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Resumo

Veículos de estágio único para órbita (EUPO) têm o potencial de aumentar a confiabili-

dade do transporte espacial e reduzir os custos. No entanto, as tubeiras tradicionais cóni-

cas e em formato de sino, têm uma capacidade limitada para fornecer um desempenho

ideal em todo o envelope de voo. Como resultado, diversos designs avançados de tubeiras

adaptativas à altitude têm sido propostos, entre os quais os conceitos de bocais em sino

duplo, E-D e aerospike têm mostrado maior potencial. Esta dissertação concentra-se

no aerospike, com o objetivo de projetar e avaliar um contorno utilizando ferramentas

numéricas. Para atingir esse objetivo, o método de Angelino é implementado em Python

para gerar o contorno para uma altitude operacional de 15545 metros, correspondente

a uma razão de pressão (RP) de 188 no ponto de projeto. Os parâmetros fornecidos ao

código incluem um Número de Mach à saída de 4,16, um índice adiabático de 1,4 e a

especificação de 100 linhas de expansão. O processo de CFD, para os estudos numéri-

cos que validam o contorno, é realizado no AnsysWorkbench, especificamente utilizando

o SpaceClaim para projetar a geometria do volume de controle e o Fluent para resolver

o escoamento. No Fluent, é usado um solver baseado em densidade e dois modelos de

viscosidade diferentes são considerados na análise: invíscido e realizable k-ε. Além das

condições de projeto, três RP adicionais são simuladas: 20 (nível domar), 288 (altitude de

18285m) e 20480 (altitude de 47750m). Concluiu-se que, tanto omodelo inviscido, quer

o realizable k-ε, apresentam uma previsão de desempenho similar da tubeira à medida

que o aerospike opera emdiferentes altitudes, conforme indicado pelo impulso específico.

Mas, foi omodelo realizable k-ε que demonstrou ummaior nível de captura de detalhes de

fenômenos do escoamento em comparação com investigações experimentais disponíveis.

Inclui características como melhor caracterização do diamante de Mach e uma temper-

atura máxima registrada de mais de 7000 K. Em relação à adaptabilidade à altitude, a

performance melhora com o aumento desta. Condições de subexpansão demonstraram

um jato quase axial, destacando a capacidade do aerospike em manter a eficiência em al-

titude. Contudo, em sobreexpansão há um menor impulso específico. Estes resultados

destacam as vantagens do aerospike em relação às tubeiras tradicionais, que geralmente

têm maiores dificuldades em cenários de subexpansão.

Palavras-chave

EUPO (Estágio Único Para Órbita), Tubeiras de Foguete Avançadas, Aerospike Linear,

Design de Contorno de Tubeira, Dinâmica dos Fluidos Computacional
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Abstract

Single-stage-to-orbit (SSTO) vehicles have the potential to enhance space transportation

reliability and reduce costs. However, traditional nozzles with conical and bell-shaped

contours are limited in their ability to deliver ideal performance across the entire flight

envelope. As a result, various advanced rocket designs with altitude adaptive character-

istics have been proposed, among which the dual-bell, E-D, and aerospike concepts have

shown the most promise. This dissertation focuses specifically on the aerospike concept,

aiming to design and evaluate a contour using numerical tools. To achieve this objective,

Angelino’s method is implemented using Python to generate the aerospike contour for a

specific operating altitude of 15545 meters, corresponding to a pressure ratio (PR) of 188

at the design point. The input parameters provided to the Python code include an exit

Mach number of 4.16, an adiabatic index of 1.4 and the specification of 100 expansion

lines. The CFD process for the numerical studies of the contour validation is performed

using Ansys Workbench, specifically utilizing SpaceClaim for designing the control vol-

ume geometry and Fluent for solving the flow. In Fluent, a density-based solver is em-

ployed to analyze the flow behavior. Two different viscosity models are considered in the

analysis: inviscid and realizable k-ε. In addition to the design conditions, three additional

PR are simulated: 20 (sea-level), 288 (altitude of 18285m), and 20480 (altitude of 47750

m). It was concluded that both the inviscid and realizable k-ε models exhibit a similar

performance prediciton of the aerospike nozzle as it operates at different altitudes, as in-

dicated by the specific impulse. Still, it was the realizable k-ε model that demonstrated

a higher level of detail in capturing flow phenomena compared to available experimen-

tal investigations. This included features such as better modeled Mach diamond and a

temperature distribution with values above 7000 K. Regarding the altitude adaptability

of the aerospike nozzle, its performance was observed to improve with increasing altitude.

Underexpanded conditions demonstrated a nearly axial exhaust plume, showcasing the

aerospike’s capability in maintaining thrust efficiency. In contrast, overexpanded condi-

tions resulted in the lowest specific impulse. These findings highlight the advantages of

the aerospike nozzle over traditional nozzles, which typically struggle in underexpansion

scenarios.

Keywords

SSTO (Single-Stage-To-Orbit), Advanced Rocket Nozzle, Linear Aerospike, Nozzle Con-

tour Design, CFD (Computational Fluid Dynamics)
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Chapter 1

Introduction

1.1 Motivation

Throughout humanhistory, progress and theperpetuation of civilizations have been closely

linked to territorial expansion, which brought resources and the promise of a brighter fu-

ture. Formillennia, the oceanwas considered the frontier that only the bravest individuals

dared to cross, but in today’s global world, the aspirations of many now turn towards the

stars.

In Situ Resource Utilization (ISRU) is a multidisciplinary field that aims to propose so-

lutions for mining, farming and utilizing space resources. These resources are vast and

include water, volatile compounds from the solar wind, metals, minerals, solar energy,

vacuum and zero gravity environments. The current challenges associated with ISRU are

immense. One of these challenges involves ensuring a profitable operation, making any

contribution that optimizes the process highly valuable [1].

The reduction of Earth-to-orbit launch costs through the strengthening of reliability and

operational efficiency is one of themajor engineering problems space transportations cur-

rently faces.

Single-stage-to-orbit vehicles (SSTO) are an exemplary concept of space vehicleswith sim-

ple and efficient system design. But conventional nozzles are unable to provide the highly

required efficiency to propel these state-of-the-art vehicles.

Due to their fixed geometry that boundaries the flow, conventional nozzles can’t compen-

sate the varying pressure during the rocket’s ascent. Many solutions have been proposed

throughout the years, with plug nozzles, mainly aerospikes, being one of the most devel-

oped ideas [2].

Linear or toroidal, plug nozzles can compensate the pressure changes felt during a rocket’s

ascension, since the exhaust flow is asymmetrical, with a free shear layer in contact with

the ambient air [3].

At low altitude operation, the aerospike behaves almost as the ideal nozzle and even the

more significant losses felt at vacuum operation are overcome by the ability of providing

bigger area ratios that conventional nozzle, with amuch smallerweight, with an increment

of 6-8% in specific impulse.

Aerospike advantages include the ability of vector thrusting, smaller weight, more average
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specific impulse, more efficient rocket structure and improved reliability. Besides SSTO,

aerospikes have been proposed for more applications like CubeSat, interplanetary travel

and even in defense, as air-to-air missiles are launch and target a wide range of altitudes

[4].

The desire tomake a contribution, nomatter how small, to the advancement of civilization

serves as a powerful motivation. It is this motivation that drives me to explore advanced

rocket nozzle designs, particularly aerospikes, and focus the present dissertation around

them. By studing aerospikes, I aim to contribute to the understanding and development

of more efficient and effective rocket propulsion systems. Even a small advancement in

this field can have a profound impact on space exploration.

1.2 Objectives

SSTO vehicles play a pivotal role in advancing space exploration. The main goal of the

present dissertation is to understand how traditional rocket’s nozzles prevent the creation

of this type of vehicles and exploring the aerospike, out of many proposed alternatives, by

designing a contour and evaluating its performance through the ascension of a rocket.

To clarify the scope and relevance of the dissertation, the path towards achieving themain

goal is divided into several steps, which contribute to the learning process. These steps

include:

1. Understanding the theoretical concepts of compressible aerodynamics and thermo-

dynamics.

2. Grasping how rockets generate thrust and the associated phenomena of nozzle per-

formance, leading to the realization of the incompatibility of conventional nozzles

with SSTO vehicles.

3. Enumerating various altitude-adaptingnozzle concepts, with a special focus on aero-

spike nozzles, while analyzing their advantages and disadvantages to justify the cho-

sen nozzle typology for the study.

4. Gaining an understanding of the Method of Characteristics, particularly Angelino’s

Rapid Method, and its suitability for designing the aerospike contour.

5. Implementing a Python algorithm capable of effectively designing the aerospike

contour.

6. Learning fundamental concepts of Computational Fluid Dynamics and turbulence.

7. Designing and meshing an optimized volume control for simulating the expansion

of exhaust flow in the aerospike using Fluent.

8. Obtaining a convergent solution for the exhaust flow.
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9. Analyzing the results for various operating conditions and simulation (viscous) op-

tions.

It is indeed a goal of this document to be written in a manner that facilitates future un-

derstanding of rocket propulsion, the limitations of conventional nozzles, the relevance of

aerospike engines, and the ability to replicate the numerical studies conducted. The doc-

ument aims to provide comprehensive explanations, clear methodologies, and detailed

results to serve as a valuable resource for individuals seeking knowledge in this field.

1.3 Dissertation Structure and Layout

The present dissertation has six Chapters, with the first setting the motivation and objec-

tives of the developed work. It also includes one Appendix.

The second Chapter begins by providing a brief overview of the history of rocket propul-

sion. Then, it presents a characterization of rockets and explores conventional nozzles,

including the distinction between ideal and real nozzles and an analysis of conical and

bell designs. An explanation of the altitude limitation of these designs is also boarded.

It goes on to introduce many advanced nozzles with altitude-adapting capabilities and

presents some conclusions on those currently under investigation. Among these designs,

the aerospike nozzle is analyzed in a dedicated section, where its advantages and disad-

vantages are summarized and compared. Lastly, some nozzle design philosophies are

outlined.

The third chapter, ”Theoretical Background,” furnishes a comprehensive explanation of

the necessary theoretical concepts that are relevant to the interpretation and explanation

of the developed work. It commences by introducing basic concepts related to thermody-

namics and compressible aerodynamics. It then delves into a more detailed examination

of the altitude limitation phenomenon in nozzles and the reasoning behind theMethod of

Characteristics. Finally, some considerations related to Computational Fluid Dynamics

are explored.

The forth Chapter presents the ”Methodology” used to obtain the results, also including

the parameters and justifications of the study. First, the contour design algorithm is ex-

plained, including the justification for the usage of Angelino’s simplified method as so the

choosing of Python as the coding language. The chosen physical parameters for the study

are presented preceded by the description of the most important steps of the CFD process

using SpaceClaim, Mesh Generator and Fluent.

As for the fifth Chapter, the numerical results for several operating simulations (includ-

ing design, underexpansion and overexpansion) of the designed aerospike contour are

presented, both for an inviscid and turbulent viscous model. It also includes a through

analysis and reflection of said results.
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Lastly, the sixth chapter reflects the developed work, balancing the goals achieved, diffi-

culties felt and ways to improve the study, further deepening it.

To note that Appendix A contains the Python’s code used to design the spike’s contour.
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Chapter 2

State-of-the-Art

This chapter discusses the state-of-the-art of rocket nozzles with special emphasis to their

design and adaptability to different altitudes. It begins with a brief overview of the history

of rockets and and their characterization, delving into the conventional conical and bell

nozzles.

The differences between the concept of an ideal nozzle and a real nozzle are also discussed

in this Chapter.

Later on, advanced nozzle designs that are capable of adapting to different altitudes are

presented, with a dedicated section to discussing aerospike nozzles.

At last, the main philosophies to design the contour of a nozzle are boarded and briefly

explained.

2.1 Rocket’s History

Rockets and their fundamentals have been around humankind history for a while, with

their bigger developments being associated with warfare. Starting as bamboo tubes filled

with gunpowder used in religous celebrities, primitive rockets are invented in the 1st cen-

tury China. “Arrows of flying fire”, resembling solid propellant rockets, are used in 1232

by the Chinese army to repel the Mongol invaders.

There aremany reports of the usage of primitive rocketry, specially in belic scenarios, and,

in 1650, Kazimierz Siemienowicz publishes the sketches of a staged rocket. A few years

later, the publications of the three laws of motion by Sir Isaac Newton, sets the physics

background for modern rocketry.

It’s in the 20th century that modern rockets are hard developed into almost nowadays

technology, being propelled by the needs of World War Two and the Cold War. The ram-

page starts by the publication of rocket equations by russian Konstantin Tsiolkovsky in

the begining of the century.

Robert H. Goddard, an american engineer, designs and builds the first liquid propellant

rocket. 34 rockets where launch between 1926 and 1941, getting to altitudes of up to 2.6

km and speeds as high as 885 km/h. Later, in 1945, he creates single and multi-stage

rocket engines for both rocket and jet-assisted takeoff.
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But first, german engineerWernher vonBraundevelops theV-2, a liquid-propellant rocket

missile used by the Axis Forces inWorldWar Two. In the aftermath of the war, von Braun

is recruited byNASAwhere he becomes a prominent figure in the developing of the Saturn

V launcher.

During the height of the Space Race, driven by the Cold War, the development of rocket

technology reached its peak, resulting in several notable milestones[5]:

• 1957 – The launch of the first Earth-orbiting artificial satellite, Sputnik I, by the

USSR. Later that year, Sputnik II carried a dog named Laika into orbit.

• 1959–TheUSSR’s Luna 2 became the first human-made object to reach the surface

of the moon.

• 1961 – The USSR’s Venera 1 became the first probe to flyby Venus, being the first

to reach another planet.

• 1962 – Yuri Gagarin became the first human in space onboard the USSR’s Vostok

spacecraft.

• 1969 – The American Apollo 11, powered by Saturn V rockets, successfully landed

the first humans on the moon, Neil Armstrong and Buzz Aldrin.

• 2013 – Voyager 1, launched in 1977 by the USA, becomes the first human-made

object to leave the solar system.

Nowadays, several nations like Europeans countries (under ESA), India, Japan, China,

Brazil, among many others, have their own space programs, for which rockets, and their

development, are crucial. Evenmore recently, the space industry stopped being a central-

ized state research to become also a private business, as recent Space X, Blue Origin and

Virgin Galactic launches [6] prove.

2.2 Rocket’s Characterization

Air vehicle’s propulsion systems canbe subdivided into air-breathing or non-air-breathing.

Rockets carry both the fuel and the oxidizer, being placed in the second category. Rockets’

biggest advantages are the possibility of operating regardless of the atmospheric compo-

sition, with no altitude ceiling, and the biggest thrust to engine weight. Yet, in some ap-

plications, such as missiles, a dual-mode engine is used which combines an air-breathing

(such as ramjet, turbojet, or turbofan engines) and a rocket mode.

Rockets can be classified into chemical and nonchemical in its process to generate energy

to be converted in thrust. The most common chemical rockets can have a liquid, solid,

or hybrid propellant. As for the nonchemical ones, there are many concepts and actual

deployments like electrical, thermal, solar and nuclear.
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In general, themajor components of a chemical rocket include containers for propellant, a

combustion chamber, an exhaust nozzle, an igniter, navigation equipment, and a payload.

Figure 2.1 shows a solid chemical rocket, where both the fuel and oxidizer are contained in

a casing that surrounds the combustion chamber. The casing contains all the ingredients

necessary to sustain the combustion process and is burnt away during the production of

thrust.

As for Figure 2.2, it displays a simplified configuration of a liquid chemical rocket, inwhich

the fuel and oxidizer are stored separately and pumped at high pressure to the combustion

chamber [5].

Figure 2.1: Simplified drawn of a solid-propellant rocket [5]

Figure 2.2: Simplified drawn of a liquid-propellant rocket [5]

For chemical rockets, the nozzle and its efficiency are crucial, as this component is the one

responsible for converting the internal energy of the combustion gases into thrust. This

process is explained in Subsection 2.3.1.
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2.3 Conventional Rocket Nozzles

2.3.1 Thrust Production

Thrust is generated in most aerial vehicles by ejecting mass, utilizing Newton’s third law.

This can be calculated using Equation 2.1. In addition to the mass ejection, a second force

is generated by the pressure difference between the flow at the exit and the ambient pres-

sure, which also contributes to the overall thrust produced by the vehicle’s engine [5].

F = ṁue + (Pe − Pamb)Ae (2.1)

From Equation 2.1 and given the high exhaust flow from a chemical rocket engine, the

rocket’s thrust is predominantly given by themomentum that the exhaust gases, products

of the combustion, provide when accelerated through the nozzle [7].

Nozzles where invented as means to change the properties of a flow such as velocity and

pressure. The de Laval nozzle, containing a convergent followed by a divergent section,

many times referred as convergent-divergent nozzle, does so in such a way that a super-

sonic flow can be obtain at the exit. Rockets integrate a de Laval nozzle with a combustion

chamber. The flow behavior off such nozzle is observed in Figure 2.3 [8].

Figure 2.3: Velocity, Temperature and Pressure variation in a de Laval Nozzle [8]

A de Laval nozzle can be divided into three sections: the convergent (subsonic), the throat

(sonic) and the divergent (supersonic). Each regions has different flow behavior, having
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different analysis methods to determinate its contribution for the production of thrust.

Nonetheless, all regions have their performance greatly impacted by the conditions in the

combustion chamber.

The convergent section accepts the exhaust gases from the combustion chamber, at al-

most static conditions, providing the first mean of acceleration until a sonic value. So, the

convergent affects the mass flow and, at some degree, the efficiency of the combustion

chamber.

