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Abstract
The algebraic and geometric classification of all complex 3-dimensional transposed Poisson
algebras is obtained. Also we discuss special 3-dimensional transposed Poisson algebras.
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Introduction

Poisson algebras arose from the study of Poisson geometry in the 1970s and have appeared
in an extremely wide range of areas in mathematics and physics, such as Poisson manifolds,
algebraic geometry, operads, quantization theory, quantum groups, and classical and quantum
mechanics. The study of Poisson algebras also led to other algebraic structures, such as
F-manifold algebras, Novikov—Poisson algebras, Double Poisson algebras, Poisson n-Lie

The first part of this work is supported by the Spanish Government through the Ministry of Universities grant
‘Margarita Salas’, funded by the European Union—NextGenerationEU; by FCT UIDB/00212/2020 and
UIDP/00212/2020. The second part of this work is supported by RSF 22-11-00081.

B Ivan Kaygorodov
kaygorodov.ivan@gmail.com

Patricia Damas Beites
pbeites @ubi.pt

Amir Ferndndez Ouaridi
amir.fernandez.ouaridi @ gmail.com

Departamento de Matematica and Centro de Matemdtica e Aplicacoes, Universidade da Beira
Interior, Covilha, Portugal

2 Centro de Matematica, Universidade de Coimbra, Coimbra, Portugal
3 University of Cadiz, Puerto Real, Spain
4

Saint Petersburg University, St Petersburg, Russia

Moscow Center for Fundamental and Applied Mathematics, Moscow, Russia

Published online: 10 January 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-022-01385-4&domain=pdf
http://orcid.org/0000-0003-2084-9215

55 Page2of25 P.D. Beites et al.

algebras, etc [6, 13, 35]. The study of all possible Poisson structures with a certain Lie or
associative part is an important problem in the theory of Poisson algebras [38]. Recently, a
dual notion of the Poisson algebra (transposed Poisson algebra), by exchanging the roles of the
two binary operations in the Leibniz rule defining the Poisson algebra, has been introduced in
the paper [4] of Bai, Bai, Guo, and Wu. They have shown that the transposed Poisson algebra
defined in this way not only shares common properties with the Poisson algebra, including
the closure undertaking tensor products and the Koszul self-duality as an operad, but also
admits a rich class of identities. More significantly, a transposed Poisson algebra naturally
arises from a Novikov—Poisson algebra by taking the commutator Lie algebra of the Novikov
algebra. Unital transposed Poisson algebras are studied in [5]. The Hom- and BiHom-versions
of transposed Poisson algebras are considered in [29, 30]. Some new examples of transposed
Poisson algebras are constructed by applying the Kantor product of multiplications on the
same vector space [14]. More recently, in a paper by Ferreira, Kaygorodov and Lopatkin,
a relation between %—derivations of Lie algebras and transposed Poisson algebras has been
established [17].

The algebraic classification (up to isomorphism) of algebras of dimension » from a certain
variety defined by a certain family of polynomial identities is a classic problem in the theory
of non-associative algebras. There are many results related to the algebraic classification
of small-dimensional algebras in many varieties of associative and non-associative algebras.
So, algebraic classifications of 2-dimensional algebras [31], 3-dimensional evolution algebras
[7], 3-dimensional anticommutative algebras [25, 27], 4-dimensional division algebras [11,
12], 5-dimensional commutative nilpotent algebras [26] and 8-dimensional dual Mock Lie
algebras [8] have been given. Section 1 is devoted to the complete algebraic classification
of non-isomorphic complex 3-dimensional transposed Poisson algebras. To obtain these
classification, we will use the algebraic classification of suitable Lie algebras and associative
commutative algebras; and the method of describing all transposed Poisson algebra structures
on a given Lie algebras (the present method has been developed in [17]).

The study of special and non-special algebras starts from the theory of Jordan algebras.
It is known, that the class of special Jordan algebras (i.e. embedded into associative algebras
relative to the multiplication xoy = xy+ yx)is aquasivariety, butitis not a variety of algebras
[34]. It is known that each Novikov—Poisson algebra under commutator product on non-
associative multiplication gives a transposed Poisson algebra [4]. Let us say that a transposed
Poisson algebra is special if it can be embedded into a Novikov—Poisson algebra relative to
the commutator bracket. Similarly, let us say that a transposed Poisson algebra is D-special
(from “differentially”) if it embeds into a commutative algebra with a derivation relative to
the bracket [x, y] = ®(x)y —x®(y). Obviously, every D-special transposed Poisson algebra
is a special one. On the other hand, the class of all special Gelfand—Dorfman algebras (i.e.
embedded into Poisson algebras with derivation relative to the multiplication x o y = xd(y))
is closed with respect to homomorphisms and thus forms a variety [28]. Also known as, each
two-generated Jordan algebra is special [33]; each one-generated Jordan dialgebra is special
[37]; each 2-dimensional Gelfand—Dorfman algebra is special [28]. Section 2 is devoted to
the description of all complex D-special 2- and 3-dimensional transposed Poisson algebras.

Geometric properties of a variety of algebras defined by a family of polynomial identities
have been an object of study since 1970’s (see, [9, 10, 16, 19, 23, 32, 36]). Gabriel described
the irreducible components of the variety of 4-dimensional unital associative algebras [19].
Cibils considered rigid associative algebras with 2-step nilpotent radical [ 10]. Grunewald and
O’Halloran computed the degenerations for the variety of 5-dimensional nilpotent Lie alge-
bras [23]. All irreducible components of 2-step nilpotent commutative and anticommutative
algebras have been described in [24, 32]. Chouhy proved that in the case of finite-dimensional
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associative algebras, the N-Koszul property is preserved under the degeneration relation [9].
The study of degenerations of algebras is very rich and closely related to deformation theory,
in the sense of Gerstenhaber [20]. The geometric classification is given for many varieties
of non-associative algebras (see, for example, [2, 3, 8, 15, 16, 16, 22, 25] and references
therein). Degenerations have also been used to study a level of complexity of an algebra [21,
36]. Section 3 is devoted to the complete geometric classification of complex 3-dimensional
transposed Poisson algebras.

1 The algebraic classification of 3-dimensional transposed Poisson
algebras

1.1 Preliminaries

Although all algebras and vector spaces are considered over the complex field. The definition
of transposed Poisson algebra was given in a paper by Bai, Bai, Guo, and Wu [4]. The concept
of %-derivations as a particular case of §-derivations was presented in an paper of Filippov
[18] (see also [40] and references therein).

Definition 1 Let £ be a vector space equipped with two nonzero bilinear operations — - — and
[-, -1. The triple (£, -, [+, -]) is called a transposed Poisson algebra if (£, -) is a commutative
associative algebra and (£, [-, -]) is a Lie algebra that satisfies the following compatibility
condition

2z-Ix,yl=1lz-x,y]+[x,z-y]

The last relation is called the transposed Leibniz rule because the roles played by the two
binary operations in the Leibniz rule in a Poisson algebra are switched. Further, the resulting
operation is rescaled by introducing a factor 2 on the left-hand side.

