Ly 22® + b2+ Lyg, On(x) =0n12+ 000, (20)

where |az| + |bs| + |c2| # 0. With the functions defined above, we have, for alln > 1,

di = —az — b — ¢, 1)
do = —(2a3 + 2b3 + c2)Bo — az — b — c1, (22)
lno = (n+1)as +n/2, (23)
€n,1 = a35n+ (TL+1)CL2+/\/2, (24)
Uno = —2a3(vn + Bomn) + (n+1)ar + p + a3S;, + azSp — O 1 (25)
On
= = —((2n+3)ag +1n), (26)
7n+1
On
~ 0 — {2a3(Sn + (TL + Q)Bn-‘rl) + (2n + 3)(12 + nﬁn-‘rl + /\} ) 27
n+1
where
n=2b3+co, A=2b3fo+2bo+c1, p=nbs(v+pF) +b2Bo+b1+co/2, (28)
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and

n n n
M= Brs Su=DBo+mm, va=D_ BiBj—> -
k=1 k=1

1<i<j<n

Also, we have

on _ 4. . oo _ (ao 4 bo — Bo(co — Bodo))(3as + 1) (29)
" 3 T a1 + b1 + ¢o + (2a2 + 2bs + ¢1)Bo + (3az + 3bs + ¢2) 53
¢ ¢
Ly = a3+ g , bo1 = *51 —do — Bolag + b3+ c2), Loo= *50 + Bodp - (30)

Additionally, there holds the condition
a1 +by +co+ (2&2 + 2by + C1)ﬂ0 + (3(13 + 3bs + Cg)ﬁg + (3(13 + 2bs + 02)’71 =0. 3

Remark 2.2 If the polynomials A, B, C, D are not co-prime, then some of the quantities given in the previous
lemma may simplify. For instance, if A, B, C, D have one common root, say «, then, by dividing the Riccati
equation AS’ = BS2? 4+ C'S 4+ D by & — «, we obtain the equation AS” = BS? + C'S + D, with lower degree
polynomials A, B, C, D. In this case, the class would decrease and the corresponding quantities d , ln,2,and 6, 1
would be zero.

In the sequel we shall assume |as3| 4 |bs| + |c2| # 0. Furthermore, whenever az = 0, we will take n # 0.

2.1 Remarks on the canonical forms of Laguerre-Hahn functional equations

The coefficients of the polynomials A, ¢, B involved in the distributional equation (5), D(Au) = ¢u+B(z~u?),
are linearly related. Indeed, in the account of the notation from (18) together with ¥(x) = 1922 + 12 + g
(cf. (5)), condition (D(Au),z™) = (Yu,z™) + (B(z~1u?),2™), m > 0, gives us the following system of
equations involving the moments uy, k =0,...,m + 2 :

0 = Yaug + Y1uy + Youg + Zi:o (Z?:k BjUj_k) U, , if m=0,
—m(agUm+2 + A2Umt1 + Q1 U + AoUm—1) (32)

= PoUm42 + V1Umt1 + Yol + ZZL:OQ (Z?Sf bj“j#c) ug, ifm>1,
where Ej, §=0,...,m+ 2, are the coefficients of the polynomial B = ,(z™ B(z)), that is,

Bla) = xm;lB(a:), %fmzl,
bsx® +box+by, if m=0.

On the other hand, note that a displacement (which amounts to a linear change of variable in the Riccati equation)
does not change neither the Laguerre-Hahn character nor the class of a Laguerre-Hahn linear functional (more
details can be found in [26, Sec. 4.2]). Thus, in order to get the so-called canonical forms of functional equations,
we can consider the polynomial A given by the following cases:

deg(A)=3: A(x)=*>-1(x—c), c#+1, Alx)=2*(xz—1), Alx)=2>;

deg(A) =2: A(z)=2*—-1, A(z)=27;

deg(A)=1: A(z)==;

deg(A)=0: A(z)=1
Hence, given the polynomial A, the system of equations (32) withm = 0, ..., 6, yields the coefficients of 1) and
B, defined in terms of the a;’s as well as in terms of ug(= 1), u1, . .., ug. Taking into account that the first eight
moments are functions of 3y, . .., 83,71, - - - , V4, then a finite number of (the first) recurrence coefficients will be

acting as arbitrary parameters in the coefficients of ¢, B.
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6 G. Filipuk and M.N. Rebocho: Laguerre-Hahn orthogonal polynomials of class one