At the throat, the flow reaches a sonic velocity, being choked, meaning it can not be accel-

erated further without area increases. Having a fixed area and Mach Number (MN), it’s

the throat, aligned with the conditions provided by the combustion chamber, that limits

the mass flow through the nozzle, having a great impact on the thrust produced according

to Equation 2.1.

AtEquation 2.1, thrust is also greatly impactedby the exit velocity. Since the flow is choked

at the throat, is in the divergent section that it accelerates further to supersonic values.

Here, the comprehensible flow gains kinetic energy as a trade off by losing internal energy

(as seen in Figure 2.3 by the decrease in temperature), with a pressure drop. The exit

velocity is dependent on the ratio between exit and throat areas, outside conditions in

relation to the chamber and the divergent section design.

So, the divergent section of the nozzle has been the major concern of nozzle’s design, as it

is the major topic of the present dissertation.

There are several numerical methods available for designing the divergent section of the

nozzle. However, each method involves certain simplifications, which come with their

respective limitations.

Although this dissertation mainly focuses on the fluid dynamics aspect of the design pro-

cess, other factors are relevant, such as fabrication methods, cooling requirements, and

the weight of the rocket [7].

Three major concepts are necessary to evaluate a nozzle’s performance. The first concept,

represented by Equation 2.2, is the specific impulse, which measures the thrust produced

by the weight flow rate of propellant burned. It is important to understand the rocket’s

nozzle efficiency.

Isp =
F

ṁg0
(2.2)

The second concept, represented by Equation 2.3, is the total impulse, which measures

the thrust produced over the entire duration of the engine’s operation.

9



It =

∫ t

0
Fdt (2.3)

Finally, the thrust coefficient, exhibited in Equation 2.4, represents the dimensionless

value of thrust obtained by dividing it by the chamber pressure and the throat area. This

is a fair indicator of nozzle efficiency since, in theory, the thrust value depends solely on

the pressure ratio between the chamber and the ambient, and the area ratio between the

exit plane and the throat [9].

CF =
F

p1At
(2.4)

Parting from the concept of the ideal nozzle in Subsection 2.3.2, the twomost used nozzle

designs, the conical and bell nozzles, in Subsections 2.3.3 and 2.3.4, respectively, were de-

veloped and allowed almost all the advances in space exploration using chemical rockets.

2.3.2 Ideal Nozzle

The ideal nozzle is a concept that provides the best performance, which all nozzle designs

try to match. A parallel flow and exit pressure matching external pressure are some con-

sequences from this simplification [8].

Looking into more detail, the ideal nozzle involves the following considerations [9]:

1. The exhaust gases are in chemical equilibrium, with a homogeneous composition

and in a gaseous state.

2. The exhaust gases obey the perfect gases law.

3. The flow is adiabatic, meaning there are no appreciable heat transfers to the wall.

4. The flow is isentropic, without discontinuities in properties and/or shock waves.

5. The boundary layer effects are neglected, with no significant wall friction.

6. The flow rate is constant and steady, without gas pulsations, turbulence, and with

the transient effects of starting-up and shutting down neglected since they are of

short duration.

7. The exit flow is parallel and unidimensional.

8. The flow’s velocity, pressure, temperature, and density are uniform across any noz-

zle’s normal section.

9. Before the combustion process, propellants are store at ambient temperature, ex-

pect for cryogenics which are at their boiling point.
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Nonetheless, this are fair simplifications due to how fast the expansion occurs. For chem-

ical rockets, tested efficiency parameters are usually just 1%-6% below these calculated

ideal values[9].

2.3.3 Conical Nozzle

As shown in Figure 2.4, a conical nozzle is one of the simplest types of divergent nozzle

contours. It is characterized by the throat diameter, exit diameter, and divergence angle

α. Due to its practical manufacturing process, has historically been one of the most used

contours [8].

Figure 2.4: Conical nozzle’s configuration [8]

The bigger the divergence angle, the shorter the nozzle will be, as this is the design desire,

since length is a fair indicator of a nozzle’s weight [10].

In theory, the flow velocity at the exit could be considered one-dimensional, covering all

the exit’s area, but due to the wall having an angle right before the exit, not all velocity

vectors are parallel to the rocket, creating side loads and reducing the effective thrust [8].

This type of nozzle is very susceptible to flow separation and overexpansion at lower al-

titudes and the thrust losses increase with the decrease of nozzle length by manipulation

of the divergence angle. Taking into account nozzle’s length, performance and weight, a

divergence angle of 15º offers the best compromise.

Nonetheless, when a low area ration is desired, and fabrication simplicity is privileged in

deterioration of aerodynamic performance, which are design parameters for some mis-

siles, there’s no need for more complex designs and conical nozzles offer a good tradeoff

[11].

2.3.4 Bell Nozzle

As the divergence angle of a conical nozzle is increased, the flow divergence at the exit

can increase significantly. To minimize this effect, more complex nozzle designs are nec-
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essary. For example, the bell nozzle is a more complex design that can provide a better

performance.

Figure 2.5 shows a comparison between an equivalent conical nozzle and two bell nozzles

with different lengths and contour angles. The bell nozzles are shorter, with lengths of

80% and 60% of the length of the conical nozzle, and have smaller contour angles at the

exit, with values of 11◦ and 8.5◦ compared to the 15º of the conical nozzle. These design

changes help to maintain a more axial flow at the exit, reducing the degree of divergence

and improving the overall performance of the nozzle.

Figure 2.5: Bell nozzle’s configuration and comparison with conical nozzle [8]

The gradual reverse of the divergence angle through the nozzle is possible by a 20◦-50◦

divergence right after the nozzle, which does not introduce significant losses since the

huge favorable pressure gradient permits this rapid expansion without separation.

This makes the bell nozzle the most widely used nozzle design in modern rocketry and

from which most advanced designs in Section 2.4 are derived, as it already shows good

performance and reliability results [8].

2.3.5 Real Nozzle

The level of precision required for rocket systems demandsmore accurate algorithms that

involve a better understanding of energy losses, heat transfer and other physical or chem-

ical phenomena.

In real nozzles, not all the chemical energy contained in the propellant is available as ther-

mal energy, andnot all the thermal energy canbe converted into kinetic energy. Therefore,

the performance of a rocket nozzle is affected by several factors that can cause losses in
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thrust and specific impulse.

The first factor, already stated before as a concern mostly of the conical nozzle, is the

divergency losses resulting from a non-unidimensional flow profile at the exit plane. An-

other factor is that small chamber areas relative to the throat, lead to pressure losses in

the chamber and a reduction of the exhaust exit velocity and thrust produced.

Boundary layer effects can also be significant, particularly for smaller nozzles with low

area ratios,making a portion of the flow, ranging from2% to 25%, subsonic. Due to the no-

slip condition, the flow next to the wall has zero-speed and possesses high thermal energy

that is dissipated to the wall and the nearby moving flow. The immediate flow is laminar

and subsonic, devolving further from the wall into supersonic zones where turbulence can

occur, before it joins the free stream.

Combustion in the rocket nozzle is typically unsteady, resulting in flow oscillations and

lower chamber pressure during transient operations. Chemical reactions in the flow can

cause losses of up to 0.5%, and incomplete mixing of the gas composition means that the

gas constants are not uniform throughout the nozzle.

Small solid particles and liquid droplets also exist in the flow, which need to be acceler-

ated, with little thermal energy contribution. If they are larger than 0.015mm and equiv-

alent to more than 6% of the flow’s mass, specific impulse losses can rise to 10%-20%.

Although less significant, in high area ratio nozzles, aggressive expansion can lead to the

precipitation of some exhaust constituents.

It still must be mentioned that uncooled materials suffer erosion, which is relevant for

the throat since if its area increases, some chamber pressure is lost and also the area ratio

decreased. Up to 0.7% of specific impulse can be lost.

And, at last, operating away from the design altitude reduces thrust and specific impulse

for nozzles with fixed area ratio [9].

2.3.6 Altitude Limitations of Real Bell Nozzles

Figure 2.6 summarises the losses referred in Subsection 2.3.5 for a bell nozzle. Among

them, the most significant for H2-O2 rockets, like viscous flow separation and uneven

flow at the exit, are related with overexpansion and underexpansion.

The conventional nozzles used on current rockets, restrict the overall performance during

the ascent of the vehicle due to their fixed geometry.

At low altitudes, the ambient pressure is higher than the nozzle’s exit pressure causing a

flow overexpansion. Oblique shocks radiate from the exit of the nozzle in order to rise the

flow’s pressure to match the ambient pressure.

In contrast, at high altitudes, the ambient pressure is inferior to the nozzle exit pressure,
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Figure 2.6: Losses in a real bell nozzle [2]

resulting in a flow underexpansion. After leaving the nozzle, the flow will suffer further

expansion, so it equals the environmental pressure.

The referred phenomena cause nozzle performance losses compared to on-design testing

and are explain with more theoretically detail in Section 3.3.

Figure 2.7: Vulcain 1 engine’s nozzle specific impulse in function of altitude compared
with ideal nozzle [2]

Figure 2.7 compares the specific impulse of the Vulcan 1 rocket engine, equipped with a

conventional nozzle, to the ideal altitude adaptive nozzle. The Vulcan 1 is designed to be

optimal at an ambient pressure of 0.18 bar, felt at a terrestrial altitude of 15km.

The overall losses ascend to 15% of performance. Looking at Figure 2.7, one could say

the nozzle should be projected to achieve better vacuum performance, but, the higher

area ratio would induct the separation of the flow inside the nozzle during low altitude
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operation, resulting in undesired side-loads [2].

2.4 Advanced Rocket Nozzles Designs

In this section, some different nozzle concepts upgrading the performance of conventional

nozzles are presented. By being altitude adapting, these new conceptsminimize the losses

caused by overexpansion and underexpansion. It must be taken into consideration that

conventional bell rocket nozzles are already very efficient in terms of internal losses effects

like friction and non-uniformity.

2.4.1 Dual-Bell Nozzle

As illustrated on Figure 2.8, a dual-bell nozzle consists of a regular bell nozzle with an

external extension. This promotes a net performance improvement just by the effects of

the wall inflection.

Figure 2.8: Dual-bell nozzle sketch [2]

Figure 2.9a) shows that at lower altitudes, the wall inflection boosts a controlled and sym-

metrical flow separation, reducing the effective area ratio.

For higher altitudes, as seen on Figure 2.9b), the flow stays attached to the wall all the

way until the extension exit, utilizing the full geometrical area, with a high-quality vacuum

performance.
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Figure 2.9: Flow phenomena inside a dual-bell nozzle: a) overexpanded with flow sepa-
ration and b) underexpanded with fully attached flow [12]

Figure 2.10: Dual-bell nozzle specific impulse in function of altitude compared with ideal
nozzle, nozzle 1 (same area ratio as the dual-bell nozzle first segment) and nozzle 2 (same
area ratio as the dual-bell nozzle including the extension) [12]

Some losses occur at some altitudes, in comparison with conventional single bell nozzles,

as observed in Figure 2.10. For lower altitudes, aspiration drag, caused by a slight adverse

pressure gradient at the exit, reduces the produced thrust in relation to nozzle 1 . Further

losses result from the fact the flow adheres to the extension wall before the optimum tran-
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sition point.

Even at higher altitudes, there’s still thrust degradation in comparison to nozzle 2, due

to the imperfect nozzle’s counter. Still, during the rocket’s ascension, the dual-bell noz-

zle provides a impulse net gain compared to the nozzle 1 or 2 alone, and all without any

movable parts, providing good reliability [12].

2.4.2 Nozzles with Fixed Inserts

This type of bell achieves a similar behaviour and performance curve as the dual-bell noz-

zle by inserting a trip ring inside a conventional bell nozzle, responsible for causing the

flow separation at low altitudes.

According to some literature [13], this ring can be as small as 10% of the local boundary-

layer thickness in order to reduce the losses at vacuum performance.

The transition point between the sea level and vacuum operation depends on the wall

pressure near the trip ring and the disturbance provoked by it, creating significant un-

certainties. Although this is a simple and with low technology risk concept, the referred

uncertainties led to the rejection of this concept [2].

2.4.3 Nozzles with Temporary Inserts

The presence of an insertwithin the nozzle negatively impacts vacuumperformance. If the

insert is removed before high altitudes are reached, the high performance of the baseline

nozzle can be matched.

Amodified RD-0120 engine with a secondary nozzle insert was previously hot-fire tested,

resulting in a 12% performance gain at sea level, with the only losses compared to the ideal

nozzle being caused by aspiration drag.

The challenge with this design is the ejection of the insert, which can lead to undesired

side loads, shocks, and collisions near the exit plane. Although ablative inserts have been

considered, the stability of the surface and the regression rate are still difficult to model

with current technology [14].

2.4.4 Nozzles with Active Secondary Gas Injection

This concept proposes that a second gas flow can be injected inside the nozzle, normal to

the wall, in order to force flow separation during sea level operation, reducing the nozzle’s

area ratio.

The injection is originated by a high-pressure reservoir, but the amount of fluid needed to

induce flow separation is considerable, without expected net impulse gains [2].
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2.4.5 Nozzles with Passive Secondary Gas Injection

Similar to the previous concept, but the injection is achieved by creating “slots” to let the

ambient air enter the nozzle. The ”slots” are closed at high altitudes.

Unfortunately, this passive mechanism only works at lower altitudes, where the ambient

pressure is high enough to enter the nozzle. This operational envelop is further shorted

due to the stream around the rocket, that reduces the pressure at its end, near the engine’s

nozzle [2].

2.4.6 Extendable Nozzles

This concept, seen in Figure 2.11 involves a truncated low area ratio nozzle that is used

in sea-level conditions. It has an outer extendable component that attaches at higher al-

titudes, thereby increasing the area ratio. The nozzle can be design using the Method of

Characteristics, for example, showing an improved performance.

However, the in-flight placement of the extendable component requires the use of me-

chanical devices, which increases the nozzle’s weight and reduces its reliability, posing

engineering challenges for the cooling system. Some upper stages of rockets already use

a similar concept to reduce packaging volume.

Figure 2.11: Extendable nozzle sketch at: a) sea-level and b) vacuum operations [2]

2.4.7 Plug Nozzles

Sometimes referred as an “inside out bell nozzle”, the outside gases are not contained

by an outer boundary, being able to expand accordingly with the atmospheric pressure,

staying the flowmostly axial [3]. The linear aerospike is a particular type of a plug nozzle,

and being the subject of study of this dissertation, plug nozzles are further explained in

Section 2.5.
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2.4.8 E–D Nozzle

E-D stands for expansion-deflection and refers to a type of nozzle that has a central pintle

directing the flow towards the nozzle’s wall. It operates in an altitude-adaptive manner

similar to that of plug nozzles, with the difference being that the expansion is controlled

from within the nozzle.

Figure 2.12 illustrates the flow inside an E-D nozzle, where a system of compression and

decompression waves direct and adapt the exit pressure of the flow. An open wake at the

center of the exit flow creates aspiration drag, reducing the pressure in the wake to which

the flow pressure will equal, leading to overexpansion.

Figure 2.12: Flow phenomena inside an E-D nozzle at: a) sea-level operation (open wake)
and b) vacuum operation (close wake) [2]

As the outside pressure drops, there’s an increase in the area ratio, closing the wake. But

the losses incurred from overexpansion, negatively impact the altitude adaptation of E-D

nozzles, making them only more efficient if compared to high area ratio with a desired

short length bell nozzles. Another challenge with this concept is the high heat fluxes in

the throat and pintle [2].

2.4.9 Nozzles with Throat Area Varied by a Mechanical Pintle

The mechanical pintle, used to control thrust in some solid propellant rockets equipped

with bell nozzles, is a proposedmethod to achieve altitude adaptiveness, for this and other
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types of propellant. The pintle works by adjusting the throat area, which in turn would

alter the nozzle’s area ratio.

However, the implementation of such amechanism requires a complex andheavy actuator

and cooling system, leading to increased weight and decreased reliability [2].

2.4.10 Dual-Throat Nozzle

The concept of the dual-throat nozzle involves two conventional combustion chambers,

one concentric to the other, with both converging to the same fixed exit area, as depicted

in Figure 2.13. The original purpose of the dual-throat nozzle was to regulate thrust, but

it can also be altitude-adaptive.

Figure 2.13: Dual-throat nozzle sketch [2]

Figure 2.14: Flow phenomena inside a dual-throat nozzle at: a) sea-level and b) vacuum
operations [2]

At low altitudes, both combustion chambers are active, resulting in a larger throat area
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and a lower area ratio, thereby preventing overexpansion. At a certain altitude, the outer

chamber is shut off, reducing the throat area, increasing the area ratio, and allowing the

flow to fully expand.

Both behaviors can be seen in Figure 2.14. Still, there are some losses in vacuumoperation

due to the discontinuity caused by the outer chamber and the resulting recirculation [2].

2.4.11 Dual-Expander Nozzles

Similar to the dual-throat nozzle concept, the dual-expander nozzle has the same geome-

try and altitude compensation behavior, with the difference that the inner chamber has a

short divergent section and is the one that is shut down during vacuum operation.

Both behaviors can be seen in Figure 2.15. It is important to highlight the rapid expansion

and subsequent recompression in Figure 2.15b), as it creates a recirculation zone. This

issue can be addressed by bleeding air into the inner chamber, though there will be a

small reduction in impulse due to the increased area ratio.

The major engineering challenges associated with this design include the potential struc-

tural disintegration of the inner chamber during vacuumoperation due to high heat fluxes

and pressure oscillations [2].