Definition 2 Let (£, [+, -]) be an algebra with multiplication [-, -], ¢ be a linear map and ¢
be a bilinear map. Then ¢ is a %-derivation if it satisfies

1
ol y1 = 2 (e, Y1+ [x, 0 ]);

¢isa %—biderivation if it satisfies

1
¢(lx. vl 2) = 5([¢(x, 2, Y1+ [x, ¢(y, 2)]),

1
o(x.[y,2]) = 5([¢(x, .zl + [y, ¢ (x, 2)]).

Summarizing Definitions 1 and 2, we have the following key Remark.

Remark 3 Let (£, -, [, -]) be a transposed Poisson algebra and z an arbitrary element from
£. Then the right multiplication R; in the associative commutative algebra (£, -) gives a %—
derivation of the Lie algebra (£, [+, -]) and —- — gives a %—biderivation of (£, [, -]) satisfying
the identities x -y = y-x and x - (y - z) = (x - y) - z for any x, y, z. Reciprocally, for
any %-biderivation D : £ x £ — £satisfying D(x,y) = D(y,x) and D(x, D(y, 2)) =
D(D(x, y), z) one gets a Poisson transposed algebra in an obvious way.
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The main example of %-derivations is the multiplication by an element from the ground
field. Letus call such %-derivations as trivial %-derivations. As a consequence of the following
Remark, we are not interested in trivial %-derivations.

Remark 4 Let £ be a Lie algebra without non-trivial %—derivations. Then every transposed
Poisson algebra structure defined on £ is trivial.

1.2 Isomorphism problem for transposed Poisson algebras on a certain Lie algebra

Definition 5 Let (£4, -1, [+, -]11) and (£2, -2, [+, -]12) be two transposed Poisson algebras. Then
(£1, ‘1, [, -11) and (£2, -2, [+, -]2) are isomorphic if and only if there exists a liner map ¢ such
that

o([x, yI1) = [e&x), oWM]2, ¢(x 1Y) = @x) 2 0().

Our main strategy for classifying all non-isomorphic transposed Poisson algebra structures
on a certain Lie algebra (£, [, -]) is as follows.

(1) Find all automorphisms Aut(£, [-, -]).
(2) Consider the multiplication table of (£, -) under the action of elements from Aut(£, [-, -])
and separate all non-isomorphic cases.

1.3 %-derivations of 3-dimensional Lie algebras and transposed Poisson algebras

To describe all 3-dimensional transposed Poisson algebras we are using the standard way:

obtain the classification of all %—derivations of 3-dimensional Lie algebras and construct all

possible transposed Poisson structures on these algebras by using Remark 3.

1.3.1 Classification of 3-dimensional Lie algebras

In the subsequent result, the classification of 3-dimensional complex Lie algebras is recalled
(the presented classification was used in [25]).

Theorem 6 Let (£, [+, -1) be a 3-dimensional complex nonzero Lie algebra, then one and only
one of the following possibilities holds up to isomorphism:

h :[er, e2] =es,

g1 : [e1,e3] = ey, [e2, e3] = ez,
g5 e, e3]l = e + 2, [e2, €3] = ey,
sl : [er, e2] = e3, [e1, e3] = —e2, [e2, e3] = ey.

Between these algebras, the only non-trivial isomorphisms are g5 = gzﬂ if and only if

a=p""

Ferreira, Kaygorodov and Lopatkin proved that there are no non-trivial transposed Poisson
algebra structures defined on a complex semisimple finite-dimensional Lie algebra, result
which applies to sl,. Denote by To; the trivial transposed Poisson algebra defined on sl,.
The transposed Poisson algebra structures defined on h were studied, using %-biderivations,
by Yuan and Hua in [39, Theorem 4.5], obtaining the algebras:
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ey -e) =e€
() To: g2 20
[e1, e2] = e3.
e1-e) = aes,
@) T, : 1-e2 3
27 | er, e2] = es.
el -ep) =awae3,er-e) =ej,
(3) TS, - 1-e 3,626 =¢e
[e1, e2] = es.
e -e1 =e3,€61-€ep =¢€1,62-€) =e€p,6p-€3 =e3,
@) Tos: 1€l 1= e aa=er,a-e=e,ee3=¢
[e1, e2] = e3.
e1-ep)=ej,er-e)=en,e -3 =e3,
(5) Tog: 1 €1 2 =Cv 2 2=ere-e3=¢3
[e1, e2] = es.

Hence, only the classification of the transposed Poisson algebras defined on g; and g5 are
missing.

1.3.2 Description of transposed Poisson algebra structure defined on g,

Remark 7 Let ¢ be a %-derivation of g1. Then
p(e1) = Bazer, pler) = B3zea, @(e3) = Baier + Barex + B3zes.
Remark 8 Let ¢ be an automorphism of g;. Then
dle1) = Aier + Az1ez, ¢(e2) = Azer + Axzez, ¢(e3) = rizer + Aazer +e3,
where A11A20 # A21A12.

Proposition 9 Let (£, -, [+, -1) be a transposed Poisson algebra structure defined on g1. Then
(£, -, [+, -] is not a Poisson algebra and it is isomorphic to only one of the following algebras:

(1) Ta . €| -e3 =weyp, ep-e3 =uey, e3-e3 =ues,
077 ] le1, e3] = ey, [e2, €3] = ea.
e3-e3 =ey,
@ Tes:1. 277!
[e1, e3] = e1, [e2, €3] = es.

where the parameter o € C.

Proof We aim to describe the multiplication — - —. By Remark 3, for every ¢; there is an
associated %-derivation o of (£, [, -]) such that ¢ (e;) = ¢; - ¢; = ¢;(e;). From Remark
7,

gi(er) = Biser, gi(e2) = Biyer, gi(e3) = Biier + Biyer + Bizes

and
Bizer = g1(e2) = paler) = Bher,
Biier + Birer + Bizes = gi(e3) = p3(e1) = Bhe.
Biex = pa(e3) = p3(ea) = B3je1 + Brer + Bres.
Hence, the commutative multiplication — - — is defined by

e -e3 = Pel,
3
ey - e3 = fi33e7,
3 3 3
e3 - e3 = PB3re1 + Byre0 + Bizes.
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Through straightforward calculations, it is possible to conclude that — - — is associative too.
Let us now separate all non-isomorphic cases. Under the action of an automorphism of the
Lie algebra (£, [+, -]), given in Remark 8, we rewrite the multiplication table of (£, -) by the
following way:

€] -e3 = ,333361,
er-e3 = Bhe,
B3 k22 — Bhiia + BhhizAn — ,35’3)»12)»236
A2z — A21A12 :
_,332’1)»21 — Bhhin + Bihizkar — Biyhiihos
Al1A22 — A21h12

e3 - e3 =

ey + ﬂ§’3e3.