Let us remark that an equivalent system of equations to get ¢/, B (given A), can be obtained through the use of
the initial conditions, as follows: by taking the linear and independent terms in (9); the independent terms in (12)
with n = 1 as well as n = 2; the linear and independent terms in (13) with n = 1; the independent term in (13)
with n = 2. In such a case, we obtain the system of equations that we now write in the matrix form as MY = A,

with V = [1/}2 1 Yo bz by by bo]T, with T" denoting the transpose, and

v+ B2 Bo 1 271 + 3532 20 10
-5 -3 —Bo —233 - 0 1
Ms —BoBr—v2+m =P Ms 4 —260B1 —2v2+m —B1 O
M= B 1 0 280+ 28 2 0 o,
Yo — B2 —Bo 0 v—B2+27 0 1 0
M1 -3 0 Mg 4 —2v3 0 0
56 + B85+ 3 Bo + B2 1 Mz 4 280 + 282 1 0]
_ 0 }
—a3f3 — axf83 — a1 80 — ag + o0
As
A= —a3(2680 + B1) —az — 6o 0/m , ,
—a3(2B82 + BF + 271 + 272) — a2(260 + B1) — 2a1 + /5’1%
Ag.1
| —as(285(Bo + B1) + B + 453 + 21 + 272 + 47s) — az(B1 + 4B2) — 2a1 — B 22
where
Mz = =Bive—Bob1—Boya+ 1,
Msa = —Bi(n+B3) — 28172 — 28061 — 26272 — 28072 + 271,
Me1 = Ba(v2—73) — B33,
Mes = 2B2(7v2 —73) — 28073 — 28373,
Mrs = =B +2BoBa+2B5 +71 + 273,
As1 = a3(2B1m1 + 38351 + B7 + 4B17v2 + 28072 + 38272 — 28071 — 3BoB1 + 371)
+ax(B; + 372 + M) + ar1pr + ao,
As1 = a3 [282(3ys — 72) + 2807 + 28173 + 58373 + Ba(v2 — 262(B0 + B1)) + (S5 — S7)]
0
+a2 (573 + B3) + a1P2 + ag + 72 F(;;O .

Solving for V we get the coefficients of 1, B, as required. When B = 0 we get the semi-classical case, thus, we
get the canonical cases from [3]. In the Laguerre-Hahn symmetric case we get the canonical cases from [2] (note
that we have to adjust the notation, by taking a minus sign in the polynomials B and v)).

Some of the functional equations obtained in the Laguerre-Hahn class one correspond to the following se-
quences of orthogonal polynomials: the associated and anti-associated polynomials related to functionals % such
as i = R(x)u+Y 1L, M\pd(x—&), where R is some function of the type R(z) = [}2, |z — au|**, with oy, py,
suitable real numbers, being the «’s located outside the support of w, §(z — &) is the Dirac Delta functional
at &y, for some suitable real numbers &, and w is the linear functional corresponding to the Hermite, Laguerre,
Jacobi, and Bessel polynomials (see [3] and [2, pg. 317]); the associated and anti-associated polynomials related
to some limiting cases of ¢—Racah polynomials when ¢ — —1 (see [3, pg. 264] and the references therein); the
generalized co-dilated with parameter £ = 1 (see [10, Egs. (5), (21)]) of the previous sequences.

3 Main results

The goal of this section is to obtain recurrences for the recurrence relation coefficients 3,,, vy, given the polyno-
mials A, B, C, D in the Riccati equation (4). We shall deduce formulae that compute the 3,, and -,, recursively.
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We start by using equation (17) to get difference equations involving 3,,,,. The coefficients of 2 and x of
(17) yield, respectively, foralln > 1,

O "0 " 0
ol — Py + Oy L — g fap Y L g 3 TEELL (33)
Tn =1 Vi h—1 Vi
0, — 0, — " 0 LI
—an)lﬁn,o + 0,170 1.1 + 91171 1.0 _ 50,1 +aq Z k=10 + ag Z bl T . (34)
Tn Tn 1 E — Tk

The quantities &y ; denote the coefficient of 2/ indet By, j=0,...,4.
It is important to emphasize that equations (33) and (34) involve sums and products of the Bx’s and vx’s. A
much simpler equation, expressing 7, +1 in terms of the 3;’s only, is obtained in the following theorem.