Figure 2.15: Flow phenomena inside a dual-expander nozzle at: a) sea-level and b) vac-
uum operations [2]
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2.4.12 Multi Nozzle Grids (MNG)

With a transversal sketch depicted in Figure 2.16, where each triangle represents a ”noz-

zlettes”, MNGhave been studied in recent years, not necessarily for their altitude adaptive

behavior, but also for their potential to improve overall performance.

The way a MNG increases the expansion ratio is by adding more ”nozzlettes” rather than

increasing the length, which adds little weight and has been shown to improve perfor-

mance when designed with multidisciplinary methods.

Anyhow, the small throat area of each ”nozzlettes” leads to high ablative erosion, specially

to the throat, which will drastically decrease performance over time [15].

Figure 2.16: MNG sketch [15]

2.4.13 Most Promising Concepts that are Currently Under Investiga-

tion

Most of the previously referred concepts, despite their promising potential, were ulti-

mately discarded due to technological limitations and the relatively minor advantages

their usage could bring. By the end of the 20th century, only a few of these concepts had

survived and continued to be studied, by Academics and the Space Industry, through com-

puter simulations and prototype testing.

The dual-bell nozzle is a concept that holds great promise due to its simple design. How-

ever, two major obstacles prevent its practical application: the early transition between

the two modes and the resulting undesirable side loads caused by the asymmetric dis-

placement of the separation line during the transition. Solutions to this issue have been

proposed, such as fluidic control, in which slots near the inflection point add fluid stored

in a dedicated tank, allowing the separation line to move symmetrically from the inflec-

tion point to the exit plane during the transition. For a launcher like Ariane-5, the net

impulse gains from this concept could result in the ability to carry an additional 1.5 tons

of payload to a reference geosynchronous transfer orbit [16].

E-D nozzles are also still under investigation, particularly because of their nearly optimal
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behavior at vacuum operation, characterized by a relatively small area ratio, as demon-

strated through cold testing by the University of Bristol [17]. The central pintle is a critical

aspect of E-D nozzles, as it significantly influences their performance by defining the tran-

sition point and its process. Some experimental results that show some pintle geometries

with a smooth transition from open to closed wake can be implemented, leading to im-

proved performance and the best thrust coefficient [18].

More recently, an expansion-deflection dual-bell nozzle has gained attention, consisting

of a shorter dual-bell nozzle with a central throat pintle. At sea level, compared to a tradi-

tional dual-bell nozzle, it may experience some thrust losses due to the open wake causing

recirculation. However, it compensates for this with improved average specific impulse

because of a later transition and a slightly lighter structure due to the shorter nozzle [19].

Finally, plug nozzles, particularly aerospikes, have seen significant advancements, with

numerous prototypes tested and various solutions proposed to address their engineering

challenges. As the focus of the present dissertation, aerospikes will be discussed in greater

detail in Section 2.5.

2.5 Aerospike Nozzle

2.5.1 Characterization

An aerospike nozzle is a type of plug nozzle, where the center-body, or plug, assumes the

shape of a ”spike” . The term ”aerospike” actually refers to the existence of a truncation,

where the solid spike is replaced by one that is aerodynamically fashioned [20].

The aerospike nozzle does not have any moving parts and obtains its altitude adaptive

properties by lacking a rigid outer boundary, unlike conventional nozzles [3]. This allows

it to adjust to the ambient pressure andmeet the necessary pressure requirementswithout

any constraints.

The nozzle’s mass is reduced by having a truncated spike, which also helps to avoid some

extreme heat fluxes. However, this comes at the cost of the loss of some thrust delivery

[2], as explained in Subsection 2.5.2.

During Lockheed Martin X-33 space shuttle development, an aerospike engine (Rocket-

dyne XRS-2200 ) was tested onboard a SR-71, with promising results. Eventually this

aircraft program was abandoned in 2001 [20]. Since then, some cold and hot tests have

been performed, basing most sources of comparison for numerical experiments.
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2.5.2 Behavior

First, it must be noted that the exhaust gases are not expanded against a bounding wall,

as in a conventional nozzle, so besides Equation 2.1, another term must be added so the

force that the gases exert on the spike can be considered, being given by Equation 2.5. For

truncated spikes, the base area also contributes for thrust as seen in Equation 2.6 [21].

Fspike =

∫
Aspike(pspike − patm)dA (2.5)

Fbase = (pbase − patm)Abase (2.6)

At low altitudes, as shown in Figure 2.17a), the high ambient pressure causes the exhaust

flow to remain close to the nozzle’s wall and be directed to the axial position through a

series of expansion-compression fans. The flow is pressed against the wall to the extent

that an open wake at ambient pressure is formed. Without truncation, shocks can occur,

resulting in flow separation and reattachment, which will lead to undesired side loads.

At higher altitudes, as seen in 2.17c), the free boundary promotes the appearance of re-

compression shocks that enable the exhaust flow to remain primarily axial, even in awider

plume. The flow does not expand past the nozzle like in other underexpanded nozzles,

thus contributing to thrust production.

At the design altitude, seen of Figure 2.17b), the wake is already closed, but the major

difference from the underexpanded scenario is the plume is less wider, with a more axial

flow, promoting a slightly higher thrust.

A secondary gas flow can be introduced into the truncated area to minimize losses arising

from the transition from open to close wake [3].

The truncation of the spike also enhances the rocket’s overall performance by reducing

the weight of the nozzle. Nevertheless, it should be noted that the transition between

open and closed wake occurs at lower altitudes as the truncation increases. Also, as the

truncation is increased, and the base area augments, the advert pressure gradient at the

open wake base has its effects amplified according to Equation 2.6.

At pressure ratios lower than the design point, the recirculation promotes a pressure lower

than the ambient pressure, resulting in reduced thrust production. However, above the

design point, the recirculation zone has a higher pressure than the environment, which

positively contributes to thrust production. Therefore, the magnitude of the truncation

must be carefully studied to optimize overall performance [2].
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Figure 2.17: Flow phenomena at an aerospike nozzle at: a) sea-level or low PR b) design
altitude/PR and c) vacuum or high PR operations [2]

2.5.3 Advantage and Disadvantages

In this subsection the disadvantages and advantages of aerospike nozzles are summarized

and briefly explained.
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Table 2.1: Aerospike disadvantages

Disadvantage Project Field Explanation Possible Solution

Extreme flow
condition
(T=3000k)

causing erosion

Materials

The truncation
experiences high

temperature, pressure,
and heat fluxes, and its
small volume makes it
difficult to implement
regenerative cooling and
other solutions [22].

The usage of 90%
H2O2 fuel leads to a
decrease in the

temperature of the
exhaust gases to arround
1023K, which can be
easily withstood by
stell alloys [22].

Considerable
weight (full
spike)

Structure

The solid spike is
typically made of heavy
metal elements with
complex coatings that
can withstand the

extreme conditions of the
expanding flow [23].

Truncated nozzles can
be made shorter, by

truncation, but there is a
tradeoff between
weight and average

impulse [23].

Base Pressure Performance

Closing the wake before
the design point results in
a lower base pressure
than the ambient

pressure, which reduces
thrust, as explained

previously.

A secondary flow,
prevenient from the
gas-generator-cycle
that powers the tanks
pumps can be added at
the base, increasing the
local pressure and,
therefore, the thrust
produced [24].

Clustering
flow

interaction
Performance

When the flow from each
module expands and
interacts, it creates

additional shocks, which
decreases the produced

thrust [25].

No solution was found
but the performance
losses are small and
does not mean bell
nozzles are more
efficient [25].

Manufacturing
challenges for
throat and
chamber

Materials,
Manufacturing

The small area of the
throat, coupled with the
extreme heat flow, makes

it difficult to assure
continuous optimal

performance [17]. Also,
in most designs, the spike
needs to be fixed inside

the combustion chamber [2].

Additive
manufacturing

techniques can produce
alloys and other

advanced materials that
are capable of

withstanding the harsh
environment arround the

nozzle, while
maintaining the desired

dimensional accuracy [26].
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Table 2.2: Aerospike advantages

Advantage Project Field Explanation Improvement

Vector Thrust
Dynamic
Control

Due to clustering of at least four
different throats, it is possible
to induce pitch, yawn and roll
(just for linear) moments.

More complex methods, such as
flapping, are necessary to induce

roll moments in toroidal
aerospikes [27].

Eliminates the need for a gimbal
or other movable piece,
reducing the weight of the

engine [28].

More
Average
Impulse

Performance

At low altitude, the aerospike
behaves almost like the

ideal nozzle, compensating
more substantial losses felt at

higher altitudes [23].

This proves aerospike engines
are suitable and advantageous
for low altitude operation and

also for SSTO vehicles
[23].

Less drag Aerodynamics

The base of the rocket produces
drag. In an aerospike, almost

all this area is used to
produce thrust instead [23].

Less exposed area implies less
drag. Since all the base can be
used to produce thrust, at

vacuum operation, area ratios of
up to 1:150 can be obtained [23].

Large source
load

Structures

The thrust produced by the nozzle
is transferred to the rocket as a
distributed load and not as a

point source load [23].

The distributed load allows a
more efficient and lighter
rocket’s structure [23].

CubeSat
application

Performance,
Structure

Aerospikes can be design for
vacuum operation, being easily
scaled and integrated in CubeSat
designs [29]. They will be much
shorter than a Bell nozzle with the

same area ratio [30].

Vector thrust, high area ratio,
and low weight make a good
trade-off for using aerospike
engines in satellites with a low

form factor [29].

Better
Packing

Logistics,
Structure

For high expansion ratios, it has a
much shorter length and volume
compared with an equivalent

bell nozzle [30].

When multiple staging cannot
be avoided, aerospikes are
much easier to transport to

high altitudes [30].

Improved
Reliability

Safety

Clustering allows the several
modules to operate independently.

In case of a malfunctioning
module, it can be shut down as so

an 180º opposing one [30].

This way, the mission is not
jeopardized, keeping the thrust
vectoring with just the loss of

some thrust [30].

Practical
Landing

Dynamic
Control,
Structure

Clustering allows the several
modules to operate independently.
During landing, a reduction in
thrust can be obtained by

sequentially shutting down pairs
of modules or reducing the flow in

some [30].

This allows a more reliable
landing method with only the
need to develop controlling

valvules. There’s a reduction in
“legs” weight as they can be
shorter due to the shorter

nozzle [30].
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2.5.4 Overall Balance

Both toroidal and linear aerospike nozzles provide relatively efficient pressure adaptation,

with almost ideal behavior below the design altitude. Still, their behavior above the design

point is still non-optimal and even performsworse in terms of thrust due to clustering and

truncation, compared with bell nozzle designs for higher area ratios [2].

When a wider analysis is performed, at vacuum operation, aerospikes provide a much

lighter, shorter and easier to integrate nozzle compared with long bell nozzles. The thrust

loss is compensated by providing an improved specific impulse [29].

Rocket engines with aerospike nozzles are significantlymore efficient, improving not only

the aerodynamic behavior of the exhaust flow but also enhancing the rocket in several

key aspects, such as structure, stability, and control. However, according to the litera-

ture, there are still some engineering problems to be overcome. Recent developments in

research fields such as materials science bring the commercial use of aerospike engines

closer to reality.

2.6 Nozzle Design

The design of a shock-free nozzle can be utilized for a specific ambient pressure and exit

Mach number. A one-dimensional calculation can be performed but, for more precise

results, especially for contoured nozzles, a more complex analysis must be implemented.

The function of a rocket’s nozzle is to produce themaximum thrust as possible for a certain

mass flow of propellant. This is achieved by expanding the exhaust gases completely until

the ambient pressure is reached, in an isentropic process, with a parallel uniform flow at

the exit plane [10]. The divergent of a bell nozzle, referred on Subsection 2.3.4, can be

divided into two zones: the expansion section and the straightening section [31].

The expansion section benefits from a large favorable pressure gradient, which expands

the exhaust gases from sonic to supersonic and even hypersonic velocities. This pressure

gradient is so negative that the contour of this section can be simplified, for instance, as a

circle’s arc [31].

In contrast, the straightening section requires a more complex contour because the flow

must be made axial at the design point, without inducing isentropic losses such as recom-

pression shocks. The Prandtl-Meyer expansion lines can be used through the Method of

Characteristics, explained in further detail in Section 3.4, to define such a contour.

The Method of Characteristics sometimes leads to very long and heavy nozzles, so some

truncation aspects must be considered. Plus, the straightening section is crucial to define

the nozzles efficiency as it defines the axiality of the exit flow and part of its interaction

with the ambient.
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2.6.1 Truncated Idealized Contoured (TIC) Nozzle

This contour belongs to the Gradual Expansion Nozzle class, and it is designed to achieve

an uniform one-dimensional flow that is totally axial at the exit. The straightening section

of the nozzle ends with no slope to achieve this goal without inducing shocks. To do so,

this design results in a very long and heavy nozzle that is only practical for wind tunnels,

where an uniform flow is crucial [32].

2.6.2 Thrust Optimized Contoured (TOC) Nozzle or Rao’s Nozzle

This methodology follows the philosophy of a minimum length nozzle, so it offers the best

specific impulse, with rocket and missile applications.

This is achieved by designing a nozzle with a sharper expansion section that has a strong

expansion wave emanating from the throat. This design starts from a previously defined

nozzle length, resulting in a contour that provides maximum thrust possible for a nozzle

of such length. The thrust provided by the TOC nozzle is greater than that of a TIC contour

that is shortened to the given length. Overall, the TOC nozzle offers better performance,

especially for higher area ratios, compared to a TIC nozzle [10].

2.6.3 Compressed Truncated Ideal Contoured (CTIC) Nozzle

A shorter TIC nozzle is proposed, with a null slope at the exit, where the characteristic

lines converge into a weak oblique shock that straightens the flow. The shock represents

isentropic losses, with a decrease in flow velocity and increase of its pressure, but, since

its an oblique shock, these effects are small. Additionally to the flow straightening, the

smaller exit Mach number is also partially compensated by the bigger pressure [33].

Nonetheless, Rao’s nozzles always outperform CTIC nozzles, even though the specific im-

pulse differences are not significant, being as low as 0.04% for some operating conditions

[34].

2.6.4 Aerospike Design

The Method of Characteristics can be used to implement the Prandtl-Meyer characteris-

tic lines in the design of aerospikes, which are sometimes referred to as inside-out bell

nozzles. Additionally, the truncation of this nozzle is a crucial aspect that requires con-

sideration.

Whilemore complexmethods that approximate ideal rocket assumptions can be used, the

final design typically has little difference from the Method of Characteristics [35].

In some cases, a three-dimensional analysis may be necessary for accurate results due to
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the asymmetrical nature of bell nozzles. However, linear aerospikes lack the revolution

symmetry, making the two-dimensional analysis theoretically sufficiently accurate.

H. Greer [36] proposes an approximated method using the centered expansion fan on the

lip of the throat and some geometric and isentropic considerations. Later, G. Angelino

[37] develops a similar method but with each point of the contour being independently

calculated.
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Chapter 3

Theoretical Background

In this chapter, all the pertinent theoretical concepts necessary to understand and inter-

pret the present dissertation are shown.

3.1 Thermodynamics Fundamentals

In one cubic centimeter of sea level air, the number of molecules is on the order of 1019.

While Newton’s laws can be applied to the interactions between atoms, at a macro scale,

the number of differential equations would be impossible to solve. Additionally, at a

macro scale, the level of detail of the atomic level can be overlooked as the processes occur

at a much larger scale than the individual atoms’ motion and size.

For systems with a large number of molecules, thermodynamics and statistical physics of-

fer a mean of analyzing these systems’ properties at a macro scale with sufficient accuracy

for real-world engineering studies. Therefore, the fluid can be considered a continuous

medium.

There are intensive properties like pressure and temperature that don’t depend on the

mass of the thermodynamic system. If a roomwas divided in two, each new smaller room

would have the same temperature and pressure. The opposite are extensive properties,

which are examples mass, volume and energy [38].

3.1.1 Pressure, Temperature and Volume

Pressure is the result of atoms bombarding the wall that enclosures a fluid. Some other

properties, such as temperature and entropy, are non-mechanical. Temperature repre-

sents the kinetic energy of the particles of a system, and there are many scales, with the

Kelvin scale being the commonly used by scientists. Volume is the three-dimensional

space a given object ocupies.

On a Pressure and Volume plot, isothermal lines can be drawn, as in Equation 3.1. Thus,

pressure and volume are related to each other for a particular temperature. For instances,

if the pressure is fixed at ambient conditions, and the temperature increases, the volume

changes, generating a proportional constant between volume and temperature.

31



ϕ(P, vol) = T (3.1)

These three properties can be related in the equation of state for a closed system, as stated

in Equation 3.2. Therefore, if one property is unknown, it can be found by relating it to

the other two. The most well-known equation of state is the one presented in Equation

3.3, corresponding to an ideal gas [38].

f(P, vol, T ) = 0 (3.2)

Pvol = νRT (3.3)

3.1.2 Adiabatic Process

Anadiabatic process is defined as occurring in a thermally isolated system,where there are

no heat transfers, although work can be done by and to the system. Fast expansions and

compressions can be considered adiabatic processes, as significant heat exchange takes

time to occur [38].

3.1.3 Work and Internal Energy

There are two ways for the system and the environment to exchange energy: work and

heat.

In mechanical terms, work can be defined as the energy transfered through a force during

a certain displacement. According to Newton’s third law, the work done on the system by

the environment and the work done by the system on the environment are of the same

magnitude but with different signs.

In thermodynamics, work is formulated by Equation 3.4. For example, if the system is

compressed, it receives energy, and positive work is done on the system in both isobaric

and isothermal adiabatic compressions.