Suppose (ﬂ;’l, ﬂ;z, ,8;3) # 0, otherwise we have the zero algebra. Let us consider two
cases.
(1) If B3; # 0, then by choosing

3 3

B B
A3 = —%, A2z = —%, Alr=Ax =1 and A2 =2z =0,
33 33

we have
— g3 _ p3 _ 3
el -e3 = fBize1, ex-e3 = Byze2, e3-e3 = Pizes.
2) If ,8333 = 0 and (ﬂ;l, ﬂ332) # 0, then by choosing some suitable A;; we have
e3z-e3 =ej.

It is easy to see that the obtained algebras are not isomorphic. From these cases, we obtain
the algebras T{; and Tog, respectively. O

1.3.3 Description of transposed Poisson algebra structure defined on gg

Remark 10 Let ¢ be a %—derivation of g9.
(1) Ifa #0, §,2, then

ple1) = Bszer, ple2) = B3zez, p(e3) = Baier + Pzrer + B3zes.
(2) Ifa = 1, then

p(er) = (B33 —2Ba1)e1 — 4B1ez, @lex) = Barer + (2B21 + B33)en,
p(e3) = Bsrer + Bsoez + B3zes.

(3) If o = 2, then
@(e1) = Bazer + Broez, p(ez) = Bazez, plesz) = Bsrer + Bsrex + B3zes.
4) If o =0, then

@(e1) = Bazer — (B2 — B33)ea, w(ex) = Bmen, p(e3) = Barer + Baex + Bazes.
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Proof Let ¢(e;) = Bi1e1 + Bizez + Bizes. From here and

0 = [p(e1), e2] + [e1, p(ea)] = Bazer — (P13 — Paz)ea,
2¢(e1 + e2) = [gp(e1), e3] + [e1, p(e3)] = (B11 + B33)er + (B11 + aBi2 + B33z)ea,
2ap(e2) = [p(e2), e3] + [e2, p(e3)] = Barer + (Ba1 + P2 + aB33)en,

we obtain the following system of equations

P23 =0

B3 =0

Bi1 + B3z =2(B11 + Ba1)

Bi1 +afia + B3z =2(Bi2 + B22)

2ap21 = P2
2ap2 = P21 + afan + ap33
That gives the proof of the statement. O

Remark 11 Let ¢ be an automorphism of gJ.
(1) If e # —1, then
¢(e1) = el + Azez, ¢(e2) = (A1 + Aai(a — 1))e2, ¢(e3) = Aizer + Aazen + e3,

where A1 (A1 + A21( — 1)) # 0.
2) If o = —1, then

@(e1) = Arier + Aziez, ¢(e2) = (A1 — 2X21)ez, P(e3) = Aizer + Anzer + e3,
where A11(A11 — 2A21) # 0; or
¢(e1) = Arier + Aziez, ¢(e2) = —2ri1e1 — Annez, ¢(e3) = Aizer + Axzex — e3,
where )‘%1 # 2X11A21.

We aim to describe the multiplication —-—. By Remark 3, for every e there is an associated
%-derivation @ of (£, [, -]) such that ¢;(e;) = ¢; - e; = ;(e;). Now we have to consider 3
1
cases, by Remark 10 and using that g; = g%.

Proposition 12 Let (£, -, [-,-]) be a transposed Poisson algebra structure defined on

1
gg#o’ 2 ’2. Then (£, -, [+, -]) is isomorphic to only one of the following algebras:

(1) T
0 e1,e3] = e1 + e, [e2, €3] = wes.
a#0.3.2 {ez re3= e,

a#0.3.2.8 {81 -e3 = Pey, ex-e3 = Bey, e3-e3 = Pes,
L

2) T
(2) Tio [e1, e3] = e + e, [e2, €3] = aes.

0,42 e3-e3 =eq,
(3) T]] 2 . 3 3 1
[e1, e3] = e +e2, [e2, €3] = aer.

where the parameter 8 € C. Between these algebras there are precisely the following non-
trivial isomorphisms:

o Toa =TGP ifand only if (2, B2) = (@, ) or (@2, B) = (. &),
o T’f{ = Tff if and only if By = By or Bp = ﬁ
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55  Page8of25 P.D. Beites et al.

Proof From Remark 10,

gi(e1) = Blser, gi(er) = Biser, gies) = Bier + Birer + Bises

and
Bizex = p1(e2) = pa(er) = Piser,
Biie1 + Bher + Bizes = pi(e3) = g3(e1) = Bisen,
Biex = pa(e3) = p3(ea) = B3je1 + Brer + Bres.
Hence, the commutative multiplication — - — is defined by

e -e3 = /35331,
er-e3 = Pie,
e3-e3 = Biier + Bher + Biaes.
Through straightforward calculations, it is possible to conclude that — - — is associative
too. We are interested in (,8331, /3332, ,8333) # 0. Let us now separate all non-isomorphic cases.

First, we will consider only the case ¢ # —1,0, 1, %, 2. Under the action of an automor-

phism of the Lie algebra (£, [, -]), given in Remark 11, we rewrite the multiplication
table of (£, -) by the following way:

3
e1-e3 = Pyel,
3
ey -e3 = fize,
3 3
_ ﬂ31 + ﬂ33)‘—l3 el

e3-e3
Al
B31 01 — h22) = BHhn + aBhian + B (iihis — Aishar — Anikos) + afriira
+ €2
(@ = DAnrzn
+,33%3€3.
Let us consider the following cases.
(a) If ,3333 # 0, then by choosing
3 B
Az=——3, A =——" An=Ain=1,
P33 B33

we have
— g3 _ p3 _ @3
el -e3 = Pizer, ex-e3 = Pizer, e3-e3 = Pize3.
(b) If B3; = O and B3, = (1 — @)B3,, then by choosing A1 = B3,, we have
e3-e3 = (1 —a)e; +en.

(©) ,8333 = 0 and ;‘3331 # (1 —-a) ﬂ§’2, then by choosing some suitable A;;, we have two
following opportunities

ez -e3 =e¢ep, Oor ez-e3z3=ej.

Denote the corresponding families of transposed Poisson algebras by Tgéﬂ » TS0 T
and T, respectively.
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Second, we will consider only the case o« = 1. Under the action of an automorphism of the
Lie algebra (£, [+, -]), given in Remark 11, we rewrite the multiplication table of
(£, -) by the following way:
e -e3 = Bel,
e+ e3 = Bhen,
B3, + ,3333M3e n BHa1 — B31h21 — BishizAar + BA11A23
= 1

€3 - e3
A1 A2

3
€2+ﬂ33€3~

Let us consider the following cases.