Theorem 3.1 The coefficients vy, satisfy, foralln > 1,

WnYn+1 = Un, (35)
with
wp, = {1 O Ln—l,l —Ln, (07]70 ot + O 0"_1’0) )
Tn+1  In Yn+1  Tn Yn+1  In
n

Or—1,0

Un = ln180,2 — ln280,1 + 32’1 + (agln1 — a1y 2) Z T:
k=1

" 0
+ (a1lny — aoln2) Y S (36)

—1 Tk
Thus, if w, # 0, the coefficients v, are defined by
Un
Yot1 = —, n=1, (37
Wn
ar + b1 + co + (2a2 + 2bs + ¢1)Bo + (3az + 3bs + ¢2) 38
R . (38)

3asz + 1
Proof. The elimination of /,, ; between (33) and (34) yields (35). The equation for y; comes from (31). O
Remark 3.2 The quantities w,,, ¥,, do not depend on the 7;’s.

Now we use equations (12), (13) and (16).
Lemma 3.3 The coefficients vy, satisfy the following difference equations:

foralln > 1,
TnYn+l = SnYn + tn, (39)
" = (B, e = 2B, b = A();
Tn+1 Tn—1
foralln > 3,
((2n + 3)as + 1) yn+1 + 2a37, — ((2n = 3)az + ) -1 = —2a1 + vn, (40)
with

Up = 72@353 - (2(12 + a3(*ﬁn—1 + 5n))ﬂn - (Bn—l + Bn)(UQ + a3(5n—1 + Bn))

+ (ﬁn - 5n—1)®n_2

n—1

(5n) ;
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8 G. Filipuk and M.N. Rebocho: Laguerre-Hahn orthogonal polynomials of class one

foralln > 2,

— ((277, + 1)&3 + 77)62 — (2@35n_1 + a3fBn + (2n + 1)&2 + )\)ﬁn
+ 2a3(2Vn—1 + nn—l(ﬂn + 2/60) + BO/Bn) - (2n + 1)a1 =2
—a3(Sh + 87 1) — az(Sn + Su—1) = (20 + 3)as + 1) (1 + Yns1) . (4D
Proof. Equation (12) gives us (39) when evaluated at (3,,.

Equation (13) gives us (40) when evaluated at [3,, or at 3,,_1, where we used [, and O for k > 1.
Equation (16) gives us (41) when evaluated at [3,,, where we used [;, and O, for k > 1. O

Remark 3.4 Also, (13) gives us the following equations: taking n = 2 and evaluating at 55 and taking n = 1
and evaluating at 5, we get, respectively,

Ia(Ba) = lo(B2) + (Ba — /31)%%), “2)
I1(61) = %(51) + (81 — Bo)D(61) - (43)

Furthermore, taking n» = 1 in (16) and evaluating at 31, we get

l1(B1) +1o(B1) =0. (44)

Let us emphasize that r,,, sy, t,, v, do not depend on the ~;’s.
Using Lemma 3.3 we now deduce a formula that allows to compute recursively the coefficients 3,,, given .

Theorem 3.5 Under the previous notations, the coefficients [3,, are defined recursively through

5., = W@n+3)as +n)fn+ 2035, + (20 + 3az + Mo+ @ (45)
ntl = —(2(n +2)az + n)Vn + 20wy -

assuming —(2(n + 2)as + 0¥, + znw, # 0.
There hold the initial conditions:
((bag + 1) B1 + 2a3(Bo + B1) + daz + X) V1 + y1 (1 D(B1) + A(Br))
—(6az +n)v1 + 21(m1D(B1) + A(B1)) ’
2a380 + 3ag + 9070/’}/1 + A

B = Py , (47)

B2 (46)

with vy given in (38). Foralln > 1,
Yn = oa((2n+1)ag+n)((2n+ 3)as +n)

+ Lo {(2a35n +(2n 4 3)az + A)((2n + 1)ag +n) + Q"VJ((% +3)az + n)} , (48)

n

2 = ((n+1ag+n/2)(2(n+2)az +n) ((2n+ L)as +n) , (49)
and, foralln > 2,
1911—1
Wy =8, —————— + A(BR) .
Yn—1 — Zn—lﬂn (ﬂ )
Proof. Letus write (37) as
Un,
Tn = 4 n Z 1 ) (50)
i Yn — ZnBnt1

where 1,, is the function of 5y, . .., 8, defined previously, y, is the function of 3y, ..., 8, given by (48), and z,
is given by (49).
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Using (50) into equation (39) we have, for all n > 1,
U,

rpn—————
Yn — Zn6n+1

= Wn, (S

D ..
where we write w,, = sn—lﬁ + A(By). Taking into account that, for all n > 1,
Yn—1 — Zn—1Pn
rn = —((2n+ 3)asz + n)Bn — 2a35, — (2n+ 3)az — A — (2(n+ 2)as + 1) Bn+1,

from (51) we get
{—((2n+ 3)ag +n)Brn — 2a3S, — (2n + 3)az — A
—(2(n+2)az +1)Bnt1} U = Wn(Yn — ZnPns1). (52)
Note that w,, and y,, are functions of Sy, ..., 8,. Solving (52) for 3,41 yields (45).
(C]
To obtain 35 take n = 1 in (39), that is, 71(61)72 = mD(B1) + A(B1), and use (50) with n = 1, that
2