δW = −Pdvol (3.4)

In the interaction between a system and the environment, work can be divided into two
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components, seen on Equation 3.5. Configurational work corresponds to a reversible

process provoked by externally controlled parameters, such as volume, while dissipative

work, resulting, for example, from two surfaces rubbing or the stirring of a liquid, is irre-

versible and always adds energy to the system as stated in Inequation 3.6.

δW = δWconfigurational + δWdissipative (3.5)

δWdissipative ≥ 0 (3.6)

The internal energy of a system, U, represents the sum of the particles’ kinetic and poten-

tial energies. For an adiabatic system, the internal energy is related to work according to

Equation 3.7.

U2 = U1 +W12 (3.7)

This state quantity can be expressed as a function of temperature and volume, as sug-

gested by Equation 3.8, which is called the caloric equation of state. For ideal gases, it

only depends on temperature, as indicated by Equation 3.9, which introduces the heat

capacity that will be further explored in Subsection 3.1.5 [38].

U = U(T, vol) (3.8)

U = CT (3.9)

3.1.4 Heat

By abandoning the consideration of an adiabatic system, the thermal contact between the

system and the environment establishes a new term in the internal energy equation, as

shown in Equation 3.10. This equation now considers the heat received or ceded by the

system. This new formulation of the equation represents the first law of thermodynamics.
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dU = δQ+ δW (3.10)

It must be stated that both heat and work are path functions, which means that they not

only depend on the initial and final states but also on the way the system was moved from

one state to the other.

From the prespective of the system, dissipative work performed on it can be viewed as

the addition of heat, and this energy can also be expelled from the system as real heat.

Therefore, dissipative work can now be formally viewed as reversible, and in many ther-

modynamic analyses, it is included in the heat parcel [38].

3.1.5 Specific Heat

Theheat capacity is defined as the amount of heat energy required to raise the temperature

of the system in one unit of temperature, as shown in equation 3.11. Its value depends on

the type of process.

C =
δQ

dT
(3.11)

For a perfect gas, the heat capacities and, consequently, the adiabatic index are consid-

ered constant over a wide range of temperatures. If heat is added at constant volume, the

isochoric heat capacity is given by Equation 3.12. In this case, no work is done, and all

heat is converted to internal energy, resulting in an increase in temperature. Equation

3.13 gives the isobaric heat capacity, which is the heat exchanged at constant pressure.

In this process, if heat is received, the system expands, resulting in negative work, so the

increase in internal energy is smaller. Thismeans that the isobaric heat capacity is usually

greater in value.

CV =

(
δQ

dT

)
vol

(3.12)

CP =

(
δQ

dT

)
P

(3.13)

It should also be mentioned that for an isothermal process, the heat capacity is infinite

since there is no change in temperature. For an adiabatic process, at constant entropy,
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the heat capacity is null since the system is not in thermal contact with the environment.

The relationship between the isobaric and isochoric heat capacities found in Equation 3.14

gives the adiabatic index, which is particularly pertinent for compressible flow studies

[38].

γ =
CP

CV
(3.14)

3.1.6 Second Law of Thermodynamics

In reality, heat flows only in the direction of a negative temperature gradient. That said,

according to the first law of thermodynamics, the opposite could be possible. To avoid

this misconception, the second law of thermodynamics was introduced to consider en-

ergy quality, in addition to quantity. Therefore, the system with a higher temperature has

”energy of better quality”.

For a process to occur, both the first and second laws of thermodynamics must be satis-

fied. The second law of thermodynamics explains the losses experienced by real systems

and sets limits for engineering systems. No heat engine can have 100% efficiency. Heat

flow through a positive temperature gradient is possible, but only with external sources

of energy, such as, for example, the work from the compressor of a refrigerator.

A reversible process is a concept where both the system and the environment can return

to the original state without leaving any traces. Engineering processes are inevitably ir-

reversible, although the concept of a reversible process can be applied in some analyses

[39].

3.1.7 Entropy

Entropy is a property of a system that results from the second law of thermodynamics. It

is defined as the measure of the molecular disorder or randomness of a system. Entropy

can be generated and transferred but cannot be destroyed. All processes occur in the

direction of increasing entropy, and there is no conservation of entropy. This means that

the entropy of the universe is continually increasing.

Entropy can be transferred through heat flow and mass flow, which means that an adi-

abatic process in a closed system is also isentropic. A reversible process can return to

the original state without any generation of entropy. The irreversibility of a system that

generates entropy, represents a degradation in its engineering performance.

An isentropic process is both adiabatic and reversible.

However, it is possible for a certain system to experience a negative entropy exchange, as
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stated in Equation 3.15, if the entropy generated is inferior to the one transferred to the

surroundings through a heat or mass transfer [40].

Sexchange = Stransfer + Sgenerated (3.15)

3.2 Compressible Flow

3.2.1 Definition of Flow and Characterization

Fluid mechanics is a branch of classical physics that studies phenomena related to fluids,

as opposed to solid bodies. A flow results from the interaction with a fluid, which contin-

uously deforms with time under a shear force, comparing to the bending and deformation

experienced by solid bodies. Both the liquid and vapor phases are considered fluids.

To solve the motion of a fluid, it is necessary to apply some basic laws of physics, such

as the conservation of mass, Newton’s second law of motion, the first and second laws of

thermodynamics, and the principle of angular momentum, among other related princi-

ples.

Similar to thermodynamics, the assumption of a continuummedium,which ignoresmolec-

ular discontinuities, is valid as the phenomena studied occur on amuch greater scale com-

pared to molecular interactions. Therefore, properties such as velocity, temperature, and

density are considered continuous in classical fluid mechanics, both in time and space.

There are several ways to visualize a flow:

• Pathline – Represents the path followed by a particular particle in the flow. It can

be obtained by taking a long exposure photograph of the flow after adding a single

point marker such as smoke or colorant.

• Streakline – A line that is obtained when the marker is continuously added at

a certain point in the flow, connecting the particles that have passed through that

given point in space.

• Streamline – At every point of the flow, lines tangent to the velocity vectors can

be established due to continuity. Streamlines are very important as there can be

no flow exchange between two streamlines. In a two-dimensional flow, a stream

function can be set for the whole flow, with each streamline having a unique value.

• Timeline –A line that connects some adjacent particles at a given point in time

and is followed for a given time interval. This is useful, for example, when observing

the flow’s displacement caused by a shear force.
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By definition, a steady flow has a velocity field that remains constant over time. This

implies that streamlines are constant, and particles always remain on the same line. Con-

sequently, streamlines, pathlines, and streaklines coincide in a steady flow.

Similarly to a solid’s elasticity, fluids also have associated viscosity. As stated before, shear

stresses induce a flow, and the relation between the shear stress and the shear rate or

displacement is defined as viscosity, being constant for Newtonian fluids. If the Reynolds

number of the flow, showed inEquation 3.16, is high enough, the viscosity effects are small

compared to other flow phenomena. Additionally, the flow’s rotationality, associatedwith

viscous effects, can also be studied, which represents the particles’ rotation.

Re = −ρV D

µf
(3.16)

The Reynolds Number also allows to predict the behavior of a flow. If it is low, a lami-

nar flow occurs, where particles move in smooth layers. However, if it is high enough, a

turbulent flow occurs, where particles chaotically mix due to random three-dimensional

velocity fluctuations.

Lastly, depending on density variation consideration, the flow can be characterized as

compressible or incompressible [41].

3.2.2 Definition of Compressible Flow

In a compressible flow, density cannot be assumed to be constant. Examining Equation

3.17, if the pressure experienced by a finite volume of fluid increases, compression occurs,

resulting in a reduction in volume and an increase in density. The symbol τ represents

the compressibility of the gas, which has different values for isothermal and isentropic

processes.

τ = − 1

vol

dvol

dP
(3.17)

High-speed flows are often initiated and propelled by strong pressure gradients. There-

fore, the impact of pressure on the gas density cannot be ignored. Equation 3.18 relates

the three main properties for any two states in isentropic gaseous flows [42].

P1

P2
=

(
ρ1
ρ2

)γ

=

(
T1

T2

) γ
γ−1

(3.18)
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3.2.3 Speed of Sound and Mach Number

All particles within a fluid move in random directions with a certain velocity, attributing

the fluid a specific internal energy. When a perturbation is applied to the fluid, it will

excite nearby molecules, which will eventually collide with other molecules, transmitting

the disturbance at a specificmean speed. This randomkinetic propagation speed is known

as the speed of sound, and it is dependent on the fluid and its internal energy, as described

by Equation 3.19 for thermally and calorically perfect gases.

a =
√

γRT (3.19)

The Mach Number (MN) is defined as the ratio between the velocity of the flow and the

velocity of sound, as shown in Equation 3.20. It represents the relationship between the

flow’s kinetic energy and the randommolecular kinetic energy. Based on theMN, different

flow regimes can be established, including:

• Incompressible (MN<0.3)–Density variations are small, mostly because these

flows are not associated with strong pressure gradients. Hence, this flow can be

assumed to possess constant density.

• Subsonic (0.3 < MN < 0.8 at freestream) – Property variations are always

continuous, and the flow exhibits straight and parallel streamlines that move, con-

verge, and shape around any obstacle. In every point, the flow has a MN less than 1,

but compressibility effects cannot be ignored.

• Transient (0.8 < MN < 1) – As the flow approaches the speed of sound, it is

not possible to guarantee that all the flow is subsonic since it may accelerate while

contouring an object, creating supersonic ”pockets.” Shocks can appear, indicating

discontinuous changes in properties.

• Supersonic (MN > 1) – The entire flow moves faster than the speed of sound.

Streamlines do not bend around objects, except when encountering a shock or ex-

periencing an expansion wave. After a shock, the flow must remain supersonic.

• Hypersonic (MN > 5) – At such high speeds, a shock wave causes explosive

changes in properties. The temperature can increase so much that molecular dis-

sociation effects must be considered. Nothing particularly special happens at M =

5, as the referred phenomena increase with the MN, being just a convention.

M =
V

a
(3.20)
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TheMN allows the calculation of theMach Angle, as shown in Equation 3.21, which is half

of the Mach Cone’s angle. This structure, illustrated in Figure 3.1, forms around a body

moving faster than the speed of sound. When the object is at positionA, it emits sound that

travels in an expanding circumference. At the time instance t, the former circumference

has a radius of at, but the body moves a distance of V t, emitting, in the meanwhile, more

sound waves that form smaller intermediate circles. All these circles can have BC as their

tangent, forming the Mach Cone that travels with the body. To be noted that the outside

of the cone is called the silence zone, where the presence of the moving object cannot be

heard.

µ = sin−1 1

M
(3.21)

Figure 3.1: Propagation of a disturbance provoked by an object travelling at subsonic (left)
and supersonic (right) speeds [42]

3.2.4 Stagnation Properties

All motion is described in relation to a reference frame. In compressible flow, an isen-

tropic deceleration can be implemented until the flow becomes static in relation to such

reference frame. The new values of the fluid’s properties are called total or stagnation

properties, identified with the suffix “0”. In a rocket’s nozzle, this reference state is the

conditions at the combustion chamber, where the velocity can be ignored.

The static values of the properties are always associated with the stagnation ones and the

velocity at which the fluid is moving, as described by Equations 3.22, 3.23 and 3.24. As

the MN of the flow increases isentropically, these three static properties decrease.
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T0

T
= 1 +

γ − 1

2
M2 (3.22)

P0

P
=

(
1 +

γ − 1

2
M2

) γ
γ−1

(3.23)

ρ0
ρ

=

(
1 +

γ − 1

2
M2

) 1
γ−1

(3.24)

3.2.5 Reference State

The most common reference state for compressible flow is when the flow is accelerated

or decelerated in an isentropic process until a sonic value is reached, which is highlighted

with an asterisk. In a rocket’s nozzle, this reference state is the condition at the throat.

By applying equations 3.22, 3.23, and 3.24 at MN equal to one, Equations 3.25, 3.26, and

3.27 are obtained, which establish the relation between the stagnation conditions and the

reference state.

T ∗

T0
=

2

γ + 1
=

(
a∗

a0

)2

(3.25)

P ∗

P0
=

(
2

γ + 1

) γ
γ−1

(3.26)

ρ∗

ρ0
=

(
2

γ + 1

) 1
γ−1

(3.27)

Equation 3.28 establishes a very important relation for nozzle’s analyses, as it relates

the reference state section area to the area the flow must isentropically expand to, so it

achieves a certainMN. This comes from the assumptions of a quasi one-dimensional flow

further explored in Subsection 3.2.9.
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A

A∗ =
1

M

[
2

γ + 1

(
1 +

γ − 1

2
M2

)] γ+1
2(γ−1)

(3.28)

3.2.6 Normal or Strong Shock

Considering the normal shock depicted in Figure 3.2 and assuming steady flow, the ab-

sence of body forces, and the same area before and after the shock, Equation 3.29 repre-

sents flow continuity, taking into account the effects of compressibility. A normal shock

is a very thin region characterized by a discontinuity in fluid properties. After passing

through a normal shock, the pressure, density, and temperature increase, while the veloc-

ity decreases to subsonic values.

ρ1V1 = ρ2V2 (3.29)

Figure 3.2: Schematics of a normal shock and properties’ variations [42]

A shock represents a discontinuity in fluid properties that occurs in a very thin regionwith

significant temperature and pressure gradients, where viscosity and dissipative effects are

strongly felt. As a result, the process is not isentropic, and the relations in Equation 3.18

are no longer valid. But since no heat is added or removed from the flow, the process is

adiabatic.

Equations 3.30, 3.31, 3.32, and 3.33 establish the properties of the flow across the normal

shock through an adiabatic and irreversible process.

M2
2 =

1 + γ−1
2 M2

1

γM2
1 − γ−1

2

(3.30)
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ρ2
ρ3

=
(γ + 1)M2

1

2 + (γ − 1)M2
1

=
V1

V2
(3.31)

P2

P1
= 1 +

2γ

γ + 1
(M2

1 − 1) (3.32)

T2

T1
=

[
1 +

2γ

γ + 1
(M2

1 − 1)

] [
2 + (γ − 1)M2

1

(γ + 1)M2
1

]
(3.33)

Nonetheless, these equations admit that the flow before the shock can be subsonic (M<1).

Therefore, the second law of thermodynamics must be taken into account through Equa-

tion 3.34. For an unitary MN, an isentropic (s2 − s1 = 0) infinitely weak normal shock

is obtained, and for a subsonic MN, a negative variation of entropy is predicted, which is

physically impossible, as stated in Subsection 3.1.7.

s2 − s1 = cpln

(
T2

T1

)
−Rln

(
P2

P1

)
(3.34)

Since this is an adiabatic process, the stagnation temperature remains the same. Never-

theless, the stagnation pressure drops, and it is related to the entropy gain as shown in

Equation 3.35.

s2 − s1 = −Rln

(
P02

P01

)
(3.35)

3.2.7 Oblique or Weak Shock

More broadly, shocks are considered oblique, as illustrated by Figure 3.3, and are formed

when the flow must be deflected at a certain angle, θ, due to the presence of a concave

surface. The streamlines are always parallel, changing direction discretely at the shock.

Mn1 = M1 sinβ (3.36)
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Mt1 = M1 cosβ (3.37)

In Figure 3.4, the geometry of oblique shocks is depicted. The flow is decomposed into

two components, one normal to the shock, according to Equations 3.36, which is analyzed

as a normal shock, and one parallel component that is not affected by the shock, as per

Equation 3.37. Note that β represents the shock angle that decomposes the velocity of

the incoming flow, and θ represents the deviation experienced by the flow after the shock,

coinciding with the concavity of the surface.

Figure 3.3: Schematics of an oblique shock and properties variations [42]

The MN after the oblique shock is obtained by Equation 3.38. The angles β and θ are re-

lated to each other according to Equation 3.39, which is graphically represented in Figure

3.5.

M2 =
M2n

sin (β − θ)
(3.38)

tan θ =
2

tanβ

[
M2

1 sin
2 β − 1

M2
1 (γ + cos 2β) + 2

]
(3.39)

There is a maximum angle θmax to which the flow can be deflected by a straight oblique

shock. If the surface has θ > θmax, the shock will be bent and flow detachment may be

induced.

Similarly, if the deflection angle is fixed, as the MN decreases, the shock angle increases

until it reaches the point where the previously defined θ equals the maximum possible

deflection angle θmax for that MN. Beyond this point, further decreases in the MN also do

not have a straight shock solution.
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Figure 3.4: Detailed schematics of an oblique shock’s geometry [42]

Figure 3.5: [Oblique shock - Relation between β, θ and MN [42]

For any given deflection angle, there are two possible shock wave angles. The smaller

shock angle corresponds to the weak shock solution, with the flow after the shock remain-

ing supersonic (M2 > 1). The larger shock angle corresponds to the strong shock solution,

with the flow after the shock being subsonic (M2 < 1). The occurrence of each solution de-
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pends on the pressure conditions downstream in relation to the pre-shock flow. A strong

pressure gradient will favor the strong shock solution, while a weaker gradient will favor

the weak shock solution.

3.2.8 Prandtl-Meyer Expansion Fan

Looking at Figure 3.6, when a supersonic flow encounters a convex surface, it must deflect

from itself, corresponding to an expansion, as opposed to an oblique shock. Here, the ve-

locity increases, and the density, pressure, and temperature decrease. Also, these changes

in properties are so smooth, that they can be assumed to be continuous, corresponding to

an isentropic process. This occurs because the expansion is composed of a fan of waves,

each of which contributes to infinitesimally accelerate the flow.