(a) ,3333 # 0, then by choosing
3 3

31 B3
Az=——5, A =——=5 An =1, Ay =0,
33 33

we have
— g3 _ p3 _ p3
e;-e3 = fBize1, ex-e3 = Pyer, e3-e3=Pize3.
(b) ,3333 = 0, then by choosing some suitable A;;, we have two following opportunities
e3-e3 =ey; Or ez-e3=ej.

From here, we obtain the transposed Poisson algebras Té‘gﬂ , T}O and T%l,
respectively.

Third, we will consider only the case « = —1. Under the action of an automorphism
of the first type of the Lie algebra (£, [-, -]), given in Remark 11, we rewrite the
multiplication table of (£, -) by the following way:

e1-e3 = Bhel,
er-e3 = fien,
.333] +,3§3)\13
= 761
All
_/33%1)»11 —2B% 011 + BhAihis — By ka2 — Bhhizhan — 2B A1k
2A11A22

Let us consider the following cases.

(a) If ,3;’3 # 0, then by choosing

es3 - e3

3
() + ,33363.

B3 B3
Mz =—3b Ay =—32 Ay =1, =0,
B3 B

we have
%) _ g3 _ a3
e -e3 = Bize1, er-e3 = Pi3e2, e3-e3 = Pies.
(b) If B3; = O and B3, = 2B3,, then by choosing A1 = B3,, we have
e3-e3 = 2e| + en.

(o If ﬁ333 = 0 and ﬂ;l #* 2ﬂ332, then by choosing some suitable 2;;, we have two
following opportunities

e3-e3 =ep, Or e3z-e3=c¢ej.
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From here, we obtain the transposed Poisson algebras T&)l’ﬂ ) Tl_o1 and Tl_l],
respectively.

It is easy to see that under the action of an automorphism of the second type, the following
algebras

e3-e3=2e+e and e3-e3=en

are isomorphic.

Lastly, since g5 = gg if and only if « = 8~!, we may find isomorphisms between
the transposed Poisson algebras that follow from this study. These isomorphisms are the
following:

o ToyP' = Tg37 if and only if (2. f2) = (a1, B1) or (c2. o) = (. £L). For the
non-trivial isomorphisms, choose the change of basis:
1

o]
Ei=——e, Er =¢1 + e2, E3 =ajes.
o — 1 a; — 1

° Tf(‘)* = T’f(z) if and only if 8, = /Tl] using the change of basis:

1 1 -8 1 1
Ey= —e, B = —5—e1 + —e, E3=—e¢3.

A1 Bt Bt B

° T’ls { = Tf f if and only if B, = By or By = % For the non-trivial isomorphisms, choose

the change of basis:

E| = Bler, Ex = (B1 — DBfer + Bies, Ez = Pres.

m}

Proposition 13 Let (£, -, [+, -]1) be a transposed Poisson algebra structure defined on g%. Then
(£, -, [+, -] is isomorphic to only one of the following algebras:

) 2B . Jer-es= Bei, ez -e3 = Per, e3-e3 = Bes,
09 "] [e1, e3] = e1 + €2, [e2, €3] = 2e.
e3-e3 =ey,
2) T2, :
@ Tio [e1, e3] = e1 + e2, [e2, €3] = 2es.
e3-e3 = ey,
3) T?, :
(3 T [e1, e3] = e1 + e2, [e2, e3] = 2en.
@ Tf, e =eee= Bei, ez -e3 = Bey, e3-e3 = Pes,
127] [e1, e3] = e1 + €2, [e2, €3] = 2e3.
€] -ep =ep, e3-e3 =e3,
5) Ti3:
() Ti3 [e1, e3] = e1 + e2, [e2, €3] = 2en.
€] -e3 =ep, €363 =¢€j,
6) T4 :
©) Ta [e1, e3] = e1 + 2, [e2, €3] = 2es.
e1-e3 = e,
7 Tis:
(™ Tis [e1, e3]l = e + e, [e2, €3] = 2es.

where the parameter 8 € C.
Proof From Remark 10,

gi(e1) = Biser + Birer, gile2) = Piser, giles) = Biier + Birer + Bises
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and
Biser = ¢1(e2) = pa(e1) = Bizer + hrea,
Biier + Bhes + Blies = gi(e3) = p3er) = Bizer + Biren,
Biie1 + Bhex + Bizes = pa(e3) = p3(e2) = Pizen.
Hence, the commutative multiplication — - — is defined by

1
el -e1 = Bper,
3 1
el - e3 = Byzer + Bye,
3
ey - ez = fB33e7,
3 3 3
e3-e3 = B3jer + Byex + Pizes.
This multiplication is associative if and only if 5331,3112 = ,33]2/3333. Under the action of an

automorphism of the Lie algebra (£, [+, -]), given in Remark 11, we rewrite the multiplication
table of (£, -) by the following way:

142
A
el el = Bz Iy,
A22
A 1 + 1)L
e ey = pher + Pt PRA1)
A2
er-e3 = Phe,
3 3
+ A
oy ey = BT PRI
All
3 3 1 3 142 3 (g3 3
)tll(ﬂ31 + ,332 + 2,332)\13 + ,333)\13 + ,312)\13 + ,333)\23) (/‘331 + ﬁ33)~13))h22 3
+ ey + Bxes3.
Al1A22
Let us consider the following cases.
(1) B33 #0, B, = ﬁ“ﬂ” and B}, # 0, then by choosing
3 1 (p3 42 3 @332
A1 = 1. Ay = 1 Aya = _& oz = ﬁlz(ﬂ31) _,832(,333)
1n=12x2=8p, Aiz=——5, Az = 13 ,
B3, (B33)

we have
— — B3 _ p3 _ 23
el -e| =ey, e-e3=Ppe, er-e3=Pi3e2,e3 €3 = P33,
2) /333 #0, /332 ﬁ;ﬂ‘z and ,612 = 0, then by choosing

B3 B3
Ai=Lin=1 A= —%, Ay = — 32
33 B3,

we have

3 3 3
e;-e3 = fB3ze1, ex-e3 = Pyer, e3-e3= Pizes.
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(3) B3, =0, B3, =0, B}, # 0and B, B3, # (B1,)?, then by choosing

v Bl2B3, — (B3y)? (Bi)? B3
T =2 48 A= —52 hs =0,
Bl B, " 281,

Al =

we have
e1-ep =ey, e3-e3=e).

@) B3; =0, 83, =0, Bl, # 0and B},B3, = (BL,)?, then by choosing

ﬂl
1= 1,0 =By, Az = =32 =0,
281,

we have
ey -ep = en.
(5) B33 =0, B, =0, L, # 0and B3, # 0, then by choosing
B — B
283,

_133
M1 = B3, Ao = BhBay, Az = 32 a3 =0,

we have
er-ez3 =ey, e3-e3=ej.
(6) B33 =0, B, =0, Bl, # 0and B3, = 0, then by choosing
3

B
A =1, A = /3312, M3 = 22 a3 =0,
283,

we have
el -e3 = ej.