U
is, 72 = 715 Solving the resulting equation for 32 we get (46). The coefficient 5; may be obtained as
Y1 — Z1P2
follows: take n = 1 in (16) and substitute it into the equation that results from position (1, 2) of (8) forn = 1.
The coefficient of 22 yields (47). O

3.1 Simplifications when deg(A) < 2.

Some simplifications occur under lower degrees of A. Indeed, if deg(A) < 2, then ¢, ¢ involves linear terms in
Bi’s and vx’s (cf. (25)). Therefore, equations (33), (34) and (41) substantially simplify. We note that equation
(33) produces no new identities, due to cancellations.

Equations (34) and (41) will now be used to obtain much simpler formulae for ~,,, as well as for j3,,.

Theorem 3.6 Under the previous notations, the coefficients vy, are defined in terms of the By’s. There hold
the formulae, for alln > 1 :

fn/77
n , 53
Tnt 2(n+1)a2 +)\+n(ﬁn+1 +6n) ( )
~ayr+ b+ ¢o + (2a2 + 20y + ¢1)Bo + (3bs + ¢2) 33
M o= - ; (54

n
assuming 2(n + 1)az + A+ n(Bnt1 + Brn) # 0. Here,

o= fu(Boy--,Bn) = 2(n+ 1)az + A)((n + 1)ar + p + a2Sy) + o1

+ a1 (800 —(n—1)(n+3)az —7725k - (n—l)A) —mnnag.  (55)

n k=2

Proof. Equation (34) yields (53). Let us detail.
Taking as = 0 in (24)-(27) we have, foralln > 1,
bhi=Mm~+1)as+ N2, lho=n+1as + p+ azS, + 7n+1,
9'” 0’”
AN -, RCLNEN —((271 + 3)@2 +1Bng1 + )‘) )
’YnJrl ’yn+1

together with the corresponding initial conditions (29). Also, we have

Z PLL - g, ZM:ﬂ—(n—1)(n+3)a2—nz,6’k—(n—1))\.
=1 Tk = T N k=2

Using this data into (34) and solving for v,,+1, we get (53). The equation for v, follows by taking az = 0 in
(38). O
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10 G. Filipuk and M.N. Rebocho: Laguerre-Hahn orthogonal polynomials of class one

The equations in the following lemma are obtained by taking a3 = 0 in (39), (40), and (41), respectively, and
using the data from (23)-(27) for n > 1. Note that s,, in (39) reads differently, accordington = 1, n = 2, or
n > 3. Therefore, we state the following results.

Lemma 3.7 The following equations hold:

foralln > 3,
Y1 M(Brt1 + Bn) + (2n+ 3)az + )
= Tn (n(ﬁn + ﬁnfl) + (2n - 1)a2 + )‘) - A(ﬁn) ) (56)
foralln > 3,
3asfn +2a1 + a2Bn—1+ (Bn — Bn—1) (M(Bn + Brn-1) + (2n — 1)as + A)
=N(Yn-1 = Tn+1); (57)
foralln > 2,
—nﬁi —(2(n+1az+ N)Bn — 2n+ Das — 2p — 2a2S,—1 = (Y + Ynt1) - (58)

Using Theorem 3.6 and Lemma 3.7 we now deduce formulae that compute recursively the coefficients 3,, and
Yn, given By.