Figure 3.6: Schematics of a Prandtl-Meyer expansion centered fan and properties varia-
tions through it [42]

Basically, the vertex in Figure 3.6 promotes the creation of infinitesimal Mach lines, that

emanate from it and expand the flow. This Mach lines are characteristic lines, with prop-

erties constant between them, as explained in Section 3.4.

Due to the isentropic behavior, the changes in the flow’s temperature and pressure are

given by Equations 3.40 and 3.41, respectively. Density can then be easily calculated using

Equation 3.18.

T2

T1
=

1 + γ−1
2 M2

1

1 + γ−1
2 M2

2

(3.40)
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P2

P1
=

[
1 + γ−1

2 M2
1

1 + γ−1
2 M2

2

] γ
γ−1

(3.41)

ThePrandtl-Meyer angle is defined byEquation 3.42 for a certainMN.As for the reflection

angle, it is simply given as the difference between the Prandtl-Meyer angle before and after

the expansion, as stated in Equation 3.43.

ν(M) =

√
γ + 1

γ − 1
tan−1

√
γ − 1

γ + 1
(M2 − 1)− tan−1

√
M2 − 1 (3.42)

θ = ν(M2)− ν(M1) (3.43)

3.2.9 Quasi-One-Dimensional Flow

Similar to unidimensional flow, quasi-one-dimensional flow will also allow for variations

in area. A control volume for quasi-one-dimensional flow can be suggested, as shown

in Figure 3.7, but with smooth wall angles, to prevent shock formation. Although the

geometry is two-dimensional, the fluid properties are still assumed to be dependent only

on the direction of the flow, meaning that they are constant throughout any given cross-

sectional area.

Figure 3.7: Control volume for quasi-one-dimensional flow [42]

This flow is considered adiabatic and isentropic. The continuity equation also considers
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the transversal area, as suggested in Equation 3.44. This leads to the relation between

area and MN stated in equation 3.45.

ρ1V1A1 = ρ2V2A2 (3.44)

dA

A
= (M2 − 1)

du

u
(3.45)

For subsonic velocities, area and velocity vary in different directions. In a rocket nozzle,

this results in a decreasing area in the convergent to accelerate the flow. For supersonic

velocities, area and velocity follow the same trajectory. Therefore, if the area increases, as

in a rocket nozzle’s divergent, the velocity also increases. As for sonic velocities, Equation

3.46 suggests that a minimum area is reached, which in a rocket nozzle represents the

throat.

dA

A
= 0 (3.46)

The area-MN relation, given by Equation 3.28, shows that the MN at any location in the

duct is a function of the ratio between the local duct area and the sonic throat area. There

are two solutions, a subsonic and a supersonic one. As this is an isentropic process, the

relations for this type of process can be easily applied to solve the flow properties at any

point in the duct.

3.2.10 Final Considerations about Compressible Flow

Real supersonic flows are complex, and many of the explanations previously stated in-

volve inherent simplifications, such as considering an ideal gas, adiabatic and isentropic

processes, among others. However, the scope of this dissertation is limited to supersonic

flows withM<5, and a higher level of detail is not necessary, with the present explanations

being sufficient to achieved the proposed goal.
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3.3 Nozzle Phenomena

3.3.1 Operation Critical Points

Now that shocks waves and expansion fans are more deeply understood, the phenomena

referred to in Subsection 2.3.6 can be look at with further detail, startingwith understand-

ing the flow behavior by manipulating the operational pressure ratio (Pchamber/Pamb) and

changing the ambient pressure to which the flow must equal at the exit.

Flow begins subsonic through the entire nozzle when the outside pressure starts to drop

from the chamber’s pressure. As the pressure ratio increases, the flow accelerates until it

reaches a sonic value at the throat, causing the flow to chock. Beyond the throat, the flow

compresses in the divergent section, and it remains subsonic. This point is called the first

critical point and is represented in Figure 3.8 by curve a. Any infinitesimal decrease in the

outside pressure beyond the first critical point will cause the flow in the divergent section

to change from subsonic to supersonic.

Figure 3.8: Nozzle’s modes of operation [43]

Now that there is a supersonic flow in the divergent section, the greater pressure gradient

promotes amore aggressive expansion than the one needed to equal the ambient pressure.

Thus, a shock forms inside the divergent section, starting at the throat and moving to

the exit plane as the pressure drops and a bigger non-isentropic compression is needed.
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After the shock, the flow becomes subsonic and uses the remaining divergent section as

a compressor. This is represented by line b in Figure 3.8. When the outside pressure is

low enough, the shock reaches the exit plane, as suggested by line c in the same figure,

representing the second critical point.

After the second critical point, the flow will not be able to expand much further even if

the ambient pressure keeps dropping. However, it still reaches the exit plane at higher

pressures than the ambient. Therefore, the normal shock at the exit begins to turn oblique,

with its intensity/angle reducing as the outside pressure decreases. This phenomenon is

known as an overexpanding nozzle.

The oblique shock will eventually reach a 0◦ angle, representing no shock at all, and the

nozzle reaches its third critical point. At this point, the flow is isentropic and is used as

the nozzle’s design point.

Further decreases in outside pressure will cause the flow to have a pressure higher than

the ambient pressure at the exit, which is known as underexpansion. In this case, expan-

sion fans will be generated from the nozzle’s lips to allow the flow to be further expanded

beyond the exit plane.

3.3.2 Overexpansion and Underexpansion Phenomena

The overexpansion occurs when the ambient pressure is higher than the one at the third

critical point. A weak shock is needed at the exit so that the flow pressure increases until

it matches the ambient pressure.

But the oblique shock will deviate the flow, so a second shock is needed to realign the

flow. This will increase the pressure, making it higher than the ambient pressure, so now

an expansion fan is needed to expand the flow andmatch the ambient pressure once again.

The expansion fan also deviates the flow, requiring another expansion fan to straighten the

flow, returning it to a state where its pressure is once again below the ambient pressure.

The process repeats itself, as shown in Figure 3.9b), forming a structure known as the

Mach Diamond. The underexpansion process, depicted in Figure 3.9a), is similar, but

starts with a pair of expansion fans at the exit .

3.4 Method of Characteristics

Quasi-one-dimensional flow allows for a simple analysis that predicts supersonic flow be-

havior through a nozzle. However, because it fails to consider the velocity and other flow

properties in two dimensions, it cannot deliver contour analyses. To achieve this, a more

complex two-dimensional analysis is needed, but it does not have an analytical solution.
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Figure 3.9: Flow phenomena outside an a) underexpanded and b)overexpanded nozzle
[44]

The Method of Characteristics (MOC) is considered part of Computational Fluid Dynam-

ics (CFD), which seeks to discretely solve the flow for certain points and instances. It

involves a discrete method of solving the potential velocity equation, which is a partial

differential equation (PDE), such that in certain points, the velocity vectors are known.

To achieve this, the MOC utilizes characteristic lines, which are part of the mathematical

definition of a PDE. These lines have a constant relation between some of the flow’s veloc-

ity angles along them, which allows for the comparison of different points starting from

ones where the flow is known.

In order to apply the MOC, the flow must be assumed to be supersonic, steady, inviscid

(with boundary layer effects neglected), irrotational, and two-dimensional [42].

3.4.1 Finding a Characteristic Line

Let’s begin by considering the velocity potential as a function in the two-dimensional ref-

erence frame, as stated in Equation 3.47. Each index represents a derivative, as indicated

by Equation 3.48. Equation 3.49 represents the velocity vector, with its components given

by Equations 3.50 and 3.51

Φ = f(x, y) (3.47)
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Φa =
∂Φ

∂a
and Φab =

∂2Φ

∂a∂b
(3.48)

−→
V = uı̂+ vȷ̂ (3.49)

u = V cos θ (3.50)

v = V sin θ (3.51)

The potential velocity in Equation 3.52 can be obtained by combining the continuity equa-

tion and Euler’s equation for a two-dimensional, irrotational flow. This is a nonlinear

(PDE) that becomes a hyperbolic equation if equation 3.53 is satisfied, which occurs for

supersonic flow.

[
1− Φ2

x

a2

]
Φxx +

[
1−

Φ2
y

a2

]
Φyy −

2ΦxΦy

a2
Φxy = 0 (3.52)

Φ2
x +Φ2

y

a2
> 1 (3.53)

The direction lines that characterize the hyperbola are called characteristics, and in the

case of the velocity potential in supersonic flows, they coincide with the Mach lines.

In this example, the velocity components are the flow properties being studied, and in the-

ory, they should always be continuous if no shock is formed. Yet, the first derivative must

be indeterminate along a characteristic line, allowing for several different flows (stream-

lines) to be crossed by this line. This statement applies to every flow property due to the

relationships between velocity (or MN), pressure, density, and temperature.

The velocity potential is a function of x and y, and, therefore, its derivatives are given by

Equations 3.54 and 3.55.
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d(Φx) = du = Φxxdx+Φxydy (3.54)

d(Φy) = dv = Φxydx+Φyydy (3.55)

By combining Equations 3.52, 3.54 and 3.55 in a system of linear algebraic equations with

variables Φxx, Φyy and Φxy, and solving for Φxy, using Crammer’s rule and applying the

definitions of Equation 3.48, Equation 3.56 can be obtained.

Φxy =

∣∣∣∣∣∣∣∣
1− u2

a2
0 1− v2

a2

dx du 0

0 dv dy

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1− u2

a2
−2uv
a 1− v2

a2

dx dy 0

0 dx dy

∣∣∣∣∣∣∣∣
=

Numerator

Denominator
(3.56)

As stated before, along a characteristic line, the derivatives of the flow are indetermi-

nate, so mathematically, they can be found where both the numerator and denominator

of Equation 3.56 equal zero. This occurs whenmoving in a direction dy/dx around a given

point in the flow with known properties.

For a given point A, setting the denominator of Equation 3.56 to zero results in Equation

3.57. The slope of the characteristic lines that pass through the same point can then be

obtained using Equation 3.59. Equation 3.58 represents a middle step between the two

previous equations [31].

[
1− u2

a2

](
dy

dx

)2

char

+

[
1− v2

a2

]
+

2uv

a2

(
dy

dx

)2

char

= 0 (3.57)

(
dy

dx

)
char

=

−uv
a2

±
√

u2+v2

a2
− 1

1− u2

a2

(3.58)
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(
dy

dx

)
char

= tan(θ ± µ) (3.59)

Taking Equation 3.59 into account, it is clear that, for supersonic flow, there are two char-

acteristic lines passing through point A. If the flow is sonic, there is only one characteristic

line whose slope equals the Mach angle. If the flow is subsonic, Equation 3.21 yields an

imaginary Mach angle, indicating that the characteristic lines are elliptical [42].

Looking at Figure 3.11, two characteristics pass through a given point A: C+ with a slope

of tan(θ + µ) and C− with a slope of tan(θ − µ).

Figure 3.10: Characteristic lines passing a given point of a supersonic flow [31]

3.4.2 Using Characteristics to Solve the Flow

To solve the flowalong a characteristic line, the governingPDEdescribing the flow reduces

to ordinary differential equations (ODE), also known as compatibility equations. These

equations are obtained by setting the determinant of the numerator in Equation 3.56 to

zero, resulting in Equation 3.60.

dv

du
= −

1− u2

a2

1− v2

a2

(
dy

dx

)
char

(3.60)

If only the denominator equals zero,Φxy will have an infinite value for the direction of the

characteristic line, which is a physical inconsistency. Therefore, the numerator must also

equal zero in such a direction so that a finite but indeterminate value of Φxy may exist.

This is the fundamental principle that makes Equation 3.60 true in the direction of the

characteristic lines [42].
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Equation 3.61 represents the set of ODEs obtained from Equation 3.60 by performing

some algebraic manipulation. After integrating, it is solved with the Prandtl-Meyer Equa-

tion, as shown in Equations 3.62 and 3.63.

dθ = ±
√

M2 − 1
dV

V
(3.61)

θ + ν(M) = cte. = K− along C− (3.62)

θ − ν(M) = cte. = K+ along C+ (3.63)

If the flow is unknown but its characteristic constants have been determined, Equations

3.64 and 3.65 can be used to obtain the flow deviation and Prandtl-Meyer angle, respec-

tively. Then, Equation 3.42 can be applied to find the Mach number (MN). Assuming an

isentropic expansion, Equations 3.40 and 3.41 can be used to calculate the temperature,

pressure, and then density. Finally, the velocity of sound and flow velocity can also be

found [31].

θ =
1

2

[
(K−) + (K+)

]
(3.64)

ν(M) =
1

2

[
(K−)− (K+)

]
(3.65)

In Figure 3.11, if θ and the MN are known for both point 1 and point 2,K− andK+ can be

calculated using Equations 3.62 and 3.63. OnceK− andK+ have been obtained, the flow

in point 3 can be solved using equations 3.64 and 3.65.

3.4.3 Method of Characteristics for Nozzle Design

The implementation of the MOC for the nozzle contour design of an aerospike will be

further explored in Section 4.1.2.

In a more general approach, the theory assumes that the flow properties are known for

the throat, from which characteristic lines emanate to form a grid. The MOC is then used

to solve the nodes of the formed grid until the desired exit MN is found and the flow is as
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Figure 3.11: Unit process for the steady-flow, two-dimensional, irrotational MOC [42]

straight as desired. Essentially, the flow is mapped out throughout these nodes.

3.5 Computational Fluid Dynamics (CFD)

CFD is a powerful tool for studying flows and their interactions with surfaces. By cre-

ating a discrete fluid domain using finite elements and solving the governing equations

iteratively, it is possible to obtain accurate values for the properties of the flow. Whether

using Navier-Stokes or Lattice Boltzmann methods, the process culminates in analyzing

the solved flow to consult the desired results [45].

3.5.1 Governing Equations

The goal of a CFD simulation is to solve a physical problemby respecting certain governing

equations. For the scope of this dissertation, which involves a single-phase compressible

flow without studying the effects of combustion or radiation, there are three governing

equations that must be obeyed.

The first is Equation 3.66 and represents conservation ofmass for a two-dimensional flow

in Cartesian coordinates. It is based on the concept that mass cannot be created nor de-

stroyed [46].

∂ρ

∂t
+∇ · ρ

−→
V =

∂ρ

∂t
+

∂(ρu)

∂x
+

∂(ρv)

∂y
= 0 (3.66)

Next, Equation 3.67 represents the conservation of momentum, where F ′
b stands for body

forces that typically reduce to the force generated by gravitational acceleration. This equa-

tion is a rewriting ofNewton’s second law for flowanalysis and takes into accountReynolds

transport and divergence theorems. The viscous stress tensor can be solved with velocity
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derivatives, as suggested by Navier and Stokes, giving rise to Equation 3.68, where δij is

the Kronecker delta. Joining all these equations together results in Equation 3.69, which

can be extended for a two-dimensional Cartesian geometry, as suggested by Equations

3.70 and 3.71 [47].

∂(ρ
−→
V )

∂t
+
−→
V · ∇(ρ

−→
V ) = −∇P +∇ · ¯̄τ +

−→
F ′
b (3.67)

¯̄τij = 2µf

1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
− 1

3
∇ ·

−→
V δij

 (3.68)

ρ

(
∂
−→
V

∂t
+
−→
V · ∇

−→
V

)
= −∇P + µf∇2−→V +

1

3
µf∇(∇ ·

−→
V ) +

−→
F ′
b (3.69)

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+

∂

∂x

[
2µf

∂u

∂x
− 2

3
µf

(
∂u

∂x
+

∂v

∂y

)]
+

∂

∂y

[
µf

(
∂u

∂y
+

∂v

∂x

)]
+ Fb,x (3.70)

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂P

∂y
+

∂

∂x

[
µf

(
∂v

∂x
+

∂u

∂y

)]
+

∂

∂y

[
2µf

∂v

∂y
− 2

3
µf

(
∂u

∂x
+

∂v

∂y

)]
+ Fb,y (3.71)

Lastly, Equation 3.72 represents the conservation of energy, and is a clear application of

the first law of thermodynamics. It allows for the setting of another unknown property in

the flowmodel, temperature, in addition to the properties of density, pressure and velocity

components.

∂(ρet)

∂t
+∇ ·

[−→
V (ρet + P )

]
= ∇ · [k∇T + (¯̄τ ·

−→
V )] + Ṡg (3.72)

With these governing equations and suitable boundary conditions, it is possible to solve

the flow and determine its properties at every point. However, suitablemodeling assump-

tions are necessary in order to reduce the complexity of the problem [48].
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3.5.2 CFD Process

Commercial CFD tools are used to solve flow problems, and to achieve this goal, a group

of actions must be implemented, known as the CFD process. These actions include [49]:

1. Formulate the Flow Problem –This involves answering questions about the ob-

jective of the analysis, the geometry and spatial dimensions, and the flow’s charac-

teristics, such as laminar or turbulent, inviscid or viscous, compressible or incom-

pressible, among others.

2. Model the Geometry and FlowDomain –Using computer-aided design (CAD)

software, the geometry of the flow domain must be created, including all objects in

the flow’s boundaries and free boundaries over which flow enters or leaves. The

structure and topology of the grid generation must also be taken into account.

3. Establish the Boundary and Initial Conditions– The flow’s domain is a finite

volume that requires physical condition on its boundaries. The iterativemodel starts

with a given initial solution that must be defined.

4. Generate the Grid – The flow’s domain is discretized using finite elements, and

the grid spacing must adapt to the expected behavior of the flow, thickening where

big properties’ gradient are expected. The clustering of the grid must be normal to

a given surface, with the first point within the viscous sublayer with y+ less than 1.