@) ,8333 =0, /3112 =0, /3312 =0and 5§1 = —,8;2, then by choosing then by choosing

’33
Al = ﬂ;’z,lzz =1, hiz = —2, )3 =0,
283,
we have
e3-e3 = —eq + er.

8) ﬁ% =0, 13112 =0, ,8312 = 0 and ﬂ331 #* —,8332, then by choosing some suitable A;;, we
have two following opportunities
ez -e3 =e€1, Or e3z-e3=e).

These cases produce the algebras Tff 0, T(z);)ﬂ , T13, T(l)z, Ti4, Tys, T%O*, T%O, respectively.
1

Again, recall that T%O L =To.

m}

Proposition 14 Let (£, -, [+, -]) be a transposed Poisson algebra structure defined on gg. Then
(£, -, [-, ] is isomorphic to only one of the following algebras:
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1y T . {61 ~e3 = Bey, ex-e3 = Per, e3-e3 = Pes,

09 [e1, e3] =e1 + en.
) 0 . le3res=en
@ Tio [e1, e3] = e1 +ea.
3) TO. - ez -e3 =eq,
3 T, [e1,e3] =e1 +en.
4) Tie: e3-e3=eit e,

[e1,e3] =e1 +en.

5 ej-ep=ey, e1-ex=—e, e]-e3=fey, ex-ex=e2, e3-e3 = fey,

(5) Tj;:§ e3-e3=Bes,

[e1,e3] =e1 +ea.
e|-ep1=ey, e1-ep=—ey, e2-€)=¢€), €3-€3=¢€] + e

(6) Tyg: |l €1 =¢er-e 2, €2+ € 2, e3-e3=e] e,
[e1,e3] =e1 +en.

7) T, e)-e3=ye|+yex, e3-e3=Yyes,

197 [e1, e3] = e1 + 2.

where the parameters 8 € C and y € C*.
Proof From Remark 10,

gie1) = Biser + (Bi3 — Bier, gi(er) = Bier, vie3) = Bijer + Birer + Bises

and
Brer = gi(e2) = pa(er) = Bizer + (B33 — B)er,
Birer + Bex + Bizes = gi(e3) = g3(e1) = Bze1 + (B3 — B)ea,
Biie1 + Bhex + Bies = pa(e3) = p3(e2) = Brren.
Hence, the commutative multiplication — - — is defined by

2
el - e = Bye,
2
ey - ey = —Pren,
_ p3 3 3

el - e3 = B3zer — (B — Byz)er,

2
ex-ex = fyen,
e e3 = Bre,

3 3 3
e3 - e3 = PB31e1 + By ex + Bizes.

This multiplication is associative if and only if (83,)> — B3;83, + (B3, — B3,)B3, = 0.

Under the action of an automorphism of the Lie algebra (£, [, -]), given in Remark 11,
we rewrite the multiplication table of (£, -) by the following way:

2
ey -e1 = Bpiner,
2
el -ex = —Pynines,
_ 23 3 3 2 2
e -e3 = Pyzer + (B33 — By + Ppiiz — Bpiner,

2
ex-ex = Byiner,
3 2 2
er-e3 = (By — Bpiiz + Bnia)er,

B3, + Brhi3 o

e3-e3 =
o All
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LB Bl + (B — By + By + QB — Binhas + Biphds + his(Bls — 2B — 26703)
AiAz

+/3333€3-

Let us consider the following cases.

(1) B3, #0, B3, = WM and B3; # 0, then by choosing
22

1 (B3)? — Bnb3, — B3B3
A]] :1’}\22:7,)\13: 32 22132 22 337

2 2 23

B3, B2,B33

3V2_ 8283 _o 2

hys = (B3)* — B3B3y — 28083 + (/333)
B3B3
we have
3

e|-e| =ey, ej-ep=—e, e]-e3=P3el,

3 3
er-ex=ey, ey-e3=Pxer, e3-e3=Pize3.

303 103 22 a3 2
() B3, #0, B3, = Buabotbiofon— ) B3, = 0and B3, B35, # (B3,)*. then by choosing

ﬂ22
(ﬂzz)z 1 B3
A= -— + B3 A= —, ki3 =0, Aoz =~
b By B
we have
ej-ep =e, el-ey=—e, er-ey=e, e3-e3=¢€]+en.

3) B2 #0, B3, = BabtBpn= Bn) , B3, = 0and B2,83, = (83,)?, then by choosing

ﬁZZ
1 B
Mi=1LAin=—, hi3=01n= "3,
,322 /322
we have
€p-ep=e, €€ =—€, €6 =e).
) B3, =0, B3, = 0and B3; # 0, then by choosing
B B3 — 283
Ai=1Lin=1 A3=-23 a3 ="227531
B3 B3

we have
e1-e3 = Pye1 + Bher, e3-e3 = Phes.
(5) B3, =0, B3, =0, B3;0 and B3, = B3, then by choosing
AMi=p3 A =1 A3=0, A3 =0,
we have

e3-e3 =e| +en.

@ Springer



The algebraic and geometric classification... Page 15 of 25 55

(6) ,8222 =0, /3;2 =0, ,B§3O and ,3331 + /3332, then by choosing some suitable A;;, we have
two following opportunities

e3-e3=e1; Or e3-e3 =e).

(7) B3, = 0and B3, = B3; # 0, then by choosing

B3 B3
Mi=1An =1, A3 = ——2L dp3 = —"32,
B3 B33

we have
_ 3 _ g3 _ a3
e1-e3 = fBize1, ey-e3 = Pye2, e3-e3 = Pize3.

After constructing the corresponding transposed Poisson algebras from these cases, we
obtain the algebras T’f;’é 0, Tis, T(l)7, Ti’f 0, Tie, T(l) 1 T?O, ng)ﬁ , respectively.
[}

1.4 Classification theorem

The results of the previous subsection together with the classification of the commutative
associative algebras of dimension three (we recall the classification that was used in [22]),
give us the following classification theorem.