Theorem 3.8 Under the previous notations, the coefficients [3,, and ~y,, can be computed recursively through
the following equations:

Buir = —Pot = (2(”; Dot ) sy, (59)
R —2as ZZ::; Ve — ZZ:;; A(Br) +v3(n(Bs + P2) + Taz + A)  n>3, (60)

(2n +3)az + A+ 1(Bns1 + Bn)
assuming (2n + 3)as + A + 1(Bnr1 + Bn) # 0. There hold the initial conditions (depending on [y):

B — (nB1 +5az + A\) V1 +y1(1 D(B1) + A(B1)) ©1)
2 -1 + z1(mD(Br) + A(Br)) ’

3as + 600/ + A

pr = (62)
i
and
B (nB3 + (6az + A)B2 + bar + 2p + 2a2(Bo + B1))
Y3 = T2 1 )
vy = (n/2)BF + (2as + A/2)B1 + 2a1 + pu + az(Bo + 1) — (C/2)(B1) — (B1 — Bo) D(B1)
"7 )
- a1+b1+co+(2a2+2b2+01)ﬁo+(3b3+02)/3§
1 = - .
n

The quantities k., are given by

(271&2 + A+ n(ﬁn + ﬂn—l))gn — fno1 ’
where g, = —nB2 — (2(n + 1)az + \)Bn — (2n + 1)ay — 2u — 2a2S,_1, and f, is given by (55).
Proof. To deduce (59) we take equation (58), written as
’r](’}/n + 'Y'n-‘rl) =gn, N > 23
and we use (53). Noting that g,, is a function of 3y, . .., 8,, solving for 3,41 yields (59).
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To deduce (60) we start with equation (56) written as

Y1 N(Brs1 + Bn) + (2n+3)az + X) = v (N(Bn + Bu-1) + 2n+ 1L)ag + A)
—2a2vn — A(Bn), n>3.

Using the notation T;, = v, (n(Bn + Bn-1) + (2n + 1)as + A), we have
Thi1 =T, —2a0v, — A(Bn), mn>3. (64)
Iterating, we get

Top1=Ts—2a3» e — Y ABr), n>3,

and (60) follows.

The coefficients 55 and 3 follow from (46) and (47) , respectively, taking az = 0.

The coefficient 3 is obtained by taking n = 2 in (58); 5 is obtained from (43) using as = 0; 1 is given in
(54). O

Remark 3.9 The equations from Theorems 3.6 and 3.8 and Lemma 3.7 apply for deg(A) = 1 or deg(A) =0
by taking, respectively, ao = 0 or as = a1 = 0.

Remark 3.10 In the symmetric case of class one we have 8, = 0, n > 0, and AS’ = BS? + CS + D with
A, B odd and C even (see [2, Prop. 3.1]). This case was analysed in [2]. Our results agree with those, noting the
following adjustment in the notation: to take a minus sign in the polynomials B and .

4 Connections with discrete Painlevé equations

Some of the difference equations satisfied by the recurrence relation coefficients of Laguerre-Hahn orthogonal
polynomials obtained previously can be put into the form of discrete Painlevé equations. When deg(A) < 1, the
identification with discrete Painlevé equations was done in [12].

We now look at the case deg(A) = 2 when A has two different zeroes, say, A(z) = as(z — a1)(z — ag). We
will deduce a similar form of a d Py, (equations (67)-(68) below). Through a suitable linear change of variable, the
zeroes of A can be re-situated, thus, without loss of generality, in what follows we take A(z) = as(z—a1)(x—ap)
with Qg = —01,071 ;é 0.

Theorem 4.1 Let the previous notations hold. Let A(x) = az(x — a1)(x + aq), with ay # 0. The quantities

Fp = pu+ azSp + nyns1 + ((n+ Laz + A/2)an (©

_ 77(_051 + ﬂn) + (271 + 1)(12 + A
O = ar 1 Ba) + 20+ Daz 1A (66)

satisfy the system of equations, for alln > 1,

(Fn - an,l)(Fn - bn,l)

= n n» 7
(Fn—a)(Fn —b) GG (67)

=201 (201 + A + (2n + 1)as) —4a3n

F,+F, 1 =—-a°
n+tn_1 a177+ anl (Gn*1)27 (68)
with
n 9

2( 1as + ) §a1+ (2, (69)
= <n—|—1a2+ >041—72704% \/?27 (70)
0= g% Go b=—2ad =V, (71)
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12 G. Filipuk and M.N. Rebocho: Laguerre-Hahn orthogonal polynomials of class one

where Cl = —det Bo(al), CQ = —det Bo(*OLl).
The initial conditions hold:

n(—ai + B1) +3az + A

Fo=p+ + + + A2y, G = . 72
0=+ axfo+n7 + (a2 + A/2)ay LS lon £ By) 1 Bam £ A (72)
Proof. For the sake of simplicity, let us write apy = —cv1. Evaluating (17) at o5, j = 1, 2, yields
O, _
—12(e1) + Op(en) S Han) =G,
2 ®n71
—ln(a2) + On(az) (a2) = —(2,
n
where (; = —det By(a;), j =1,2.
The ratio of the two equations above is equivalent to
l%z,(O‘Q) — (2 _ O, (2)/Ynt1 On_1(a2)/Vn (73)
l%(al) _Cl @n(al)/7n+1 @nfl(al)/q/n .
Factorizing, we get
(n(a2) = V) (In(a2) + V) _ On(@2)/Vn41 On-1(02)/7n (74)
(In(a1) = VQ)((In(ea) +VC1))  Onla1) /Y41 On-1(a1)/1m
Taking into account that ag = —a1, let us define
@n—l(*al)/'yn
F,=1 1 N2y, G,=————"—. 75
ol e AR =g T ™
Thus, we re-write (74) as (67) with the quantities a1, by,1, a, b given in (69)—(71).
Furthermore, we take (16) evaluated at 3,,, thus obtaining
lno+ 1,0 = —nBs — (2n + 1)az + N)B, .
Adding ((2n + 1)ag + M)y to both sides of the above equation we obtain, in the notation from (75),
F,+F, = _775721 + ((2n + 1)a2 + A)(al - ﬁn) , (76)
which can be written as (68). O

Remark 4.2 Let us emphasize that the previous result does not hold when as = a1, because a key step in the
previous proof is the ratio (73). Obviously, if as = a4, i.e., A has a double root, then such a ratio is one, and (73)
gives us no further information.

S Examples

5.1 Example 1.
We start by taking the SMOP {]5”}”20 with respect to the modified Jacobi weight [7]

w(z)=e 21 —-2)?, 2€[0,1], a>0,5>0,t>0. (77)

Let (5n)n207 (¥n)n>1 denote the recurrence relation coefficients of {]5”}”20.
The function w satisfies Aw’ = Cw with

Al) =22 -2°, C(z)=(—a—B) >+ (a—t)z+t. (78)
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Thus, the Stieltjes function of w, henceforth denoted by S , satisfies AS' =CS + D, D(x) =diz + (ZO, with
di=1+a+8, do=Q2+a+p)fo—1—a+t. (79)

In the account of (3),
1 1
Bo = / e t/Tgatl(1 — x)/’d:p// e (1 — 2)Pdx . (80)
0 0

Also, from (38), we have

. _t+(2+a—t)ﬁ~o—(3+a+ﬁ)ﬁ~§
m= 3+a+p ’

81)

Let us now take the sequence of associated polynomials {157(11) }n>0, which, for the sake of simplification of
notation, we henceforth denote by { P, } ,>0, and let us denote by S its Stieltjes function. The function S satisfies

1 ~
NS (z) = —= , 82
715 (x) 3 Bo (82)
thus, S satisfies the Riccati equation
AS'=BS*+CS+D, (83)

with
A=A, B=4D, C=-C—2x—-f)D, Dz%(ﬁ+(xfﬁo)é+(xfﬁ~o)zb) . (84)
1

After elementary computations, we get

Alz)=22—2%, B@)=n0+a+B)z+53n(2+a+B)B—1—a+t), (85)

Cx)=—(a+B+2)a>+ (a—t+2—26y)x —t+2Body, (86)

D(x) = t—(a— t)Bo ; 2Bodo + 38(1158 " —Bot; Bgdo . 87)
1 1

In the account of (83) and (85)—(87), { P, }n>0 is a sequence of Laguerre-Hahn orthogonal polynomials of
class one. The recurrence relation coefficients of {P, },>0, which we denote by (8,,)n>0, (¥n)n>1, are defined
through the equations given in theorems 3.1 and 3.5. Thus, from (37) and (45), we have, respectively,

Un
Tn+1 = — n>1, (88)
wn
—(2 3 n — 2S5, +2 3+ A0, nWn
5n+1:{( (2n+3)+n)p +2n+3+ A}, +ypw Con>2, (89)
with
n€n1<§02+€n1+z = 1°> —ln 60,1, (90)
1 Tk
On1 On— 00 On_ 0,1 0,,_
Wy = 1 = m( Q. Znoll gy Tl 1’0) : 1)
’Yn-i—l Yn Yn+1 Tn Tn+1 Tn
Yn =lh1(2n+1—-n)2n+3—n)
0,,_
+n2 {(QSn +2n4+3+N)2n+1—n) 4+ 22 (—2n — 3 + 77)} , (92)
Zn=(—n—-14n/2)(—2n—4+n)(-2n—1+n), (93)
0,,— 0, — D
wn—( 218, + 2*°> 82— B2, (94)
Yn—1 Yn—1 Yn—1 — Zn—lﬁn
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14 G. Filipuk and M.N. Rebocho: Laguerre-Hahn orthogonal polynomials of class one

where
lbpo=-n—140/2, ly=—S,+n+1+A2, n>1, ©3)
3:7+11:2n+3777, n>0, (°6)
79:;01 = {=2Sh+ (E+2)Bir1) + 2k +3 4B + A}, k=1,...n—1. ©7)