5. Establish the Simulation Strategy – Computational resources, available time,

and desired accuracy must be balanced to choose a turbulence model.

6. Establish the Input Parameters and Files – The grid is uploaded, initial and

boundary conditions are inserted and the chosen strategy is set.

7. Perform the Simulation – With everything set, the computer solves the flow.

Interactive, batch, and distributed processing options are available.

8. Monitor the Simulation for Completion – The simulation is considered com-

plete once the solution converges, meaning its residuals are smaller than those de-

fined in the simulation strategy.

9. Post-Process the Simulation to get the Results - Once the flow is solved,

graphics, streamlines, vector fields, etc…, can be obtained, as well as values like

pressure forces.

10. MakeComparisons of theResults– To validate the obtained results, theymust

be compared with experimental studies or other computational methods.

11. Repeat the Process to Examine Sensitivities – For more in-depth studies,

changing initial or boundary conditions, dimensions, models, etc…, allows for an

increased understanding of the simulated phenomena.

12. Document – Writing documents that explain the entire process in detail and ex-

pose the findings.
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3.5.3 Turbulence Models

The occurrence of laminar or turbulent flow is dependent on the relative influence of vis-

cous and inertial effects, as described by the Reynolds number. As the Reynolds number

increases, the development of a laminar flow into a turbulent flow becomes more likely.

Turbulent flow is characterized by the existence of eddies that create large fluctuations in

velocity and other properties, as depicted in Figure 3.12. Reynolds’ decomposition states

that the value of a velocity component at a certain point is the sum of its average value and

a fluctuation that is a function of time, as seen in Equations 3.73 and 3.74. It is important

to note that turbulent motion is random, and therefore a statistical treatment is essential

[50].

u(t) = ū+ u′(t) (3.73)

v(t) = v̄ + v′(t) (3.74)

Figure 3.12: Velocity fluctuations in a fixed point of a turbulent flow [50]

In summary, turbulent flow is irregular, highly diffusive anddissipative, three-dimensional,

and has a large Reynolds number. The eddies that characterize turbulence transfer their

kinetic energy to smaller eddies in a process called the energy cascade. This continues un-

til the eddies become so small that the viscous stresses are enough to dissipate the kinetic

energy into internal energy. These small scales are also called Kolmogorov scales and are

much smaller than the characteristic length of the flow. They can be approximated with

isotropic properties, although the flow is still considered a continuum medium.

To model turbulence in CFD, Reynolds decomposition must be applied to the governing

equations, such as the Reynolds-Averaged Navier-Stokes (RANS) equations. In RANS
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and other governing equations, the values of properties such as velocity, pressure and

other scalars are replaced by their average, leaving a term called theReynolds tensor, u′iu
′
j ,

with the fluctuations. Turbulence models propose ways to handle the Reynolds tensor by

adding more equations and variables to the physical model, reflecting assumptions [51].

The Reynolds tensor can be related to the mean velocity gradients through Equation 3.75

by adding a new variable, µt, called turbulent viscosity, which is dependent on the flow

characteristics rather than the fluid conditions, unlike dynamic viscosity. Thismodulation

of the Reynolds tensor is known as the Boussinesq Approach, and the turbulence models

presented in this Subsection are introduced in order to compute the turbulent viscosity. It

offers a relatively low computational cost since it assumes the turbulent viscosity to be an

isotropic scalar, being sufficiently accurate for wall boundary layers, mixing layers, jets,

etc.., where the flow’s shear is dominated by only one of the turbulent shear stresses.

−ρu′iu
′
j = µt

(
∂ui
∂xj

+
∂uj
∂xi

)
− 2

3

(
ρk + µt

∂uk
∂x

k

)
δij (3.75)

The Spalart-Allmarasmodel only adds one transport equation, representing the turbulent

viscosity. It was specially developed for aerospace applications, namely, wall-bounded

flows, with accurate results for adverse pressure gradients. Nonetheless, it shows larger

errors for some free shear flows, especially plane and round jet flows.

The k− εmodel is a high-Reynolds number model and adds two equations: one to model

the turbulence kinetic energy, k, and another to model the turbulence dissipation rate, ε.

Very favored in industrial flow and heat transfer simulations, this semi-empirical model

provides a fair accuracy for awide range of flowswith an economic usage of computational

resources. In its standard form, it assumes that the flow is fully turbulent, ignoring the

effects of molecular viscosity.

The RNG k− εmodel is more accurate and reliable for a wider class of flows, and derives

from the standard version by adding a statistical technique called renormalization group

theory (RNG). Some of the improvements are explained by: an extra term in the tur-

bulence dissipation rate equation capable of improving the accuracy for rapidly strained

flows, considering swirl effects, instead of user-specified and constant turbulent Prandtl

numbers the statistics gives an analytical formula for it, and an analytically-derived differ-

ential formula for effective viscosity providing means to simulate low-Reynolds number

flows.

The realizable k− εmodel is a relatively recent approach that satisfies mathematical con-

straints associated with Reynolds stresses. Therefore, this model offers improved corre-

spondence to the physical phenomena observed in turbulent flows. It achieves this by

employing an alternative modulation of turbulent viscosity and dissipation rate. The dis-

sipation rate is obtained from an exact equation for the transport ofmean-square vorticity

59



fluctuations. Similar to the RNG k− εmodel, the realizable k− εmodel demonstrates su-

perior performance, particularly in flows characterized by strong streamline curvature,

vortices and rotation.

Lastly, the k − ω model is an empirical model and adds two equations: one to model the

turbulence kinetic energy, k, and another tomodel the specific turbulence dissipation rate,

ω. It suits low-Reynodls numbers, compressibility and shear flow spreading. Originally it

was freestream sensitive but has been improved over the years so it can predict free shear

flows [52].

3.5.4 Modeling the Flow Near theWall

Due to the consideration of viscosity, the first layer of fluid immediately next to the wall

has null velocity. This drastically changes the mean value of properties, so special atten-

tion needs to be taken in this zone of the flow. Moreover, the gradients of mean velocity

provoked by the viscous damping between the free flow and the wall promote the creation

of turbulent kinetic energy, which increases turbulent effects.

For an accurate turbulent simulation, wall effects must be considered as they are themain

source of mean vorticity and turbulence. To do so, three regions must be considered, as

shown in Figure 3.13:

• Viscous Sublayer (y+ < 5) –Due to viscous damping, low velocity is felt in this

region and the flow can be considered almost laminar. Molecular viscosity plays a

key role in momentum and heat transfer.

• Buffer Layer (5<y+<30) – It is an intermediate region where both viscosity and

turbulent effects must be considered.

• Fully Turbulent Region (y+>30) – Turbulent effects are intense and far supe-

rior to viscosity.

y+ =
√
τwρ

y

µf
(3.76)

There are two ways to solve the flow in this region. The first approach, named the wall

function approach, consists of creating ”wall functions” that represent the contribution of

the viscous region (sublayer and buffer), so the turbulent models don’t need adjustments

near the wall. As an alternative, the near-wall approach solves the viscous zones with a

mesh that adapts to the higher gradients in the region with a more refined grid. Both

approaches can be seen in Figure 3.14 [52].
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Figure 3.13: Subdivisions of the near-wall region, with y+ being the dimensionless dis-
tance from the wall defined by Equation 3.76 [52]

Figure 3.14: Mesh of the wall function left) and near-wall (right) approaches [52]

Typically, the mesh should have 10-20 cells near the wall in order to cover the boundary

layer. It can be confirmed if the boundary layer is being sufficiently covered in the solution

as the turbulent viscosity is maximum half way through it. The first cell should be placed

around y+ = 1 [52].

3.5.5 Other CFD concepts

During the CFD process, especially when establishing the simulation strategy in Ansys

Fluent, there are several important concepts to consider [52]:

• Convective Fluxes - In the realm of CFD, convective fluxes refer to the solution

of the governing equations of conservation. Various schemes, such as Roe-FDS and
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AUSM, are available, with the latter being more suitable for accurately resolving

contact and shock discontinuities.

• Pseudo Transient Under-Relaxation - Under-relaxation scalars control the

magnitude of the influence of previous iterations on the next solution. The pseudo

transient method is a form of implicit under-relaxation, controlled by a pseudo time

step. It establishes time scales for solving the flow properties.

• Spatial Discretization - Upwind schemes are used to determine the face values

of a particular cell by interpolating the convective values at its center. The first-order

upwind scheme assumes that the cell-center field variable is the average within the

cell, giving each face the same value as the center of the upstream cell. The second-

order upwind scheme is more accurate, as it sets gradients across each cell through

a Taylor series expansion of the cell-centered solution.
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Chapter 4

Methodology

In this Chapter, all the justifications leading to the results obtained for the contour design

and respective numerical analyses are presented, explained, and discussed.

4.1 Contour Design

The contour is generated through the implementation of a simplified version of the MOC

using the high-level programming language Python. The simplified model will be ex-

plained, and its choice justified, as well as the reasons behind choosing Python as the

programming language.

4.1.1 The Simplified Method

H. Greer [36] developed a method for rapidly designing an aerospike nozzle contour us-

ing the centered expansion fan and geometry relations that relate streamlines with solid

surfaces. Basically, this method involves drawing a specific streamline that will serve as

the contour of the spike.

The first assumption to implement this simplified method (and often also assumed in

traditional MOC) is that at the throat, the flow is sonic in a straight line and not a curved

line.

As seen in Figure 4.1, it must also be assumed that the flow expands solely due to the

centered expansion fan on lip A. Mach lines, which are characteristic lines, will expand

and straighten the flow so that the desired exit MN is achieved with full parallelism to the

plug centerline.

The last assumption, more related to the design, is that if the flow is desired to be parallel

to the centerline at the exit, the flow at the throat must be incident with an angle equal to

the Prandtl-Meyer angle of the chosen exit MN.

G. Angelino [37] took Greer’s work and developed an even simpler method where the

contour points are calculated discreetly, with an improved accuracy expected. To do so,

for an interval of MN from 1 to the desired exit MN, the length of the respective Mach line

from lip A until it meets the streamline that passes through lip B is calculated, as well as

the inclination angle in relation to the horizontal.
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Figure 4.1: Sketch of the centered expansion fan of an aerospike [37]

Angelino’smethod has two steps for eachMN to determine the position of the correspond-

ing contouring point: calculating the distance from lip A to the contour streamline and the

respective inclination. The length of such a line for a given MN can be obtained in a di-

mensionless value by the throat length, according to Equation 4.1, which relates the area

of the throat with the area crossed by the velocity timeline that has that given MN. It can

be further simplified into Equation 4.2, with ε(M) being tgiven by Equation 3.28 and λ

such dimensionless length. Lastly, the inclination is given in Equation 4.3, which is easily

obtained with geometric relations.

lline
lt

=
A

sinµ
1

At
(4.1)

λ(M) = M × ε(M) (4.2)

α(M) = ν(Me)− ν(M) + µ(M) (4.3)

4.1.2 Simplified Method Justification

The simplifiedmethod proposed by Angelino provides a nozzle contour that is pretty sim-

ilar to the one obtained from the full MOC, as demonstrated in Figure 4.2. The produced

contour only deviates slightly by the end of the nozzle, which can be truncated. Addition-

ally, it is observed that the ratio between the pressure experienced by the flow and the

stagnation pressure is quite coincident, with the bigger deviations happening at the end
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of the spike, which in many designs can be truncated.

Figure 4.2: Comparison of approximate and exact solutions in linear aerospike nozzle
design [37]

Nonetheless, Angelino simplifiedmethod calculates discreet points that need to be united.

More complex methods, such as considering the points immediately after the throat are

part of a circumference, don’t produce much different contours then just interpolating all

the points. In Reference [53] not only this is proven as also it is concluded Angelino’s sim-

plifiedmethod agrees with the results frommore complex commercial numerical analyses

tools and hot fire test experiments.

More examples of the usage of this simplified method are found in References [54], [55]

and [56].

Therefore, for the scope of the present dissertation, this simplified method seems appro-

priate. Moreover, considering a large number of characteristic lines will lead to a more

accurate contour, even without considering complex methods of interpolating the result-

ing points.

4.1.3 Python Considerations

Python is one of the most widely used programming languages in aerospace engineering,

including by NASA, especially in non-safety critical systems [57]. It is characterized as

a high-level programming language that emphasizes readability and encourages the cre-

ation of open-source libraries. Additionally, Python is free to use and does not require a

compilation step, which accelerates the edit-test-debug cycle and prevents segmentation

faults from incorrect user usage through the use of exceptions.

These qualities make Python a popular choice for Rapid Application Development and
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gluing existing code components. One of Python’s biggest advantages is its similarity to

the English language, which makes it easy to code and allows for increased attention to

the result. As a high-level language, it also allows users to focus on programming without

having to consider hard computer science concepts like architecture and memory man-

agement.

However, Python’s interpreter nature means that it executes code line by line, which can

slow down program execution and make it more time-consuming. Additionally, Python

may not be suitable for memory-intensive tasks [58].

Nonetheless, Python is a good choice for implementing the simplified Angelino’s method,

as it strikes a balance between ease of implementation and loss of memory control and

increased running time. Furthermore, Python’s open-source libraries such as NumPy,

pandas, and Matplotlib provide significant assistance in the proposed work.

4.1.4 Simplified Method Algorithm

The code used to compute the full aerospike nozzle contour can be found in Appendix A,

with detailed comments provided for each step. The program begins by prompting the

user to input the desired exit MN, the number of Mach lines to be considered, and the

constant adiabatic index of the flow.

The program then sets the MN for each mach line and calculates its dimensionless length

and angle using the equations previously mentioned. Subsequently, it draws the full con-

tour and exports the computed contour points to an Excel file, along with the correspond-

ing pressure ratio between the chamber (stagnation) and the ambient.

The output file provides the contour’s coordinates for a throat gap of 1 mm, so they must

be multiplied by the desired throat gap.

4.2 Numerical Studies

The contour designed with the Python code is imported and integrated into a control vol-

ume. The control volume is then meshed, and the flow is simulated, considering both

inviscid and turbulent models.

The specific impulse, defined in Equation 2.2 is chosen as the performance parameter.

4.2.1 Control Volume Geometry

The goal of the control volume’s geometry was to enable the capture of the full expansion

of the exhaust flowwhile also allowing for the placement of a wall boundary at the farfield.
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This positioning ensures that the expansive plume effects can be neglected at the farfield

wall. To achieve this, the geometric dimensions are associated with the throat distance

from the spike’s central line (H) and its length (L).

The geometry was created using Ansys’s SpaiceClaim and it can be seen in Figure 4.3.

Figure 4.3: Control volume geometry and nomenclature of its surfaces

Nodeep analysiswas conducted during the design of the convergent section, as its primary

purpose is to accelerate the flow from an almost stagnation condition (MN of 0.21, in the

defined geometry depicted in Figure 4.4). The convergent section is designed to achieve

a choked, sonic flow at the throat, while maintaining the proper incidence. It bears re-

semblance to the one presented in Reference [59], but has been adapted for a linear plug

configuration, being inserted relative to the contour in a similar manner as described in

Reference [35].

4.2.2 Mesh

Once the geometry is established, it becomes crucial to achieve a high-quality mesh in

order to ensure accurate simulations. A high-quality mesh is essential as it captures the

gradients of the most relevant properties effectively, facilitating fast convergence.

In the specific case of the present dissertation, a more refined mesh is required near the

aerospike contour to accurately model flow expansion. Additionally, to capture turbu-

lence effects and maintain an appropriate y+ value, a bias factor is applied to ensure that

the mesh is more refined in the vicinity of the contour, allowing the proper running of the

wall functions.

The mesh of the critical region can be observed in Figure 4.5. To ensure that the face

meshing of the light blue region functions correctly, the walls of the convergent section,
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Figure 4.4: Convergent geometry close-up

aerospike contour, and the frontier region (which corresponds to the throat) are assigned

a soft behavior. This approach results in an excessively refined grid in the convergent

section, representing a necessary trade-off to ensure propermeshing of the light blue zone.

Figure 4.5: Mesh close-up

The remaining edges of the mesh are sized using a suitable bias and assigned a hard be-
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havior to maintain coherence with the light blue region. This approach ensures that the

mesh is more sparse in the right upper corner where minimal flow activity is anticipated.

By adapting themesh density according to the expected flow behavior, an optimizedmesh

is achieved.

To ensure a smooth manual mesh connection between different surfaces, the common

edge between them is assigned the same sizing parameters. This approach enables a seam-

less transitionnode bynodeduring themanualmeshing process. The resulting finalmesh,

utilized for the numerical analysis, is displayed in Figure 4.6.

Figure 4.6: Mesh

To conduct the mesh independence study, the number of divisions for each edge is in-

creased by factors of 1.25 and 1.5. The resulting number of nodes for each mesh configu-

ration are summarized in Table 4.1.

Table 4.1: Mesh number of nodes for independence study

Mesh x1 Mesh x1.25 Mesh x1.5
Number of Nodes 75759 118344 169084

4.2.3 Fluent

Table 4.2 presents a summary of the approaches and options implemented to acquire the

results showcased in Chapter 5. All the options not referred are left at default values.