Theorem A Let (£, -, [+, -]1) be a nonzero complex 3-dimensional transposed Poisson algebra,
then (£, -, [+, -]) is isomorphic to one and only one transposed Poisson algebra listed below:

o Toi : [e1, e2] = e3, [e1, €3] = —e2, [e2, €3] = ey.
o Ty : ¢2re2=es
" le1, e2] = e3.
o TP, - e1 - ex = fes,
03] [e1, e2] = e3.
o TP - el -ex = fes,ex-ex =ey,
04 ] [e1, e2] = e3.
o T el-e| =e3,e1-ey=ej,er € =e,e) - e3 = e3,
951 [e1, e2] = e.
o T €1 ey =¢1,63 € =e¢e3,e) - e3 =e3,
%] [e1, e2] = e3.
o TP - e1-e3 = Pey,er-e3 = Per, e3-e3 = Pes,
077 ] le1, e3] = e1, [e2, 3] = ea.
o T - 1637 €3¢l
%] le1, es] = e1, [e2, e3] = ea.
o 0B . e = Bei, ez -e3 = Per, e3-e3 = Pes,
09 [e1, e3] = e1 + €2, [e2, €3] = aen.

o T2 - {63-63262,
107] [e1, e3] = e1 + €2, [e2, €3] = wen.
o . {es-eszel,
[e1, e3] = e1 + e, [e2, €3] = aen.
. szz {81-61 =e, e;-e3 = Pey, ex-e3 = Pea, e3-e3 = Pe3,
le1, e3] = e1 + €2, [e2, €3] = 2e3.
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o T M€l 1 =62 e e3=e
7 | Ler, e3]l = e1 + 2, [e2, e3] = 2es.
T €1-e3=e, e3-e3 =¢q,
) :
) e, es] = e1 + €2, [e2, e3] = 2en.
el -e3 = e,
o Ti5 -
[e1, e3] = e1 + e, [e2, e3] = 2er.
o Ty : e3-e3=¢e] + e,
0 ) ler, e31 = e1 + e
5 e|-e| =ey, e]-ep=—e2, e -e3 = ey,
o T\;: 1 ex-ex=-e2, e2-e3=Pey, e3-e3 = fe3,
[e1,e3] =e1 +en.
o Tyg: |Gl 1= clr2="—e, 0 a=e, e3-e3 =e + e,
" ler, ezl = e1 +ea.
o TV, : e)-e3=ye|+yex, e3-e3=Yyes,
197 [e1, e3] = e1 + 2.

Ty :e1-e1 =e1,er-ex =ep,e3-e3 =e3.
Tri:e1-ep =e1,er-e0 =er,e1 - €3 = e3.
Ty :e1-e1 =e1,e2-e2 =e3.
Toz:e1-e1 =ej,e1-e2=ez,¢1 €3
Ty :e1-e1 =e1,e1-ex =er,e1 -3 = e3.
Trs:e1-e1 =ey,e1 e = en.

To :e1-e1 =e1,e3 -2 = e3.

Ty :e1-e1 =ej.
ng:el-elzez,el-egzeg.

Ty ey -ex =e3.

T30 :e1-e1 = en.

e3,er- ey = e3.

where the parameters 8 € C and y € C*. Between these algebras there are precisely the
following non-trivial isomorphisms:

° Tgé = Tg§ if and only if B1 = £pB;.
o T =T if and only if (ea. B2) = (@1, Bu) or (2, B) = (. &),
o T{} =T} ifand only if 2 = B1 or fo = .

2 Special transposed Poisson algebras

Itis known that each Novikov—Poisson algebra under commutator product on non-associative
multiplication gives a transposed Poisson algebra [4]. Let us say that a transposed Poisson
algebra is special if it can be embedded into a Novikov—Poisson algebra relative to the
commutator bracket. Similarly, let us say that a transposed Poisson algebra is D-special
(from “differentially”) if it embeds into a commutative algebra with a derivation relative to the
bracket [x, y] = D(x) -y —x-D(y). Obviously, every D-special transposed Poisson algebra
is a special one. Our main strategy for classifying all non-isomorphic D-special transposed
Poisson algebras with a given associative commutative algebras (2, -) is as follows.

(1) Find all derivations Det(%, -);
(2) Describe the multiplication of the family of transposed Poisson algebras given by
@ [y =2(x) -y —x - D(y);
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(3) Consider the multiplication table of (%, [-, -]) under the action of elements from Aut (2, -)
and separate all non-isomorphic cases.

2.1 D-special 2-dimensional transposed Poisson algebras

Let us remember, that the classification of complex 2-dimensional transposed Poisson
algebras is given in [4].

2.1.1 The algebraic classification of 2-dimensional associative commutative algebras

Ao1 er - ey
A02:€1-€1=€1,61~€2262.
Aoz te1-ep =eq.
A()4:€1-€1 = en.

e1,er-ex =ej.

By straightforward calculations we have the following result:
Lemma 15 Given A € {Ao1, Aoz, Aoa}, then [x,y] = D(x) -y — x - D(y) = 0 for any
derivation ® € Der(A).

2.1.2 D-special transposed Poisson algebras on Ag;

Let ®© be a derivation of Ay, then
D(ep) = —aen.

e|-e =ep, €€ =e3,
le1, e2] = ae.

All algebras from the family Dg; are non-isomorphic and they exhaust all D-special
2-dimensional transposed Poisson algebras.

Which gives D, : {

2.1.3 Non-D-special 2-dimensional transposed Poisson algebras
Thanks to Sect. 2.1.2 and [4], we are concluding that there are only two non-D-special
transposed Poisson algebras:

e)-er =ey,
[e1, e2] = e3.

€| -ex=¢e),€e- € =ej,

Noi :
o { [e1, e2] = e.

and Ny : {

On the one hand, an straightforward verification shows that Ng; is special using the
Novikov—-Poisson algebra:

€ - ey =¢€j,
Noi : { .
eroe; = —ey.
On the other hand, one can verify that the Novikov—Poisson algebras defined on (Np3, -)
are:
N“’ﬂ,y LJer-ex=e1,ex-e2 =e3,
02 ejoey = = =
1oex =wej,ex0e; = fej,ex0ex =ye; +aen.

Then, observe thatejoex —ex0e; = (¢ —B)ej and [eq, e2] = . Since the automorphisms
of No2, -) verify that ¢ (e1) = Ai1e1, ¢(e2) = e for Aj; # 0, we conclude that N, is not
special.
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Corollary 16 All complex 2-dimensional transposed Poisson algebras are special.

2.2 D-special 3-dimensional transposed Poisson algebras
2.2.1 The algebraic classification of 3-dimensional associative commutative algebras

The classification of the 3-dimensional associative commutative algebras was extracted from
[22].

Q[()] 26‘1 -€] =€1, 62 '@2 :ez, 63 '@3 263.

QLOZ el -61 261,62'62 262, 61 '63 263.

Aoz 1 e -ej =ej,ex-ex = er.
Q[()4I€]-€]261,81-82262,61-63283,62-62263.

910516‘1-61=€1,61-62=€2,61-63=€3.
9106261%31261,61-62262.

o7 :e1-ep =ep, ey - e = e3.

Q[()gtm -e1 =eq.
9109261-61262,61-62263.
2[10261~62263.

Q[“ .ep-ep =ep.

By straightforward calculations we have the following result:

Lemma 17 Given A € {Ao1, Aoz, Ao7, Aos, A11}, then [x, y] = D(x) -y —x - D(y) = 0 for
any derivation ® € Der(2).

2.2.2 D-special transposed Poisson algebras on 2y,

Let ® be a derivation of 2y, then
D(e3) = —aes.

ey-ep=ep, €€ =e¢€2, €] €3 =¢e3,
[e1, e3] = aes.