Recalling that &, ; denotes the coefficient of 27 in D(A + B) — (C/2)?, as well as equations (28) and (29),
we obtain, in the account of (85)—(87),

~ ~ ~ ~ ~ ~ —~ ~2 7

o2 = (t — Bola—t) — 2Bodp + BSdl) dy + w (98)
(e —t+2—25)? —2(4—75—1—250150))(014'54-2)7 99)

o1 = (t — Bola —t) — 2Bpdp + Béd}) do 4 (—fBot + BEdo)dy
_(—t+230d0)(0;—t+2—230) 7 (100)
boo F1do — Bo [—t +2Bodo — Bo(—Pot + B3do) /1| (=3 +n) o1
?__’S/ldl—t+230d0+(4+0[—t—250)50—(5+C¥+ﬂ)ﬁg’ ( )
n=—a—-08-2, A=a—t+2-25. (102)

The coefficients v, 32, f1 are obtained from (38), (46) and (47), respectively, using the data (85)—(87), (101),
and (102).

5.2 Example 2.
We start by taking the SMOP {ﬁn}nzo with respect to the modified Laguerre weight [6]
w(x) = e Te T pe [0,400][, >0, s>0. (103)

Let (31)n>0, (3n)n>1 denote the recurrence relation coefficients of { P, },>0.
The function w satisfies Aw’ = Cw with

Ax)=2%, Cx)=—-2>+ax+s. (104)
Thus, the Stieltjes function of w, henceforth denoted by S, satisfies AS’ = CS + D, D(x) = dyz + do, with
di=1, do=08—1-a. (105)

In the account of (3),
B “+oo “+o0
Bo = / xaHe_me_S/zdx// % e /%y . (106)
0 0
From (54), we obtain
Fi=s+(2+a)bo— - (107)

Let us now take the sequence of associated polynomials {]5751)}”20, which, for the sake of simplification of
notation, we henceforth denote by { P, },>0, and let us denote by S its Stieltjes function. The function S satisfies
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the Riccati equation of type (83), with coefficients

A(x) =2, B@)=5z+5B—1-a), (108)

C(x) = -2 + (a4 2)x — 5+ 206ody , (109)

D(z) = 5+5~0(0¢+2*50)I+5~0(50670*8) (110)
M T '

In the account of (83) and (108)—(110), {P, }, >0 is a sequence of Laguerre-Hahn orthogonal polynomials of
class one. The recurrence relation coefficients of { P, },>¢, which we denote by (5,,)n>0, (¥n)n>1, are defined
through the equations given in theorems 3.6 and 3.8. Thus, from (53) and (59), we have, respectively,

fn/n

il = , o n>1, 111

T o 2+ A+ 0(Bast + Bn) (1
kn— (2n+2+ A\

/Bn+1 :_ﬂn+ ( 17 )7 77‘227 (1]2)

with

(2n + A + n(ﬂn + ﬂn—l))gn - fn—l ’
gn =B — (2n+2+ N)Bn — 21— 25n_1. (114)

fn=02n4+2+X)(n+ Sn) + 80,1, kn=

(113)

Recalling that & ; denotes the coefficient of 27 in D(A 4+ B) — (C//2)?, and recalling equation (28), we obtain,
the account of (108)—(110),

éoa = (s+ Bola+2 = Bo)) do — sfo + B3do — (a+ 2)(=s + 2odo) /2, (115)
n=-1, A=a+2, p=5+ (—s+26do)/2. (116)

The coefficients 71, 82, 51 are obtained from (54), (61) and (62), respectively, using the data (108)—(110) and
(116).