A user-defined field variable is set so the thrust generated by Equation 2.5 can later be

integrated and easily obtained.
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Table 4.2: Methods and controls implemented in Fluent

Inviscid Turbulent

Solver
Type Density-Based
Time Steady
Space Planar

Models
Energy On
Viscous Inviscid Realizable k-ε
Near-Wall
Treatment

-
Enhanced Wall
Treatment

Materials (air)
Density ideal-gas
Viscosity Sutherland (Two Coefficient Method)

Boundary
Conditions

Convergent wall
Symmetry
Axis

symmetry

Falfield wall
Outlet pressure-outlet
Inlet pressure-inlet
Aerospike
Contour

wall

Operating
Conditions

0 Pa (Operating Pressure)

Reference Values Computed from inlet

Methods

Flux Type AUSM
Spatial
Discretization

First Order Upwind Second Order Upwind

Options Pseudo Transient
Time Scale
Factor

between 0.0005 and 0.003

Convergence Criteria
Residuals below 5× 10−5

(5× 10−4 for continuity)
Initialization Hybrid
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4.3 Parameters of the Study

To facilitate the contour and simulation validation, the design parameters are those of

Reference [60].

4.3.1 Python Inputs

The Python code asks the user for three inputs, with the choosen values summarized in

Table 4.3.

Table 4.3: Parameters for Python code

Input Value
Mach Number 4.16
Addiabatic Index 1.4
Number of Lines 100

4.3.2 Fluent Parameters

The operating conditions inserted in Fluent are summarized in Table 4.4. To be noted that

the values already have into account the PR calculated by the Python code, particularly in

predicting the operating condition accordingly with the outlet pressure.

Table 4.4: Parameters for FluentBoundaries

Input Value

Inlet
Gauge Total Pressure 2068427 Pa
Supersonic/Initial Gauge Pressure 2002837 Pa
Total Temperature 3200 K

Outlet
Gauge Pressure

Overexpanded - 101325 Pa
Design - 11032 Pa

Underexpanded - 7171 Pa and 100 Pa

Backflow Total Temperature
Overexpanded - 288 K

Design - 217 K
Underexpanded - 217 K and 270 K
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Chapter 5

Results and Discussion

This chapter presents the aerospike’s designed contour and discusses the results obtained

from its operational simulation at various altitudes, considering different viscous simula-

tion options, as so the simulation validation by comparison to published literature.

5.1 Python outputs and Contour Validation

By inserting the inputs mentioned in Subsection 4.3.1, the designed contour depicted in

Figure 5.1 is obtained. The corresponding data and dimensions of the aerospike are pro-

vided in Table 5.1. It is important to note that the dimensions of the aerospike already

takes into consideration a throat gap length of 4.005 mm.

Figure 5.1: Aerospike contour designed with Angelino’s method

Table 5.1: Outputs from thePython code

Output (for a 4.005 mm throat gap)
Throat Angle (θt) 67.838 ◦

Pressure Ratio (PR) 187.52
Heigh (H) 49.46 mm
Length (L) 203.45 mm

The geometric dimensions of the aerospike coincide with those of Reference [60] (H = 2

in and L = 8 in), and the contour of the wall, as shown in Figure 5.2, also exhibits close

resemblance. This similarities confirm the accuracy of the Python code used to generate

the contour, as it produces the same results as the consulted bibliography.
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Figure 5.2: Aerospike’s contour from Reference [60]

5.2 Numerical Results

This section presents the the post-processing of the CFD results obtained from the imple-

mentation of the study proposed in Section 4.2, using the parameters described in Sub-

section 4.3.2.

Subsections 5.2.1, 5.2.2, 5.2.3 and 5.2.4 will present Figures displaying the contour of the

most relevant flow properties for both the inviscid and turbulent viscous models. These

Figures will specifically focus on the aerospike operating at the design PR. Additionally,

Figures of the MN, and other properties contours, for the operation at other PR values,

and for the two different meshes used in the inviscid case at the design PR, will also be

showcased. The purpose is to provide a comprehensive visualization of the flow proper-

ties, emphasizing the behavior of the aerospike under different operating conditions and

perform a mesh independence study. The inviscid properties’ contours will be compared

to those of Reference [60] so the Fluent’s implementation can be validated.

In Subsection 5.2.5, the essential flow properties required to evaluate the performance of

the nozzle (if a 1 meter width is assumed) are summarized. These properties include the

thrust produced, which is the sum of Equations 2.1 and 2.5, as well as the specific impulse

calculated according to Equation 2.2. After summarizing the flow properties at the exit,

in Subsection 5.2.6 an overall assessment of the nozzle’s performance can be obtained by

comparing the two simulation options for viscosity and considering how altitude affects

performance.
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5.2.1 Inviscid Simulation at Design Altitude

Figure 5.3: Total pressure (Pa) contour for inviscid model operating at a 188 PR

Figure 5.4: Total temperature (K) contour for inviscid model operating at a 188 PR

Figure 5.5: Entropy (J/kg.K) contour for inviscid model operating at a 188 PR
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Figure 5.6: Sound speed (m/s) contour for inviscid model operating at a 188 PR

Figure 5.7: Mach number contour for inviscid model operating at a 188 PR

Figure 5.8: Velocity (m/s) contour for inviscid model operating at a 188 PR
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Figure 5.9: Static pressure (Pa) contour for inviscid model operating at a 188 PR

Figure 5.10: Static temperature (K) contour for inviscid model operating at a 188 PR

Figure 5.11: Density (kg/m3) contour for inviscid model operating at a 188 PR
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Figure 5.12: Stream function (kg/s) contour for inviscid model operating at a 188 PR

Figure 5.4 provides insight into an established flow with minimal isentropic losses. It

demonstrates that the total temperature of the chamber ismaintained consistently through-

out the exhaust plume, indicating a barrier between the exhaust plume and the atmo-

sphere. This barrier is observed to begin at the upper lip of the throat as it represents heat

transfer between the exit flow and its surroundings.

The interaction between the plume and the atmosphere is further evident in Figure 5.5.

The region at the frontier of the plume experiences significant entropy production, par-

ticularly after the sharp geometry of the upper lip of the throat. These isentropic losses

are observed through a reduction in the total pressure, as depicted in Figure 5.3. The

increase in entropy and the corresponding reduction in total pressure indicate that the

flow is becoming more disordered and less energetic as it interacts with the surrounding

atmosphere.

As expected, according to Equation 3.19, the speed of sound and static temperature con-

tours shown in Figures 5.6 and 5.10, respectively, are very similar. This similarity high-

lights a shock wave that originates from the top lip of the throat and extends to a little

after the end of the aerospike.

The flow structure mentioned above can also be observed in Figure 5.7. It is evident that

the flow still expands beyond the last theoretical Mach line and travels a short distance

before encountering a small oblique shock. This shock creates variations in the flow’s

density, as depicted in Figure 5.11. Nonetheless, it should be noted that this shock is weak

and nearly imperceptible in the velocity and static pressure contours shown in Figures 5.8

and 5.9, respectively.

Looking into more detail at the exit values present in Table 5.2, it is observed that the exit

MN is lower than the expected value of 4.16. This deviation can be explained by the pres-

ence of a locally higher temperature compared to an ideal quasi one-dimensional analysis.

This higher temperature leads to a less discrepant exit velocity.

Figure 5.12 illustrates the stream function values, emphasizing the expected behavior of
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the streamlines, without any mass changes between them.

Figure 5.13: Mach number contour at x1.25mesh for inviscidmodel operating at a 188 PR

Figure 5.14: Mach number contour at x1.50 mesh for inviscid model operating at a 188
PR

Comparing the MN contours in Figures 5.7, 5.13, and 5.14, it can be inferred that regard-

less of the mesh density, the flow exhibits the same features. There is expansion until a

little further from the theoretical last Mach line, followed by a weak shock. Considering

the property values at the exit Mach line and the performance stated in Table 5.2, it can be

concluded that the standardmesh used is valid, as increasing its density does not produce

significantly different results.

The properties contours shown in Figures 5.3 to 5.12 exhibit a close resemblance to those

presented in Reference [60], depicted in Figure 5.15. These contours indicate similar flow

behavior between the two studies. In particular, Figures 5.15e), 5.15f), and 5.15h) also

display the presence of an oblique shock after the exit. The exit MN is even smaller than

the expected value of 4.16, while the exit static temperature is higher. Furthermore, the

exit velocity in the Reference’s case is higher compared to the present study but it has

a lower mass flux. These differences in flow parameters contribute to a slightly lower

specific impulse in the case of Reference [60].
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Figure 5.15: Properties’ Contours from Reference [60]
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5.2.2 Other Inviscid Simulations for Several Operating Altitudes

Figure 5.16: Mach number contour for inviscid model operating at a 20 PR

Figure 5.17: Static pressure (Pa) contour for inviscid model operating at a 20 PR

When the aerospike is operating at a PR corresponding to an ambient pressure at sea level,

it behaves as expected, since the flow depicted in Figure 5.16 shows the exhaust plume is

compressed against the spike’s wall, typical in an overexpanding scenario.

Figure 5.17 illustrates the expansion and compression fans that enable the flow to remain

attached to the nozzle and maintain its axiality. It must be noted that in the zones be-

tween compression and expansion fans, the flow should reach ambient pressure, being in

reality higher. These regions are crucial for the flow to achieve a balanced state with the

environment, and their absence means that the real behavior of the flow is not observed.
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Figure 5.18: Mach number contour for inviscid model operating at a 288 PR

Figure 5.19: Mach number contour for inviscid model operating at a 20480 PR

At higher PR (compared to design conditions), the MN contours depicted in Figures 5.18

and 5.19 reveal evidence of underexpansion in the exhaust plume. The flow expands past

the exit Mach line, resulting in zones with higher MN. Additionally, a pair of shock amd

expanding fans becomes apparent in the flow.

As the ambient pressure decreases, it can be observed that the flow expands to even higher

Mach numbers, and the location of the first shockmoves further away from the aerospike.

Anyhow, the exhaust plume doesn’t get much wider, showcasing the first evidence of the

aerospike’s capability for altitude adaptation.
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5.2.3 Turbulent Simulation at Design Altitude

Figure 5.20: Velocity vectors near aerospike’s wall for turbulent model operating at a 188
PR

Once the inviscid model is abandoned, the presence of the wall requires the consideration

of the no-slip condition, which contributes to the turbulent effects. Modulating these ef-

fects correctly is an essential aspect of the turbulent simulation. Figure 5.20 shows that,

near the wall, an abrupt reduction in velocity magnitude appears, indicating a stagnation

zone due to the no-slip condition.

Figure 5.21: y+ maximum values at aerospkie’s wall for turbulent model operating at a
188 PR

The enhanced wall treatment, applied as the wall function to simulate the boundary layer,

can only be utilized effectively if themesh satisfies the condition of y+ < 5. In Figure 5.21,

it can be observed that the highest registered value of y+ is 1.38, confirming that this was

the best approach to simulate the boundary layer effects.
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Figure 5.22: Total pressure (Pa) contour for turbulent model operating at a 188 PR

Figure 5.23: Total temperature (K) contour for turbulent model operating at a 188 PR (1)

The first evidence of the effects produced by the consideration of a turbulentmodel can be

observed in Figure 5.23, specifically in the stagnation temperature contour. In compar-

ison to the inviscid case, the boundary between the hot exhaust plume and the ambient

is more gradual, indicating the high mixing capability of the turbulent flow. This mixing

causes the temperature gradient to become less sharp as the two different fluids interact.

Figure 5.24 presents the same property on a different scale, revealing a second influence

of the turbulent flow, which is the generation of heat due to friction within the boundary

layer. The stagnation temperature value rises to more than 7000K, but this must be read

with caution, as the simulation options may fail in such an extreme environment, where

molecular dissociation effects should be taken into account. Additionally, it is important

to note that the enhanced wall treatmentmay have limitations, particularly inmodulating

the energy equation. However, these limitations do not significantly impact the results,

and the behavior exhibited by the aerospike in the simulation alignswithwhat is expected.
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Figure 5.24: Total temperature (K) contour for turbulent model operating at a 188 PR (2)

Figure 5.25: Entropy (J/kg.K) contour for turbulent model operating at a 188 PR

The effects of boundary layer generated friction are also evident in other properties con-

tours. Friction causes irreversible work, being particularly visible in the entropy contour

shown in Figure 5.25, where at the end of the aerospike’s wall, there is a significant genera-

tion of this property. This increase in entropy is reflected in a drop in stagnation pressure,

as seen in Figure 5.22.

Once again, the static temperature and sound speed contours, as shown in Figures 5.30

and5.26 respectively, are in agreement. The static temperature near the endof the aerospike

reaches high values, which is expected as this region is a zone of stagnation.

Comparing the MN and velocity magnitude contours in Figures 5.27 and 5.28, the effects

of the increasing static temperature become evident. In all of the expanding plume, the

velocity is mostly constant, except for the thin boundary layer. However, the MN exhibits

more pronounced variations due to the local sound speed being affected by the increasing
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static temperature caused by stagnation.

Figure 5.26: Sound speed (m/s) contour for turbulent model operating at a 188 PR

Figure 5.27: Mach number contour for turbulent model operating at a 188 PR

Figure 5.28: Velocity (m/s) contour for turbulent model operating at a 188 PR
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Figure 5.29: Static pressure (Pa) contour for turbulent model operating at a 188 PR

Figure 5.30: Static temperature (K) contour for turbulent model operating at a 188 PR

Figure 5.31: Density (kg/m3) contour for turbulent model operating at a 188 PR

Both the static pressure and density contours, depicted in Figures 5.9 and 5.31 respec-
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tively, emphasize the expansion of the flow. The density contour aspect is particularly

influenced by pressure, which tends to have higher values compared to temperature. It

must be noted that turbulence promotes themixing of the low density expanded flowwith

the ambient.

The stream function of Figure 5.32 shows that when turbulence is introduced, its effects

reflect on the flow’s properties but the streamlines still don’t mix between each other.

Figure 5.32: Stream function (kg/s) contour for turbulent model operating at a 188 PR

Indeed, despite all the turbulent effects and complexities introduced by considering a tur-

bulent model for viscosity, the simulation results show that the flow passes the exit plane

with total axiality. This is clearly evident from the vectors shown in Figure 5.33.

Figure 5.33: Velocity vectors near the end of the spike for inviscid model operating at a
188 PR
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5.2.4 Other Turbulent Simulations for Several Operating Altitudes

Figure 5.34: Mach number contour for turbulent model operating at a 20 PR

Figure 5.35: Static pressure (Pa) contour for turbulent model operating at a 20 PR

In anoverexpanding scenario, the presence of aMachdiamondbecomes evident, as shown

in Figure 5.34. Flow detachment, which may occur in a full aerospike operating under

these conditions, is not observable. Figure 5.35 further illustrates this phenomenon. In

contrast to the inviscid case, zones of atmospheric pressure are clearly visible between

expansions and compressions.
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Figure 5.36: Mach number contour for turbulent model operating at a 288 PR

Figure 5.37: Mach number contour for turbulent model operating at a 20480 PR

Figure 5.38: Static pressure (Pa) contour for turbulent model operating at a 20480 PR

In underexpanding scenarios, the exit plume widens as the pressure decreases, which is

perceivable when comparing Figures 5.36 and 5.37. In the exhaust plume, there are zones
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of expansion, which are presumably followed by compressions, as seen in the static pres-

sure contour for higher PR operating conditions, shown in Figure 5.38.

Nonetheless, the flow leaves the aerospike relatively axial, as depicted in Figure 5.39. The

velocity vector at the exit makes an angle of 7 ◦ with the horizontal, which only slightly

decreases thrust by approximately 1%.

Figure 5.39: Velocity vectors for inviscid model operating at a 20480 PR (similar for tur-
bulent model)

5.2.5 Results Summary

Firstly, examining Figure 5.41, it is evident that the specific impulse for all cases is similar,

with the largest discrepancy observed for the Reference [60], but still less than 5%. This

discrepancy can be explained by some differences in the implementation. The fact that in

the present study, the inviscid case for the design conditions yields a specific impulse very

close to the quasi-1D ideal scenario increases confidence in the results.

In fact, for the design operating condition, both the ideal, inviscid, and turbulent cases

showa very similar specific impulse, showcasing that the nozzle iswell-designed, inducing

close to none isentropic losses.

Figure 5.40 presents the specific impulse plotted as a function of altitude for both studied

cases, along with a Quasi-1D case. In the Quasi-1D case, it is assumed that the flow ex-

pands until it reaches atmospheric pressure, and then exits the nozzle at the correspond-

ing velocity.

In the overexpanding scenario, the inviscid case behaves almost like the ideal nozzle, but

the turbulent case does not. In fact, it is in the overexpanding scenario that the turbulent

case shows the poorest performance, with losses of 12.6%. This aligns with theoretical

knowledge, as the aerospike should have an almost ideal behavior in overexpansion, but

without truncation, significant losses can occur due to flow detachment and other dissi-

pative phenomena.
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In the underexpansion scenario, the turbulent case closely approaches the performance

of the ideal aerospike, with specific impulse losses of less than 2%.