All algebras from the family A{; are non-isomorphic and under the following change of
basis:

Which gives A, : {

—1
Ey=e3—e, Ey=e), E3=—a (e] +e2),

we have that AJ, = Tﬁo‘_l for o # 0.

2.2.3 D-special transposed Poisson algebras on 24

Let ® be a derivation of %lg4, then
D(ez) = —aes — Pe3, D(e3) = —2aes.

€)1 -€1=¢e),e1 ey =¢e3,€e] €3 =¢€3,€ "€ =¢e3,
le1, e2] = aez + fes, [e1, e3] = 2ares.
Let us consider two separate cases:

Which gives Ag’zﬂ : :
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e o = 0, then under the following changing
Ei = —pey, Ey = ey, E3 = —pes,

we have that Ag’z’3 = Tops for g #£ 0.
e « # 0, then under the following changing

Ei=ex+ (1 —Ba es, Er =e3, E3 = —a ey,

—1
we have that Agéﬁ =T, .

2.2.4 D-special transposed Poisson algebras on 2lys

Let ® be a derivation of 2lgs, then
D(ez) = —aes — Bes, D(e3) = —yex — des.

Which cives Aa.ﬁ,y,é . €y -€ep=e€p,€ e =e3,€] €3 =e3,
£ 03 le1, e2] = aer + Bes, [e1, e3] = yea + Ses.
Itis easy tosee thatif (T}, -) = Qo5 then j = 06, 07, 09. Obtaining the following mutually
exclusive cases for suitable parameters o’ and 8':
P

a,f,— %, —a -1 -1 1 gl
~ B a ~ p—a ,0,0,—«a o' B~ po,By.S
Tos = Ay » Tor = Ags ‘Tog" = Ags :

2.2.5 D-special transposed Poisson algebras on 2l

Let ® be a derivation of 2lgg, then
D(ez) = —aez, D(e3) = Pes.

€1-€e1=¢e€p,e e =e,
le1, e2] = aen.
All algebras from the family Ag, are non-isomorphic and under the following changing

Which gives Ay, : {
El=e—e3, Ey=e3, E3=—a ey,

we have that AJ, = Tlfg‘)‘fI for o # 0.

2.2.6 D-special transposed Poisson algebras on 29

Let ® be a derivation of %lgg, then
D(e1) = —aey + Bex + ye3, D(ex) = —2aer + 2Pe3, D(e3) = —3aes,

€] -e=ez,€e e =e3,
[e1, e2] = aes.
All algebras from the family Afs are non-isomorphic and under the following changing

Which gives Ags : {

Ei=ey, Ey = e, E3 = —aes3,

we have that Afs = Taf_l for o # 0.

@ Springer



55  Page 20 of 25 P.D. Beites et al.

2.2.7 D-special transposed Poisson algebras on 2l
Let ®© be a derivation of 2(;¢, then

D(e3) = aey +de3, D(e2) = Bea + yes, D(ez) = (a + Pes.

€] - e =e3,
le1, e2] = €e3.

All algebras from the family Af, are isomorphic only on the case Af; = Ay and under
the following change of basis

Denoting € = o — f8, we have A, : {

Ey=e), Er = e, E3 = —¢e3,

-1
we have that Afg = Ty fore # 0.

2.3 Classification theorem

The results of the previous subsection together with the classification of the commutative
associative algebras of dimension three (we recall the classification that was used in [22]),
give us the following classification theorem.

Theorem B Let (£, -, [+, 1) be a nontrivial complex 3-dimensional transposed Poisson alge-
bra(ie. - #0and|[-,-] #0). If (£, -, [, ']) is a D-special transposed Poisson algebra then
it is isomorphic to one and only one listed below:

o A . |eler=el, e2-e2=¢e, e -3 =e3,
017201 ] [eq, e3] = aes.

.01 . |ei-er=el,e1-ep=er,e1-e3=e3,e2 -2 =e3,
Doz : Ay - .
[e1, e2] = e3.
@ . a0 ferer=enere=ene 3 =€, =6,
03 - *702 [e1, e2] = ez, [e1, e3] = 2es.

Doy - AC10.0 . Jer-er=erer-er=em er-e3=es3,
04 - So3 “llet,ex]l =e

1,e] =e3.
o ,Aa,O,O,a, €1-eyp =e1,€1 e =e,¢€] - e3 =e3,
05 - “*03 . [ 1= [ 1=

e1, er] = aep, [e1, e3] = aes.
DB . A%0BB . Je1-er=el,e1-e =e,e-e3=e3,

1,e2] = aen, [e1, e3] = Per 3.

06 [e1, e2] = aey, [e1, e3] = Bey + Be

D% - AY, - €] e =er,ep-ey=ey,
06 - 7204 ] [e1, e2] = cer.
D%, - A% - €] e =e,e1 ey =e3,
0727705 7 ] [e1, e2] = es.
QO . Aa . )€1-€2=¢e3,
0827206 " ] [e1, e2] = cwes.
Where
a,B ~ Bo O~ O
DOG = 06 and g = D08 .
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If (£, -, [+, -]) is a non- D-special transposed Poisson algebra then it is isomorphic to one and
only one listed below (see, also Theorem A):

a#0
Toz2, Toj > Tos, TTp. T%1. Ti3, Tia, Tis, Tis, Tis.

3 The geometric classification of transposed Poisson algebras

Given a vector space V of dimension 7, the set of bilinear maps
Bil(V x V, V) = Hom(V®2, V) = (V)®? @ V
is a vector space of dimension 73, The set of pairs of bilinear maps (or bilinear pairs)
Bil(VxV,V)®Bil(VxV,V) Z (VH®2@ Ve (VH®2 @V

which is a vector space of dimension 2n3. This vector space has the structure of the affine space

€2 in the following sense: fixed a basis ey, ..., e, of V, then any pair with multiplication

(i, u'), is determined by some parameters cf.‘j, cl’]]‘ € C, called structural constants, such that

n n
k / 1k
u(ei,e,;)zi cijex and (e, ej) = E Cijek
p=1 p=1

which corresponds to a point in the affine space €27’ Then aset of bilinear pairs 8 corresponds
to an algebraic variety, i.e., a Zariski closed set, if there are some polynomial equations in
variables cllf., clf/f with zero locus equal to the set of structural constants of the bilinear pairs
in 8. Since given the identities defining transposed Poisson algebras we can obtain a set
of polynomial equations in variables cf.‘., c;k., the class of n-dimensional transposed Poisson
algebras is a variety, denote it by TJ},. Now, consider the following action of GL(V) on T},:

-1 1

(g% (1, W), ) = (gng ' x, g7y e (67 x g7y
for g € GL(V), (u, u') € Ty, and for any x, y € V. Observe that the GL(V)-orbit of (i, u'),
denoted O((u, 1')), contains all the structural constants of the bilinear pairs isomorphic to
the transposed Poisson algebra with structural constants (i, ).