5.3 Example 3.
We start by taking the SMOP {pn}nZO with respect to the modified Laguerre weight [14]

w(z) = (1—CH(z —t/2))|z —t/2]“(z +t/2)% "2 2€)0,+[, (<1, a>0, (117)

where H denotes the Heaviside function, H(y) = 1 for y > 0, H(y) = 0 otherwise. Let (5,)n>0, (Fn)n>1
denote the recurrence relation coefficients of {Pn}nZO-
The function w satisfies Aw’ = Cw (here, = is to be interpreted as equals almost everywhere), with

Alx) =2% — (t/2)%, Cz) = -2’ + (w+a)z + (w—a)t/2 + (t/2)%.
Thus, the Stieltjes function of w, henceforth denoted by S, satisfies AS’ = CS + D, D(x) = dyx + do, with
di=1, do=pBp—1-w—a. (118)

In the account of (3),
- +oo +oo
Bo = / xw(x)dx// w(z)dx . (119)
0 0

Also, from (54) we obtain

A= (w—a)t/24+t2/4+ 2+ w+a)Bo — B2. (120)
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Let us now take the sequence of associated polynomials {]579) }n>0, which, for the sake of simplification of
notation, we henceforth denote by { P, },>0, and let us denote by S its Stieltjes function. The function S satisfies
the Riccati equation of type (83), with coefficients

A(z) = 2% — (t/2)?, B(z) =%z +%do, (121)
2
Clx)=-2"+(w+a+2)z— (w— a)% - tz +2Body (122)
Dig) — L N ) 2 2 p
@)= {(@-af+ 5 = Aol —w—a-2e = L~ o - )+~ Budo)}
(123)

In the account of (83) and (121)—(123), {P,,} >0 is a sequence of Laguerre-Hahn orthogonal polynomials of
class one. The recurrence relation coefficients of { P, },>0, which we denote by (5,)n>0, (¥n)n>1, are defined
through the equations given in Theorem 4.1. Thus, the quantities

_on(=t/24 Bp) +2n+ 1+ A

Fo=pu+S,+nmaa+m+1+X/2)t/2, G, = , 124
1 Mnt1 + (n /2)t/ WG/2T B Tt (124)
satisfy the system of equations (67)—(68), for alln > 1,
(Fn_anl)(Fn_bnl)
: = = Gpt1Gn, 125
(Fo — a)(Fa 1) + (125)
nt?  —t(nt+A+2n+1) —nt?
Fn Fn— = T ; 12
Hne e Gn—1 (G, —1)2 (126)
with
a2 (ne1e )V e b m 2 (1 2) L G (127)
’I’L,l - 2 2 8 2, ’I’L,l - 2 2 8 25
t? t?
a=—T- VG, b= -V (128)

Recalling (28) and (; = —(D(A + B) — (C/2)?)(t/2), (2 = —(D(A + B) — (C/2)?)(—t/2), we have, in the
account of (121)-(123),

1 <
n=-1, A=wt+a+2, u:7y1—§((w—a)t/2+t2/4—250d0),

CUR) ¢y = —oB) (/) + S

G =—(DB)(t/2) +

Remark 5.1 In the previous examples we exhibited sequences of Laguerre-Hahn orthogonal polynomials of
class one, built from semi-classical polynomials. In general, if we start with a semi-classical SMOP of class one,
then the sequence of associated polynomials is Laguerre-Hahn of class one, as the Stieltjes functions related to
the associated polynomials satisfy Riccati differential equations (83) with coefficients given as in (84).

Following the notations in examples 1 — 3, and recalling the shift relation for the recurrence relation coeffi-
cients, Bn =Bn-1, n>1, 9, =7vn—1, n > 2,then the difference equations obtained in the previous examples
yield difference equations for the coefficients /3,, and 7, related to the semi-classical weights.

Remark 5.2 When (77) reduces to w(z) = (1 — z)?, and (103) reduces to w(x) = 2%, integral repre-
sentations for the linear functionals corresponding to the Stieltjes function related to the associated polynomials
are known. See [25, Eq. (3.31)] and [17, Eq. (8)] for the first case, and [1] for the second case.

In general, the integral representation of Laguerre-Hahn linear functionals is an open problem.

Copyright line will be provided by the publisher



mn header will be provided by the publisher 17

6 Final remarks and conclusions

In this paper we computed difference equations for the recurrence coefficients of Laguerre-Hahn orthogonal poly-
nomials, obtained trough the so-called compatibility conditions that result from combining the matrix Sylvester
equation with the recurrence relation for the orthogonal polynomials (cf. Eq. (10)). Some of the difference
equations give a recursive way to compute the recurrence relation coefficients. We also showed forms of discrete
Painlevé equations, labelled in terms of deg(A) in the Riccati equation (4): the case deg(A) < 1 was studied in
[12]; in case deg(A) = 2 with A having two different roots we deduced a similar form of a discrete Painlevé V;
the case deg(A) = 3 remains an open problem, for further consideration.
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