Table 5.2: Parameters’ summary of numerical simulations

CASE Mexit
Vexit

(m/s)

Pexit

(Pa)
Texit

(K)
ρexit

(kg/m3)

Area-
Ratio

ṁ

kg/s

Thrust
(kN)

Is(s) CF

Quasi-1D
Analytical
(PR=188)

4.16 2229 11030 717 0.054 12.4 11.8 26.9 232.4 3.25

Inviscid
Reference [60]
(PR=188)

3.46 2235 9256 958 0.038 12.7 9.72 20.9 219 2.55

Inviscid
(PR=20)

2.49 1885 99500 1479 0.234 2.90 10.7 20.8 197.3 2.51

Inviscid
(PR=188)

3.85 2198 10330 796 0.046 12.5 10.8 24.5 230.4 2.95

Inviscid
(PR=288)

3.84 2195 10314 792 0.046 16.3 10.8 24.8 233.4 2.99

Inviscid
(PR=20480)

3.91 2199 10330 790 0.045 22.9 10.8 26.2 247.1 3.17

Inviscid
mesh x1.25
(PR=188)

3.85 2200 10350 797 0.047 12.3 10.9 24.6 230.7 2.97

Inviscid
mesh x1.50
(PR=188)

3.88 2193 10390 792 0.046 12.5 10.9 24.6 230.1 2.96

Turbulent
(PR=20)

1.96 1591 117000 1657 0.246 4.6 11.2 19.0 172.6 2.29

Turbulent
(PR=188)

4.1 2234.5 11410 790 0.050 14.0 11.2 25.4 231.0 3.06

Turbulent
(PR=288)

4.12 2215 11980 724 0.058 16.3 11.2 26.1 237.8 3.15

Turbulent
(PR=20480)

4.15 2211 12600 712 0.062 22.4 11.2 27.6 251.2 3.33
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Figure 5.40: Specific impulse comparison for several altitudes

Figure 5.41: Specific impulse comparison for the design altitude

5.2.6 Discussion and Conclusions

When comparing the two viscosity models, it can be observed that the turbulent model

closely resembles the expected behavior of an aerospike. At a greater extent, the inviscid

model exhibits a Mach line representing the desired MN (Mexit = 4.16) that connects

the lip with the centerline, although not at the tip of the spike but further from it. In

contrast, the turbulent model has an exit Mach number that is closer to the design value,

with little expansion after it, meaning if the turbulent model is assumed to be closer to
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the actual aerospike behavior, the designed wall contour (both Angelino’s method and

implementation) can be validated.

Furthermore, the inviscidmodel fails to capture important multidisciplinary details, such

as the extreme temperatures experienced at wall of the aerospike.

Nonetheless, it is important to note that despite the differences in flow behavior and de-

tailed features, the inviscid model still yields reasonably close results for the prediction of

generated specific impulse, as depicted in Figure.

Even at lower PR, the inviscid model contour of pressure exhibits the presence of expan-

sion and compression fans throughout the contour. Anyhow, it should be noted that the

inviscid model does not capture the same level of detail and accuracy as the turbulent

model, where the flow between the expansion and compression fans reaches the ambient

pressure.

Another important point to mention is that the inviscid model solves the flow using a

first-order upwind discretization, whereas the turbulent model employs a second-order

upwind discretization. This difference in discretization schemes can also contribute to

the divergent behavior observed between the two models in capturing flow features.

So, it can be concluded that the turbulent viscositymodel yieldsmore accurate results that

closely resemble experimental investigations. It captures the detailed flow features and

provides a more comprehensive analysis of the aerospike’s overall performance. How-

ever, if a less detailed and faster analysis is required, the inviscid model can still provide

reasonably similar performance results, even though it does not account for turbulent ef-

fects, that are important for a multidisciplinary design.

Traditional nozzles lose thrust, especially in underexpanded operation, due to the flow not

being axial at the exit plane. When examining the exit flow for a PR=20480, its observed

that the angle of the velocity vectors is small, resulting in a thrust reduction of less than

1%. In underexpanded conditions, the specific impulse increases because the flow exits

the nozzle at approximately the design velocity and pressure. As a result, the pressure

difference between the exhaust gases and the environment contributes positively to gen-

erate extra thrust. Essentially, at higher altitudes, the exhaust gases leave the aerospike

in a much wider plume, while still maintaining a reasonable axiallity.

At overexpanded conditions, the flow exits the nozzle at a lower MN but with a higher

temperature. This higher temperature increases the local sound speed, preventing the

exit velocity from being significantly smaller than that at design conditions. Despite the

lower MN, the exit velocity remains relatively close to the design condition velocity due to

the higher temperature’s compensatory effect.

Nevertheless, is in overexpanded condition where the aerospike struggles to achieve an

ideal behavior and were it experiences most losses. However, the losses in performance

do not make the aerospike less efficient than a traditional nozzle. The aerospike design
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still showcases its advantages and provides competitive overall performance.

In conclusion, the phenomena mentioned peak the aerospike’s capabilities for altitude

adaptation, making it a suitable choice for SSTO vehicles.
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Chapter 6

Conclusion

In the end of the present disseration, it is safe to infer that all the proposed goals were

achieved.

A comprehensive theoretical foundation containing subjects such as compressible aero-

dynamics, thermodynamics and CFD has been established. Additionally, an extensive

review of the state of the art in rocket propulsion has been conducted, covering the his-

tory, characterization, limitations, and advancements in the field. This literature review

serves as a valuable resource for referencing and consulting.

A Python code capable of designing the contour of an aerospike using Angelino’s method

was successfully developed and validated. The contour generated by the code was thor-

oughly compared with another work and numerical simulation, demonstrating its accu-

racy and reliability. Throughout the process, the complete CFD process was followed with

success, and two different approaches for viscosity modelating were utilized and com-

pared, both yielding results that were in good agreement with other studies.

The realizable k-ε turbulence model exhibited excellent flow detail, effectively capturing

the complex behavior of the aerospike. It successfully highlighted the aerospike’s altitude

adaptability, showcasing its capabilities in adjusting to different operating conditions, in-

creasing its specific impulse with altitude.

6.1 Limitations

The major limitation encountered during the development of this dissertation was time.

The project was intended to be completed within the span of one semester, allowing for

four months of work.

Time constraints imposed significant challenges during the numerical studies, especially

in terms of selecting appropriate simulation geometry, mesh refinement and parameter

settings to ensure convergence of the results. The simulation process required a consid-

erable amount of time to generate meaningful and accurate data. Consequently, due to

time limitations, it was only possible to investigate four operating conditions and utilize

two viscosity models. Despite these constraints, valuable insights and conclusions were

still obtained within the scope of the available time.

Nonetheless, it must be recognized that the extensive published literature on aerospike
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nozzles greatly contributed to the understanding and development of this work. The ex-

isting collection of knowledge provided valuable insights and served as a foundation for

the analysis and interpretation of the results obtained in this dissertation.

6.2 FutureWork

There are several ways to further development this work, with the immediate focus be-

ing on expanding the range of operating conditions for the same aerospike contour. By

exploring a wider range of pressure ratios and other relevant parameters, a more compre-

hensive understanding of the aerospike’s performance can be achieved.

Additionally, it would be beneficial to incorporate truncation effects into the analysis.

By considering the influence of base pressure effects on the overall performance of the

aerospike, a more accurate assessment of its capabilities can be obtained, knowing the

truncation can eliminate extreme heat flows and reduces weight.

Once additional results are available, including nozzles designed for different altitudes, a

comprehensive multidisciplinary assessment should be conducted to determine the op-

timal solution. This assessment would involve considering various factors such as per-

formance, efficiency, structural integrity and cost. By integrating inputs from different

disciplines, such as aerodynamics, thermodynamics, structural analysis and economics, a

more informed decision can bemade and depart to experimental studies with commercial

applications at sight.
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Appendix A

Python Algorithm

1 #author : João Cristóvão , Universidade da Beira In t e r i o r

2

3 import math

4 import numpy as np

5 import matp lo t l ib . pyplot as p l t

6 import pandas as pd

7

8 ” ” ” The user inputs the flow ’ s adiabat ic index , aerospike e x i t mach

9 and the number of charac t e r i s t i c l i n e s .

10 Each charac t e r i s t i c l i n e w i l l correspond to a c lo se in t e rva l part i s ian

11 between M=1 and M=M_exit

12 For each M number , a length and in c l i na t i on wi l l be given to the

13 charac t e r i s t i c l i n e .

14 In the end , the aerospike countour wi l l be bu i l t and both an image and an

Exce l l

15 f i l e w i l l be exported .

16 ! ! Everything i s dimensionless by the throat diameter

17 ” ” ”

18

19 def main ( ) :

20 #user def ined values

21 gamma, M_exit , n_char_lines = get_values ( )

22 #coordenates of the l i p

23 l ip_coord = [0 , 3]

24 # step between each chara t r i c t i c l i n e

25 m_disc = (M_exit − 1 ) / ( n_char_lines − 1 )

26 # i n i c i a t e the matrix [Mach , length , angle ] and the throat Mach number

27 f l ow_f i e ld = np . zeros ( shape=(n_char_lines , 3) )

28 M=1

29 pm_angle_exit = pm_angle (M_exit , gamma)

30 #ca l cu la t e the length and angle of the mach l i n e s and pressure rat ion

31 for l i n e in range ( n_char_lines ) :

32 f l ow_f i e ld [ l ine ,0 ] = M

33 f l ow_f i e ld [ l ine , 1 ] = M*eps i lon (M, gamma)

34 f l ow_f i e ld [ l ine , 2 ] = pm_angle_exit+mach_angle (M)−pm_angle (M, gamma)

35 M=M+m_disc

36 PR=(1+0.5*(gamma−1)*(M_exit**2) )**(gamma/(gamma−1) )
37 #generate the points , then draw the contour and save i t

38 points , l ip_coord = set_point ( f low_f ie ld , l ip_coord )

105



39 draw_figure ( points , l ip_coord )

40 simulat ion = f ”me_{M_exit }_gamma_{gamma}_nchar_{ n_char_lines } ”

41 export_points ( points , l ip_coord , simulation , PR, pm_angle_exit )

42

43

44 #FUNCTIONS

45

46

47 def get_values ( ) :

48 #get the values from the user

49 while True :

50 try :

51 gamma = float ( input ( ” Define the Adiabat ic Coe f i c i en t => ” ) )

52 M_exit = float ( input ( ” Define the Mach Number at the e x i t => ” ) )

53 n_char_lines = int ( input ( ” Define the Number of Cha r a c t e r i s t i c Lines

=> ” ) )

54 except ValueError :

55 print ( ” Inva l id Usage ” )

56 i f 1<gamma<2 and 1<M_exit<5 and n_char_lines >2:

57 break

58 return gamma, M_exit , n_char_lines

59

60

61 def eps i lon (mach , gamma) :

62 #returns the area rat io needed to expand un t i l M=mach

63 A = 1/ (mach**2)
64 B = 2*(1+0.5*(gamma−1)*mach**2) /(gamma+1)
65 C =(gamma+1) /(gamma−1)

66 eps i lon = math . sqr t (A*(B**C) )
67 return eps i lon

68

69

70 def pm_angle (mach , gamma) :

71 #returns the Prandtl−Meyer angle

72 A = math . sqr t ( (gamma+1) /(gamma−1) )

73 B = math . atan (math . sqr t ( (gamma−1)*(mach**2−1) /(gamma+1) ) )
74 C = math . atan (math . sqr t (mach**2−1) )
75 pm = A*B−C #rad

76 return pm

77

78

79

80 def mach_angle (mach) :

81 #returns the mach angle

82 miu = math . as in ( 1/mach) #rad

83 return miu

84
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85

86

87 def set_point ( flow , P) :

88 #creat ing the points

89 s i z e = len ( f low )

90 points = np . zeros ( shape=( s i ze , 2) )

91 for point in range ( s i z e ) :

92 points [ point , 0] = P[0]+math . cos ( f low [ point , 2] )*f low [ point , 1 ] #x

93 points [ point , 1 ] = P[1] −math . s in ( f low [ point , 2] )*f low [ point , 1 ] #y

94 #moving the geometry to a re f where x_f i r s t_p in t=0 and y_last_point=0

95 new_x=points [0 ,0]

96 new_y=points [ s i ze −1 , 1 ]

97 for point in range ( s i z e ) :

98 points [ point , 0] = points [ point , 0] − new_x #x

99 points [ point , 1 ] = points [ point , 1 ] − new_y #y

100 new_lip_coord=[0 ,0]

101 new_lip_coord [0]=P[0]−new_x

102 new_lip_coord [1]=P[1] −new_y

103 return points , new_lip_coord

104

105 def draw_figure ( points , P) :

106 # i t w i l l draw the nozz le contour

107 #the l i p

108 P_1 = [P[0]+0.02 , P[1]+0.02]

109 P_2 = [P[0] −0.3 , P[1]+0.02]

110 p l t . p lo t ( [P[0] , P_2 [0 ] ] , [ P [ 1 ] , P_2 [ 1 ] ] , co lor=” blue ” )

111 p l t . p lo t ( [P[0] , P_1 [0 ] ] , [ P [ 1 ] , P_1 [ 1 ] ] , co lor=” blue ” )

112 p l t . p lo t ( [ P_1 [0] , P_2 [0 ] ] , [ P_1 [ 1 ] , P_2 [ 1 ] ] , co lor=” blue ” )

113 #plo t the countour

114 p l t . p lo t ( points [ : , 0 ] , po ints [ : , 1 ] , co lor= ” black ” )

115 #plo t the char l i n e s

116 for point in points :

117 p l t . p lo t ( [P[0] , point [ 0 ] ] , [ P [ 1 ] , point [ 1 ] ] , co lor=” red ” , l inewidth =1)

118 p l t . show ( )

119

120

121 def export_points ( points , P , file_name , PR, pm_angle_exit ) :

122 # creat ing the DataFrame of pandas l ibrary

123 save_points = pd . DataFrame ( points , columns=[ ”X” , ”Y” ] )

124 save_l ip = pd . DataFrame (P)

125 save_pr=pd . DataFrame ( [PR] )

126 save_pm_exit=pd . DataFrame ( [math . degrees ( pm_angle_exit ) ] )

127 # exporting to an Exce l l f i l e for redundancy

128 with pd . ExcelWriter ( f ” { file_name } . x l sx ” ) as wr i t e r :

129 save_points . to_exce l ( wri ter , sheet_name=”Contour ” )

130 save_l ip . to_exce l ( wri ter , sheet_name=” Lip ” )

131 save_pr . to_exce l ( wri ter , sheet_name=” Pressure Ratio ” )
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132 save_pm_exit . to_exce l ( wri ter , sheet_name=”Angle of the Throat ” )

133 # export t x t f i l e with coordenates

134 with open( f ” { file_name } . t x t ” , ’w ’ ) as f :

135 n=1

136 f . wr i te ( ” po l y l i ne=true ” )

137 f . wr i te ( ’ \n ’ )

138 f . wr i te ( ”3d= f a l s e ” )

139 f . wr i te ( ’ \n ’ )

140 for l i n e in points :

141 f . wr i te ( f ” { i n t ( 1 ) } { l i n e [0]} { l i n e [ 1 ] } ” )

142 f . wr i te ( ’ \n ’ )

143 n=n+1

144

145

146 i f __name__==”__main__” :

147 main ( )

108


	Dedication
	Acknowledgements
	Resumo
	Abstract
	Contents
	List of Figures
	List of Tables
	Acronyms and Abbreviations
	Introduction
	Motivation
	Objectives
	Dissertation Structure and Layout

	State-of-the-Art
	Rocket's History 
	Rocket's Characterization 
	Conventional Rocket Nozzles
	Thrust Production
	Ideal Nozzle
	Conical Nozzle
	Bell Nozzle
	Real Nozzle
	Altitude Limitations of Real Bell Nozzles

	Advanced Rocket Nozzles Designs
	Dual-Bell Nozzle 
	Nozzles with Fixed Inserts 
	Nozzles with Temporary Inserts 
	Nozzles with Active Secondary Gas Injection 
	Nozzles with Passive Secondary Gas Injection 
	Extendable Nozzles 
	Plug Nozzles 
	E–D Nozzle 
	Nozzles with Throat Area Varied by a Mechanical Pintle 
	Dual-Throat Nozzle 
	Dual-Expander Nozzles 
	Multi Nozzle Grids (MNG) 
	Most Promising Concepts that are Currently Under Investigation

	Aerospike Nozzle
	Characterization
	Behavior
	Advantage and Disadvantages
	Overall Balance

	Nozzle Design
	Truncated Idealized Contoured (TIC) Nozzle
	Thrust Optimized Contoured (TOC) Nozzle or Rao’s Nozzle
	Compressed Truncated Ideal Contoured (CTIC) Nozzle
	Aerospike Design


	Theoretical Background
	Thermodynamics Fundamentals
	Pressure, Temperature and Volume
	Adiabatic Process
	Work and Internal Energy
	Heat
	Specific Heat
	Second Law of Thermodynamics
	Entropy

	Compressible Flow
	Definition of Flow and Characterization
	Definition of Compressible Flow
	Speed of Sound and Mach Number
	Stagnation Properties
	Reference State
	Normal or Strong Shock
	Oblique or Weak Shock
	Prandtl-Meyer Expansion Fan
	Quasi-One-Dimensional Flow
	Final Considerations about Compressible Flow

	Nozzle Phenomena
	Operation Critical Points
	Overexpansion and Underexpansion Phenomena

	Method of Characteristics
	Finding a Characteristic Line
	Using Characteristics to Solve the Flow 
	Method of Characteristics for Nozzle Design 

	Computational Fluid Dynamics (CFD) 
	Governing Equations
	CFD Process
	Turbulence Models
	Modeling the Flow Near the Wall
	Other CFD concepts


	Methodology
	Contour Design
	The Simplified Method
	Simplified Method Justification
	Python Considerations
	Simplified Method Algorithm

	Numerical Studies
	Control Volume Geometry
	Mesh
	Fluent

	Parameters of the Study
	Python Inputs
	Fluent Parameters


	Results and Discussion
	Python outputs and Contour Validation
	Numerical Results
	Inviscid Simulation at Design Altitude
	Other Inviscid Simulations for Several Operating Altitudes
	Turbulent Simulation at Design Altitude
	Other Turbulent Simulations for Several Operating Altitudes
	Results Summary
	Discussion and Conclusions


	Conclusion
	Limitations
	Future Work

	Bibliography
	Python Algorithm

		2023-08-02T13:13:13+0100