The purpose of this section is to describe the irreducible components of the variety J3.
Recall that any affine variety can be represented as a finite union of its irreducible components
in a unique way. Additionally, describing the irreducible components of J3 gives us the rigid
bilinear pairs of the variety, which are those bilinear pairs with an open GL(V)-orbit. This is
due to the fact that a bilinear pair is rigid in a variety if and only if the closure of its orbit is
an irreducible component of the variety. For this, we have to introduce the following notion.
Denote by O((u, ') the closure of the orbit of (i, 1') € T;,.

Definition 18 Let T and T’ be two n-dimensional transposed Poisson algebras and
(, 1), (A, A") € T, be their representatives in the affine space, respectively. We say T
degenerates to T/, and write T — T, if (A, 1)) € O((u, w')). If T 2 T, then we call it a
proper degeneration.

Conversely, if (A,1) ¢ O((u, u')) then we call it a non-degeneration and we write
T A T.

Furthermore, for a parametric family of transposed Poisson algebras we have the following
notion.

@ Springer



55  Page 22 of 25 P.D. Beites et al.

Definition 19 Let T(x) = {T(«) : « € I} be a family of n-dimensional transposed Poisson
algebras and let T be another transposed Poisson algebra. Suppose that T(«) is repre-
sented by the structure (u(a), u'(a)) € T, for « € I and T’ is represented by the
structure (A, A') € T,. We say the family T(x) degenerates to T, and write T(x) — T,
if (&, ) € {O((u(@), W (@)}ael-

Conversely, if (A, 1) ¢ {O((u(@), u'(@)))}qer then we call it a non-degeneration, and
we write T(x) A T'.

Observe that T/ corresponds to an irreducible component of T3 (more precisely, T’ is an
irreducible component) if and only if T 4 T’ for any 3-dimensional transposed Poisson
algebra T and T(x) # T’ for any parametric family of 3-dimensional transposed Poisson
algebras T(x). To prove this, we will use the next ideas.

Firstly, since dim O ((u, 1')) = n? — dim Dev(T), then if T — T and T 2 T’, we have
that dim Det(T) < dim Der(T’), where Der(T) denotes the Lie algebra of derivations of T.

Secondly, let T and T’ be two transposed Poisson algebras represented by the structures
(i, u') and (A, A) from T;,, respectively. If there exist a parametrized change of basis g :
C* — GL(V) such that:

lim g (1) * (u, 1) =, 1),
11—

then T — T’. To prove primary degenerations, we will provide the map g.
Thirdly, to prove non-degenerations we may use a remark that follows from this lemma

(see [1]).

Lemma 20 Consider two transposed Poisson algebras T and T'. Suppose T — T'. Let C be
a Zariski closed in T, that is stable by the action of the invertible upper (lower) triangular
matrices. Then if there is a representation (i, u') of T in C, then there is a representation
A A) of T in C.

Remark 21 Moreover, let T and T’ be two transposed Poisson algebras represented by the
structures (u, 1) and (A, A") from T;,. Suppose T — T’. Then if w, u’, A, A’ represent
algebras Ty, TI,T{), T/l in the affine space (C”3 of algebras with a single multiplication,
respectively, we have Tg — T and T; — T/. So for example, (0, i) can not degenerate in
(A, 0) unless A = 0.

Fourthly, to prove T(x) — T, suppose that T(a) is represented by the structure
(u(a), w' (@) € T, for @ € I and T’ is represented by the structure (A, ') € T),. If there
exists a pair of maps (f, g), where f : C* — [ and g : C* — GL(V) are such that:

lim g(1) % (u(£ (). &/ (f D) = (. 2).

then T(x) — T.
Lastly, to prove T(x) # T/, we may use an analogous of Remark 21 for parametric
families that follows from Lemma 22.

Lemma 22 Consider the family of transposed Poisson algebras T(x) and the transposed
Poisson algebra T'. Suppose T(x) — T'. Let C be a Zariski closed in T, that is stable by the
action of the invertible upper (lower) triangular matrices. Then if there is a representation
(u(a), 1 (@) of T(ax) in C for every a € I, then there is a representation (A, ") of T' in C.

The following result by [22] will be used.
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Theorem 23 The variety of 3-dimensional commutative associative algebras has a single
irreducible component corresponding to the algebra (Tag, -). Moreover, dim((To, -)) = 9.

By this theorem, to find the irreducible components of the variety of 3-dimensional trans-
posed Poisson algebras we only have to study the degenerations and non-degenerations
between the algebras T;, with i = 01, ..., 20. The geometric classification of the variety T3
is given in Theorem 3.

Theorem C The variety of 3-dimensional transposed Poisson algebras has five irreducible
components corresponding to the rigid algebras Ty and Tay and the parametric families
TS, T, and T2,

Proof Our strategy to proof the result consists in first showing that every transposed Poisson
can be obtained through a degeneration of one algebra from one of the five irreducible
components proposed. These degenerations follow from the table below. Then from the orbit
dimensions, we just miss the non-degenerations between T € { Tg’gﬂ , T’lg 2 T’lg 75 T20] and Ty;.
Since s, is an irreducible component of the variety of 3-dimensional Lie algebras and To;
is the only algebra such that (Toq, [—, —]) = sly, then Ty is an irreducible component. 0O

Degeneration ~ Parametrized basis

Tos = To2 gi(t) =17 4ey, g() = —t73e +1 %y, g3(1) =1 Oe3.

TY, — T§3 gi(t) =ey, gt =t"1es, g3(t) =1"les.

Tos = To | g1() =11, §2() = —pr 2 + g3(0) = VBt 3.
ﬁt_lez +\//f$t_363

T015 — T84 g1(t) = ey, &) = —t2¢1+17 ey, g3(t) = t7563.

T{; — Tos g1y =t"ley, &) = %62 +17%e3, g3() =1t"ley.

Tos — Toe git) =1"ley, §2@1) = e, 83(t) =17 le3.

T = Th s =el, 52() = te3, g3(0) = e3.

Tio— Tos  g1() =2 ey, gt) =e +te, g (1) =e3.

TY =Ty  &1(t) =tep +ez, () = (@+1—Dey, g3(1) = e3.

Ty = TY, 1) =eq, Q@) =e, g3(t) =—1"ey +e3.

T, > Tz  gi) =ei, g(1) = e, 83() = —t7les +e3.

T, = Tis gi(t) =1"ley, ) =1"les, () =—1t"1+172er +e3.

T4 = Tis g1(t) =tey, g2(t) =tey, g3(1) = e3.

T¢, = Tie 1) =@ —a+1e+e, g(t)=tey, g3(1) = e3.

Tig—>T),  &1(t) =tey+ (= Dey, 2 = e, g3(1) =e3.

T, —>Tig  gi1t) =ei. g(1) = e, g3 =—t7" =17yt ez

T, =Tl 1) =1"ey, g =1""ey, g0 =y ler+es.
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